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Abstract: In this paper, we proposed and studied a stochastic SEIR epidemic model with infectivity
during the latent, infectious, and immune periods. First, the existence of a stationary distribution for
the model was verified using the Lyapunov method. Then, by solving the corresponding Fokker-Planck
equation, the explicit expression of the probability density function around the quasi-stable equilibrium
point was obtained. Furthermore, the global approximation of the invariant probability density function
for the model was explored. In addition, sufficient conditions for disease extinction were derived by
constructing a suitable Lyapunov function. Finally, numerical simulations are presented to illustrate
the analytical results and to reveal the impact of stochastic perturbations on disease transmission.
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1. Introduction

It is well known that over the past century, a variety of serious infectious diseases have posed a
significant threat to human health and life safety. To deeply explore the epidemic characteristics and
transmission patterns of infectious diseases, scholars have proposed numerous mathematical models
and theoretical analysis methods [1-5]. After the initial infection, the host will be in the incubation
period before infection. For some diseases, compared with the infection period, the incubation period
is neither short nor negligible. Therefore, based on the classical SIR model and considering the
influence of latency, this model becomes the SEIR model [6—10]. For infectious diseases such as
influenza, norovirus, and some respiratory pathogens, recovered individuals have the potential to shed
the pathogen and possess a certain degree of infectivity, which can infect susceptible people through
contact. Recovered individuals are not completely non-infectious but are defined as low-infectivity
virus carriers. Li and Jin [6] studied a SEIR epidemic model in which the latent state and the immune
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state are infective: )
S=A —ﬂlSE—,BzSI—ﬁ3SR—,uS,
E=BSE+BSI+B3SR—(r+u+a))E, .
I =7E - (k+u+a)l, (D
R = kI — pR,
where A is a constant recruitment of susceptibles, 3, 8,, and B are the rates of the efficient contact
in the latent, infected, and recovered period, respectively. u is the rate of natural death, @y, and a; are
the rate of disease-caused death for the exposed and the infectious, r is the transfer rate between the
exposed and the infectious, and k is the rate constant for recovery. The basic reproduction number of
system (1.1) is

_ Aﬁ] " Arﬂz n Arkﬁ3
T pr+puta)  pr+p+a)k+ptar)  @R2r+p+a)k+p+a)

If Ry < 1, the disease-free equilibrium is globally stable, and the disease always dies out. If Ry > 1,
the global stability of the unique endemic equilibrium is proved when @; = @, = 0, and the disease
persists at an endemic equilibrium state.

The above analysis is carried out only from the perspective of ordinary differential equations,
and the influence of environmental disturbance is not considered. Many scholars have taken into
account the influence of environmental interference in the process of studying infectious disease
models, such as [11-19]. Zhou et al. [11] studied a SVI epidemic model with half saturated incidence
rate. By solving the corresponding Fokker-Planck equation, they obtained the precise expression
of the probability density function of the stochastic model around the unique endemic equilibrium
of the deterministic system. Rajasekar and Pitchaimani [12] probed a stochastic SIRS model with
logistic growth and nonlinear incidence rate. By using the appropriate Lyapunov function, sufficient
conditions for the existence of ergodic stationary distribution of the solution to the stochastic SIRS
model were given. Dieu [13] gave sufficient conditions to classify the stochastic permanence of
the SIQS epidemic model with isolation through threshold analysis. They showed the existence of
a unique invariant probability measure and demonstrated that the transition probability converges to
this invariant measure under the total variation norm. De la Sen et al. [14] constructed a pseudo-
mass-action SEIR epidemic model with continuously distributed delays under a general time-varying
vaccination strategy. By setting a threshold on the transmission rate, the global asymptotic stability
of the disease-free equilibrium was addressed. Stochastic Wiener perturbations were incorporated into
an extended SEIR framework to explore the dynamical behaviors near the equilibria numerically. Liu
and Jiang [15] developed a stochastic cholera model with imperfect vaccination. Sufficient conditions
were established for the existence and uniqueness of an ergodic stationary distribution of the positive
solutions to the model. Caraballo et al. [16] investigated a stochastic epidemic model with relapse
and distributed delay. They set some sufficient criterias for the extinction and persistence of this
disease. They also proved that the model has a unique stationary distribution. Tian et al. [19]
proposed a stochastic infection model for cholera, elucidating the impact of environmental factors
on transmission dynamics. The stationary distribution and extinction conditions were derived; the
five-dimensional Fokker-Planck equation was solved to obtain the probability density function at the
positive equilibrium point. The findings indicated that environmental factors exert a notable influence
on disease transmission.
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Based on the method of introducing random factors into epidemic models in the above literature,
we investigate the stochastic form of the corresponding system (1.1):

ds (1) = (A = BiS (DE() - BoS (DI(1) = B3S (OR(1) = S (1))dt + 018 (1)d By (1),

dE(1) = [ﬁlS(l)E(l) +BS (DI(t) + B3S (OR(1) — (r + 1 + al)E(t)]dt + 0 E()d By (1),
dl(t) = [rE() = (k + p + ax)I(1)|dt + 031 ())d Bs(1),

dR(t) = (kI() - uR(1))dt + o4 R(1)dBa(0),

(1.2)

where B;(t) (i = 1,2,3,4) are four independent standard Brownian motions defined on a complete
probability space (Q, 7, {F:}»0, P) with an increasing and right continuous o-field filtration {¥;}:»0,
and 0'1.2 > 0(i=1,2,3,4) are the intensities of B;(t), respectively.

In this article, we focus mostly the following three points: (i) Explore the stationary distribution
of the stochastic SEIR model; (ii) provide the explicit expression of the probability density function
of stochastic SEIR model around the endemic equilibrium point; and (iii) investigate the global
approximation of invariant probability density function for the stochastic SEIR model.

The organizational structure of this paper is as follows. In Section 2, we prove the existence and
uniqueness of the global positive solution of system (1.2). In Section 3, the existence of stationary
distribution is proved by constructing a suitable random Lyapunov function. The exact expression of
the probability density function of the stationary solution around a quasi-stable equilibrium is obtained
in Section 4, and the global approximation of invariant probability measures for the stochastic SEIR
model is explored in Section 5. In Section 6, we present the sufficient conditions for the extinction of
the disease. The theoretical results are verified through numerical simulations in Section 7.

2. Existence and uniqueness of the global positive solution

In this section, we prove that system (1.2) admits a unique globally positive solution. The following
result is obtained as a particular application of the classical existence and uniqueness theorem for
stochastic differential equations under local Lipschitz and non-explosion conditions. The proof utilizes
standard stopping time localization together with a suitable Lyapunov function to guarantee the global
existence and positivity of the solution.

Theorem 2.1. For any initial value (S(0), E(0), 1(0), R(0)) € R?, system (1.2) has a unique positive
solution (S (1), E(1), 1(?), R(t)) a.s.

Proof. The coeflicients of Eq (1.2) satisfy the local Lipschitz condition, so there is a unique local
solution (S (¢), E(¢), I(t), R(t)) on t € [0, T,), where 7, is the explosion time.

We now show that this solution is global, i.e., to show that 7, = oo a.s. Let ny > 0 be sufficiently
large so that S (0), E£(0), I(0), and R(0) all lie within the interval [%, no]. For each integer n > ny, define
the stopping time 7,, : Q — [0, oo]

T(w) = inf{t € [0,7,) : min{S (¢, w), E(t, w), I(t, ), R(t, w)} < }1 or

max{$ (¢, w), E(t, w), I(t, w), R(t, w)} > n} weQ,
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where, throughout this paper, set inf() = oco. Thus, 7, is increasing as n — o0. Set To(w) =
lim 7,(w), w € Q, whence 7, < 7, a.s. If we show that 7, = o a.s., then 7, = oo and
n—o0o

(5(0), E(0), 1(0),R(0)) € Rﬁ a.s. for all + > 0. In other words, to complete the proof, all we need
to show is that 7, = oo a.s. If this statement is false, then there is a pair of constants 7 > 0 and

€ € (0, 1) such that P{r,, < T} > . Hence, there is an integer n; > ng such that
Plir,<T}>¢& forall n>n,.
Define a C2-function V : R* — R, by
V(S,E,ILR)=S —c—cln% +E-1-InE+bi(I-1-Inl)+by(R-1-1nR),

where

o= (r+u+a))k+u+ay) b = (”+ll+6¥1)(ﬁz+§,33) _%
k+p+aBi+rBr+ L8 (k+p+afi+rGa+ip)’ T u

