ERA, 34(8): 5303-5327.

B\ Electroni DOT: 10.3934/era. 2026236
Atnig lectronic Received: 23 February 2026

@ Research Archive Revised: 27 May 2026

Accepted: 02 June 2026
https://www.aimspress.com/journal/era Published: 22 June 2026

Research article

Dependence on parameters of solutions and optimal control for a generalized
poly-Laplacian system on weighted graphs

Xiaoyu Wang', Junping Xie>*, Xingyong Zhang'* and Xin Ou!

! Faculty of Science, Kunming University of Science and Technology, Kunming 650500, China

2 Faculty of Transportation Engineering, Kunming University of Science and Technology, Kunming
650500, China

3 Research Center for Mathematics and Interdisciplinary Sciences, Kunming University of Science and
Technology, Kunming 650500, China

* Correspondence: Email: hnxiejunping@ 163.com.

Abstract: We mainly investigated the continuous dependence on parameters of nontrivial solutions
for a generalized poly-Laplacian system on the weighted finite graph G = (V, E). We first presented
an existence result of mountain pass type nontrivial solutions when the nonlinear term F satisfies the
super-(p, q) linear growth condition, which is a generalization of those results in [6]. Then, we mainly
showed that the mountain pass type nontrivial solutions of the poly-Laplacian system are uniformly
bounded for parameters and the concrete upper and lower bounds are given, and are continuously
dependent on parameters. Similarly, we also presented the existence result, the concrete upper and lower
bounds, uniqueness, and dependence on parameters for the local minimum type nontrivial solutions.
Subsequently, we presented an example on optimal control as an application of our results. Finally, we
gave a nonexistence result and some results for the corresponding scalar equation.
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1. Introduction

The main aim of this paper is to study the continuous dependence on parameters of nontrivial
solutions and optimal control for the following generalized poly-Laplacian system on weighted finite
graph G = (V,E):

{i:m],pu + (Ol u = F(x,u,v,w), x€V, o

£y gV + (O = F(x,u,v,w), x€V,
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where V is the vertexes set of finite graph G, E is the edges set of finite graph G, m; € N,i = 1,2, and
p,q>2,h:V—o>Ri=12and F: VXxR?*xR — R, wis areal parameter with w € J where
J c Ris abounded closed interval, and £, ;, (m = my,my, s = p, q) are defined as following: for any
function ¢ : V — R,

VUl 2T(A™S u, A" ¢)dy, wh is odd,
f (£m,xu)¢dﬂ:{fvl ntanto e (1.2)
\%

m

fv IV"ul>"2A% uA? pdu, when m is even.

When s =2, £,,; = (—A)"u is referred to as the poly-Laplacian operator of # and whenm = 1 and s = p,
£, = —A,u, which is called p-Laplacian operator defined by (2.5) below.

When my = my = m,p = g, u = vand hy = h, = h, system (1.1) degenerates into the following
equation:

L ptt + h(O?u = f(x,u,w), x€V, (1.3)

where F(x,u,w) = fou f(x,u,w)du for all x € V and w € J. Corresponding to system (1.1), we also
present a result for Eq (1.3) in Section 7 below.

In recent years, the research on the existence and multiplicity of solutions for partial differential
equations on graphs has attracted some attentions, see [1,2] for Yamabe equations on graphs, [3-5] for
p-th Yamabe equations on graphs, [6,7] for poly-Laplacian equations on graphs, and [8] for p-Laplacian
equations on graphs. In addition, the partial differential equations on graphs have a wide range of
applications in image processing, machine learning, and data clustering. For examples, [9] for image
and manifold restoration and enhancement, and [10-12] for image processing, machine learning and
data clustering.

In [2], Grigor’yan-Lin-Yang used the mountain pass theorem to obtain the existence of a positive
solution for Yamabe equation, p-Laplacian equation, and (1.3) under the well-known Ambrosetti-
Rabinowitz condition (see [13]). It is worth noting that the basic variational framework and some
embedding theorems are given in [2], and the Sobolev embedding inequality on graphs is developed,
which lays a foundation for the application of the minimax method [14, 15] to the partial differential
equations on weighted graphs.

Inspired by [2], Zhang et al. [6] studied the following high-order Yamabe-type coupled system on
finite graphs:

{;Eml,pu + h(Ou)fPu = F,(x,u,v), x€eV, (1.4)

L qv + hy ()22 = Fo(x,u,v), xeV.

When the nonlinear term satisfies the super-(p, ¢) linear growth condition, the existence and multiplicity
of the nontrivial solutions for system (1.4) are obtained by using the mountain pass theorem and the
symmetric mountain pass theorem, respectively. Yu et al. [7] studied the existence of nontrivial
solutions for a class of generalized poly-Laplacian nonlinear system with mixed nonlinear terms on
finite graphs and a generalized poly-Laplacian nonlinear system on locally finite graphs with Dirichlet
boundary by the mountain pass theorem, when F satisfies the asymptotically quadratic condition at
infinity. We refer readers to [16, 17] for more results on the generalized poly-Laplacian system and
(p, g)-Laplacian system.
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There is another case of discrete-like partial differential equations other than the one on the graphs,
which is the fractals case, and some works have been done, for instance, [18-20] for nonlinear elliptic
equations on Sierpifiski gasket. Especially, Marek Galewski [21] considered the second-order elliptic
equation with a Dirichlet boundary condition on a Sierpifiski gasket which is a fractal domain:

{Au(x) + a(x)u(x) = f(x,u(x),w(x)), ae xeV\V, (1.5)

M|V0 =0,

where V denotes the Sierpinski gasket in R¥~!, N > 2, and Vj is called the intrinsic boundary. When f
satisfies the superquadratic growth condition, they obtained the Eq (1.5) has a nontrivial solution by using
the mountain pass theorem and the iterative technique. They also studied the continuous parameters
dependence on the mountain pass solution of Eq (1.5). Galewski and Smejda [22] studied the continuous
dependence on parameters for mountain pass solutions of a second-order discrete p-Laplacian equation
on a discrete chain {0, 1,--- ,7 + 1} with T € N, which is a path graph. In [23,24], Galewski further
considered parameter dependence for coercive or monotone problems, again on path graphs.

