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Abstract: In this paper, we proposed and studied a stochastic SEIR epidemic model with infectivity
during the latent, infectious, and immune periods. First, the existence of a stationary distribution for
the model was verified using the Lyapunov method. Then, by solving the corresponding Fokker-Planck
equation, the explicit expression of the probability density function around the quasi-stable equilibrium
point was obtained. Furthermore, the global approximation of the invariant probability density function
for the model was explored. In addition, sufficient conditions for disease extinction were derived by
constructing a suitable Lyapunov function. Finally, numerical simulations are presented to illustrate
the analytical results and to reveal the impact of stochastic perturbations on disease transmission.
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1. Introduction

It is well known that over the past century, a variety of serious infectious diseases have posed a
significant threat to human health and life safety. To deeply explore the epidemic characteristics and
transmission patterns of infectious diseases, scholars have proposed numerous mathematical models
and theoretical analysis methods [1–5]. After the initial infection, the host will be in the incubation
period before infection. For some diseases, compared with the infection period, the incubation period
is neither short nor negligible. Therefore, based on the classical SIR model and considering the
influence of latency, this model becomes the SEIR model [6–10]. For infectious diseases such as
influenza, norovirus, and some respiratory pathogens, recovered individuals have the potential to shed
the pathogen and possess a certain degree of infectivity, which can infect susceptible people through
contact. Recovered individuals are not completely non-infectious but are defined as low-infectivity
virus carriers. Li and Jin [6] studied a SEIR epidemic model in which the latent state and the immune
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state are infective: 
Ṡ = A − β1S E − β2S I − β3S R − µS ,

Ė = β1S E + β2S I + β3S R − (r + µ + α1)E,
İ = rE − (k + µ + α2)I,
Ṙ = kI − µR,

(1.1)

where A is a constant recruitment of susceptibles, β1, β2, and β3 are the rates of the efficient contact
in the latent, infected, and recovered period, respectively. µ is the rate of natural death, α1, and α2 are
the rate of disease-caused death for the exposed and the infectious, r is the transfer rate between the
exposed and the infectious, and k is the rate constant for recovery. The basic reproduction number of
system (1.1) is

R0 =
Aβ1

µ(r + µ + α1)
+

Arβ2

µ(r + µ + α1)(k + µ + α2)
+

Arkβ3

µ2(r + µ + α1)(k + µ + α2)
.

If R0 < 1, the disease-free equilibrium is globally stable, and the disease always dies out. If R0 > 1,
the global stability of the unique endemic equilibrium is proved when α1 = α2 = 0, and the disease
persists at an endemic equilibrium state.

The above analysis is carried out only from the perspective of ordinary differential equations,
and the influence of environmental disturbance is not considered. Many scholars have taken into
account the influence of environmental interference in the process of studying infectious disease
models, such as [11–19]. Zhou et al. [11] studied a SVI epidemic model with half saturated incidence
rate. By solving the corresponding Fokker-Planck equation, they obtained the precise expression
of the probability density function of the stochastic model around the unique endemic equilibrium
of the deterministic system. Rajasekar and Pitchaimani [12] probed a stochastic SIRS model with
logistic growth and nonlinear incidence rate. By using the appropriate Lyapunov function, sufficient
conditions for the existence of ergodic stationary distribution of the solution to the stochastic SIRS
model were given. Dieu [13] gave sufficient conditions to classify the stochastic permanence of
the SIQS epidemic model with isolation through threshold analysis. They showed the existence of
a unique invariant probability measure and demonstrated that the transition probability converges to
this invariant measure under the total variation norm. De la Sen et al. [14] constructed a pseudo-
mass-action SEIR epidemic model with continuously distributed delays under a general time-varying
vaccination strategy. By setting a threshold on the transmission rate, the global asymptotic stability
of the disease-free equilibrium was addressed. Stochastic Wiener perturbations were incorporated into
an extended SEIR framework to explore the dynamical behaviors near the equilibria numerically. Liu
and Jiang [15] developed a stochastic cholera model with imperfect vaccination. Sufficient conditions
were established for the existence and uniqueness of an ergodic stationary distribution of the positive
solutions to the model. Caraballo et al. [16] investigated a stochastic epidemic model with relapse
and distributed delay. They set some sufficient criterias for the extinction and persistence of this
disease. They also proved that the model has a unique stationary distribution. Tian et al. [19]
proposed a stochastic infection model for cholera, elucidating the impact of environmental factors
on transmission dynamics. The stationary distribution and extinction conditions were derived; the
five-dimensional Fokker-Planck equation was solved to obtain the probability density function at the
positive equilibrium point. The findings indicated that environmental factors exert a notable influence
on disease transmission.
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Based on the method of introducing random factors into epidemic models in the above literature,
we investigate the stochastic form of the corresponding system (1.1):

dS (t) =
(
A − β1S (t)E(t) − β2S (t)I(t) − β3S (t)R(t) − µS (t)

)
dt + σ1S (t)dB1(t),

dE(t) =
[
β1S (t)E(t) + β2S (t)I(t) + β3S (t)R(t) − (r + µ + α1)E(t)

]
dt + σ2E(t)dB2(t),

dI(t) =
[
rE(t) − (k + µ + α2)I(t)

]
dt + σ3I(t)dB3(t),

dR(t) =
(
kI(t) − µR(t)

)
dt + σ4R(t)dB4(t),

(1.2)

where Bi(t) (i = 1, 2, 3, 4) are four independent standard Brownian motions defined on a complete
probability space (Ω,F , {Ft}t≥0, P) with an increasing and right continuous σ-field filtration {Ft}t≥0,
and σ2

i > 0 (i = 1, 2, 3, 4) are the intensities of Bi(t), respectively.
In this article, we focus mostly the following three points: (i) Explore the stationary distribution

of the stochastic SEIR model; (ii) provide the explicit expression of the probability density function
of stochastic SEIR model around the endemic equilibrium point; and (iii) investigate the global
approximation of invariant probability density function for the stochastic SEIR model.

The organizational structure of this paper is as follows. In Section 2, we prove the existence and
uniqueness of the global positive solution of system (1.2). In Section 3, the existence of stationary
distribution is proved by constructing a suitable random Lyapunov function. The exact expression of
the probability density function of the stationary solution around a quasi-stable equilibrium is obtained
in Section 4, and the global approximation of invariant probability measures for the stochastic SEIR
model is explored in Section 5. In Section 6, we present the sufficient conditions for the extinction of
the disease. The theoretical results are verified through numerical simulations in Section 7.

2. Existence and uniqueness of the global positive solution

In this section, we prove that system (1.2) admits a unique globally positive solution. The following
result is obtained as a particular application of the classical existence and uniqueness theorem for
stochastic differential equations under local Lipschitz and non-explosion conditions. The proof utilizes
standard stopping time localization together with a suitable Lyapunov function to guarantee the global
existence and positivity of the solution.

Theorem 2.1. For any initial value (S (0), E(0), I(0),R(0)) ∈ R4
+, system (1.2) has a unique positive

solution (S (t), E(t), I(t),R(t)) a.s.

Proof. The coefficients of Eq (1.2) satisfy the local Lipschitz condition, so there is a unique local
solution (S (t), E(t), I(t),R(t)) on t ∈ [0, τe), where τe is the explosion time.

We now show that this solution is global, i.e., to show that τe = ∞ a.s. Let n0 ≥ 0 be sufficiently
large so that S (0), E(0), I(0), and R(0) all lie within the interval [ 1

n0
, n0]. For each integer n ≥ n0, define

the stopping time τn : Ω→ [0,∞]

τn(ω) = inf
{
t ∈ [0, τe) : min{S (t, ω), E(t, ω), I(t, ω),R(t, ω)} ≤

1
n

or

max{S (t, ω), E(t, ω), I(t, ω),R(t, ω)} ≥ n
}
, ω ∈ Ω,
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where, throughout this paper, set inf ∅ = ∞. Thus, τn is increasing as n → ∞. Set τ∞(ω) =

lim
n→∞

τn(ω), ω ∈ Ω, whence τ∞ ≤ τe a.s. If we show that τ∞ = ∞ a.s., then τe = ∞ and

(S (0), E(0), I(0),R(0)) ∈ R4
+ a.s. for all t ≥ 0. In other words, to complete the proof, all we need

to show is that τ∞ = ∞ a.s. If this statement is false, then there is a pair of constants T > 0 and
ε ∈ (0, 1) such that P{τ∞ ≤ T } > ε. Hence, there is an integer n1 ≥ n0 such that

P{τn ≤ T } ≥ ε f or all n ≥ n1. (2.1)

Define a C2-function V : R4
+ → R+ by

V(S , E, I,R) = S − c − c ln
S
c

+ E − 1 − ln E + b1(I − 1 − ln I) + b2(R − 1 − ln R),

where

c =
(r + µ + α1)(k + µ + α2)

(k + µ + α2)β1 + r(β2 + k
µ
β3)

, b1 =
(r + µ + α1)(β2 + k

µ
β3)

(k + µ + α2)β1 + r(β2 + k
µ
β3)

, b2 =
aβ3

µ
.