The non-negativity of this function can be seen fromx -1 —-Inx > 0,Vx > 0.
Using [to’s formula, we get

dV = LVdt + o (S = ¢c)dB(t) + 02(E — 1)dBy(t) + 03(I — 1)dBs(t) + 04(R — 1)dBa(2),

where

2

c €O
LV =(1 = A =BSE = oST = BiSR—uS) + —*
2

+ (1 - é)[,BlSE + ST+ B3SR—(r+u+a)E]+ %
1 o2 1 o
+ bl{(l = DUE = (k+p+a)l] + 73} + bz[(l ~ KL~ pR) + 74]
<A+ By —(r+u+ay)+brlE +[cBr — by(k + u+ az) + bkl + (¢fB3 — byu)R

+cu+r+u+a +b1(k+;1+a/2)+b2,u+%[co’%+o€+b10‘§+b20‘i]
=A+cu+r+u+a +b1(k+,u+a/2)+b2,u+%[coﬁ+0§+bla§+bzai] =K.
Hence,
dV < Kdt+ 0((S — c)dB(t) + 02(E — 1)dB,(t) + 03(I — 1)dB5(t) + 04(R — 1)dBy(1).
Integrating from O to 7, A T and taking the expectation of both sides of (2.2), we have

EVIS(t, AT, w), E(t, NT,w),I(t, AT, w),R(t, AT, w))
<V(S5(0), E(0),1(0),R(0)) + KE(t, AT,w) < V(5(0), E(0),1(0),R(0)) + KT.

2.1)

(2.2)

(2.3)

Set Q, = {r, < T} forn > n;. According to (2.1), P(€),) > &. For each w € Q,, at least one of S (7, w),

E(t,, w), I(t,, w), R(t,, w), equals either n or % Therefore, we have
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V(S (Th, w), E(Ty, ), I(Ty, w), R(Ty, w))

1 1
Zmin{n—c—clnz,— —c+clnen,n—1-1nn,— -1 +lnn} := L(n),
c'n n

and when n — oo, L(n) — oo. It follows from (2.3) that
V(5(0), E(0),1(0), R(0)) + KT 2 E[lg, @) V(S (Ty, w), E(Ty, ), (7)1, w), R(7y, w))] = L(n),
where I () 1s the indicator function of Q,. Taking n — oo, we obtain
oo > V(S(0), E(0),1(0),R(0)) + KT = oo,

which is a contradiction. Hence, we have 7., = 00, a.s.
3. Stationary distribution of the stochastic SEIR epidemic model (1.2)

In this section, we investigate the existence of a stationary distribution for system (1.2).
Before presenting the main theorem, we define a stochastic reproduction number R’ by

P _ ABi + ArB,
0 (u+ %0‘%)(1’ +u+a+ %0‘%) (u+ %O'f)(r +u+a;+ %0’%)(1{ +u+ax+ %O’%)
A}"kﬁg
(u+ %0‘%)(;’ +u+a+ %a%)(k +u+ar+ %o%)(y + %O‘i)'

Theorem 3.1. For any initial value (S(0), E(0),1(0), P(0)) € R?, ifROP > 1, there is a stationary
distribution u(-) for system (1.2) and it has ergodic property.

Before proving Theorem 3.1, we state some auxiliary lemmas that will be used in the proof.
Let X(f) be a regular temporally homogeneous Markov process in E; C R’ described by the
stochastic differential equation

k
dX(t) = b(X)dt + Z o (x)dB, (1),

r=1

and the diffusion matrix is defined as follows
k . .
A) = (@(x), @ j(x) = Y o)),
r=1

Lemma 3.1. [20] We assume that there exists a bounded domain U C E; with regular boundary,
having the following properties:

(B.1) In the domain U and some neighborhood thereof, the smallest eigenvalue of the diffusion
matrix A(x) is bounded away from zero.

(B.2) If x € E; \ U, the mean time T at which a path issuing from x reaches the set U is finite, and
sup,.x Ext < oo for every compact subset K C E|.
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Then, the Markov process X(t) has a stationary distribution u(-) with density in E; such that for any
Borel set B C E;
lim P(t, x, B) = pu(B),
>0

and ,
1
Puttim 7 [ st = | gouaor = 1.
T T 0 E
for all x C E; and f(x) being a function integrable with respect to the measure (.

Remark 3.1. 7o verify condition (B.1), it suffices to show that the operator F is uniformly elliptic in
the domain U, where Fu = b(x)u, + %tr(A(x)uxx). Specifically, one needs to demonstrate the existence
of a positive constant M such that

I
Z a(0&EE > MIEP, xeU, £€R,
i=1
(see [21] and Rayleigh’s principle in [22]). To verify condition (B.2), it suffices to show the existence

of a neighborhood U and a non-negative C? function V such that the operator LV is negative for all
x € E; U (see [23]).

Next, we present the proof of Theorem 3.1.

Proof. Define a C*>-function V : R* — R by

V(S,E,LLR) =M[ —InE — (c; + c2 + ¢4)InS — (c3 + ¢5)In1 — ¢ InR + ¢;1 + 3R]

kB3

Bo+ = 1
—InS —1n1—1nR+—"1+[§R+—(S +E+1+R)™,
k+u+a; u 0+ 1

where 6 > 0 is a sufficiently small number that satisfies p := u — 4(o V 03 V 03 V 03) > 0,

o = AB; o = Arfy or = Arfy
1 = > 2 = ’ 3 = s
(U + 302)? (u+ 302k +p+ @ + 307 U+ 30Dk +p+ ap + 302)?
ArkpB; Arkps
Cq = , C5 = s
U ek pr aa + JoD o) T oDk +p ok an + 03P+ 507)
Ark cr+c+c k)
€6 = ) & P 1 22’ C7:%(ﬁz+ﬁ),
(u+ 50Dk +p+as + 50+ 507%) THT @ H
+cp+
o tarah A +E+I+R)9—g(S +E+1+R™,

M (S.E.IR)R*

and a sufficiently large M > 0O such that

1 1
—M(r+/,t+az+§U§)(Rg—1)+k+3,u+a/2+5((7%+U§+0’i)+DS—2.

Note that ‘_/(S ,E, I, R) is a continuous function, which satisfies

lim inf V(S,E,I,R) = +,
n—oo, (S,E,ILR)ER}\U,
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where U,, = ]_[?:1(%, n). It can be seen that there exists a point (S ., E., L., R.) in the interior of Rj, at
which V(S, E, I, R) will be minimized. Then a non-negative C2-function V : R* — R, is constructed
as follows:

V(S,E,I,R)=V(S,E,I,R) = V(S.,E..I.,R,).

For convenience, define

Vi=—-InE—-(ci+cy+cy)InS —(c3+¢5)Inl —cgInR + 71 + c3R,
kﬂs ﬂ 1
V,==InS —Inl—InR + PR, V3= ——(S +E+1+R)".
k+,u+a/2 J7i 0+ 1
By applying It0's formula, we can derive that
LV B1S — ﬁSI ﬁSR+ +u+ +1 + (c3 + ¢s)( rE+k+ + +1 %)
=— — —B3—+r o’ o2+ (c3+cs)(—— a o
1 1 2E 3E M 1 772 3 5 7 M 2 773
A 1, kI 1,
+(Cl+C2+C4)(_§+ﬁ1E+ﬂ2[+IBBR+IJ+§O'1)+C6(_E+ﬂ+§0-4)
.S A ,BSI A rE ﬁSR A rE k1+ oy +1 ’
=- —Clm—Pr—=—C5—C3——P3———C45 —Cs— —Co— +7T ay + <o
1 IS 2g 25 377 3 g 4 ST R H 1+350

1 1
50'%) + co(u + 50‘3)

+(c1 + o+ c))(BLE + Bol + B3R) + ¢7[rE — (k + u + a)I] + cs(kl — uR)

1
+(c1+ ¢+ o)+ Eoﬁ) +(cs+ces)k+pu+an+

s 1 1
<=2 \/Acl,Bl - 3\3/Arczc3ﬁ2 - 4\/Arkc4c5c(,,83 +r+pu+a+ 50’% +(cr+c+cey)(u+ —0'%)

2

1
50'42‘) + [(Cl +cy + C4)ﬁ1 + C7I’]E

1
=—(r+u+a + 50’%)(&‘? — D)+ [(c; +c2 +cy)B1 + crr]E,

1
+(cs+es)k+pu+ar+ Eoﬁ) + ol +

LV A+ﬁE+ﬁI+/3R+ o L S g +u+ =02
=-= 01— — ¥+ =03 — — ~
S I A A I
ﬁ2+kﬁ
+——F [FE-k+pu+a)l] + &(kl — UR)
k+u+a;
kB3
A Bt rE kI
- _ (1+ml’)E—T—E+k+3ﬂ+a’2+ (0_1+O_3+0—4)

and
LV; =S +E+T+R)’[A—-uS — (u+a)E - (u+ a)] — uR)
+ g(S +E+1+R)" ' (018? + 03E* + 03I + 04R?)
<AS +E+1+R)’ —u(s +E+I+R)9+1+§(o-%vO-§Vcr§vO-ﬁ)(S +E+1+R"™!
SD—g(S +E+1+R)"