Motivated by [6,21], in this paper, we mainly focus on the parameters dependence on nontrivial
mountain pass solutions of system (1.1). We will follow the line in [21] to discuss the parameters
dependence. Moreover, as a byproduct, we obtain that the concrete range of the nontrivial solutions
for each parameter w € 7, and the range is uniform for all w. Similarly, we also present the existence
result, the concrete upper and lower bounds, uniqueness, and dependence on parameters for the locally
minimum type nontrivial solutions. Subsequently, we present an example on optimal control as an
application of our results. Finally, we give a nonexistence result and some results for the corresponding
scalar equation. Our work extends those results in [21-24] in several directions: (i) we work on arbitrary
weighted finite graphs, allowing more general interactions; (ii) we treat generalized poly-Laplacian £, ,
of any order m, while [21-24] are restricted to second-order operators; (iii) we handle a coupled system
for (u,v) with possibly different exponents p and g; (iv) in addition to mountain pass solutions, we
also study local minimum type solutions and their parameter dependence, which were not considered
in [21-24]; and (v) we apply our results to an optimal control problem and provide a nonexistence result,
both absent in [21-24].

We remark that the finite graph setting is indeed geometrically simpler than the Sierpinski gasket or
locally finite graphs. However, this simplicity allows us to establish a clean and rigorous foundational
framework for the continuous dependence on parameters for generalized poly-Laplacian systems,
which is a problem not previously studied even on finite graphs. This framework yields explicit,
parameter-independent bounds on solutions (see Sections 3 and 4), which are essential for our analysis.
Moreover, the finite-dimensional setting frees us from verifying the Palais-Smale condition, allowing us
to focus on the core iterative argument. Within this streamlined setting, we are able to tackle significant
analytical complexities, namely, a coupled system, higher-order operators, two distinct types of solutions
(mountain pass and locally minimum), and an optimal control application.

2. Preliminaries

In this section, we recall some notations and results. One can see more details in [2,6]. Let G = (V, E)
be a finite graph which means both V and E are finite sets. For any edge xy € E connecting x € V with
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y € V, suppose its weight satisfies w,, = w,, > 0. For any x € V, define its degree as deg(x) = }. wyy,

y~x

where y ~ x represents those y connected with x. Suppose that u : V — R* is a finite measure. Now, we

recall the definition of Laplacian operator on the graph,
1
Au(x) = — Wy(u(y) —u(x)), Yu:V - R,
p(x) ij Y
and its corresponding gradient form reads as

1
Pl 1)00) = 5o D W (u0) = uD)O) = V(o))
y~x

The modulus of the gradient is defined as

1
2

1
Vul(x) = VT, w)(x) = (m D W) — u)y?|
y~x

and the modulus of m-order gradient (m € N) of u is defined as

IVA"T u|, when m is odd,
Viul =4, .
A2 u|, when m is even.

For any function u : V — R, we denote

f u(du = )" p(ou(x),

v xeV

and |[V| = X u(x).

xeV

When p > 2, the p-Laplacian operator A,u is defined by

1
Bpu(x) = s D (19720) + 1Vul () iy (u(y) = u(x).

y~x

In the distributive sense, we can write A,u in the following form:

f (A )by = - f VulP L, $)dy, 6 € CuV),
\% \%

where C.(V) represents the set of all real valued functions on V with compact support.

Define the space
Wm(V)y={u:V —R}, s=p,q,i=12,

with the norm

1

lltllwmisvy = (f(leu(X)ls + hi(X)Iu(X)IS)d/l) ,$=p,g,i=12.
v

2.1

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)
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Then, W™*(V) is a finitely dimensional Banach space. For any fixed 1 < r < 400, let

L'(V)y={u:V - R}

lleellrovy = ( f IM(X)Ird/l)r :
\%4

Lemma 2.1. ( [6]) For allu € W™-P(V) and v € W™4(V), it holds that

endowed with the norm

llulleo < Dllullwmrcvy, Vlleo < dlVIiwmaaqy),

1 1
where |lull = max.ey (L, Wl = max,ey WL = (i) d = (i) ianin = Miney (),
i = 1,2, fyip := mingey p(x).
Lemma 2.2. (Ekeland’s variational principle [25]) Let M be a complete metric space with metric d, and
¢ : M — R be a lower semicontinuous function, bounded from below and not identical to +co. Let
e > 0 be given and x € M such that
e(x) < iﬁfgo + €.

Then, there exists y € M such that
e(y) < p(x), d(x,y) <1,

and for each z € M, one has
o(y) < ¢(2) + &d(y, 2).

3. Mountain pass type solutions

Note that the space W := W™-P(V) x W"24(V) with the norm [|(u, v)|| = |lullwmrvy + [VIlwmacy) 1s a
Banach space of finite dimension. For any fixed w € W, define the functional ¢,, : W — R as

1 1
e, v) = > f (V™ ul? + hy o)lul”)du + p f (V™2v|T + hy(x)IVT)dp — f F(x,u,v,w)du.
1% Vv

14
Then ¢,, € C'(W,R) and for any (u, v), (¢, $») € W, it holds that
<‘)01,/y(u7 V), (¢1 ’ ¢2)> = <‘)Dw,u(u, V), ¢] > + <90W,v(u’ V)’ ¢2>7

where

(Pual, v), ¢1) = f (£ ptidh1 + Iy (Dul”ugy = F(x, u, v, W) ) du,
\%4

<(pw,v(1’l’ V)» ¢2> = f (£mz,qv¢2 + hZ(x)|v|q72V¢2 - Fv(x’ u,v, W)¢2) dll
Vv

Therefore, the problem of finding the solutions for system (1.1) is simplified to seeking the critical
points of functional ¢,, on W (see [6]).

In order to obtain the desired conclusions in the paper, we will assume that F satisfies the following
conditions:
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(F1) F(x,0,0,w) = O0forallw € J and x € V, and F(x,t,s,w) is continuously differentiable in
(¢, s) € R? and continuous in w € J for all x € V;

. F(x,t,s,w) . 1 1
(F») |(z2)|nlo s < mln{p—Klp, m} for all x € Vand w € J, where

1 1

Divev H(X))? 2irev H(X))1

Klz( leV1 ),KZZ( 1eV1 )’
e ol

where h; yin := min,ey hi(x),i = 1,2;

(F) Jim S = v forall ve Vowe T

(F4) There exist two constants y; > 0 and 7y, > 0 such that

F ’t’ s t+FS 7t’ s — max s F 7t5 s
lim jnf (5 SWIF Fo(x 1, 5,w)s P @ECRLSW o pall xe Viwe T
|(z.5)| 00 [t + |s]2

Theorem 3.1. Assume that (F,)—(F4) hold. Then, system (1.1) has at least one mountain pass type
solution (u,,,v,,) # (0,0).

Proof. When w is fixed, the proof is the same as that in [6]. We omit the details. O

In order to obtain the dependence on parameters of solutions, we need the following assumptions:
(H,) There exist a constant § > max{p, g} such that

OF (x,t,s,w) < Fi(x,t, s, W)t + Fy(x,t,s,w)s forall xeV, (t,5) € R2\{(O, 0OLwed,
(H;) There exist positive constants cy, ¢;, r; and r, with min{r, r,} > max{p, ¢}, such that
F(x,t, s, W)t + Fy(x,t,s,w)s < c1]t|"" + ca|s]? forall xeV,(t,5) e R:,weJ,
(H3) There exist two functions a € C(R,R*) and ¢ : V — R™ such that
F(x,t,5,w) > a(|(t, s))c(x) forall x € V,(t,5) e REwe J.