The non-negativity of this function can be seen from x − 1 − ln x ≥ 0,∀x > 0.
Using Itô,s formula, we get

dV = LVdt + σ1(S − c)dB1(t) + σ2(E − 1)dB2(t) + σ3(I − 1)dB3(t) + σ4(R − 1)dB4(t),

where

LV =(1 −
c
S

)(A − β1S E − β2S I − β3S R − µS ) +
cσ2

1

2

+ (1 −
1
E

)[β1S E + β2S I + β3S R − (r + µ + α1)E] +
σ2

2

2

+ b1

{
(1 −

1
I

)[rE − (k + µ + α2)I] +
σ2

3

2

}
+ b2

[
(1 −

1
R

)(kI − µR) +
σ2

4

2

]
≤A + [cβ1 − (r + µ + α1) + b1r]E + [cβ2 − b1(k + µ + α2) + b2k]I + (cβ3 − b2µ)R

+ cµ + r + µ + α1 + b1(k + µ + α2) + b2µ +
1
2

[cσ2
1 + σ2

2 + b1σ
2
3 + b2σ

2
4]

=A + cµ + r + µ + α1 + b1(k + µ + α2) + b2µ +
1
2

[cσ2
1 + σ2

2 + b1σ
2
3 + b2σ

2
4] := K.

Hence,

dV ≤ Kdt + σ1(S − c)dB1(t) + σ2(E − 1)dB2(t) + σ3(I − 1)dB3(t) + σ4(R − 1)dB4(t). (2.2)

Integrating from 0 to τn ∧ T and taking the expectation of both sides of (2.2), we have

EV(S (τn ∧ T, ω), E(τn ∧ T, ω), I(τn ∧ T, ω),R(τn ∧ T, ω))
≤V(S (0), E(0), I(0),R(0)) + KE(τn ∧ T, ω) ≤ V(S (0), E(0), I(0),R(0)) + KT.

(2.3)

Set Ωn = {τn ≤ T } for n ≥ n1. According to (2.1), P(Ωn) ≥ ε. For each ω ∈ Ωn, at least one of S (τn, ω),
E(τn, ω), I(τn, ω), R(τn, ω), equals either n or 1

n . Therefore, we have
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V(S (τn, ω), E(τn, ω), I(τn, ω),R(τn, ω))

≥min
{

n − c − c ln
n
c
,

1
n
− c + c ln cn, n − 1 − ln n,

1
n
− 1 + ln n

}
:= L(n),

and when n→ ∞, L(n)→ ∞. It follows from (2.3) that

V(S (0), E(0), I(0),R(0)) + KT ≥ E[IΩn(ω)V(S (τn, ω), E(τn, ω), I(τn, ω),R(τn, ω))] ≥ εL(n),

where IΩn(ω) is the indicator function of Ωn. Taking n→ ∞, we obtain

∞ > V(S (0), E(0), I(0),R(0)) + KT = ∞,

which is a contradiction. Hence, we have τ∞ = ∞, a.s.

3. Stationary distribution of the stochastic SEIR epidemic model (1.2)

In this section, we investigate the existence of a stationary distribution for system (1.2).
Before presenting the main theorem, we define a stochastic reproduction number RP

0 by

RP
0 =

Aβ1

(µ + 1
2σ

2
1)(r + µ + α1 + 1

2σ
2
2)

+
Arβ2

(µ + 1
2σ

2
1)(r + µ + α1 + 1

2σ
2
2)(k + µ + α2 + 1

2σ
2
3)

+
Arkβ3

(µ + 1
2σ

2
1)(r + µ + α1 + 1

2σ
2
2)(k + µ + α2 + 1

2σ
2
3)(µ + 1

2σ
2
4)
.

Theorem 3.1. For any initial value (S (0), E(0), I(0), P(0)) ∈ R4
+, if RP

0 > 1, there is a stationary
distribution µ(·) for system (1.2) and it has ergodic property.

Before proving Theorem 3.1, we state some auxiliary lemmas that will be used in the proof.
Let X(t) be a regular temporally homogeneous Markov process in El ⊂ Rl described by the

stochastic differential equation

dX(t) = b(X)dt +

k∑
r=1

σr(x)dBr(t),

and the diffusion matrix is defined as follows

A(x) = (ai, j(x)), ai, j(x) =

k∑
r=1

σi
r(x)σ j

r(x).

Lemma 3.1. [20] We assume that there exists a bounded domain U ⊂ El with regular boundary,
having the following properties:

(B.1) In the domain U and some neighborhood thereof, the smallest eigenvalue of the diffusion
matrix A(x) is bounded away from zero.

(B.2) If x ∈ El \ U, the mean time τ at which a path issuing from x reaches the set U is finite, and
supx∈K Exτ < ∞ for every compact subset K ⊂ El.
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Then, the Markov process X(t) has a stationary distribution µ(·) with density in El such that for any
Borel set B ⊂ El

lim
t→∞

P(t, x, B) = µ(B),

and

Px{ lim
T→∞

1
T

∫ T

0
f (x(t))dt =

∫
El

f (x)µ(dx)} = 1,

for all x ⊂ El and f (x) being a function integrable with respect to the measure µ.

Remark 3.1. To verify condition (B.1), it suffices to show that the operator F is uniformly elliptic in
the domain U, where Fu = b(x)ux + 1

2 tr(A(x)uxx). Specifically, one needs to demonstrate the existence
of a positive constant M such that

l∑
i, j=1

ai j(x)ξiξ j ≥ M|ξ|2, x ∈ U, ξ ∈ Rl,

(see [21] and Rayleigh’s principle in [22]). To verify condition (B.2), it suffices to show the existence
of a neighborhood U and a non-negative C2 function V such that the operator LV is negative for all
x ∈ El U (see [23]).

Next, we present the proof of Theorem 3.1.

Proof. Define a C2-function V : R4
+ → R by

V(S , E, I,R) =M
[
− ln E − (c1 + c2 + c4) ln S − (c3 + c5) ln I − c6 ln R + c7I + c8R

]
− ln S − ln I − ln R +

β2 +
kβ3
µ

k + µ + α2
I +

β3

µ
R +

1
θ + 1

(S + E + I + R)θ+1,

where θ > 0 is a sufficiently small number that satisfies ρ := µ − θ
2 (σ2

1 ∨ σ
2
2 ∨ σ

2
3 ∨ σ

2
4) > 0,

c1 =
Aβ1

(µ + 1
2σ

2
1)2
, c2 =

Arβ2

(µ + 1
2σ

2
1)2(k + µ + α2 + 1

2σ
2
3)
, c3 =

Arβ2

(µ + 1
2σ

2
1)(k + µ + α2 + 1

2σ
2
3)2
,

c4 =
Arkβ3

(µ + 1
2σ

2
1)2(k + µ + α2 + 1

2σ
2
3)(µ + 1

2σ
2
4)
, c5 =

Arkβ3

(µ + 1
2σ

2
1)(k + µ + α2 + 1

2σ
2
3)2(µ + 1

2σ
2
4)
,

c6 =
Arkβ3

(µ + 1
2σ

2
1)(k + µ + α2 + 1

2σ
2
3)(µ + 1

2σ
2
4)2
, c7 =

c1 + c2 + c4

k + µ + α2
(β2 +

kβ3

µ
),

c8 =
(c1 + c2 + c4)β3

µ
, D = sup

(S ,E,I,R)∈R4
+

{A(S + E + I + R)θ −
ρ

2
(S + E + I + R)θ+1},

and a sufficiently large M > 0 such that

−M(r + µ + α2 +
1
2
σ2

2)(RP
0 − 1) + k + 3µ + α2 +

1
2

(σ2
1 + σ2

3 + σ2
4) + D ≤ −2.

Note that V(S , E, I,R) is a continuous function, which satisfies

lim inf
n→∞, (S ,E,I,R)∈R4

+\Un

V(S , E, I,R) = +∞,
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where Un =
∏4

i=1(1
n , n). It can be seen that there exists a point (S ∗, E∗, I∗,R∗) in the interior of R4

+, at
which V(S , E, I,R) will be minimized. Then a non-negative C2-function V : R4

+ → R+ is constructed
as follows:

V(S , E, I,R) = V(S , E, I,R) − V(S ∗, E∗, I∗,R∗).

For convenience, define

V1 = − ln E − (c1 + c2 + c4) ln S − (c3 + c5) ln I − c6 ln R + c7I + c8R,

V2 = − ln S − ln I − ln R +
β2 +

kβ3
µ

k + µ + α2
I +

β3

µ
R, V3 =

1
θ + 1

(S + E + I + R)θ+1.