<D - g(SeJrl + EO 4 [0 4 ROV,
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It then follows that

+ s
LV<-M@r+u+a +10'2)(RP—1)+[M(C +c +c)+1](,8 +ﬁ2—”r)E A
- H R Pt ! k+u+a; S
kI 1
—E+k+3,u+a2+E(a%+a§+ai)+D—l—2)(S9“+E9”+19“+R9“)
kB3
2t 0 A rE kI
<2+ [M(ci+cr+c)+ 1B+ —E—r)E-= - — - —
< [M(ci + 2 + cq) ](ﬁl k+,u+a2r) ST R
_g(S9+l +E€+1 +I€+1 +R6+1).
Define a closed set
4 1 1, 1 1
D.={S,E,,LR)eR] :e<S<—, e<E<—, ¢ SIS—Z, P> SR§—3},
E & E E
where € > 0 is a sufficiently small number such that
A
2+C-—<-1,
&
2+k:£
—2+[M(C1+C2+C4)+1](ﬁ1+mi’)gs—l,
2+C-L<-l,
&
k
2+C—--<-1,
E
1
2+c-Eey <,
4
where
:82"'@ P
C= sup {[M(c;+c,+cy)+ 18 + ——E—r)E - ZE
(S,E,/,R)eRi{ ( k+u+a ) 4 }
Denote
D! ={(S,E,ILR)eR}:S <&}, D2 ={(S,E,LR)eR} : E<g¢},
D} ={(S,E,LR)eR}:1<&’ E>¢}, D! ={S,E. LR eR! :R< &, I >¢?},
5 4 1 6 4 1
D ={(S,E,ILR)eR] : S > ;}’ D, ={(S,E,ILR)eR] : E > g},
1 1
D] ={(S,E.ILR)eR} : 1> =}, Dﬁ:{(S,E,I,R)eRﬁ:R>—3}.
& &

3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)
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8
Then R¥\D, = |J D.. Hence, we consider eight cases:
i=1

Case1: If (S,E,I,R) € Dé, on the basis of (3.1), it can be concluded that

kB3
2+ == Jol A
LV <=2+ [M(c; + ¢y + cy) + 1](B) + ———r)E - ~E#' - —
< [M(c1 + ¢ + ) + 11(By k+'u+a2r) 1 S
A
<-2+C—-—<-1.
£
Case 2: If (S, E, I, R) € D?, by virtue of (3.2), we conclude that
2+]ﬂ
LV <=2+ [M(c; +cr+cy) + 1](8 + ——E—r)E
< [M(ci + c2 + cq) ](/31 k+y+a2r)
2+lﬂ
<=2+ [M(c; +cr+cy) + 1](B + ——E—r)e < —1.
< [M(ci + c2 + cq) ](51 k+u+a2r)g_
Case 3: If (S, E, I, R) € D2, it follows from (3.3) that
,32"'@ 0 rE
LV <=2+ [M(c; +cy +cy) + 1](8 + ——E—r)E-TE' - —
< [M(ci + c2 + cq) ](ﬁl k+y+a2r) 1 7
<-2+C-L<-1.
€
Case 4: If (S, E, I,R) € D?, in view of (3.4), we obtain
kB3
2+ 0 kI
LV <=2+ [M(c; +cr+cy) + 1](B + ——E—r)E - TEM - —
< [M(cy + ¢z +ca) ](,31 k+,u+a/2r) 1 R
k
<-24C--<-1.
€
Case5: If (S,E,ILR) € Dg, according to (3.5), we can derive that
2+ p p
LV <=2+ [M(c| + ¢y +cy) + 1](8) + ——L—r)E - =E"*! ——g5%!
= [M(cy + 2+ c4) ](ﬁl k+,u+cx2r) 4 4
1
<-2+C-Ey <o
4 e
Case 6: If (S, E, I, R) € DS, applying (3.5) leads to the result that
P+ L2 p p
LV <=2+ [M(c; + c3 + ¢c4) + 1](8) + ——F—r)E - —E*' - —E!
< [M(cr + ¢ + )+ 11(By k+#+azr) 1 1
1
<-—2+C-2Ey <o
4 e
Case 7: If (S, E,I,R) € D, from (3.5), we infer that
B+ p P
LV <=2+ [M(c| +cy +cy) + 1](B) + ——E—r)E - TES! — L0
< [M(ci + ca + cq) ](ﬁl k+p+a2r) 2 )

<—2+c-Plyen )
4 ¢
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Case 8: If (S,E,I,R) € Dﬁ, combining (3.5) yields that

5+ kBs 0 0
LV <=2+ [M(c| +cy +cy) + 1](8 + ——E—r)E - ZE! — LR
[M(cy + 2+ cq) ](ﬁl k+p+a2r) 7 1

—2sc-Plypen
4'¢
For sufficiently small ¢,

sup LV(S,E,I,R) < -1,
(S,E,LLR)ER*\D,

which implies that condition (B.2) in Lemma 3.1 is satisfied.
In addition, the diffusion matrix of system (1.2) is given by diag(c3S?, o3E?, o3I%, o3P?). There
isaN= min_{0}S? o3E% o3I?, 03P} > 0 such that
(S.E.LR)D,
4
D ayti; = P + GIEE + 03P + o PE > NI,

ij=1

for all (S,E,I,R) € D,, £ = (&,86,8,&) € RY, which implies condition (B.1) in Lemma 3.1 is
also satisfied.
Therefore, stochastic system (1.2) has a unique stationary distribution u(-) and it is ergodic.

4. Density function of the stochastic SEIR epidemic model (1.2)

In this section, we focus on deriving the local probability density function of system (1.2).

Theorem 4.1. For any initial value (S(0),E(0),1(0),R(0)) € Ri, if Rl > 1, the solution of
system (1.2) admits a locally log normal probability density function ©(S, E I, R) around the quasi-
stable equilibrium S, E, R ), which takes the form

q)(S E. 1 R) (27.() |Z| 26 2(1n7 ln, 1n, JIn R)z (1n S 1n E ln I In R)T
where X is a positive definite matrix that satifies

2 =pi M7 ' SoMT ) + pa(Ma PPy L) S (Mo PPy )T
+ p3(M3 Py P3J5) ' Eo[(M3 Py P3J2) " 1" + pa(MyPsPsJ3) ™' So[(MsPsPsJ3) ' 1",
pi» M, J;, and P; are given in the following proof, and X is the same as Lemma 4.1.
Before proving Theorem 4.1, we first introduce two important standard matrices.

Definition 4.1. [24] The characteristic polynomial of the square matrix A is defined as ¢p(1) =
A+a A7+ +a,_ A+ ay, then A is called a Hurwitz matrix if and only if A has all negative real-part
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eigenvalues, that is to say,

Cl] a3 as a7 .« a2k_1
1 a as as -+ ano
0 a a3 as - ans;

Hk_ O 1 a asg --- Ar—4 >O, (k: 1,2,...,1), (4.1)
0 0 0 0 - a

where the complementary definition a; =0 (j > ).

Lemma 4.1. [25] For the four-dimensional real algebraic equation G(z) + FoXo + 2o F g =0, where X
is a symmetric matrix, Gy = diag(1,0,0,0), and

<

1 2 3 4

Fy

42 —493 —4
0 0 0
1 0 0
0 1 0

S O =

Ifq1 >0, g3 >0, g« > 0and q192q5 — ¢5 — 4194 > 0, X is a positive definite matrix, where

0934194 0 _ o 0
A 293-43-4794) 21929343~ q194)
0 93 0 _ q1
- 2q19293-43-4394) 2q19293-43—4194)
0 = 93 0 q1 0 .

2q19293- 43~ 94) 2q19293- 3~ 94)
0 _ q1 — 0 q192 ;13 5
2(q19293-93—9194) 2(q19293-93—9194)

Now, we proceed to the proof of Theorem 4.1.

Proof. Before that, we need to provide two equivalent transformations for system (1.2).
Letx; =InS, x, =InE, x3 =1Inl, x4, = InR, in view of [to's formula, an equivalent equation of
system (1.2) is given as follows:

1
dx; = [Ae"“ —pie” — pre® — Bze™ — (u+ 50'%)]07 +01dBy (1),

1
dx, = [ﬂlexl + BT 4 BT — (r+u+ g + Eo%)]dt + 02dBs (1),
4.2)

1
dx; = [rexz—x3 _ (k +u+ay+ EO‘%)]dl + 03dB;(1),

1
dxy = [ke™™ = (u+ Eai)]d: + 04d By (0).