Remark 3.1. By (F)), (F;), (H}), and (H3), we can also obtain that the system (1.1) has at least
one mountain pass type nontrivial solution. In fact, similar to [26], for any fixed x € V,(t,s) €
R2\{(0,0)},w € J and some M, > 0, let

My

|z, $)|

J(@) = fusw(®) = F(x, 78, 7s,w) forall 72
(H;) can be written as
OF (x, 11,75, W) < Fo(x, Tt, 75, W)Tt + Fo(x, 71,75, w)Ts forall x € V,(z,s) € R*\{(0,0)},w € J.(3.1)

Thus, it follows from the definition of f(7) and (3.1) that

'@

F (x,tt,ts,w)t + F (x,tt,T5, W)s

1
p [F(x,tt, s, w)Tt + F (x, Tt, TS, W)TS5]
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6
—F(x,tt, TS, W)
o
6
= —f(.
u

Let p(1t) = f'(7) — g f(r) = 0. A simple calculation implies

<[220

Integrating both sides of the above formula, we get

[ 8% | [f(r)] o _fo_f(@s)
w 70w |20 | T ()

(.91 (2,91 [.5)]

and then

L p(T) |(t S)I(’f(asﬂ)
f(T)_T[fl(I\:?)l 70 My ’

Note that f my 2 (T)dT > 0. When |(¢, s)| = My, we can choose T = 1. Then, the above equality implies that

.9l
()
MH

0

f(1) = F(x,t,s,w) > (¢, 5)|?, for all |(z, 5)| = M,. (3.2)

Note thata € CR,R*), ¢ : V — R* and 6§ > max{p, ¢}. It follows from (3.2) and (H3) that

M, M,
f(\(rs)\)l(t s F(x’\(r,?ﬂ’w(r,glf’w)l(t s
F(x,t,s,w) ) _ —
m — 2= Iim —— = lim
[(t.9)l—>00  [t]P + |s|4 I(t,5)| >0 |t|P + |s|’1 T (s> 1P + |s]9
> (|(|<r ik |(z D) |, 5)°
T s M} |t + [s]9
t, 8)°
> m1n a(|(t s))) mm c(x)— K )
I(1,5)|=M, M} I(t.5)l—e0 1t + |s|e
= 40

for all x € V,w € J. So (F3) holds. Next, by (H;), we can obtain
Fi(x,t,s,w)t + Fy(x,t,s,w)s > 0F(x,t,s,w) = (0 — max{p, g})F(x,t,s,w) + max{p, g} F(x,t, s,w),

for all x € V, (¢, s) € R2\{(0,0)},w € J. Let 0 < y; < pand 0 < v, < q. Then, by (F3), we infer that

Fi(x,t,s,w)t + Fy(x,t,s,w)s —max{p, g} F(x,t,s,w)

lim inf
I(1,5)| =00 |t + |s]>
: (6 — max{p,g)F(x,t,s,w)
> liminf
I(t.9)l—00 |t + |s]>
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.. F(,ts,w)
> (60— max{p,g})liminf ——=
( gD it =

= 4o

for all x € V,w € J. Hence, (F,) holds. O
Theorem 3.2. Assume that (F), (F,), and (H,)—(H3) hold. Then, for any w € J, system (1.1) has at
least one nontrivial solution (u,,, v,,) satisfying

Ci < @y, vl < Co, (3.3)

where C; and C, are positive constants which are independent on w and the values are given in (3.7)
and (3.12) below, respectively.

Proof. Choose arbitrary but fixed w € J. According to Theorem 3.1 and Remark 3.1, it is obvious that
system (1.1) has at least one nontrivial solution (u,, v,,). Furthermore, from the proof of Lemma 3.3
in [6], there exists a (0,0) # (ug,vo) € W which is independent on w since (F73) holds for all w € 7,
such that

Pw(tty, vyy) = inf max ¢, (y(1) := C* > 0, (3.4)
yel te€[0,1]

where
[':={y e C([0, 1], W) : ¥(0) = (0,0), y(1) = (uo, vo)}-

Since (u,,, v,,) is a weak solution of (1.1), then
||MW||€V”1].P(V) + ||VW||ﬁ/rnzﬂ(\/) - j‘:Fuw(-x, MW(X), VW(X), W)Mw(-x)d,u - \f;FvW(-xs Mw(x), Vw(x), 1"”)"»\/(}‘:)‘1/J = 0 (35)

Next, we first prove the first inequality in (3.3). Without loss of generality, we assume that p > g. We
divide the proof into the following four cases.
(1) Assume that ||u,,||lwm»vy > 1 and |[vy,|lwmayy > 1. By (Ha), (3.5) and Lemma 2.1, we have

[I(2ty, Vi) (”uw”W”‘l’l’(V) + ”VWHW”‘Z"I(V))q
-1
21 (”uw”a/ml-p(v) + ”va[‘{sz,q(v))

-1
2 Uty + Il sy

2‘?“( f F, (0, 1, (%), v, (), Wiy (X)dpt + f E,, (x, uy(x), Vw(x),W)Vw(x)dM)
v Vv

2! (fclluw(X)l”dM+szlvw(X)lrzd,U)
Vv Vv

-1
297" |V|max {c, ¢o} max {b", drz}(||uwllg,ml,,,(v)

< 277 |VImax {1, o} max (5", d” | (atyy, vyl

IA

IA

IA

IA

F IVl sy

which implies that

1

1 max{ry.rp}—-q
29-1V| max {c;, co} max {b", a”2}) ’

Gy, i)l = (
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(2) Assume that [[u,,||wmir(vy < 1 and [[v,|[wmayy < 1. According to (H), (3.5) and Lemma 2.1, there exists

||(Mw,Vw)||p = (||uw||W’"1vl’(V)+||Vw||W'"zvq(V))p
-1 p p
< 277 (lullygmy oy + 1Villimaqy)
-1 V4 q
< 2 (”uwllwml.p(v) + ”vwllwmz,q(v))
-1
= 2° ( f Fu, (X, u,,(X), vy (x), W, (X)dp + f F,, (x, t,(X), vio(X), wIv,(x)du
\% \%
< 2r! ( f 1l ()| du + f Czle(X)l’zdu)
\% \%4
-1
< 2 |V| max{cl, C2}max{brl’drz}(”uw”%l/ml.p(v)+||vw||"’/12/mz»q(v))