By applying Itô,s formula, we can derive that

LV1 = − β1S − β2
S I
E
− β3

S R
E

+ r + µ + α1 +
1
2
σ2

2 + (c3 + c5)
(
−

rE
I

+ k + µ + α2 +
1
2
σ2

3
)

+ (c1 + c2 + c4)
(
−

A
S

+ β1E + β2I + β3R + µ +
1
2
σ2

1
)

+ c6
(
−

kI
R

+ µ +
1
2
σ2

4
)

= − β1S − c1
A
S
− β2

S I
E
− c2

A
S
− c3

rE
I
− β3

S R
E
− c4

A
S
− c5

rE
I
− c6

kI
R

+ r + µ + α1 +
1
2
σ2

2

+ (c1 + c2 + c4)(µ +
1
2
σ2

1) + (c3 + c5)(k + µ + α2 +
1
2
σ2

3) + c6(µ +
1
2
σ2

4)

+ (c1 + c2 + c4)(β1E + β2I + β3R) + c7
[
rE − (k + µ + α2)I

]
+ c8

(
kI − µR

)
≤ − 2

√
Ac1β1 − 3 3

√
Arc2c3β2 − 4 4

√
Arkc4c5c6β3 + r + µ + α1 +

1
2
σ2

2 + (c1 + c2 + c4)(µ +
1
2
σ2

1)

+ (c3 + c5)(k + µ + α2 +
1
2
σ2

3) + c6(µ +
1
2
σ2

4) + [(c1 + c2 + c4)β1 + c7r]E

= − (r + µ + α1 +
1
2
σ2

2)(RP
0 − 1) + [(c1 + c2 + c4)β1 + c7r]E,

LV2 = −
A
S

+ β1E + β2I + β3R + µ +
1
2
σ2

1 −
rE
I

+ k + µ + α2 +
1
2
σ2

3 −
kI
R

+ µ +
1
2
σ2

4

+
β2 +

kβ3
µ

k + µ + α2

[
rE − (k + µ + α2)I

]
+
β3

µ

(
kI − µR

)
= −

A
S

+
(
β1 +

β2 +
kβ3
µ

k + µ + α2
r
)
E −

rE
I
−

kI
R

+ k + 3µ + α2 +
1
2

(σ2
1 + σ2

3 + σ2
4),

and

LV3 =(S + E + I + R)θ[A − µS − (µ + α1)E − (µ + α2)I − µR]

+
θ

2
(S + E + I + R)θ−1(σ2

1S 2 + σ2
2E2 + σ2

3I2 + σ2
4R2)

≤A(S + E + I + R)θ − µ(S + E + I + R)θ+1 +
θ

2
(σ2

1 ∨ σ
2
2 ∨ σ

2
3 ∨ σ

2
4)(S + E + I + R)θ+1

≤D −
ρ

2
(S + E + I + R)θ+1

≤D −
ρ

2
(S θ+1 + Eθ+1 + Iθ+1 + Rθ+1).
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It then follows that

LV ≤ − M(r + µ + α1 +
1
2
σ2

2)(RP
0 − 1) + [M(c1 + c2 + c4) + 1]

(
β1 +

β2 +
kβ3
µ

k + µ + α2
r
)
E −

A
S
−

rE
I

−
kI
R

+ k + 3µ + α2 +
1
2

(σ2
1 + σ2

3 + σ2
4) + D −

ρ

2
(S θ+1 + Eθ+1 + Iθ+1 + Rθ+1)

≤ − 2 + [M(c1 + c2 + c4) + 1]
(
β1 +

β2 +
kβ3
µ

k + µ + α2
r
)
E −

A
S
−

rE
I
−

kI
R

−
ρ

2
(S θ+1 + Eθ+1 + Iθ+1 + Rθ+1).

Define a closed set

Dε = {(S , E, I,R) ∈ R4
+ : ε ≤ S ≤

1
ε
, ε ≤ E ≤

1
ε
, ε2 ≤ I ≤

1
ε2 , ε

3 ≤ R ≤
1
ε3 },

where ε > 0 is a sufficiently small number such that

−2 + C −
A
ε
≤ −1, (3.1)

−2 + [M(c1 + c2 + c4) + 1]
(
β1 +

β2 +
kβ3
µ

k + µ + α2
r
)
ε ≤ −1, (3.2)

−2 + C −
r
ε
≤ −1, (3.3)

−2 + C −
k
ε
≤ −1, (3.4)

−2 + C −
ρ

4
(
1
ε

)θ+1 ≤ −1, (3.5)

where

C = sup
(S ,E,I,R)∈R4

+

{
[M(c1 + c2 + c4) + 1]

(
β1 +

β2 +
kβ3
µ

k + µ + α2
r
)
E −

ρ

4
Eθ+1

}
. (3.6)

Denote

D1
ε = {(S , E, I,R) ∈ R4

+ : S < ε}, D2
ε = {(S , E, I,R) ∈ R4

+ : E < ε},

D3
ε = {(S , E, I,R) ∈ R4

+ : I < ε2, E > ε}, D4
ε = {(S , E, I,R) ∈ R4

+ : R < ε3, I > ε2},

D5
ε = {(S , E, I,R) ∈ R4

+ : S >
1
ε
}, D6

ε = {(S , E, I,R) ∈ R4
+ : E >

1
ε
},

D7
ε = {(S , E, I,R) ∈ R4

+ : I >
1
ε2 }, D8

ε = {(S , E, I,R) ∈ R4
+ : R >

1
ε3 }.
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Then R4
+\Dε =

8⋃
i=1

Di
ε. Hence, we consider eight cases:

Case 1: If (S , E, I,R) ∈ D1
ε, on the basis of (3.1), it can be concluded that

LV ≤ − 2 + [M(c1 + c2 + c4) + 1]
(
β1 +

β2 +
kβ3
µ

k + µ + α2
r
)
E −

ρ

4
Eθ+1 −

A
S

≤ − 2 + C −
A
ε
≤ −1.

Case 2: If (S , E, I,R) ∈ D2
ε, by virtue of (3.2), we conclude that

LV ≤ − 2 + [M(c1 + c2 + c4) + 1]
(
β1 +

β2 +
kβ3
µ

k + µ + α2
r
)
E

≤ − 2 + [M(c1 + c2 + c4) + 1]
(
β1 +

β2 +
kβ3
µ

k + µ + α2
r
)
ε ≤ −1.

Case 3: If (S , E, I,R) ∈ D3
ε, it follows from (3.3) that

LV ≤ − 2 + [M(c1 + c2 + c4) + 1]
(
β1 +

β2 +
kβ3
µ

k + µ + α2
r
)
E −

ρ

4
Eθ+1 −

rE
I

≤ − 2 + C −
r
ε
≤ −1.

Case 4: If (S , E, I,R) ∈ D4
ε, in view of (3.4), we obtain

LV ≤ − 2 + [M(c1 + c2 + c4) + 1]
(
β1 +

β2 +
kβ3
µ

k + µ + α2
r
)
E −

ρ

4
Eθ+1 −

kI
R

≤ − 2 + C −
k
ε
≤ −1.

Case 5: If (S , E, I,R) ∈ D5
ε, according to (3.5), we can derive that

LV ≤ − 2 + [M(c1 + c2 + c4) + 1]
(
β1 +

β2 +
kβ3
µ

k + µ + α2
r
)
E −

ρ

4
Eθ+1 −

ρ

4
S θ+1

≤ − 2 + C −
ρ

4
(
1
ε

)θ+1 ≤ −1.

Case 6: If (S , E, I,R) ∈ D6
ε, applying (3.5) leads to the result that

LV ≤ − 2 + [M(c1 + c2 + c4) + 1]
(
β1 +

β2 +
kβ3
µ

k + µ + α2
r
)
E −

ρ

4
Eθ+1 −

ρ

4
Eθ+1

≤ − 2 + C −
ρ

4
(
1
ε

)θ+1 ≤ −1.

Case 7: If (S , E, I,R) ∈ D7
ε, from (3.5), we infer that

LV ≤ − 2 + [M(c1 + c2 + c4) + 1]
(
β1 +

β2 +
kβ3
µ

k + µ + α2
r
)
E −

ρ

4
Eθ+1 −

ρ

4
Iθ+1

≤ − 2 + C −
ρ

4
(
1
ε

)2(θ+1) ≤ −1.
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Case 8: If (S , E, I,R) ∈ D8
ε, combining (3.5) yields that

LV ≤ − 2 + [M(c1 + c2 + c4) + 1]
(
β1 +

β2 +
kβ3
µ

k + µ + α2
r
)
E −

ρ

4
Eθ+1 −

ρ

4
Rθ+1

≤ − 2 + C −
ρ

4
(
1
ε

)3(θ+1) ≤ −1.

For sufficiently small ε,

sup
(S ,E,I,R)∈R4

+\Dε

LV(S , E, I,R) ≤ −1,

which implies that condition (B.2) in Lemma 3.1 is satisfied.
In addition, the diffusion matrix of system (1.2) is given by diag(σ2

1S 2, σ2
2E2, σ2

3I2, σ2
4P2). There

is a N = min
(S ,E,I,R)∈Dε

{σ2
1S 2, σ2

2E2, σ2
3I2, σ2

4P2} > 0 such that

4∑
i, j=1

ai jξiξ j = σ2
1S 2ξ2

1 + σ2
2E2ξ2

2 + σ2
3I2ξ2

3 + σ2
4P2ξ2

4 ≥ N |ξ|2,

for all (S , E, I,R) ∈ Dε, ξ = (ξ1, ξ2, ξ3, ξ4) ∈ R4, which implies condition (B.1) in Lemma 3.1 is
also satisfied.

Therefore, stochastic system (1.2) has a unique stationary distribution µ(·) and it is ergodic.

4. Density function of the stochastic SEIR epidemic model (1.2)

In this section, we focus on deriving the local probability density function of system (1.2).