If RY > 1, there is a quasi-stable equilibrium as X =@ ,E,T,R) = (e5,e5,e5,e%), which is
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determined by the following equations:

* * * * 1
Ae™™ = Bie"2 — Bre™s — Bz — (u + Eo’%) =0

Bre’t + oe™ 1T 4 BTN — (r+ 4+ + 50’%) =0
4.3)

.o
X743

1
re —(k+u+a2+§0'§)20

o 1
ke ™ — (u + Eoﬁ) =0

Lety, = x; — X, Yy = X — X5, ¥y3 = X3 — X3, Y4 = X4 — X;, the linearized system of Eq (4.2) is
as follows:
—apny) — apy: — a;3y; — 6114}’4)df + 01dB (1),

“4.4)
azy» — 033)’3)0” + 03dBs(1),

dy, = (
(a21y1 —anpy, + axpy; + 0124)’4)df + 02dBy(1),
5=

dys (

= (au3y; — 044)’4)dl + 04dBy(1),

where

_ —x _ Xk _ X% _ X
ay =Ae™, ap =pie2, apy=pHhe, ayy=pze,
ary :ﬁlexl _|_ﬁ2exl+x3—x2 +ﬁ3exl+x4—x2, ay = ﬁ2€x1+x3_x2 +ﬁ3exl+x4—x2, ars :ﬁ28x1+x3_x2,

2 = P3N Ay = azy = re™ ™, agz = ag = ket
The linearized system (4.4) can be equivalently rewritten as

dY = FYdt + GdBt,

where
—dpj;p —app —apiz —dig op 0 0 0
_ | an  —axn a4y asy _ 0 oo 0 O
F= 0 asn —as3 0 ’ G = 0 0 g3 0
0 0 ass —dy4 0 0 0 04

According to Roozen [26] and Gardiner [27], the probability density function ®(Y) of system (4.4)
satisfies the following Fokker-Planck equation

4

ol oD 0
Z 7? [( anyr — apy> = aizys — a1ays) @l + —— By [(a21y1 — axnys + axys + azys) D]
=1 1 2

0 0
+ —[(032)’2 —apny;)P] + — By [(as3y3 — assys)®] =0
V4

In addition, the above density function ®(Y) can be described by a Gaussian distribution

1
D(Y) = Coexp{—z (¥ = Y)O(¥ - Y9,

Electronic Research Archive Volume 34, Issue 8, 5236-5266.



5248

where Y* = (0,0,0), and Q is a real symmetric matrix that satisfies the following algebraic equation

0G*Q+F'Q+ QF =0. 4.5)
If Q is a positive definite matrix, set Q! = X, and the above equation becomes
G*+FX+XFT =0. (4.6)

By the linearity of the Lyapunov matrix equation, let

G* = Z4:G,.2, Y= 24:2,.,
i=1 i=1

where
G, = diag(c,0,0,0), G, = diag(0,0>,,0,0),
G; = diag(0,0,03,0), G4 = diag(0,0,0,04).

Substituting these expressions into Eq (4.6) yields

4
Z(Gi2 + FY + 5, FT) = 0. 4.7)

i=1
Hence, Eq (4.6) can be decomposed into the following four algebraic equations:
G’ +FYL +LFT =0, i=1,2,3,4. (4.8)
The characteristic polynomial of matrix F is expressed as
Yr(D) = 2+ @ + % + g3d + qu,
where

g1 =ap +axy+az+ay >0,
G2 = azxzag + (ay + ax)(aszs + ass) + ajjaxn — axpasz + apdayy,
q3 = a11(a0au + az33a24 + a33a44) + az1(a12a33 + a12044 + ay3azz) > 0,
qs = ap1aszass(an + a3 +ayy) > 0.
It can be verified that ¢1q2q3 — g5 — ¢7q4 > 0.

Next, we will prove the positive definiteness of X by the following four steps.
Step 1. Consider the algebraic equation

G+ FX, + X, F" =0, (4.9)

where G, = diag(c,0,0,0). Let B, = M| F Ml“, where the standard transformed matrix M; and B,
are as follows:

2 2 3
ayiazasy  —(axp +as3 + ag)anay  asz(anaxn + az; + ayag + ay,) auanags — ay,

M = 0 axnag —(az3 + as4)as az,
L=
0 0 as3 —Qy4
0 0 0 1
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—q1 —492 —q3 —qa
1 0 0 0
B=lo 1 0o o
0O 0 1 0

Thus, it can be obtained that B is a standard R, matrix. Eq (4.9) can be transformed into
M\G*MT + By(M 2 MT) + (M2, MT)BT = 0.
By direct calculation, the first term can be written as
MIG%MIT = PlG(z),

where Gy = diag(1,0,0,0) and p; = (a21asaso;)’ is a positive constant. Let

1 T
Z() = —M121M1 ’
P1

then
M2 MT = p,Z.
Substituting the above relations into the transformed equation yields
p1G§ + Bi(p1Z0) + (01Z0)B] = 0.
Dividing both sides by p;, we obtain
Gj + B1Xo + 2Bl = 0.

From Lemma 4.1, it can be inferred that X, is a positive definite matrix. Therefore, X; =
p1M ' Eo(M 1T is positive definite.
Step 2. For the algebraic equation

Gy + FZ + 5,FT =0, (4.10)

where G, = diag(0, 0,0, 0). The corresponding elementary matrices J;, P, and P, are described by

0100 1 0 00 10 0 0
0010 01 00 01 0 0
i=looo 1" P"=lo o 10l 25lo o 1 of
100 0 0% 01 00 o

then

aazl @l
—ay Az — T = Goa MMy A

F\ = (PP )F(PP = | 42 79 0 0
0 ass v 0
0 0 ny —daj
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where m; :—alz—a13+%¢0,andm2:m1 —6114—%?50.

Let B, = MyF M, ! where the standard transformed matrix M, is

2 2 3
moazasy  —maan + asz + au)ass mo(ay, + andag +ay,) —ay,

M, = 0 Maay3 —my(ap + as) ai,
0 0 my —dan ’
0 0 0 1

B, is also a standard R, matrix. According to the uniqueness of the standard R; matrix of F, it can be
concluded that B, = B;.
Similarly, Eq (4.10) can be changed to

(MyP,P\J)G5(MyPy P ) + By(Ma Py Py J)Ea(MoPy Py + (Mo Py Py )Z(Ma PPy BY = 0,
where (M2P2P1 Jl)Gg(szzpl.]])T = (m2a32a430'2)2G(2) = sz(z) That iS,
G} + ByX + XBh = 0,

where Z() = p%(MngP]J])ZQ(M2P2P1J1)T, which indicates 22 = pz(MszP]J])_lz()[(MQPQP]J])_l]T
is a positive definite matrix.
Step 3. Consider the algebraic equation

G5+ FX3 + 53 F =0, 4.11)

where G3 = diag(0,0,03,0). Similarly, by conducting elementary transformation on matrix A, we
can obtain

ai3aszy asanig

—as T s asp
Fy = (PyPsJy)F(PPs ) = | 98 704 0 0
0 m3  —dp — % —di2
0 0 ms % —dn
where
0010 1 0 00 10 0 O
0001 O 1 020 01 0 O
22100 of 0 2 1ol PFloo 1 of
0100 0 —Z% 0 1 00 —an;‘ 1
my = _a13_a]4+a11a13a;3012a23 + O, my = a23+a24_a131121a+4-3¢122a23 + 0and ms = a1nl1r3ﬂ4 +a21+%(%—022) # 0.

Let By = M3F, M ! where the standard transformed matrix M is

mamsdsy  —myms(dyy + axn + das) s —77156112(”,2’3"4 —an)+ (% —an)’
M, = 0 msms —ms(an + ax) —msap + (Y2 — ax)’
0 0 ms % — dajy ’
0 0 0 1

and here, mg = ms(an +an)(@ + “2%) + ms(“2% — axn)* — miay». By the uniqueness of the standard
R; matrix of F, it can be concluded that B; = B;.
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Moreover, Eq (4.11) can be transformed into
G} + B3Z + XoB: = 0,

where 20 = —(M3P4P3J2)23(M3P4P3J2) and P3 =
X5 = p3(M3P4P3J2) 120[(M3P4P3J2) 17 is positive definite.
Step 4. For the algebraic equation

G+ FE, + 34 F" =0,

(m3msas03)°.