< 277!V|max {c;, ca} max (b, d"}|(uy,, vy,)||™" 12,
which implies that

1 min{r{,rp}-p
2P-1|V| max {cl,cz}max{brl,drz}) '

(2t Vi)l = (

(3) Assume that ||u,,||lwm1»vy > 1 and |[v,,|lwmayy < 1. Then, [|(w,,, vy)Il > 1, and thus by Lemma 2.1,

G, viII? = (e llwmie vy + ”VWHW’”Z*‘f(V))q
< 25 ity + Wilynayy)
-1
< 27 ltlly oy + 0l
= 2q_1( f Fu, (X, (X)), vy (X), Wty (X)dpt + f F,,(x, MW(X),VW(X),W)VW(X)dﬂ)
\%4 |4
< 2q‘1( f cilu, ()" dp + f C2|Vw(x)|r2d/~1)
\%4 \%
< 2q—1 |V| max {Cb CZ} max {brl y drz}(”uw”;;/ml,p(v) + ”Vw”g/mz.q(v))
< 27 Vimax {cy, co} max {b", d"}(||(uty, vl + |1t vio)II®)
< 207 \Vimax {er, o} max (b, )2y, v,

Then, we have

1
1 max{ry.rpl-q

24|V|max {c1, co} max {b"1, d"}

llCet, vill =

(4) Assume that ||u,,||lwmrvy < 1 and [[v,,|lwmayy > 1. Note that

sy + 0l = 0l Uity iy + IVl
> 1t Vit + 1Vl
et v G I 46
Y Uy, VI = Y= .
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On the other hand, it follows from Lemma 2.1 that

[z

< f cilu ()" du + f o[ (x)|*du

14 1%
< [VImax{cy, co} max {b", d” (Nl llyym oy + 1Vl
< |VImax {cy, e} max {b", d" }(||(y, Vi)l + [[(ttys, vio)II™)

< |VImax {cy, co} max {b", d"}2||(uy,, v, |07,
Then, combining with (3.6), we can derive that

1 max{ry,rp}-¢q
2°|V| max {c, ¢} max {b’l,d’z}) '

G, Vi)l = (

Let

1

1

A . max(r]].rz }-q l min{ry,rp}-p
L= 21’|V|max{c1,cz}max{b’l,d’?}) "\ 27 Vi max {c1, c2) max (b7, d) '

Then, ”(uw» Vw)” > Al'
For the case of ¢ > p, we can also obtain ||(«,, v,,)|| = A,, where

1 max(ry . 2)-p
Ar == mi ,
2= mim {(2‘1|V| max {cy, ¢} max {b’l,d’Z})

T 7T

(2‘1—‘|VI max{cl,lcz}max {b’l,d’Z}) }
Furthermore, we have

|ty vi)Il = Cy := min{A;, Ay}.
Next, we prove the second inequality in (3.3). Note that

1 1
ot ) = il + Il - fv F (X, thy, vy, W)L
Then, we can get
00,1y ) + 0 fv F 11,30, v (), W)t = gnuwnﬁvml,pw) + gnvwnzvmz.q(v).

It follows from (3.5) and (3.8) that

0 0
(E - 1) ”uWHst]J’(V) + (5 - 1) ”vW”?}sz’q(V)

= Oy (uy,vy) + 6 f F(x, 1,,(X), v (X), w)dpt
Vv

2 oy F Wl = fv Foa, 06, 10,20, v (00, Wt ()l + fv Fo, (5, t,(0), v, (), W)V, (X)dt

(3.7

(3.8)
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- f Fo, (x, u,,(x), v, (x), wn,,(x)du — f F,, (x, u,,(x), vy(x), v, (x)du.
1%

1%

From (H,), we can get that

0 0
(]_7 - 1) ”uw”a/mpp(v) + (5 - 1) ”Vw”%/mz.q(v) < 990w(14w, VW)' (39)

We need divide the proof into the following four cases, which is referred to [17]. Without loss of
generality, we assume that p > q.
(1) Assume that ||u,,|lw»1»vy) > 1 and [|v,,|lwmavy > 1. Then, we have

0 0 0
(; - 1) ”uwllﬁyml,p(v) + (5 - 1) ”lelzymz,q(v) (; - 1) (Huw”%/ml,p(v) + ”VW”(‘I)l/mz,q(v))

2 _1

b7 q
> Ll vl

(-1

F”(“w, v)ll?,

together with (3.9), which implies that

(-1
Ll I < O (v,

(2) Assume that ||u,,||lwm»vy < 1 and [|v,,|lwmayy < 1. Then, we have

0 0 0
(; - 1) ”uwllsvm],p(v) + (5 - 1) ”Vw”(évmz.q(v) 2 (; - 1) (lluwlls‘/m],p(v) + ”Vw”i))vmz,q(v))
8 _1
P p
ML
4-1 )
o G vllP - lGa, vl < 1,
= 1¢-n
oo G, vl 1 <[l vio)ll < 2.
Then, by (3.9),
(£-1 »
F”(uw’ Vw)” < e(pw(uw’ Vw)’ ”(uw’ vw)” < 1a
(2-1)

zp_—lll(uwa Vw)”q < ngw(uw’ vw)a 1< ”(uw’ VW)” < 2.

(3) Assume that ||u,,||lwm»vy > 1 and [|v,,|lwmayy < 1. Then, we have

0 0 0
(_ - 1) ||uw||"jym1<,p(v) + (_ - 1) ”lelzvmz,q(v) 2 (_ - 1) (Huw”({]/Vmpp(V) + ||Vw||;1)[/mz¢q(v))
p q p
oG- )
= F”(uw, vl
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Furthermore, according to (3.9),

g _1
P
2r-1

g1
—_1”(uw’ vw)llq-

P

(1@, ViDIl? < O, (1t V).

(4) Assume that ||u,|lw»»vy) < 1 and [|v,,|lwmaqy > 1. Then, we have

||vw||3;,5;q(v)} (sl oy + Il

It vw)ll""’} (el + IlEyy)

1
F”(uw’ Vw)”p

II(MW,VW)II"}

)
[ vw)llq}

(3.10)

Gy, il < Oy (it V).

0
(1—9 — 1) ||MW”IVJVMH’(V) + ;1 - 1) ||Vw||€Vm2,q(v)
0 0
> min{ —=1),[=--1
P q
0 0
> min{ —=1),[=--1
p q
0 0
> mln{ ; -1 N C_] -1 ”(uw’vw)Hq_p}
NCER) ) (¢-1
= miny = [ICety, viIIZ, =
(Q _ [
. p q _4
> mm{ T [1Cety, VI, =
%— 1
= Ll vl
Hence,
2 _
p
2r-1

From the above formula we derive

(2-1)

5 1, VI < 00y, (s, V),

)

F”(”w’ VW)”q < Htpw(uw, VW)’

By (3.4), (H3), and the definition of ¢,,,

inf
0 lyrelr max ©w(y(0)

6 max ¢,,(tug, tvy)
t€[0,1]

Hgaw(uwa vW)

IA

1
= O max | —||tuol|®m, »
te[O,l](p” olfyrscvy

IA

t€[0,1] p

Electronic Research Archive

1
+ —[ltvoll
q

Gy, Vi)l < 1,

(s, vio)Il > 1.