Theorem 4.1. For any initial value (S (0), E(0), I(0),R(0)) ∈ R4
+, if RP

0 > 1, the solution of
system (1.2) admits a locally log-normal probability density function Φ(S , E, I,R) around the quasi-
stable equilibrium (S

∗
, E
∗
, I
∗
,R
∗
), which takes the form

Φ(S , E, I,R) = (2π)−2|Σ|−
1
2 e−

1
2 (ln S

S ∗
,ln E

E∗
,ln I

I∗
,ln R

R∗
)Σ−1(ln S

S ∗
,ln E

E∗
,ln I

I∗
,ln R

R∗
)T
,

where Σ is a positive definite matrix that satifies

Σ =ρ1M−1
1 Σ0(M−1

1 )T + ρ2(M2P2P1J1)−1Σ0[(M2P2P1J1)−1]T

+ ρ3(M3P4P3J2)−1Σ0[(M3P4P3J2)−1]T + ρ4(M4P6P5J3)−1Σ0[(M4P6P5J3)−1]T ,

ρi, Mi, Ji, and Pi are given in the following proof, and Σ0 is the same as Lemma 4.1.

Before proving Theorem 4.1, we first introduce two important standard matrices.

Definition 4.1. [24] The characteristic polynomial of the square matrix Al×l is defined as φA(λ) =

λl + a1λ
l−1 + · · ·+ al−1λ+ al, then A is called a Hurwitz matrix if and only if A has all negative real-part
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eigenvalues, that is to say,

Hk =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 a3 a5 a7 · · · a2k−1

1 a2 a4 a6 · · · a2k−2

0 a1 a3 a5 · · · a2k−3

0 1 a2 a4 · · · a2k−4
...

...
...

...
. . .

...

0 0 0 0 · · · ak

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
> 0, (k = 1, 2, . . . , l), (4.1)

where the complementary definition a j = 0 ( j > l).

Lemma 4.1. [25] For the four-dimensional real algebraic equation G2
0 + F0Σ0 + Σ0FT

0 = 0, where Σ0

is a symmetric matrix, G0 = diag(1, 0, 0, 0), and

F0 =


−q1 −q2 −q3 −q4

1 0 0 0
0 1 0 0
0 0 1 0

 .
If q1 > 0, q3 > 0, q4 > 0 and q1q2q3 − q2

3 − q2
1q4 > 0, Σ0 is a positive definite matrix, where

Σ0 =



q2q3−q1q4

2(q1q2q3−q2
3−q2

1q4) 0 −
q3

2(q1q2q3−q2
3−q2

1q4) 0

0 q3

2(q1q2q3−q2
3−q2

1q4) 0 −
q1

2(q1q2q3−q2
3−q2

1q4)

−
q3

2(q1q2q3−q2
3−q2

1q4) 0 q1

2(q1q2q3−q2
3−q2

1q4) 0

0 −
q1

2(q1q2q3−q2
3−q2

1q4) 0 q1q2−q3

2(q1q2q3−q2
3−q2

1q4)

 .

Now, we proceed to the proof of Theorem 4.1.

Proof. Before that, we need to provide two equivalent transformations for system (1.2).
Let x1 = ln S , x2 = ln E, x3 = ln I, x4 = ln R, in view of Itô,s formula, an equivalent equation of

system (1.2) is given as follows:

dx1 =
[
Ae−x1 − β1ex2 − β2ex3 − β3ex4 −

(
µ +

1
2
σ2

1
)]

dt + σ1dB1(t),

dx2 =
[
β1ex1 + β2ex1+x3−x2 + β3ex1+x4−x2 −

(
r + µ + α1 +

1
2
σ2

2
)]

dt + σ2dB2(t),

dx3 =
[
rex2−x3 −

(
k + µ + α2 +

1
2
σ2

3
)]

dt + σ3dB3(t),

dx4 =
[
kex3−x4 −

(
µ +

1
2
σ2

4
)]

dt + σ4dB4(t).

(4.2)

If RP
0 > 1, there is a quasi-stable equilibrium as X

∗
= (S

∗
, E
∗
, I
∗
,R
∗
) = (ex∗1 , ex∗2 , ex∗3 , ex∗4), which is
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determined by the following equations:

Ae−x∗1 − β1ex∗2 − β2ex∗3 − β3ex∗4 −
(
µ +

1
2
σ2

1
)

= 0,

β1ex∗1 + β2ex∗1+x∗3−x∗2 + β3ex∗1+x∗4−x∗2 −
(
r + µ + α1 +

1
2
σ2

2
)

= 0,

rex∗2−x∗3 −
(
k + µ + α2 +

1
2
σ2

3
)

= 0,

kex∗3−x∗4 −
(
µ +

1
2
σ2

4
)

= 0.

(4.3)

Let y1 = x1 − x∗1, y2 = x2 − x∗2, y3 = x3 − x∗3, y4 = x4 − x∗4, the linearized system of Eq (4.2) is
as follows: 

dy1 =
(
− a11y1 − a12y2 − a13y3 − a14y4

)
dt + σ1dB1(t),

dy2 =
(
a21y1 − a22y2 + a23y3 + a24y4

)
dt + σ2dB2(t),

dy3 =
(
a32y2 − a33y3

)
dt + σ3dB3(t),

dy4 =
(
a43y3 − a44y4

)
dt + σ4dB4(t),

(4.4)

where

a11 = Ae−x∗1 , a12 = β1ex∗2 , a13 = β2ex∗3 , a14 = β3ex∗4 ,

a21 = β1ex∗1 + β2ex∗1+x∗3−x∗2 + β3ex∗1+x∗4−x∗2 , a22 = β2ex∗1+x∗3−x∗2 + β3ex∗1+x∗4−x∗2 , a23 = β2ex∗1+x∗3−x∗2 ,

a24 = β3ex∗1+x∗4−x∗2 , a32 = a33 = rex∗2−x∗3 , a43 = a44 = kex∗3−x∗4 .

The linearized system (4.4) can be equivalently rewritten as

dY = FYdt + GdBt,

where

F =


−a11 −a12 −a13 −a14

a21 −a22 a23 a24

0 a32 −a33 0
0 0 a43 −a44

 , G =


σ1 0 0 0
0 σ2 0 0
0 0 σ3 0
0 0 0 σ4

 .
According to Roozen [26] and Gardiner [27], the probability density function Φ(Y) of system (4.4)

satisfies the following Fokker-Planck equation

−

4∑
i=1

σ2
i

2
∂2Φ

∂y2
i

+
∂

∂y1
[(−a11y1 − a12y2 − a13y3 − a14y4)Φ] +

∂

∂y2
[(a21y1 − a22y2 + a23y3 + a24y4)Φ]

+
∂

∂y3
[(a32y2 − a33y3)Φ] +

∂

∂y4
[(a43y3 − a44y4)Φ] = 0.

In addition, the above density function Φ(Y) can be described by a Gaussian distribution

Φ(Y) = C0exp{−
1
2

(Y − Y∗)Q(Y − Y∗)T },
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where Y∗ = (0, 0, 0), and Q is a real symmetric matrix that satisfies the following algebraic equation

QG2Q + FT Q + QF = 0. (4.5)

If Q is a positive definite matrix, set Q−1 = Σ, and the above equation becomes

G2 + FΣ + ΣFT = 0. (4.6)

By the linearity of the Lyapunov matrix equation, let

G2 =

4∑
i=1

G2
i , Σ =

4∑
i=1

Σi,

where

G1 = diag(σ1, 0, 0, 0), G2 = diag(0, σ2, 0, 0),
G3 = diag(0, 0, σ3, 0), G4 = diag(0, 0, 0, σ4).

Substituting these expressions into Eq (4.6) yields

4∑
i=1

(G2
i + FΣi + ΣiFT ) = 0. (4.7)

Hence, Eq (4.6) can be decomposed into the following four algebraic equations:

G2
i + FΣi + ΣiFT = 0, i = 1, 2, 3, 4. (4.8)

The characteristic polynomial of matrix F is expressed as

ψF(λ) = λ4 + q1λ
3 + q2λ

2 + q3λ + q4,

where

q1 = a11 + a22 + a33 + a44 > 0,
q2 = a33a44 + (a11 + a22)(a33 + a44) + a11a22 − a23a33 + a12a21,

q3 = a11(a22a44 + a33a24 + a33a44) + a21(a12a33 + a12a44 + a13a33) > 0,
q4 = a21a33a44(a12 + a13 + a14) > 0.

It can be verified that q1q2q3 − q2
3 − q2

1q4 > 0.
Next, we will prove the positive definiteness of Σ by the following four steps.
Step 1. Consider the algebraic equation

G2
1 + FΣ1 + Σ1FT = 0, (4.9)

where G1 = diag(σ1, 0, 0, 0). Let B1 = M1FM−1
1 , where the standard transformed matrix M1 and B1

are as follows:

M1 =


a21a32a43 −(a22 + a33 + a44)a32a43 a43(a23a32 + a2

33 + a33a44 + a2
44) a24a32a43 − a3

44
0 a32a43 −(a33 + a44)a43 a2

44
0 0 a43 −a44

0 0 0 1

 ,
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B1 =


−q1 −q2 −q3 −q4

1 0 0 0
0 1 0 0
0 0 1 0

 .
Thus, it can be obtained that B1 is a standard R1 matrix. Eq (4.9) can be transformed into

M1G2
1MT

1 + B1(M1Σ1MT
1 ) + (M1Σ1MT

1 )BT
1 = 0.

By direct calculation, the first term can be written as

M1G2
1MT

1 = ρ1G2
0,

where G0 = diag(1, 0, 0, 0) and ρ1 = (a21a32a43σ1)2 is a positive constant. Let

Σ0 =
1
ρ1

M1Σ1MT
1 ,

then

M1Σ1MT
1 = ρ1Σ0.