Consequently,

(4.12)

where G4 = diag(0, 0,0, 04). The corresponding elementary matrices J3, Ps, and P¢ are described by

0 0 01 1 0 00 10 0 O
01 00 0O 1 00 01 0 O
B=loo 1ol 7o 0o 10 Tloo 1 of
1 000 0 44 0 1 0 0 -2 1
a as
then
—Qy4 0 as3 0
_ _ @14a21 + Gamz
Fy = (PePsJ3)F(PPs ;)™ = | 20 702" " O30 Tapm 2
0 asy —ass 0
0 0 msg % —aj
where m; = —01;2(122 — — Z;(al;;zl a 1) # 0, and mg = my + 914423 —a;z+ ::;72(01;;21 6111) # 0.
Let By = M4F 3M;1, where the standard transformed matrix M4 1S
mgansazy —mgaxn(an + ax + ass) oy (al(j;m an)’
M, = 0 mgaszy mg(—ar — ax + L) (S - 1)2
O O msg a:‘;?l —dal
0 0 0 1

mya

and here, my = mg [(“];;2‘
that B4 = Bl
In addition, we transform Eq (4.12) into

—an )+ az (=}

+ ay3) + azz(ay + azz — L2 )] Similarly, it can be obtained

(MyP6PsJ3)G{(MyPsPsJ3)" + By(MyP6PsJ3)Ea(MsPsPsJ3)" + (MsPsPsJ3)Z4(MsPsPsJ3) B} =0

By direct calculation, we have
(M4PsPsJ3)G(MyPsPsJ3)" = psGy,

where ps = (mgassaz04)> > 0. We then define

1
X = p_(M4P6P5J3)Z4(M4P6P5J3)T-
4
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Substituting these expressions into the transformed equation and dividing both sides by p,4 yields the
standard form

G} + ByXo + XoB! = 0.

Therefore, X4 = p4(MyPsPsJ3) ' Zo[(M4PsPsJ3)" '] is a positive definite matrix.
To summarize, the corresponding probability density function ®(S, E, I, R) of system (1.2) around
the quasi-stable equilibrium (S ,E ,I ,R ) follows

O(S,E,IR) = (zﬂ)_zlzrée—%(ln%,lni—ﬁ,ln%,ln%)E’l(ln%,lnE—ﬁ,ln%,lnﬁ%)r
B s Lo -

where X is a positive definite matrix and satisfies
=X+ + 25+ 2,
=01 M7 Zo(M )" + po(Ma P2 P ) ol (Mo PP )T
+ p3(M3 Py P3J5) ' Eo[(M3 Py P3J2) 1" + pa(MyPsPsJ3) ™ o[ (M4 PsPsJ3) ' 1"

5. Approximation of the invariant probability density function for the stochastic SEIR epidemic
model (1.2)

This section is devoted to deriving a global approximation of the invariant probability measures for
the stochastic SEIR model (1.2).

Theorem 5.1. If RY > 1, for sufficiently small 6,
(i) The invariant probability distribution u (resp. invariant probability density function y«(-)) can be
globally approximated by the distribution LN(X ,X) (resp.¢(-))

1

d(X(1) = (2n)‘2|2|—% o3I X-InX )= (InX-InX")"

(ii) For any y € (0,2], one has
limf ly — X*["ly(y) — ©(y)ldy = 0.
0—0 Rﬂ;

Prior to the proof of Theorem 5.1, we introduce the following lemma.

2 2 r+ag 2 k+u+an 2 u Lo
Lemma S.1. If Ry > 1, o7 < u, 05 < =%, 03 < =52 and o, < 5, for any initial value

(5(0), E(0), 1(0), P(0)) € R, the solution X(t) of system (1.2) has the property
+

1 [ 0
limsup(;f IX(s)—X*Izds) < pt
0

t—o00
Here, X* = (S*, E*, I", P*) is the unique endemic equilibrium of system (1.1),
a 1, r+a k>
1 2 ( 1 2)’ D2 ’ 2(# 2)}

2u p 5_0-4

. (r+
a:mm{ > o5

_ #\2 #\2 p3(ﬁ~2 +ﬁ3)S* 2 #\2 p3(ﬁ~2 +ﬁ~3)E* p3S*E"< 2
S| p S Sy T E Sy T 1
3 3 \2 g 5 5 * T 5 .5 3 " 5 ko
+ [Py + PPt p) I pstBa + )3T |03 + [pa®)? + PPstPa + PR psfsSR Jo.

2rE*(u + BLE*) 2rE” 2kI*(u + B1E") 21"
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and
(ke cxz)(”“1 O'%)  plktpt 042)(”“‘ — a’%)(—kﬂ‘;(’z —~ o%) B 2(”% + O'%)
Br=BiS*E", Br=BS I, By =PBSR.

Proof. when Ry > 1, system (1.1) has an equilibrium X* = (S*, E*, I*, P*) that satisfies the conditions

A-BS'E"=BS'I" —B3S'R" —uS* =0,

BIS'E*+BS* " +B3S'R* —(r+u+a)E* =0, 5.0)
rE* —(k+u+ ap)l" =0,

kI" — uR* = 0.

Define a C2-function V : R* — R, by

V(S,E,ILR) = p (ﬁ ﬁﬁbf Vi+ S Vot Vs)+ Vit piVs + paVe,

where

S E + I R
Vl:S—S*—S*ln—+E—E*—E*1n—+ﬂ2 B3(1 I'—I'ln —)+ 3(R—R*—R*ln—),
S rk&* R*

kI*
V,=E* - 1E£+ﬁ2r;;*ﬁ3(1 I —I'In —) I’f;(R R —R'In 5)

1 1 1
=S =S, Vu==(S -S*+E—-E"), Vs==(I-TI), Vo==(R-R").
3 2( ), Vs 2( + )", Vs 2( ) 6 2( )
By It0°s formula, we obtain
S*O'%
LV, =(1 - §)(A—/31SE—ﬂzSI—ﬂaSR—#S)+ 7
E* or
+(1——)[ﬁlSE+,BZSI+,B3SR—(r+y+aq)E]+ >
,32+/33 I B3 R*o-:‘;
— |- DrE <k+u+az>1]+7} kl*[(l__)(kl pR) + ——|
S*A S _ B.SIE® B:SRE , E”‘ff%
=A—-puS - +uS*t+ —— 2 -BISE" — T % +(r+u+a)E" + >
Bo+PBsp  rEI L oy B KR RO}
+ - +k+pu+a)l + —|+ - — +uR" + ——
rE* [ ;o Tkrar el = | @\~ & TH )
LS =859 S* E*SI EI'
=— EH~—~ 3 _
W PE)Y 5+~ ~ g )

_ S* E'SR TI'E R, 1 B, + o) B3R*
6 (4-"— =" = _ " V4 _|S* 0+ E0t+ 2+ :
A S ES'R  EI RI*) 2[ TiTEo rEr 3T Tk o3l
¢S - S )? . . B + B3I B3R
<—(u+BEY)—2 L 2[5 o>+ E'0? + — ol + o o3
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E*O'%
2

E*
LV, =(1 — —)[ﬁlSE + ST+ B3SR—(r+u+a)E]+

R* 2
ﬁ2r+ﬁ3 {(1 _ —)[I’E (k +u+ a)l] + T} ]f;* [(1 - _)(kl ,UR) + 20-4]
SIE*

= - 1)+/32(—* DG - D+ G B A

SRE* - IR It 3R
_183 S*R'E 123 :33) 53 +,32 +2B5 + [ o5+ b :E'B3) + ﬁ]j]* Uﬁ]

<BiS = SHWE = E") +o(S =S = T") +B3(S = SHR~R) + (B +,3~3)§

* *

~ S 1 E ~ S R
—,82(1+1n§+lnF+lnf)—ﬁ3(1+ln§+lnﬁ+lnf)

— (6, + B3)(1 +In§ +lng)~—[§3(1 +ln1—1* +ln%*)+ﬁ~2+2,8~3
+ E[E 5+ (ﬁz +E€3)I 0'3 + ﬁ;ﬁ O'i]

~ ~ S
=B1(S —SNWE-E)+Bo(S =SHUI =T+ B3(S =SHR-R") + (B> +,33)(§ -1

S

- -~ S

BIS —SHNE-E)+Bo(S =SHU=T) +B3(S = SHR-R") + (> +,33)(§ -1
It LR
(,32 :‘Eﬁs) o +,8]§[* 0'421]
=B1(S =S WE = E*) +Bo(S =SHU=T) + B3(S = SR —R") + (BoI" + B3R")
+ E[E o5+ B2+ B :;3)1*05 + ﬁ;ﬁ*aﬁ],

+ (5 +ﬁ3)lnS— + 2[E* o2+ (B>

+ (5, +ﬁ3)(— -+ [
(S —S*)?
S

where we prove it by using the following inequality x — 1 —Inx > O for x > 0.