?;sz,q(v) - j‘:F(-x’ Tugp, tvo, W)d/.l

1 1
6 max (_tplluouevml,p(v) + atqllv()ll?ymz,qv))
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1 1
< 9(1—)||M0||€Vm1,p(v) + c—lnvouzvmz,q(v)). (3.11)
Then,
(%_1) P <@ <0 1 P 1 q <1
Sl VI < B, 1) < (Lol + 2V0llEmnayy) > NGt vl < 1,
G-D 1 1
Lt v I? < Ot 1) < O( S0l ) + 2V0llmsagy) s Nt i)l > 1.
Therefore,
1
po2P L luoll? L, 5+ Lol ). r
12t vl s( (et e ) [, et vl < 1,
1
G N L (P A
”(uw, Vw)” < 0—p = A49 ”(uw’ Vw)” > 1

Similarly, with g > p, we can also get,

V4 1 q q
lecol +5lvoll

qezqil(%l WP () g W’”M(V)) !
(e, Vi)l < - =As, |, vl < 1,

1
9629~ (Lol 1, p o+ 2101 g ) )
”(uw’ vw)” < [ ( 6—(q) = ))) = As, ”(uw’ VW)” > 1.
So,
(e, vi)ll < C7 := max{As, A4, As, A} (3.12)
In conclusion, (3.3) holds and the proof is completed. O

The result concerning with the dependence on the parameters of solutions is stated as follows.

Theorem 3.3. Assume that (F,), (F,), and (H\)—(H3) are satisfied. Let {w,} C J be a convergent
sequence of parameters with lim w, = wy. For any nontrivial solutions sequence {(u,, v,)} related to

n—oo

{wiyin (1.1), there exists a subsequence {(up,, v,,)} C W such that im(u,,, v,,) = (uo, vo) € W. Moreover,

(up, vo) is a nontrivial solution to (1.1) corresponding to wy, and C; < ||(ug, vo)|| < Cs.

Proof. For each n € N, we take (u,,v,) € W as a solution to (1.1) corresponding w = w,. By
Theorem 3.2, we have C; < ||(u,,v,)|| < C, forn = 1,2, ..., where Cy, C, are given by (3.7) and (3.12).
Then by virtue of the fact that W is a finite dimensional space, there is a subsequence of {(u,, v,)}, still
denoted by {(u,, v,)}, and a (uy, vo) € W such that (u,,v,) — (up,vy) in W as n — oo.

By Lemma 2.1, we get

U, (x) = up(x), v (x) = vo(x) forall xe V. (3.13)

Since (u,, v,) is a solution to (1.1), then for any (¢;, ¢,) € W, it holds that
f(£m|,pun¢l + hl(x)|un|p_2un¢1 - Fu(-xa Ups Vi, Wn)¢1) d,u
14
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+ f (£mngvad2 + Pa(OWAlT Va2 = Fu(X, thys Vi wa)ba ) dpt = 0. (3.14)
|4

Since F is continuous, by (3.13), we obtain F,(-, u,(-),v,(:),w,) — F,(-,uo(-),vo(-),wy) and
Fy(o u,(4), v (4), wp) — Fo (-, up(+), vo(+), wo) in W. By the definition of £, ,, (2.1)—(2.4), the fact that the
sum of finite terms is still limited, and (3.13), when m; = 1, as n — oo, we have

1

1
- [Zﬂ(x) IRECOR ”000)2] = [Vuo(x).
y~X

1
2

1
Vi, (x)| = VI (up)(x) = [m Z Wy (Un(y) = Mn(X))ZJ
y~x

When m; = 2, we have

= |Aug(x)| = [V?uo(x)l.

1 1
V21, ()] = |Au,(x)] = e yZ W) = va(0)] = | yZ Wiy (to(y) = vo(x))

When m; = 3, we have

=

1
IV u, ()] = [VAu,(x)| = VT (Aup)(x) = 200 way(Aun(y) — Au,(x))?
y~X

=

1
~ |z yZ W (Aug(y) — Aug(x)? | = [V3u(x)l.
When m; = 4, we have

1
IV, ()] = 1A%, (0)] = |AAuy ()| = e Z Wy (At (y) — Avy(x))
y~X

1
= g 2B = Avg()| = 1V ()l
HX) =

Furthermore, the mathematical induction implies that as n — oo,

{|VA’”BIM,,| > VA" uel,  when m is odd,

A7 u,] — [A 7 uy), when m is even.

So when m is odd, we can obtain

f£ml,pun¢1d,u
mlfl

\%4
my—1 1 my—1 m=1 m—1
= | VAT yZ Wiy (ATun(y) - Azun(w) (A 1) - AT () d

my-1 1 my—1 my—1 m—1 m—1
VAR Ul 3wy (A ) - A (@) (A 410) - A% 1 (0)
- fv VA™ gl Mx);m to(y) uo(x)) (A" ¢1(3) = AT ¢1(x)) dps
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= f£m1,pu0¢ldlu'
14

When m is even, it holds that
f Enpptaprdp = f AT uPPAT 1, A iy
v %
B f A7 g 2AY uA? ¢ du = f £,0, pllop1 . (3.15)
% 4
In a word, from the above, we can get that fv L, pltnPrdp — fv £, ptod1dp. Similarly, we also have

f£m2,qvn¢2d,u_>f£m27q\/0¢2dlu.
\% \%

Moreover, by (3.13), as n — oo, we also get

{fv M (Ol 2unrdp — - [, by ()0l uop 1y, for any (¢1,,) € W.

Jy e OWlT2vaad = [ ha(0)lvol>vodadu,

Thus combining with (3.14), we obtain that for any (¢, ¢,) € W,
f <£m1,pu0¢l + Iy (0ol *uops — Fup(x, Ug, v, W0)¢1) du
14

+ f (£mz,qvo¢2 + ho(x)volvogs — F (X, g, v, W0)¢2) du =0,
1%

which implies that (1, vo) solves (1.1) for wy.
By (un, vn) = (4o, vo) in W and Cy < [|(tn, vi)|l < C2, as n — oo, we get

G0, VOl = (@, VIl = ety vir) = (o, VoIl = Cy = ||(tt, vi) — (1o, vo)ll — C
and
1Cet0, VOl < (et VIl + (2, Vi) = (g, vl < Co + [|(t, Vi) — (uto, vo)ll = Cs.
Hence, C] < ||(M0,V())|| < Cz. O

Remark 3.2. There exist examples satisfying our results. For instance, Set p = 3 and ¢ = 2. Let
v € C(V) be such that mi\gl v(x) > 0and w € [-1, 1], where C(V) = {u|lu : V — R}. Define

F(x,u,v,w) =(1+ wz)y(x)(uz(x) + vz(x))z.