Substituting the above relations into the transformed equation yields

ρ1G2
0 + B1(ρ1Σ0) + (ρ1Σ0)BT

1 = 0.

Dividing both sides by ρ1, we obtain

G2
0 + B1Σ0 + Σ0BT

1 = 0.

From Lemma 4.1, it can be inferred that Σ0 is a positive definite matrix. Therefore, Σ1 =

ρ1M−1
1 Σ0(M−1

1 )T is positive definite.
Step 2. For the algebraic equation

G2
2 + FΣ2 + Σ2FT = 0, (4.10)

where G2 = diag(0, σ2, 0, 0). The corresponding elementary matrices J1, P1, and P2 are described by

J1 =


0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0

 , P1 =


1 0 0 0
0 1 0 0
0 0 1 0
0 a12

a32
0 1

 , P2 =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 −

m1
a43

1

 ,
then

F1 = (P2P1J1)F(P2P1J1)−1 =


−a22 a23 −

a12a21
a32

a24 + a21
a43

m1 a21

a32 −a33 0 0
0 a43 −a44 0
0 0 m2 −a11

 ,
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where m1 = −a12 − a13 + a11a12
a32
, 0, and m2 = m1 − a14 −

a11m1
a43
, 0.

Let B2 = M2F1M−1
2 , where the standard transformed matrix M2 is

M2 =


m2a32a43 −m2(a11 + a33 + a44)a43 m2(a2

11 + a11a44 + a2
44) −a3

11
0 m2a43 −m2(a11 + a44) a2

11
0 0 m2 −a11

0 0 0 1

 .
B2 is also a standard R1 matrix. According to the uniqueness of the standard R1 matrix of F, it can be
concluded that B2 = B1.

Similarly, Eq (4.10) can be changed to

(M2P2P1J1)G2
2(M2P2P1J1)T + B2(M2P2P1J1)Σ2(M2P2P1J1)T + (M2P2P1J1)Σ2(M2P2P1J1)T BT

2 = 0,

where (M2P2P1J1)G2
2(M2P2P1J1)T = (m2a32a43σ2)2G2

0 := ρ2G2
0. That is,

G2
0 + B2Σ0 + Σ0BT

2 = 0,

where Σ0 = 1
ρ2

(M2P2P1J1)Σ2(M2P2P1J1)T , which indicates Σ2 = ρ2(M2P2P1J1)−1Σ0[(M2P2P1J1)−1]T

is a positive definite matrix.
Step 3. Consider the algebraic equation

G2
3 + FΣ3 + Σ3FT = 0, (4.11)

where G3 = diag(0, 0, σ3, 0). Similarly, by conducting elementary transformation on matrix A, we
can obtain

F2 = (P4P3J2)F(P4P3J2)−1 =


−a33

a23a32
a43

a32m4
m3

a32

a43 −a44 0 0
0 m3 −a11 −

a12m4
m3

−a12

0 0 m5
a12m4

m3
− a22

 ,
where

J2 =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 , P3 =


1 0 0 0
0 1 0 0
0 a13

a43
1 0

0 −
a23
a43

0 1

 , P4 =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 −

m4
m3

1

 ,
m3 = −a13−a14+ a11a13−a12a23

a43
, 0, m4 = a23+a24−

a13a21+a22a23
a43

, 0 and m5 = a11m4
m3

+a21+ m4
m3

( a12m4
m3
−a22) , 0.

Let B3 = M3F2M−1
3 , where the standard transformed matrix M3 is

M3 =


m3m5a43 −m3m5(a11 + a22 + a44) m6 −m5a12( a12m4

m3
− a22) + (a12m4

m3
− a22)3

0 m3m5 −m5(a11 + a22) −m5a12 + (a12m4
m3
− a22)2

0 0 m5
a12m4

m3
− a22

0 0 0 1

 ,
and here, m6 = m5(a11 + a22)(a11 + a12m4

m3
) + m5(a12m4

m3
− a22)2 −m2

5a12. By the uniqueness of the standard
R1 matrix of F, it can be concluded that B3 = B1.
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Moreover, Eq (4.11) can be transformed into

G2
0 + B3Σ0 + Σ0BT

3 = 0,

where Σ0 = 1
ρ3

(M3P4P3J2)Σ3(M3P4P3J2)T , and ρ3 = (m3m5a43σ3)2. Consequently,
Σ3 = ρ3(M3P4P3J2)−1Σ0[(M3P4P3J2)−1]T is positive definite.

Step 4. For the algebraic equation

G2
4 + FΣ4 + Σ4FT = 0, (4.12)

where G4 = diag(0, 0, 0, σ4). The corresponding elementary matrices J3, P5, and P6 are described by

J3 =


0 0 0 1
0 1 0 0
0 0 1 0
1 0 0 0

 , P5 =


1 0 0 0
0 1 0 0
0 0 1 0
0 a14

a24
0 1

 , P6 =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 −

m7
a32

1

 ,
then

F3 = (P6P5J3)F(P6P5J3)−1 =


−a44 0 a43 0
a24 −a22 −

a14a21
a24

a23 + a21m7
a32

a21

0 a32 −a33 0
0 0 m8

a14a21
a24
− a11

 ,
where m7 = −a14a22

a24
− a12 −

a14
a24

(a14a21
a24
− a11) , 0, and m8 = m7 + a14a23

a24
− a13 + m7

a32
(a14a21

a24
− a11) , 0.

Let B4 = M4F3M−1
4 , where the standard transformed matrix M4 is

M4 =


m8a24a32 −m8a32(a11 + a22 + a33) m9 ( a14a21

a24
− a11)3

0 m8a32 m8(−a11 − a33 + a14a21
a24

) ( a14a21
a24
− a11)2

0 0 m8
a14a21

a24
− a11

0 0 0 1

 ,
and here, m9 = m8[( a14a21

a24
− a11)2 + a32(m7a21

a32
+ a23) + a33(a11 + a33 −

a14a21
a24

)]. Similarly, it can be obtained
that B4 = B1.

In addition, we transform Eq (4.12) into

(M4P6P5J3)G2
4(M4P6P5J3)T + B4(M4P6P5J3)Σ4(M4P6P5J3)T + (M4P6P5J3)Σ4(M4P6P5J3)T BT

4 = 0.

By direct calculation, we have

(M4P6P5J3)G2
4(M4P6P5J3)T = ρ4G2

0,

where ρ4 = (m8a24a32σ4)2 > 0. We then define

Σ0 =
1
ρ4

(M4P6P5J3)Σ4(M4P6P5J3)T .
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Substituting these expressions into the transformed equation and dividing both sides by ρ4 yields the
standard form

G2
0 + B4Σ0 + Σ0BT

4 = 0.

Therefore, Σ4 = ρ4(M4P6P5J3)−1Σ0[(M4P6P5J3)−1]T is a positive definite matrix.
To summarize, the corresponding probability density function Φ(S , E, I,R) of system (1.2) around

the quasi-stable equilibrium (S
∗
, E
∗
, I
∗
,R
∗
) follows

Φ(S , E, I,R) = (2π)−2|Σ|−
1
2 e−

1
2 (ln S

S ∗
,ln E

E∗
,ln I

I∗
,ln R

R∗
)Σ−1(ln S

S ∗
,ln E

E∗
,ln I

I∗
,ln R

R∗
)T
,

where Σ is a positive definite matrix and satisfies

Σ =Σ1 + Σ2 + Σ3 + Σ4

=ρ1M−1
1 Σ0(M−1

1 )T + ρ2(M2P2P1J1)−1Σ0[(M2P2P1J1)−1]T

+ ρ3(M3P4P3J2)−1Σ0[(M3P4P3J2)−1]T + ρ4(M4P6P5J3)−1Σ0[(M4P6P5J3)−1]T .

5. Approximation of the invariant probability density function for the stochastic SEIR epidemic
model (1.2)

This section is devoted to deriving a global approximation of the invariant probability measures for
the stochastic SEIR model (1.2).

Theorem 5.1. If RP
0 > 1, for sufficiently small δ,

(i) The invariant probability distribution µ (resp. invariant probability density function ψ(·)) can be
globally approximated by the distribution LN(X

∗
,Σ) (resp.φ(·))

Φ(X(t)) = (2π)−2|Σ|−
1
2 e−

1
2 (ln X−ln X

∗
)Σ−1(ln X−ln X

∗
)T
.

(ii) For any γ ∈ (0, 2], one has

lim
δ→0

∫
R4

+

|y − X∗|γ|ψ(y) − Φ(y)|dy = 0.

Prior to the proof of Theorem 5.1, we introduce the following lemma.

Lemma 5.1. If R0 > 1, σ2
1 < µ, σ2

2 < r+α1
2 , σ2

3 < k+µ+α2
2 and σ2

4 < µ

2 , for any initial value
(S (0), E(0), I(0), P(0)) ∈ R4

+, the solution X(t) of system (1.2) has the property

lim sup
t→∞

(1
t

∫ t

0
|X(s) − X∗|2ds

)
≤
δ

a
.