LVs=(S —S*YA —BSE —B,SI — 3SR — uS) + %0%52
=—BiS* (S =S WE—E") = Bi(S = S*VE=BoS*(S =S = I') = Bo(S = $)1
—BsS*(S = SR —R") = B3(S = S*VR— (S - S*) + %U%SZ
—BiS(S =S WE—E)=BoS*(S =SHU = I') = B55°(S =S HR-R")
— (=S =S+ (S o2

From the above calculation, it can be concluded that

E2+E3 *
L———V+S58'V,+V.
(/1+,31E* 1+ 2+ 3)
) ) B2 + B . . B+ B)I* BsR*
S_(,U—O-%)(S—S)Z-F(S )zo'%'i'm[s O'?+EO'%+ B 0'§+ e O'i]
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(,8~2 +ﬁ~3)1*0_2 ﬁ~3R* 2]

S* x 2

In the same way, we can calculate

1 1
LVy=(S 8"+ E—ENA—pS = (r+p+ anEl + 5078 + o3 E?

2 0,
1 1
=— (S —S*+E-EY —(r+a)lS —SYWE-E")—(r+a))(E - E*)? +2cr252+5 o2E?
r+a N r+«a . . ;
<—( > L) E-EV +(F52 4+ 03)S — S + (S0t + (B0,

1
LVs =(I - I')[rE — (k + pu + ax)I] + 20312

1
=—(k+pu+a)I—-T)V+r(l - ) E-E")+ Eaglz

S_(k+/1+cx2 r?

2 _71R\2 s
> o3)a I raran € E*Y + (I,

and
—(R — R* _ l 2p2 _ _ _ p*\2 g _ p* l 2p2
LVs =(R — R")(kI — uR) + 20-4R =—u(R-R)Y+k(I-TI')YR-R")+ 20-4R
< (B R)R-RY + -1y wpod
- \p 74 2u 4

It then follows that

r+a ) w lrt+a 2 o Dok 12
L(Va + p1Vs + paVe) <( > +07)S =57 _E( > — 3 )(E - E7) —W(I—I)
- pz(%‘ ~ )R =R + (V0% + (E0% + puI"V03 + pa(R V0

Therefore, it can be obtained that

L[p ( 182 IBﬁl;* V1 + S*VQ + V3) + (V4 + p1V5 + p2V6)]
<_ (I’ +2a’1 )(S g ) (l’ +2a’1 _O_%)(E_E*)z _ p;—/]jz(l—l*)z _pz(%‘ —O'Z)(R—R*)z 5

<—al(S-SYV+E-EY+U-I')*+R-R)]+6

(5.2)
By integrating both sides of (5.2) from O to ¢,
VS, E®),I(1),R(1)  V(S(0), E(0), 1(0), R(0))
t t (5.3)

<-= f [(S(5) = 8" + (E(s) = E)? + (I(s) = I') + (R(s) = R")*}ds + 6.
0
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Applying the expectation on (5.3) yields
EV(S (1), E@),1(1), R(1))

lim sup ;
< —alimsup (% f [(S(s) = S*) + (E(s) = E) + (I(s) = I') + (R(s) — R")*1ds) + 6,
t—c0 0

which implies

(5.4)

QIS

1 !
lim sup (= f X(s) - X"[ds) <
—0o0 t 0

We are now in a position to prove Theorem 5.1.

Proof. By Theorem 3.1, system (1.2) has a unique invariant probability measure u with its invariant
probability density function ¢(-). It follows from (5.4) and the dominated convergence theorem that

. . 1 . S
[ v xPuwdy = £( [ - xPumay) = E(tim ;[ X -xPas) < 65)
Ri Rﬁ t—oo 0 a
Let H be the random variable of i(-), then
Hox . NRY) =1 - P(H -X"| 22

1 .
>1-— ly - X*Pu(dy)
{ dist(y,X*)>¢{

1 *
21__2f y - X Puy)dy
& R$
>1-- forall £>0
- —, fora ,
212

where O(X*,¢) = {z € R? : |z — X*| < ¢}. Therefore, u(x) N 0x—X)as 6 —» 0. In view of
Fatow s lemma,

3

1 (" 0
tlim ;f P(lX(s) - X < %)ds >1- i a.s., (5.6)
—00 0

a

that is, the solition X(¢) is distributed in O(X*, \3/5) ) in a large probability for small 6.
Based on Theorem 4.1, the process {"®*"X}_, has a unique invariant probability measure

L N(Y*, Y), where ey(z)+1n7 — ( ey](z)+1n§*’ eyz(z)+1nE*, ey3(t)+1n7*, ey4(t)+lnﬁ*)T' Then

!
lim 1 | BOBY X X
t—oo 0

where X(i, j) is the ith element of the jth row of X. In view of Theorem 4.1 and Lemma 5.1,
LN (Y*, %) - 0*(x — X*) as 6 — 0. Therefore, it can be deduced that

2 —x 4
ds= [ w-XPoway = Y . 5.7
R}

ij=1

u(x) > LN(X ,X) as 6 — 0. (5.8)
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Here, such weak convergence is established in the sense of the Dirac measure.
It then follows from (5.5) and (5.7) that

2
lim sup —
t—00

<3limsup — f 1X(s) = X"Pds + 3 lim — f X"~ X PPds + 3 lim — f 'X X [ g (5.9)

t—o00 t—oo f

Y(s)+1n7‘ ‘2 ds

( +IX' =X P +Z|z(u>| = K(6).

i,j=1

In fact, };ir% k(0) = 0. Accordingly, the difference of two solutions in the mean sense is small for

sufficiently small 6. The desired statement (i) is obtained by (5.6), (5.8), and (5.9).
For any y € (0, 2], we derived from the Holder inequality that

f ¥ — XPluAy) — D()ldy < fR ¥ — X' Tu)dy + f ¥ - X P O(y)dy

R4 4

<( [,y x o) + f ¥ - X Pamdy)’ < (O (3 i)
RY i,j=1

By virtue of Theorem 4.1, the desired statement (ii) is obtained.
6. Extinction of the stochastic SEIR epidemic model (1.2)

In this section, we establish sufficient conditions under which the disease becomes extinct.

Theorem 6.1. For any initial value (S (0), E(0), 1(0), R(0)) € Rﬁ, if 0'% < 2u, the solution of system (1.2)
has the following properties

(k+p+a)fy + 1B+ o :32+§ﬁ3 Bip ]

1
li -1 <U
N n[ (r+up+a)k+u+a) k+u+0zz u “
where
O'lAﬂ1+j:—lﬁ2+£ﬂ3 1
= ( = & ) ~3 min{os, 03, 03} + mln{& 2 ﬁ—3}(7€0 — DIgy<1)
L /2/1 _ o-f J1 J2 J3
s maxt2 22 PRy~ 1,
J1 J2 J3
and
(k+,u+a2)ﬁ1+r,82+%ﬁ3 ) ﬁ2+§ﬁ3 . _ﬁ_3

= r+u+a)k+up+a) ’ ]2:k+,u+a2’ J3_,u.

If U <0, E(t), I(t), and R(t) will be exponentially extinct with probability one.
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Proof. Since the solution of system (1.2) is positive, by a classical comparison theorem of stochastic
differential equations, it is clear that S(#) < X(¢) a.s., where X(¢) is the solution of the stochastic

logistic equation
dX(t) = [A — uX(t))dt + o1 X(1)d B, (1).

From the result in [28], Eq (6.1) has a stationary solution with density

2A 1+ 2 -2(1+4%) 2A
1) = () AT A DT exp(-2)
g7 g7 g7

From the ergodic theorem, it follows that

1 (" « A
lim — S(s)ds = f vi(v)dv = EX = — a.s.
0 0 H

t—oo

f (V - —)27T(V)dV = ﬁ a.s.
0 M w(Q2u— o)

Define a C?>-function R} — R, as
J(E,I,R) = j1E + j,I + j5R.

Applying Ito's formula, we deduce that

J10mE Jaosl J30 4R
—— = dB,(t) + —————dBx(t) + ———dBu(t
JE LR PO 3 E L O e B0

<L[InJ(E,I,R)]dt + 02dBy(t) + 03dBs(t) + 04dBu(1),

d[InJ(E,I,R)] =L[In J(E, I, R)]dt +

where

Lln J(E, I, R)] :J—JI[BISE + BoST+BSR - (r+ u+a)E] + J7z[rE —(k+ u+ a)]

(j102E)* + (joo3D)?* + (j304R)?
2J?