Then,
Fou(x,u, v, w) = 4(1 + w?)y(x)u(x)(u*(x) + v(x)),

and
Fo(x,u, v, w) = 4(1 + wHy(x)v(x)u?(x) + v2(x)).

Choose 0 =ry =1, =4, ¢ = ¢ = 16|[Yll, a(l(u,V)]) = [(u, VI* = @ (x) +V*(x))* and c(x) = y(x).
Thus, assumptions (F), (F,), and (H;)—(H3) are satisfied. O
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4. Local minimum type solutions

In this section, we use the Ekeland’s variational principle to find the local minimum solutions. We
also present a dependence result on parameter and a uniqueness result for the local minimum type
solutions. Let

i . a, if x = xo,
u(x) =vix) = . 4.1)
0, if x# xo,

for some constant a € R.
Lemma 4.1. Assume that p = q, (F), (F,) and the following condition hold:
+vP

*[|P
(Hy) There exist § > 0and L : V — R such that L(x) > 0, u(xo)L(xo) > e 2 Wz for some
xo € V, and F(xo,t,t,w) > L(xo)t” for all 0 < t < 6, where (u*,Vv") is given in (4.1) below.
Then, for all w € J, —oo < inf{ep,,(u,v) : (u,v) € Bp} < 0, where p is given in Lemma 3.2 in [6], which
is independent on w, and Bp ={(u,v) € W|||(u, V)| < p}l

Proof. For all w € J and all r € R*, we have

@u(t, tv°) = =W iy + = IV Wymagy, = f F(x, tu" (x), tv" (x), w)du
p q 14
P " t "
< ;”M ||I‘;/m]¢p(v) + g”v ”vaz,q(v) —,U()C())F()C(),t, 1, W)
tp *11P tq *119
< ;”M ”W’"l"’(V) + E”V ”sz,q(V) —/.I(XO)L(X())IP.

Note that p > 1 and p = ¢. Then, for all w € J and all r € R", by (H,), we have

1y + 1
p

o (tu”, 1v*) < tp( - ,u(xo)L(xo)J < 0. 4.2)

Especially, we choose f satisfying

. P
0<ty<minid, ——
0 { ||<u*,v*)||w}

such that o(fou*,tpv*) < 0. Obviously, ||(fou*, tyv*)|lw < p. Hence, inf{ep(u,v) : (u,v) € Bp} <
o(tou™, tyv*) < 0. Moreover, from the proof of Lemma 3.2 in [6], it is easy to see that Lemma 3.2
in [6] is still true for ¢,, and all (,v) € B, , and then by (F,), we have

oF

1 p P
ow(u,v) > (1—) —max{K| D, K, D}) TR

N S U
PKY” pK3
(u,v) € B,} > —oo. The proof is completed. O

where 0 < D < min{ }. Hence, ¢,, is bounded from below in Bpw for all w € . So inf{¢p,,(u,v) :
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Theorem 4.1 Assume that p = q, (F,), (F,), and (H,) hold. Then, for any w € J, system (1.1) has at
least one solution (u;,,v;) # (0, 0) of negative energy, which is local minimum type, and

Cs < |l(uy,, VIl < Ca, (4.3)

where C3 and C4 are positive constants independent on w and the values are given in (4.5) and (4.6)
below, respectively.

Proof. Combining with Lemmas 2.2 and 4.1 and being similar to the proof of Theorem 1.3 in [16] with
replacing ¢,, B,, with ¢,,, B,,, respectively, there exists a sequence {(Uy,, Viy)} C Bp such that

Gty Vi) — Inf @, v), @), (U, vy) = 0, asm — oo. 4.4)
BP

Since W is a finitely dimensional space, there exists a subsequence {(uy,,, V,)} Of {(tm, vin)} C Bp such
that (u,,,, vin,) — (u;,,v;,) in W for some (u;,v;) € Bp. Then, by (4.4) and the continuity of ¢,, and ¢,

w2 'w w2 'w
*

(u;,, v},) 1s a critical point ¢,, and ¢(u;,, v;,) = inf ¢(u,v). By Lemma 4.1, ¢(u;,, v;,) < 0, which, together
BP

with (F), implies that (u,, v;,) # (0,0).
The proof of (4.3) is the same as (3.3) except for the value of C4 which is mainly caused by (3.11).
In details, C5 is the same as (3.7) with p = g, that is,

1 max(rll.r -p 1 min{ry,rp}-p
C3 = min ’ R : .
27|V|max {ci, ¢} max {b", d"2} 27-1V|max {cy, co} max {b"1, d"}

4.5)

We can obtain C, just by replacing (3.11), which is due to the mountain pass characterized by the
following inequality which is due to the local minimizing characterize:

0, (U, v,) < O, (tou”, tov"™)

1 1
0 ® 0 %
0(;”” ||1‘jvm1,p(v) + ;“V ”{))sz,q(v) _ﬂ(XO)L(XO)tg)

IA

IA

7 t”
9(—0 e |1 + 2P )
wmLP(V wmA(V
D "™ V)

Then combining the proof of Theorem 3.2, we can obtain that

4 =

27~ 1g Il 11 + vl ’
0 Wy Wmr (v
{ ( Lr(v) o) ' 4.6)

p@-p)
The proof is completed. O

Theorem 4.2. Assume that p = q, (Fy), (F;) and (H,) are satisfied. Let {w,} C J be a convergent
sequence of parameters with lim w,, = w.. For any nontrivial local minimum type solutions sequence

n—oo
{(un, vi)} related to {w,} in (1.1), there exists a subsequence (u,,,v,) C W such that lim(u,,,v,) =
11— 00
(u.,v.) € W. Moreover, (u.,v.) is a nontrivial solution to (1.1) corresponding to w., and C; <
(s, vl < Ci

Proof. The proof is the same as that of Theorem 3.3. We omit the details. O
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Remark 4.1. We can get an example to support Theorems 4.1 and 4.2. For instance, assume that there
are 10 vertexesin Vandset p = g =4, m; = my = 1, hi(x) = hy(x) = 160, and u(x) = 1 forall x € V.
Fix a xy in V. Choose a = % in(4.1)and ), wy, = 1. Letw € [-1,1] and y € C(V) be such that

y~Xo

1 . 20000
= <miny(x) < max y(x) < ==~. Define
4 xevV 7( ) xeV ’}/( ) 321

F(x,u,v,w) = i(1 + wy(x)(W? + 7).