Here, X∗ = (S ∗, E∗, I∗, P∗) is the unique endemic equilibrium of system (1.1),

a = min
{r + α1

2
+ σ2

1,
1
2

(r + α1

2
− σ2

2

)
,

p2k2

2µ
, p2

(µ
2
− σ2

4

)}
,

δ =
[
(S ∗)2 + p3(S ∗)2 +

p3(β̃2 + β̃3)S ∗

2(µ + β1E∗)

]
σ2

1 +
[
(E∗)2 +

p3(β̃2 + β̃3)E∗

2(µ + β1E∗)
+

p3S ∗E∗

2

]
σ2

2

+
[
p1(I∗)2 +

p3(β̃2 + β̃3)2I∗

2rE∗(µ + β1E∗)
+

p3(β̃2 + β̃3)S ∗I∗

2rE∗
]
σ2

3 +
[
p2(R∗)2 +

p3β̃3(β̃2 + β̃3)R∗

2kI∗(µ + β1E∗)
+

p3β̃3S ∗R∗

2kI∗
]
σ2

4,
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and

p1 =
(k + µ + α2)

(
r+α1

2 − σ
2
2

)
r2 , p2 =

µ(k + µ + α2)
(

r+α1
2 − σ

2
2

)(
k+µ+α2

2 − σ2
3

)
r2k2 , p3 =

2
(

r+α1
2 + σ2

1

)
µ − σ2

1

,

β̃1 = β1S ∗E∗, β̃2 = β2S ∗I∗, β̃3 = β3S ∗R∗.

Proof. when R0 > 1, system (1.1) has an equilibrium X∗ = (S ∗, E∗, I∗, P∗) that satisfies the conditions
A − β1S ∗E∗ − β2S ∗I∗ − β3S ∗R∗ − µS ∗ = 0,
β1S ∗E∗ + β2S ∗I∗ + β3S ∗R∗ − (r + µ + α1)E∗ = 0,
rE∗ − (k + µ + α2)I∗ = 0,
kI∗ − µR∗ = 0.

(5.1)

Define a C2-function V : R4
+ → R+ by

V(S , E, I,R) = p3

( β̃2 + β̃3

µ + β1E∗
V1 + S ∗V2 + V3

)
+ V4 + p1V5 + p2V6,

where

V1 = S − S ∗ − S ∗ ln
S
S ∗

+ E − E∗ − E∗ ln
E
E∗

+
β̃2 + β̃3

rE∗
(
I − I∗ − I∗ ln

I
I∗

)
+
β̃3

kI∗
(
R − R∗ − R∗ ln

R
R∗

)
,

V2 = E∗ − E∗ ln
E
E∗

+
β̃2 + β̃3

rE∗
(
I − I∗ − I∗ ln

I
I∗

)
+
β̃3

kI∗
(
R − R∗ − R∗ ln

R
R∗

)
,

V3 =
1
2

(S − S ∗)2, V4 =
1
2

(S − S ∗ + E − E∗)2, V5 =
1
2

(I − I∗)2, V6 =
1
2

(R − R∗)2.

By Itô,s formula, we obtain

LV1 =(1 −
S ∗

S
)(A − β1S E − β2S I − β3S R − µS ) +

S ∗σ2
1

2

+ (1 −
E∗

E
)
[
β1S E + β2S I + β3S R − (r + µ + α1)E

]
+

E∗σ2
2

2

+
β̃2 + β̃3

rE∗
{
(1 −

I∗

I
)[rE − (k + µ + α2)I] +

I∗σ2
3

2

}
+
β̃3

kI∗
[
(1 −

R∗

R
)(kI − µR) +

R∗σ2
4

2

]
=A − µS −

S ∗A
S

+ µS ∗ +
S ∗σ2

1

2
− β1S E∗ −

β2S IE∗

E
−
β3S RE∗

E
+ (r + µ + α1)E∗ +

E∗σ2
2

2

+
β̃2 + β̃3

rE∗
[
−

rEI∗

I
+ (k + µ + α2)I∗ +

I∗σ2
3

2

]
+
β̃3

kI∗
(
−

kIR∗

R
+ µR∗ +

R∗σ2
4

2

)
= − (µ + β1E∗)

(S − S ∗)2

S
+ β̃2

(
3 −

S ∗

S
−

E∗S I
ES ∗I∗

−
EI∗

E∗I

)
+ β̃3

(
4 −

S ∗

S
−

E∗S R
ES ∗R∗

−
I∗E
E∗I
−

R∗I
RI∗

)
+

1
2

[
S ∗σ2

1 + E∗σ2
2 +

(β̃2 + β̃3)I∗

rE∗
σ2

3 +
β̃3R∗

kI∗
σ2

4

]
≤ − (µ + β1E∗)

(S − S ∗)2

S
+

1
2

[
S ∗σ2

1 + E∗σ2
2 +

(β̃2 + β̃3)I∗

rE∗
σ2

3 +
β̃3R∗

kI∗
σ2

4

]
.
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LV2 =(1 −
E∗

E
)[β1S E + β2S I + β3S R − (r + µ + α1)E] +

E∗σ2
2

2

+
β̃2 + β̃3

rE∗
{
(1 −

I∗

I
)[rE − (k + µ + α2)I] +

I∗σ2
3

2

}
+
β̃3

kI∗
[
(1 −

R∗

R
)(kI − µR) +

R∗σ2
4

2

]
=β̃1(

S
S ∗
− 1)(

E
E∗
− 1) + β̃2(

S
S ∗
− 1)(

I
I∗
− 1) + β̃3(

S
S ∗
− 1)(

R
R∗
− 1) + (β̃2 + β̃3)

S
S ∗
− β̃2

S IE∗

S ∗I∗E

− β̃3
S RE∗

S ∗R∗E
− (β̃2 + β̃3)

I∗E
IE∗
− β̃3

IR∗

I∗R
+ β̃2 + 2β̃3 +

1
2

[
E∗σ2

2 +
(β̃2 + β̃3)I∗

rE∗
σ2

3 +
β̃3R∗

kI∗
σ2

4

]
≤β1(S − S ∗)(E − E∗) + β2(S − S ∗)(I − I∗) + β3(S − S ∗)(R − R∗) + (β̃2 + β̃3)

S
S ∗

− β̃2(1 + ln
S
S ∗

+ ln
I
I∗

+ ln
E∗

E
) − β̃3(1 + ln

S
S ∗

+ ln
R
R∗

+ ln
E∗

E
)

− (β̃2 + β̃3)(1 + ln
I∗

I
+ ln

E
E∗

) − β̃3(1 + ln
I
I∗

+ ln
R∗

R
) + β̃2 + 2β̃3

+
1
2

[
E∗σ2

2 +
(β̃2 + β̃3)I∗

rE∗
σ2

3 +
β̃3R∗

kI∗
σ2

4

]
=β1(S − S ∗)(E − E∗) + β2(S − S ∗)(I − I∗) + β3(S − S ∗)(R − R∗) + (β̃2 + β̃3)(

S
S ∗
− 1)

+ (β̃2 + β̃3) ln
S ∗

S
+

1
2

[
E∗σ2

2 +
(β̃2 + β̃3)I∗

rE∗
σ2

3 +
β̃3R∗

kI∗
σ2

4

]
≤β1(S − S ∗)(E − E∗) + β2(S − S ∗)(I − I∗) + β3(S − S ∗)(R − R∗) + (β̃2 + β̃3)(

S
S ∗
− 1)

+ (β̃2 + β̃3)(
S ∗

S
− 1) +

1
2

[
E∗σ2

2 +
(β̃2 + β̃3)I∗

rE∗
σ2

3 +
β̃3R∗

kI∗
σ2

4

]
=β1(S − S ∗)(E − E∗) + β2(S − S ∗)(I − I∗) + β3(S − S ∗)(R − R∗) + (β2I∗ + β3R∗)

(S − S ∗)2

S

+
1
2

[
E∗σ2

2 +
(β̃2 + β̃3)I∗

rE∗
σ2

3 +
β̃3R∗

kI∗
σ2

4

]
,

where we prove it by using the following inequality x − 1 − ln x ≥ 0 for x > 0.

LV3 =(S − S ∗)(A − β1S E − β2S I − β3S R − µS ) +
1
2
σ2

1S 2

= − β1S ∗(S − S ∗)(E − E∗) − β1(S − S ∗)2E − β2S ∗(S − S ∗)(I − I∗) − β2(S − S ∗)2I

− β3S ∗(S − S ∗)(R − R∗) − β3(S − S ∗)2R − µ(S − S ∗)2 +
1
2
σ2

1S 2

≤ − β1S ∗(S − S ∗)(E − E∗) − β2S ∗(S − S ∗)(I − I∗) − β3S ∗(S − S ∗)(R − R∗)
− (µ − σ2

1)(S − S ∗)2 + (S ∗)2σ2
1.

From the above calculation, it can be concluded that

L
( β̃2 + β̃3

µ + β1E∗
V1 + S ∗V2 + V3

)
≤ − (µ − σ2

1)(S − S ∗)2 + (S ∗)2σ2
1 +

β̃2 + β̃3

2(µ + β1E∗)

[
S ∗σ2

1 + E∗σ2
2 +

(β̃2 + β̃3)I∗

rE∗
σ2

3 +
β̃3R∗

kI∗
σ2

4

]
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+
S ∗

2

[
E∗σ2

2 +
(β̃2 + β̃3)I∗

rE∗
σ2

3 +
β̃3R∗

kI∗
σ2

4

]
.