. A 1
=J—JI(S = DB + Bl + B3R+ 5(Ro = DBIE +Bol + BiR)

B (102E)* + (203D + (j304R)?
2J?

. A 1
ST IS =2 N BE + ol +BsR) + 5(Ro = DBIE + o + 5B

_ (102E)* + (j2o3D)?* + (j304R)?

j3
+_k1_“R_
J( )

2J?
o .
<G+ L+ L1 A e mint® P2 By Dl
2 J3 M Ju J2 3
1
Fmax(PL B2 PR - g -~ min{o2, 02, 02).
Ji J2 I3 6

6.1)

(6.2)
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Integrating from O to ¢ and dividing by 7 on both sides of (6.2) , we obtain that

InJ(E,I,R) <ln J(0)
t Tt

1 j ] ! A 1

=@+ L+ 1) f |S(s) = = | ds — = min{o?, o2, 073}
t J2 J3 0 7 6

Bi B2 B3 Bi B2 B3

+ min{—, —, = }Ro — Dlg,<1) + max{—, —, —}HRo — Dlg,>1)
Ju J2 J3 Ju J2 J3

1 (" 1 [ 1 ("
+ —f 02dB,(s) + — f o3dB;(s) + —f o4dB4(s).
t Jo tJo t Jo

Let M;(t) = fot 0i1dBiy1(s) (i = 1,2,3), which is a real-valued continuous local martingale, M;(0) = 0
and

. (Mi, Mi): _ 5
imsup ———— = 07, < oo as.

t—00

Then, by the strong law of large numbers, we get

M.
lim # =0 as. (6.3)
—00
Since S (¢) is ergodic and fooo va(v)dy < oo, thus
1 [ A « A « A | A
tlim " | S(s)— —|ds = f |v——|7n(v)dv < [f (v — =) a(v)dv]? = L. (6.4)
0 H 0 M 0 H UAf2u — O.%

It follows from (6.3) and (6.4) that

InJ(E,I,R
lim sup%) <U. as.
—o0
If U < 0, one can show that
In E(¢ In I(t In R(¢
lim sup n ) <0, limsup n i) < 0, limsup 1 t() <0a.s.
t—00 t—00 t—00

which implies that

lim E(t) =0, limI(t) =0, limR(#) =0 a.s.
t—00 t—o0

>0
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7. Numerical simulations

In this section, examples are presented to illustrate the above analytical results. According to
Milstein’s Higher Order Method [29], the discretization equation of system (1.2) is as follows:

O'%Sk 2
Sie1 =Sk +[A = BiSiEx — BoSily — BaS iRy — uS JAL + 1S 1&14 VAL + — (& - DA,
‘TgEk 2

Eper = Ex + [BiScEx + BoS il + B3S iRy — (r + 1 + @) E) At + 0 Er i VAT + (&, = DA,

O%Ik 2
Lot = I + [FE; — (k + u + ao) [ At + o3 [iE5 . VAT + — (&= DA,

O'iRk 2
Risr = Ric+ (kl = pROA + 0aRiii VAT + = — (&5, = DAL,
(7.1)

where the time increment At > 0, and &;; (i = 1,2,3,4) are independent Gaussian random variables
with distribution N(0, 1) fork =1,2,3,---.
Example 7.1 Numerical simulations are conducted using the following parameter set:

A=025u=015 r=02, k=02 a =02, a>»=0.15, 1 = 0.8, B> = 0.6, B; = 0.4

with initial value S (0) = E(0) = 1(0) = R(0) = 0.5.
If oy = 05 = 03 = 074 = 0.1, the values of Ry and ROP can be calculated as

Ry =3.80>1 and RS = 3.61 > 1.

For stochastic system (1.2), their solutions have properties similar to the deterministic system in
Figure 1. From their density functions(on the right of Figure 2), we consider that (S (¢), E(¢), I(?), R(t))
has a stationary distribution. As shown in Figure 3, three density curves are plotted based on data with
iteration numbers equal to 50,000, 60,000, and 70,000. The three density curves almost overlap, and
these overlapping curves are the stationary distributions in Theorem 4.1.

Example 7.2 The values of §;, (i = 1,2, 3) are varied, with all other parameters kept unchanged, as
in Example 7.1.

Case A: 3, = 0.2, 5, = 0.08, B; = 0.08;

Case B:g; = 0.25, 5, = 0.16, g5 = 0.1.

For system (1.2), it is easy to calculate that

Ry =0.83 < 1 for Case A and Ry = 1.11 > 1 for Case B.

As can be seen from Figure 4, when Ry is less than 1, the solution E(), I(¢), and R(¢) of the stochastic
model tends to O under suitable perturbation, which is the same as the solution of the ordinary
differential model. From simulation results in Figure 5, if Ry is slightly greater than 1, the solution
E(1),I(t), and R(¢) of the stochastic model tends to 0 under appropriate perturbation, while the solution
of ordinary differential model does not.
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Figure 1. Qualitative nature of numerical solutions to system (1.2). The noise intensities
are: 0y = 0, = 03 = 04 = 0 (deterministic system), and oy = 0, = 03 = 04 = 0.1
(stochastic system).
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Figure 2. Qualitative nature of numerical solutions to system (1.2) foroy = 0, = 03 = 04 =
0.1. The left column reflects numerical simulations of (S (¢), E(¢), I(¢), R(¢)) in stochastic
system (1.2), respectively. The right column shows the histograms and marginal density
functions of S, E, I, and R in system (1.2).
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Figure 3. Density curves of stochastic system (1.2). The red, blue, and green lines represent
the results of iterations of 50,000, 60,000, and 70,000, respectively. All the parameter values
are the same as in Figure 2.
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Figure 4. The extinction of E(?), I(¢), and R(t) for 8; = 0.2, 8, = 0.08, and B3 = 0.08, and
0'120'220'320'4:0.1.
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Figure 5. The extinction of E(¢), I(t), and R(t) for 5; = 0.25, 8, = 0.16, and B3 = 0.1, and
or=0,=03=04=0.1.

8. Conclusions

In this article, we investigate the dynamic behavior of a stochastic SEIR epidemic model with
infectivity during the latent, infectious, and immune periods. Based on this model, we show that
system (1.2) admits a unique positive global solution, and we prove that system (1.2) has a unique
stationary distribution when R{ > 1 by constructing a suitable Lyapunov function. The corresponding
probability density function of system (1.2) around the quasi-stable equilibrium is obtained.

Furthermore, the invariant probability density function corresponding to the stationary distribution
can be globally approximated by the above probability density function. In addition, sufficient
conditions for disease extinction are derived. Numerical simulations indicate that when R, < 1, the
disease becomes extinct in deterministic and stochastic models. When R, is slightly greater than 1,
the disease persists in the deterministic model, whereas in the stochastic model, due to the influence of
random noise, the disease may become extinct.

The stochastic epidemic model considered in this study is constructed based on the corresponding
deterministic model, with parameter settings consistent with those of the original system. To simplify
the model formulation and facilitate theoretical analysis, a common natural mortality rate is assumed
for all compartments. Nevertheless, in practical epidemic transmission processes, different population
groups may possess distinct mortality characteristics. Therefore, incorporating compartment-specific
mortality rates into the present model could provide a more realistic description of disease dynamics
and will be explored in future studies.

Use of Al tools declaration
The authors declare they have not used Artificial Intelligence (AI) tools in the creation of this article.

Electronic Research Archive Volume 34, Issue 8, 5236-5266.



5264

Acknowledgments

The work was supported by Jilin Provincial Science and Technology Development Program Project

(No. 20220101025JC).

Conflict of interest

The authors declare there are no conflicts of interest.

References

10.

11.