20000
Then,
321
F(x,u,u,w) = %(1 + wz)y(x)u4.
Let

31 _
L(x) = { 20000° X=X
O, X F Xo.

It is easy to verify that assumptions (F), (F»), and (H,) are satisfied.
Next, we present a uniqueness result for (u;,, v;). We need the following inequality.

Lemma 4.2.( [27]) Assume that p > 2, and there exists a positive constant C, such that

(1P 2x = WP 29)(x = y) > Cplx =y, forall x,y €R,
_ 2
Where Cp = m
Let us introduce an additional condition:
(Hs) There exists two constants d,, d> € (O, Z:—IPIVI » MIN{min/t1 min» ,uminhZ,min}) such that

-1
|[Fu(x,tp, 52, W) = F (x,t1, 51, w)| < di|ta — ;P

and
-1
|F,(x, ta, $2,w) — Fo(x, 11, 51, w)| < dalsy — s11°

forall x € V, w € T, and all t,1,, 51,52 € R satisfying |(t;, s;))] < Cy4 min{( 1 ); ,( 1 )"},

ﬂminhl,min /JminhZ,min
i=1,2.

Theorem 4.3. Assume that p = q, (F,), (F»), (Hy), and (Hs) hold. Then, for every fixed w € J, the
solution (u},,v;) of system (1.1) in Theorem 4.1 is unique.

*

Proof. Suppose that there exist two different functions (u ,, v} ,) and (u
by the proof of Lemma 3.4 with p = g in [17] and (Hs), we can get

*
w2?

vy ,) satisfying (1.1). Then,

Cp

5 5 s &
Sty = 11 Vg = vDIlP

IA

p = 1P
CP””:zZ - “jvl ”W”t]-ﬂ(v) + CP”V:»Q — Vi “sz-ﬂ(v)

= G ( f [€mp W = 15,05 = ulyy) + hy (D)l = w3y P72l = 05,00ty = 10l) | e
Vv

-2 * %
+ f |€mp (0 = Vi)l = Vi) + ha (0 = Vi I” <v1:2—vm)(vwz—v;o]du)
Vv
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: f [Empthali = 6,0 + IOl ol 21000 = )|

[ [t = )+ O P2 0= 0]

+ f‘; [£’"2’I’V:1'2(V:/2 - V;kvl) + h2(x)|v;2|p72\}:z2(v;2 — V;kvl)] du

= J a5 v+ O P24 05 =)
= f‘:[Fu(x, Wy Vi W) — Fy(x, il v, W, — ul, du + j‘:[Fv(x» e V) — PtV IV — v i
= ,l%”u;z — i ll” %”V;Z —Viall?
= ma {/‘minilll,min ’ /Jmintll’lzg,min } |V”|(M:FV2 - u:d’ V:/Z - V:zl)”p-

Thus,
(% - {/-lminilll,min ' ,uminilzz,min} |V|) (2 = s Vio = VDI <0,

Therefore, (u},,v: ) = (u,, v} ,). -

3 £ —_ £ £ p— sk : Cp
thatis, u;, = u,, and v, =V, ,,since d;,d, < I

Remark 4.2. We can present an example satisfying Theorem 4.3. Assume that there are 10 vertexes

mVandsetp =qg=2,m =my =1, hj(x) = hp(x) = 1, and u(x) = 1 for all x € V. Fix a xy
in V such that ), w,, = 1. Choose a = ﬁg in (4.1). Letw € [-1,1] and y € C(V) satisfying

y~X0

25 < maxy(x) < max y(x) < g. Define
xeV xeV

320

F(x,u,v,w) = (1 + wH)y(x)(u(x) + v*(x)).

Then,
FO,u,u,w) =21 + wz)y(x)uz(x)
and
Fou(x,u,v,w) = 2(1 + wy(xu(x), F(x,u,v,w) =2(1 + wy(x)v(x).
Let

2miny(x), x=x
L(x)={ xV 0
0, X # Xp.

Choose d; = d, = 4ma{/x v(x). Thus, it is easy to verify that (F,), (F,), (Hy), and (Hs) are satisfied.

Remark 4.3. In [22], the authors mainly considered the parameter dependence of mountain pass
type solutions, and they did not consider the parameter dependence of local minimum type solutions.
Theorems 4.1 and 4.2 is an attempt in this direction. Obviously, under the additional assumption (Hs),
(U, Vi) = (U, v,) and so (u., v.) is local minimum type. However, when (Hs) does not hold, there is
an interesting problem whether (u., v.) is still local minimum type solutions (1.1) corresponding to w.,
and whether (ug, vo) is still the mountain pass type solution of (1.1) corresponding to wy. Currently, we
have no idea to solve this problem.
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5. An optimal control problem

In this section, we consider an optimal control problem. In details, we consider the minimization
action functional

Ylu,v,w) = f g(x, u(x), v(x), w)dp,
Vv

where (u, v, w) satisfy (1.1), and g satisfies the following condition:
(G) g: VXxR?>x T — R is continuous.

We fix aw € J and take (u,,v,) as a solution to (1.1) corresponding to w. We establish a set
A cCc WxJYJ,where A = {(u,, v, w)|(u,,, v,,, w) satisfies (1.1)}.

Remark 5.1. Note that J is a bounded closed interval. Then, for any {w;} C J, there exists a
subsequence, still denoted by wy, such that hm wy =w € 9. Moreover, by Lemma 2.1 and Theorem 3.2

(or Theorem 4.1), there is some [/ > 0 such that (i, vi)lloo < I when (u,,, v,,, w) € A.

Theorem 5.1. Assume that conditions (F1), (F»), (G), and (H,)—(H3) hold. Let {w;} C J be a
convergent sequence with hm wy = w. Then, there exists a pair (U, vy, w) € W X g such that

k—o0

Yy, v, w) = inf  Y(uy,, vy, w).
(tyy vy, W)EA

Proof. Since ||(uy, vy)lle < [, w € J which is a bounded closed interval and g is continuous, the
functional ¢ is bounded from below on A. Then there is a sequence {(u,,,, vy, Wr)} C A such that

lim Y(uy,, Vi, we) = Inf  P(uy, vy, w).
k—co (Uyy, Vi, W)EA

By Theorem 3.2 (or Theorem 4.1), {(u,,, v\, )} 1s uniformly bounded in W. Then, there exists a subse-
quence {(”w,-a Vi » wy,)} such that (u,,, vy,, wi,) — (Ui, Vi, w) in W X 9. Then, from Theorem 3.3 (or
Theorem 4.2), we get (i, vi7, W) 1s also a solution to (1.1). Thus (u, vz, w) € A. Therefore, according
to the condition (G), it is easy to see that i is continuous on A. Then, we can obtain

Yy, v, w) = Lim yY(uy,, vy, Wi)
(it Vw W)E k—o0
= ]}l—)rzlo w(uwk[ ’ vwki ’ Wkl‘)
= liin inf YUy, , Vv, » Wi;)
= w(ﬁW5 vW? W)
Therefore, (s, Vi, w) 1s a solution of the optimal control problem. The proof is completed. O

6. Nonexistence of solutions

In this section, similar to [27], we present a condition under which there is no solution to system (1.1).