In the same way, we can calculate

LV4 =(S − S ∗ + E − E∗)[A − µS − (r + µ + α1)E] +
1
2
σ2

1S 2 +
1
2
σ2

2E2

= − µ(S − S ∗ + E − E∗)2 − (r + α1)(S − S ∗)(E − E∗) − (r + α1)(E − E∗)2 +
1
2
σ2

1S 2 +
1
2
σ2

2E2

≤ −
(r + α1

2
− σ2

2

)
(E − E∗)2 +

(r + α1

2
+ σ2

1

)
(S − S ∗)2 + (S ∗)2σ2

1 + (E∗)2σ2
2,

LV5 =(I − I∗)[rE − (k + µ + α2)I] +
1
2
σ2

3I2

= − (k + µ + α2)(I − I∗)2 + r(I − I∗)(E − E∗) +
1
2
σ2

3I2

≤ −
(k + µ + α2

2
− σ2

3

)
(I − I∗)2 +

r2

2(k + µ + α2)
(E − E∗)2 + (I∗)2σ2

3,

and

LV6 =(R − R∗)(kI − µR) +
1
2
σ2

4R2 = −µ(R − R∗)2 + k(I − I∗)(R − R∗) +
1
2
σ2

4R2

≤ −
(µ
2
− σ2

4

)
(R − R∗)2 +

k2

2µ
(I − I∗)2 + (R∗)2σ2

4.

It then follows that

L
(
V4 + p1V5 + p2V6

)
≤
(r + α1

2
+ σ2

1

)
(S − S ∗)2 −

1
2

(r + α1

2
− σ2

2

)
(E − E∗)2 −

p2k2

2µ
(I − I∗)2

− p2

(µ
2
− σ2

4

)
(R − R∗)2 + (S ∗)2σ2

1 + (E∗)2σ2
2 + p1(I∗)2σ2

3 + p2(R∗)2σ2
4.

Therefore, it can be obtained that

L
[
p3

( β̃2 + β̃3

µ + β1E∗
V1 + S ∗V2 + V3

)
+

(
V4 + p1V5 + p2V6

)]
≤ −

(r + α1

2
+ σ2

1

)
(S − S ∗)2 −

1
2

(r + α1

2
− σ2

2

)
(E − E∗)2 −

p2k2

2µ
(I − I∗)2 − p2

(µ
2
− σ2

4

)
(R − R∗)2 + δ

≤ − a[(S − S ∗)2 + (E − E∗)2 + (I − I∗)2 + (R − R∗)2] + δ.

(5.2)

By integrating both sides of (5.2) from 0 to t,

V(S (t), E(t), I(t),R(t))
t

−
V(S (0), E(0), I(0),R(0))

t

≤ −
a
t

∫ t

0
[(S (s) − S ∗)2 + (E(s) − E∗)2 + (I(s) − I∗)2 + (R(s) − R∗)2]ds + δ.

(5.3)
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Applying the expectation on (5.3) yields

lim sup
t→∞

EV(S (t), E(t), I(t),R(t))
t

≤ − a lim sup
t→∞

(1
t

∫ t

0
[(S (s) − S ∗)2 + (E(s) − E∗)2 + (I(s) − I∗)2 + (R(s) − R∗)2]ds

)
+ δ,

which implies

lim sup
t→∞

(1
t

∫ t

0
|X(s) − X∗|2ds

)
≤
δ

a
. (5.4)

We are now in a position to prove Theorem 5.1.

Proof. By Theorem 3.1, system (1.2) has a unique invariant probability measure µ with its invariant
probability density function ψ(·). It follows from (5.4) and the dominated convergence theorem that∫

R4
+

|y − X∗|2ψ(y)dy = E
( ∫
R4

+

|y − X∗|2ψ(y)dy
)

= E
(

lim
t→∞

1
t

∫ t

0
|X(s) − X∗|2ds

)
≤
δ

a
. (5.5)

Let H be the random variable of ψ(·), then

µ
(
O(X∗, ζ) ∩ R4

+

)
= 1 − P

(
|H − X∗| ≥ ζ

)
≥ 1 −

1
ζ2

∫
dist(y,X∗)≥ζ

|y − X∗|2µ(dy)

≥ 1 −
1
ζ2

∫
R4

+

|y − X∗|2ψ(y)dy

≥ 1 −
δ

aζ2 , f or all ζ > 0,

where O(X∗, ζ) = {z ∈ R4
+ : |z − X∗| ≤ ζ}. Therefore, µ(x)

ω
→ δ∗(x − X∗) as δ → 0. In view of

Fatou,s lemma,

lim
t→∞

1
t

∫ t

0
P
(
|X(s) − X∗| ≤

3√
δ
)
ds ≥ 1 −

3√
δ

a
a.s., (5.6)

that is, the solition X(t) is distributed in O(X∗, 3√
δ) in a large probability for small δ.

Based on Theorem 4.1, the process {eY(t)+ln X
∗

}t≥0 has a unique invariant probability measure
LN(X

∗
,Σ), where eY(t)+ln X

∗

=
(
ey1(t)+ln S

∗

, ey2(t)+ln E
∗

, ey3(t)+ln I
∗

, ey4(t)+ln R
∗)T

. Then

lim
t→∞

1
t

∫ t

0

∣∣∣∣eY(s)+ln X
∗

− X
∗
∣∣∣∣2ds =

∫
R4

+

|y − X
∗
|2Φ(y)dy =

4∑
i, j=1

|Σ(i, j)|, (5.7)

where Σ(i, j) is the ith element of the jth row of Σ. In view of Theorem 4.1 and Lemma 5.1,
LN(X

∗
,Σ)

ω
→ δ∗(x − X∗) as δ→ 0. Therefore, it can be deduced that

µ(x)
ω
→ LN(X

∗
,Σ) as δ→ 0. (5.8)
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Here, such weak convergence is established in the sense of the Dirac measure.
It then follows from (5.5) and (5.7) that

lim sup
t→∞

1
t

∫ t

0

∣∣∣∣X(s) − eY(s)+ln X
∗
∣∣∣∣2ds

≤3 lim sup
t→∞

1
t

∫ t

0
|X(s) − X∗|2ds + 3 lim

t→∞

1
t

∫ t

0
|X∗ − X

∗
|2ds + 3 lim

t→∞

1
t

∫ t

0

∣∣∣∣X∗ − eY(s)+ln X
∗
∣∣∣∣2ds

≤3
(δ
a

+ |X∗ − X
∗
|2 +

4∑
i, j=1

|Σ(i, j)|
)

:= κ(δ).

(5.9)

In fact, lim
δ→0

κ(δ) = 0. Accordingly, the difference of two solutions in the mean sense is small for
sufficiently small δ. The desired statement (i) is obtained by (5.6), (5.8), and (5.9).

For any γ ∈ (0, 2], we derived from the Hölder inequality that∫
R4

+

|y − X∗|γ|ψ(y) − Φ(y)|dy ≤
∫
R4

+

|y − X∗|γψ(y)dy +

∫
R4

+

|y − X
∗
|γΦ(y)dy

≤
( ∫
R4

+

|y − X∗|2ψ(y)dy
) γ

2
+

( ∫
R4

+

|y − X
∗
|2Φ(y)dy

) γ
2
≤

(δ
a

) γ
2

+
( 4∑

i, j=1

|Σ(i, j)|
) γ

2
.

By virtue of Theorem 4.1, the desired statement (ii) is obtained.

6. Extinction of the stochastic SEIR epidemic model (1.2)

In this section, we establish sufficient conditions under which the disease becomes extinct.

Theorem 6.1. For any initial value (S (0), E(0), I(0),R(0)) ∈ R4
+, ifσ2

1 < 2µ, the solution of system (1.2)
has the following properties

lim sup
t→∞

1
t

ln
[ (k + µ + α2)β1 + rβ2 + kr

µ
β3

(r + µ + α1)(k + µ + α2)
E +

β2 + k
µ
β3

k + µ + α2
I +

β3

µ
R
]
≤ U a.s.

where

U =
σ1A

(
β1 +

j1
j2
β2 +

j1
j3
β3

)
µ
√

2µ − σ2
1

−
1
6

min{σ2
2, σ

2
3, σ

2
4} + min{

β1

j1
,
β2

j2
,
β3

j3
}(R0 − 1)I(R0<1)

+ max{
β1

j1
,
β2

j2
,
β3

j3
}(R0 − 1)I(R0>1),

and

j1 =
(k + µ + α2)β1 + rβ2 + kr

µ
β3

(r + µ + α1)(k + µ + α2)
, j2 =

β2 + k
µ
β3

k + µ + α2
, j3 =

β3

µ
.

If U < 0, E(t), I(t), and R(t) will be exponentially extinct with probability one.
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Proof. Since the solution of system (1.2) is positive, by a classical comparison theorem of stochastic
differential equations, it is clear that S (t) ≤ X(t) a.s., where X(t) is the solution of the stochastic
logistic equation

dX(t) = [A − µX(t)]dt + σ1X(t)dB1(t). (6.1)

From the result in [28], Eq (6.1) has a stationary solution with density

π(ν) =
[
(
2A
σ2

1

)
1+

2µ
σ2

1 Γ−1(1 +
2µ
σ2

1

)
]
ν
−2(1+

µ

σ2
1

)
exp(−

2A
σ2

1ν
).

From the ergodic theorem, it follows that

lim
t→∞

1
t

∫ t

0
S (s)ds =

∫ ∞

0
νπ(ν)dν = EX =

A
µ

a.s.