Y. Cai, Y. Kang, W. Wang, A stochastic SIRS epidemic model with nonlinear incidence rate, Appl.
Math. Comput., 305 (2017), 221-240. https://doi.org/10.1016/j.amc.2017.02.003

D. H. Nguyen, G. Yin, C. Zhu, Long-term analysis of a stochastic SIRS model with general
incidence rates, SIAM J. Appl. Math., 80 (2020), 814—-838. https://doi.org/10.1137/19M 1246973

G. Lan, S. Yuan, B. Song, The impact of hospital resources and environmental per-
turbations to the dynamics of SIRS model, J. Franklin Inst., 358 (2021), 2405-2433.
https://doi.org/10.1016/j.jfranklin.2021.01.015

K. Qi, D. Jiang, H. Tasawar, A. Alsaedi, Virus dynamic behavior of a stochastic HIV/AIDS
infection model including two kinds of target cell infections and CTL immune responses, Math.
Comput. Simul., 188 (2021), 548-570. https://doi.org/10.1016/j.matcom.2021.05.009

X. Li, X. Mao, G. Yin, Explicit numerical approximations for stochastic differential equations in
finite and infinite horizons: truncation methods, convergence in pth moment and stability, /MA J.
Numer. Anal., 39 (2019), 847-892. https://doi.org/10.1093/imanum/dry015

G. Li, Z. Jin, Global stability of a SEIR epidemic model with infectious force in
latent,infected and immune period, Chaos, Solitons Fractals, 25 (2005), 1177-1184.
https://doi.org/10.1016/j.chaos.2004.11.062

C. Sun, Y. H. Hsieh, Global analysis of an SEIR model with varying population size and vaccina-
tion, Appl. Math. Modell., 34 (2010), 2685-2697. https://doi.org/10.1016/j.apm.2009.12.005

P. J. Witbooi, Stability of an SEIR epidemic model with independent stochastic perturbations,
Physica A, 392 (2013), 4928-4936. https://doi.org/10.1016/j.physa.2013.06.025

C. M. Cluskey, Global stability for an SEIR epidemiological model with varying infectivity and
infinite delay, Math. Biosci. Eng., 6 (2009), 603—610. https://doi.org/10.3934/mbe.2009.6.603

M. De la Sen, A. Ibeas, S. Alonso-Quesada, R. Nistal, On a new epidemic model with
asymptomatic and dead-infective subpopulations with feedback controls useful for Ebola disease,
Discrete Dyn. Nat. Soc., 2017 (2017), 1-22. https://doi.org/10.1155/2017/4232971

B. Zhou, X. Zhang, D. Jiang, Dynamics and density function analysis of a stochastic SVI
epidemic model with half saturated incidence rate, Chaos, Solitons Fractals, 137 (2020), 109865.
https://doi.org/10.1016/j.chaos.2020.109865

Electronic Research Archive Volume 34, Issue 8, 5236-5266.


https://dx.doi.org/https://doi.org/10.1016/j.amc.2017.02.003
https://dx.doi.org/https://doi.org/10.1137/19M1246973
https://dx.doi.org/https://doi.org/10.1016/j.jfranklin.2021.01.015
https://dx.doi.org/https://doi.org/10.1016/j.matcom.2021.05.009
https://dx.doi.org/https://doi.org/10.1093/imanum/dry015 
https://dx.doi.org/https://doi.org/10.1016/j.chaos.2004.11.062
https://dx.doi.org/https://doi.org/10.1016/j.apm.2009.12.005
https://dx.doi.org/https://doi.org/10.1016/j.physa.2013.06.025 
https://dx.doi.org/https://doi.org/10.3934/mbe.2009.6.603 
https://dx.doi.org/ https://doi.org/10.1155/2017/4232971
https://dx.doi.org/https://doi.org/10.1016/j.chaos.2020.109865

5265

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.
22.
23.

24.

25.

26.

27.

28.

S. Rajasekar, M. Pitchaimani, Ergodic stationary distribution and extinction of a stochastic SIRS
epidemic model with logistic growth and nonlinear incidence, Appl. Math. Comput., 377 (2020),
125143. https://doi.org/10.1016/j.amc.2020.125143

N. T. Dieu, V. H. Sam, N. H. Du, Threshold of a stochastic SIQS epidemic model with isolation,
Discrete Contin. Dyn. Syst. - Ser. B, 27 (2022), 5009-5028. https://doi.org/10.3934/dcdsb.2021262

M. De la Sena, S. Alonso-Quesadaa, A. Ibeas, On the stability of an SEIR epidemic model with
distributed time-delay and a general class of feedback vaccination rules, Appl. Math. Comput., 270
(2015), 953-976. https://doi.org/10.1016/j.amc.2015.08.099

Q. Liu, D. Jiang, Stationary distribution of a stochastic cholera model with imperfect vaccination,
Physica A, 550 (2020), 124031. https://doi.org/10.1016/j.physa.2019.124031

T. Caraballo, M. Fatini, M. Khalifi, R. Gerlach, R. Pettersson, Analysis of a stochastic distributed
delay epidemic model with relapse and Gamma distribution kernel, Chaos, Solitons Fractals, 133
(2020), 109643. https://doi.org/10.1016/j.chaos.2020.109643

D. H. Nguyen, N. N. Nguyen, G. Yin, Stochastic functional Kolmogorov equations II: extinction,
J. Differ. Equations, 294 (2021), 1-39. https://doi.org/10.1016/j.jde.2021.05.043

B. Zhou, H. Wang, T. Wang, D. Jiang, Stochastic generalized Kolmogorov systems with small
diffusion: I. Explicit approximations for invariant probability density function, J. Differ. Equations,
382 (2024), 141-210. https://doi.org/10.1016/j.jde.2023.10.057

S. Tian, Y. Zhou, D. Jiang, Dynamical behaviors of a stochastic SIRB model for cholera with
general infection dynamics and Ornstein-Uhlenbeck process, Nonlinear Dyn., 113 (2025), 22043—
22069. https://doi.org/10.1007/s11071-025-11227-8

R. Khasminskii, Stochastic Stability of Differential Equations, 2" edition, Springer, Berlin, 2012.
https://doi.org/10.1007/978-3-642-23280-0

T. C. Gard, Introduction to Stochastic Differential Equations, Marcel Dekker, New York, 1988.
G. Strang, Linear Algebra and Its Applications, 4" edition, Cengage Learning Inc, 2005.

C. Zhu, G. Yin, Asymptotic properties of hybrid diffusion systems, SIAM J. Control Optim., 46
(2007), 1155-1179. https://doi.org/10.1137/060649343

Z. Ma, Y. Zhou, C. Li, Qualitative and stability methods for ordinary differential equations,
Science Press, Beijing, 2015.

B. Han, B. Zhou, D. Jiang, H. Tasawar, A. Alsaedi, Stationary solution, extinction and density
function for a high-dimensional stochastic SEI epidemic model with general distributed delay,
Appl. Math. Comput., 405 (2021), 126236. https://doi.org/10.1016/j.amc.2021.126236

H. Roozen, An asymptotic solution to a two-dimensional exit problem arising in population
dynamics, SIAM J. Appl. Math., 49 (1989), 1793. https://doi.org/10.1137/0149110

C. W. Gardiner, Handbook of Stochastic Methods for Physics, Chemistry and the Natural Sciences,
2" edition, Springer-Verlag, Berlin, 1985.

H. Liu, Q. Yang, D. Jiang, The asymptotic behavior of stochastically perturbed
DI SIR epidemic models with saturated incidences, Automatica, 48 (2012), 820-825.
https://doi.org/10.1016/j.automatica.2012.02.010

Electronic Research Archive Volume 34, Issue 8, 5236-5266.


https://dx.doi.org/https://doi.org/10.1016/j.amc.2020.125143
https://dx.doi.org/https://doi.org/10.3934/dcdsb.2021262
https://dx.doi.org/https://doi.org/10.1016/j.amc.2015.08.099
https://dx.doi.org/https://doi.org/10.1016/j.physa.2019.124031
https://dx.doi.org/https://doi.org/10.1016/j.chaos.2020.109643
https://dx.doi.org/https://doi.org/10.1016/j.jde.2021.05.043
https://dx.doi.org/https://doi.org/10.1016/j.jde.2023.10.057
https://dx.doi.org/https://doi.org/10.1007/s11071-025-11227-8
https://dx.doi.org/https://doi.org/10.1007/978-3-642-23280-0
https://dx.doi.org/https://doi.org/10.1137/060649343
https://dx.doi.org/https://doi.org/10.1016/j.amc.2021.126236
https://dx.doi.org/https://doi.org/10.1137/0149110
https://dx.doi.org/https://doi.org/10.1016/j.automatica.2012.02.010

5266

29. D. J. Higham, An algorithmic introduction to numerical simulation of stochastic differential
equations, SIAM Rev., 43 (2001), 525-546. https://doi.org/10.1137/S0036144500378302

@ AIMS Press

Electronic Research Archive

©2026 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

Volume 34, Issue 8, 5236-5266.


https://dx.doi.org/https://doi.org/10.1137/S0036144500378302
https://creativecommons.org/licenses/by/4.0

	Introduction
	Existence and uniqueness of the global positive solution
	Stationary distribution of the stochastic SEIR epidemic model (1.2)
	Density function of the stochastic SEIR epidemic model (1.2)
	Approximation of the invariant probability density function for the stochastic SEIR epidemic model (1.2)
	Extinction of the stochastic SEIR epidemic model (1.2)
	Numerical simulations
	Conclusions