Theorem 6.1. Assume that (F) holds, and
Fi(x,t,s,w)t + Fy(x,t,s,w)s <0 forall xeV, (t,s) € R2\{(0,0)},w € J. (6.1)

Then, for every w € [, system (1.1) has no nontrivial solutions.
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Proof. Assume that (1.1) has a nontrivial solution (u,, v,,). Then, (u,,v,,) is a nontrivial critical point of
¢. According to (3.5), we get

0 = Iy + el = [ P OO0 T 00— [ 0.0 T .
Thus, it holds that
f Fﬁw(xs’ﬁw(x)vvw(x), W)E»v(x)dﬂ + f FVW(X;IZW(X)’T}}V(X)’ W)T;w(x)d/'l
Vv \%4

= |mw||€[/ml,p(v) + |ﬁ;w||“1)‘/mz-4(v) Z O (6~2)

for all w € . Also, it follows from (6.1) that
f (Fr, (%, 1, (%), W (X), Wit (x) + Fy, (X, U, (X), v, (X), wiv,(x)du < 0
14
for all w € . This contradicts with (6.2). So for every w € 7, system (1.1) has no nontrivial solutions. O
Remark 6.1. Let us take functions F: V X R? x J — R by
F(x,u,v,w) = =&(x)(arctan u? + arctan v?),

where £ : V — R”. Then, we see that assumptions of Theorem 6.1 are satisfied.

7. Results for the scalar equation (1.3)

The results for system (1.1) can also be applied to the following scalar equation (1.3) on weighted
finite graph:

£ ptt + hOOul"u = f(x,u,w), x€V,
where me Nand p > 1,h: V - R" and F(¢) = f()lf(x,t,w)dt, f:VXRXYTJ = R,we 9, where
J c R is a bounded closed interval.

Theorem 7.1. Assume that F satisfies the following conditions:
(F7) F(x,0,w) = 0and F(x,t,w) is continuously differentiable int € R forall x € V, w € J;

2
H min’ “min

1
. Xe€ ?
(Fy) lim 0 < o for all x € V,w € J, where K = (Bt}

(Ff) lim 282 = 4oo forall x € V,w €

(F7)) There exists a constant y, > 0 such that

.. S t,w)t = pF(x,t,w)
lim inf

[f|l—=c0 |[|7|

>0 forall xe V,we Y.

Then, Eq (1.3) has at least one nontrivial solution u,,.

Theorem 7.2. Assume that F satisfies (F}), (F}), and the following conditions:
(H}) OF (x,t,w) < f(x,t,w)t for all x € V,t € R\{0},w € J, where 6 > p;
(H}) There exist two functions a € C(R) and ¢ : V — R such that

F(x,t,w) > a(|t])c(x) forall xe V;te R,we J.
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Then, Eq (1.3) has at least one nontrivial solution u,,.

Theorem 7.3. Assume that F satisfies (F}), (F}), (H}), (H}), and the following condition:
(H) fx,t,w)t < cilf]" forall x € V,t € R,w € J, where ¢, > 0and ry > p.
Then, for any w € [, equation (1.3) has at least one nontrivial solution u,, satisfying

Cl < lull < G,

where C'| and C), are positive constants independent on w and the values are given in (7.1) and (7.2)
below, respectively.

Proof. Choose arbitrary but fixed w € J. According to Theorem 7.1, we know that Eq (1.3) has one
nontrivial solution u,,. Then, from the proof of [6], there exists a O # u, € R which is independent on w
since (F3)’ holds for all w € J (see [6]), such that

) = inf =C"
ow(uy) inf g}gﬁsow(y(t)) c” >0,

where
I':={y e C(0,1],R) : y(0) = 0,y(1) = uo}.

Similar to the proof of Theorem 3.2, we can get

1

1 n-p
wll = Cl = | =———— , 7.1
eyl = C (MW1 b,l) (7.1)
and
g2r-1 p\»
[|ee, ]| < C, = (#) . (7.2)
4
The proof is completed. O

Theorem 7.4. Assume that (F'), (F?), and (H})—(H}) are satisfied. Let {w,} C J be a convergent
sequence of parameters with lim w, = wy. For any mountain pass type nontrivial solutions sequence

n—oo

{u,} related to w,, in (1.3), which are given in Theorem 7.3, there exist a subsequence {u,,} C R such that
lim u,,, = uy € R. Moreover, ug is a nontrivial solution to (1.3) corresponding to wy, and C| < [lugl| < C,.

Theorem 7.5. Assume that F satisfies (F}), (I), and the following condition:
(H}) There exist ' > 0 and L : V — R such that L(xo) > 0, u(xo)L(xo) > @for some xog € V and
F(x,t,w) > L(xo)t’ forall 0 <t < &', where u* is given by (4.1).

Then, any w € J, system (1.3) has at least one solution u;, # 0 of negative energy, which is locally
minimum type, and

C; < Il < C,, (7.3)

1
0207 il |IP \ P
6-p

where C = C'| and C}, = (
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Theorem 7.6. Assume that (F}), (F}), and (H}) are satisfied. Let {w,} C J be a convergent sequence
of parameters with lim w, = w,. For any locally minimum type nontrivial solutions sequence u,

n—oo

related to wy, in (1.3), which are given in Theorem 7.4, there exists a subsequence u,, C R such that
lim u,, = u. € R. Moreover, u, is a nontrivial solution to (1.3) corresponding to w., and C’, < |lu.|| < C}.

Theorem 7.7. Assume that (F), (F}), (H})—(H}), and the following condition hold:

(G g: VXRXYJ — Ris continuous.

For any fixed w € Y, take u, as a solution to (1.3) corresponding to w. Let A" =
{(uyp, W)|(uy, w) is a solution of (1.3)} and {w} C J be a convergent sequence with ]}1_&10 wy = w. Then,

there exists a pair (uy, w) € R X J such that Y(uz, w) = ( in)f | Uiy, w).
Uy, W)EA’

Theorem 7.8. Let (F) hold. Assume that
F/(x,t,s,w)t <0 forall xeV,teR\{0},weJJ. (7.4)
Then, for every w € I, the problem (1.3) has no nontrivial solutions.
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