∫ ∞

0

(
ν −

A
µ

)2
π(ν)dν =

σ2
1A2

µ2(2µ − σ2
1)

a.s.

Define a C2-function R3
+ → R+ as

J(E, I,R) = j1E + j2I + j3R.

Applying Itô,s formula, we deduce that

d[ln J(E, I,R)] =L[ln J(E, I,R)]dt +
j1σ2E

J(E, I,R)
dB2(t) +

j2σ3I
J(E, I,R)

dB3(t) +
j3σ4R

J(E, I,R)
dB4(t)

≤L[ln J(E, I,R)]dt + σ2dB2(t) + σ3dB3(t) + σ4dB4(t),
(6.2)

where

L[ln J(E, I,R)] =
j1

J
[β1S E + β2S I + β3S R − (r + µ + α1)E] +

j2

J
[rE − (k + µ + α2)I]

+
j3

J
(kI − µR) −

( j1σ2E)2 + ( j2σ3I)2 + ( j3σ4R)2

2J2

=
j1

J
(S −

A
µ

)(β1E + β2I + β3R) +
1
J

(R0 − 1)(β1E + β2I + β3R)

−
( j1σ2E)2 + ( j2σ3I)2 + ( j3σ4R)2

2J2

≤
j1

J
| S −

A
µ
| (β1E + β2I + β3R) +

1
J

(R0 − 1)(β1E + β2I + β3R)

−
( j1σ2E)2 + ( j2σ3I)2 + ( j3σ4R)2

2J2

≤(β1 +
j1

j2
β2 +

j1

j3
β3) | S −

A
µ
| + min{

β1

j1
,
β2

j2
,
β3

j3
}(R0 − 1)I(R0<1)

+ max{
β1

j1
,
β2

j2
,
β3

j3
}(R0 − 1)I(R0>1) −

1
6

min{σ2
2, σ

2
3, σ

2
4}.
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Integrating from 0 to t and dividing by t on both sides of (6.2) , we obtain that

ln J(E, I,R)
t

≤
ln J(0)

t
+

1
t
(β1 +

j1

j2
β2 +

j1

j3
β3)

∫ t

0
| S (s) −

A
µ
| ds −

1
6

min{σ2
2, σ

2
3, σ

2
4}

+ min{
β1

j1
,
β2

j2
,
β3

j3
}(R0 − 1)I(R0<1) + max{

β1

j1
,
β2

j2
,
β3

j3
}(R0 − 1)I(R0>1)

+
1
t

∫ t

0
σ2dB2(s) +

1
t

∫ t

0
σ3dB3(s) +

1
t

∫ t

0
σ4dB4(s).

Let Mi(t) =
∫ t

0
σi+1dBi+1(s) (i = 1, 2, 3), which is a real-valued continuous local martingale, Mi(0) = 0

and

lim sup
t→∞

〈Mi,Mi〉t

t
= σ2

i+1 < ∞ a.s.

Then, by the strong law of large numbers, we get

lim
t→∞

Mi(t)
t

= 0 a.s. (6.3)

Since S (t) is ergodic and
∫ ∞

0
νπ(ν)dν < ∞, thus

lim
t→∞

1
t

∫ t

0
| S (s) −

A
µ
| ds =

∫ ∞

0
| ν −

A
µ
| π(ν)dν ≤ [

∫ ∞

0
(ν −

A
µ

)2π(ν)dν]
1
2 =

σ1A

µ
√

2µ − σ2
1

. (6.4)

It follows from (6.3) and (6.4) that

lim sup
t→∞

ln J(E, I,R)
t

≤ U. a.s.

If U < 0, one can show that

lim sup
t→∞

ln E(t)
t

< 0, lim sup
t→∞

ln I(t)
t

< 0, lim sup
t→∞

ln R(t)
t

< 0 a.s.

which implies that

lim
t→∞

E(t) = 0, lim
t→∞

I(t) = 0, lim
t→∞

R(t) = 0 a.s.
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7. Numerical simulations

In this section, examples are presented to illustrate the above analytical results. According to
Milstein’s Higher Order Method [29], the discretization equation of system (1.2) is as follows:

S k+1 = S k + [A − β1S kEk − β2S kIk − β3S kRk − µS k]∆t + σ1S kξ1,k

√
∆t +

σ2
1S k

2
(ξ2

1,k − 1)∆t,

Ek+1 = Ek + [β1S kEk + β2S kIk + β3S kRk − (r + µ + α1)Ek]∆t + σ2Ekξ2,k

√
∆t +

σ2
2Ek

2
(ξ2

2,k − 1)∆t,

Ik+1 = Ik + [rEk − (k + µ + α2)Ik]∆t + σ3Ikξ3,k

√
∆t +

σ2
3Ik

2
(ξ2

3,k − 1)∆t,

Rk+1 = Rk + (kIk − µRk)∆t + σ4Rkξ4,k

√
∆t +

σ2
4Rk

2
(ξ2

4,k − 1)∆t,
(7.1)

where the time increment ∆t > 0, and ξi,k (i = 1, 2, 3, 4) are independent Gaussian random variables
with distribution N(0, 1) for k = 1, 2, 3, · · · .

Example 7.1 Numerical simulations are conducted using the following parameter set:

A = 0.25, µ = 0.15, r = 0.2, k = 0.2, α1 = 0.2, α2 = 0.15, β1 = 0.8, β2 = 0.6, β3 = 0.4

with initial value S (0) = E(0) = I(0) = R(0) = 0.5.
If σ1 = σ2 = σ3 = σ4 = 0.1, the values of R0 and RP

0 can be calculated as

R0 = 3.80 > 1 and RP
0 = 3.61 > 1.

For stochastic system (1.2), their solutions have properties similar to the deterministic system in
Figure 1. From their density functions(on the right of Figure 2), we consider that (S (t), E(t), I(t),R(t))
has a stationary distribution. As shown in Figure 3, three density curves are plotted based on data with
iteration numbers equal to 50,000, 60,000, and 70,000. The three density curves almost overlap, and
these overlapping curves are the stationary distributions in Theorem 4.1.

Example 7.2 The values of βi, (i = 1, 2, 3) are varied, with all other parameters kept unchanged, as
in Example 7.1.

Case A: β1 = 0.2, β2 = 0.08, β3 = 0.08;
Case B:β1 = 0.25, β2 = 0.16, β3 = 0.1.
For system (1.2), it is easy to calculate that

R0 = 0.83 < 1 for Case A and R0 = 1.11 > 1 for Case B.

As can be seen from Figure 4, when R0 is less than 1, the solution E(t), I(t), and R(t) of the stochastic
model tends to 0 under suitable perturbation, which is the same as the solution of the ordinary
differential model. From simulation results in Figure 5, if R0 is slightly greater than 1, the solution
E(t), I(t), and R(t) of the stochastic model tends to 0 under appropriate perturbation, while the solution
of ordinary differential model does not.
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Figure 1. Qualitative nature of numerical solutions to system (1.2). The noise intensities
are: σ1 = σ2 = σ3 = σ4 = 0 (deterministic system), and σ1 = σ2 = σ3 = σ4 = 0.1
(stochastic system).
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Figure 2. Qualitative nature of numerical solutions to system (1.2) for σ1 = σ2 = σ3 = σ4 =

0.1. The left column reflects numerical simulations of (S (t), E(t), I(t),R(t)) in stochastic
system (1.2), respectively. The right column shows the histograms and marginal density
functions of S , E, I, and R in system (1.2).
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Figure 3. Density curves of stochastic system (1.2). The red, blue, and green lines represent
the results of iterations of 50,000, 60,000, and 70,000, respectively. All the parameter values
are the same as in Figure 2.
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Figure 4. The extinction of E(t), I(t), and R(t) for β1 = 0.2, β2 = 0.08, and β3 = 0.08, and
σ1 = σ2 = σ3 = σ4 = 0.1.
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Figure 5. The extinction of E(t), I(t), and R(t) for β1 = 0.25, β2 = 0.16, and β3 = 0.1, and
σ1 = σ2 = σ3 = σ4 = 0.1.

8. Conclusions

In this article, we investigate the dynamic behavior of a stochastic SEIR epidemic model with
infectivity during the latent, infectious, and immune periods. Based on this model, we show that
system (1.2) admits a unique positive global solution, and we prove that system (1.2) has a unique
stationary distribution when RP

0 > 1 by constructing a suitable Lyapunov function. The corresponding
probability density function of system (1.2) around the quasi-stable equilibrium is obtained.

Furthermore, the invariant probability density function corresponding to the stationary distribution
can be globally approximated by the above probability density function. In addition, sufficient
conditions for disease extinction are derived. Numerical simulations indicate that when R0 < 1, the
disease becomes extinct in deterministic and stochastic models. When R0 is slightly greater than 1,
the disease persists in the deterministic model, whereas in the stochastic model, due to the influence of
random noise, the disease may become extinct.

The stochastic epidemic model considered in this study is constructed based on the corresponding
deterministic model, with parameter settings consistent with those of the original system. To simplify
the model formulation and facilitate theoretical analysis, a common natural mortality rate is assumed
for all compartments. Nevertheless, in practical epidemic transmission processes, different population
groups may possess distinct mortality characteristics. Therefore, incorporating compartment-specific
mortality rates into the present model could provide a more realistic description of disease dynamics
and will be explored in future studies.
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