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Abstract: This article studies the Coleman-Gurtin thermoelastic model with second-gradient effects
on the temperature from both analytical and numerical perspectives. Semigroup theory is used to
obtain the existence, uniqueness, and continuous dependence of the solutions on the initial parameters.
In the one-dimensional case, the polynomial decay of the solutions is obtained. The numerical analysis
of the problem is then considered. Employing the finite element method to approximate the spatial
variable and the implicit Euler scheme to discretize the time derivatives, fully discrete approximations
of a weak form of the thermoelastic problem are introduced. A discrete stability property and an a
priori error analysis are also provided. Finally, some numerical simulations are presented to show the
numerical behavior of the approximations and the discrete energy.
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1. Introduction

It is very common to describe heat conduction by using Fourier’s law. That is, we juxtapose the
energy equation

cθ̇ = qi,i

with the constitutive relation
qi = κθ,i. (1.1)

In these equations, θ is the temperature, q = (qi) is the heat flux vector, c is the heat capacity, and κ is the
thermal conductivity. Moreover, we denote by a subscript i after a comma the spatial derivative of the
variable with respect to the coordinate xi, and a dot over a variable represents the usual time derivative.
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However, this description has some limitations. For example, these relationships do not take into
account the history of the material. This is why, in the 1970s, different theories for heat conduction
were developed which considered its dependence on history [1, 2]. One such theory is associated with
Coleman and Gurtin [3]. It replaces the classic Fourier law (1.1) with a relation of the form

qi = αθ,i. + (1 − α)
∫ ∞

0
κ1(s)θ,i(t − s)ds, (1.2)

where α is a real number between zero and one, and κ1(s) is the relaxation function.
Although this approach takes into account history effects, it is worth remembering that in recent

years, different heat conduction theories have been introduced considering long-distance effects. It
is appropriate to recall that a possible motivation for this can be found in [4], and that Ieşan [5–8]
has done extensive work developing this type of study by introducing higher-order derivatives into
the constitutive equations and following the basic axiomatics of Green and Naghdi [9–13]. Moreover,
several contributions concerning effects of this kind have been obtained recently (see, e.g., [14–17]).

Inspired by Ieşan’s work, it seems reasonable to extend Coleman and Gurtin’s theory (1.2) using
the constitutive equations

qi = αθ,i + (1 − α)
∫ ∞

0
κ1(s)θ,i(t − s)ds, Gi j = βθ,i j + (1 − β)

∫ ∞

0
κ2(s)θ,i j(t − s)ds

and the energy equation
cθ̇ = qi,i −Gi j,i j,

where β is again a real number bigger than zero but less than one, κ̇2 is a new relaxation function,
and Gi j is a new tensor, which is usual for the second gradient heat conduction theories. It is worth
recalling that that the influence of the temperature at long distances is determined by the existence of
the tensor Gi j

∗.
Given the proposed heat conduction theory, we can naturally consider an associated linear

thermoelastic theory. Our objective in this article is to study different qualitative and numerical
properties for the solutions linked to this theory. Specifically, we propose a system of equations
associated with the Coleman-Gurtin theory with a second gradient for heat conduction. Using the
semigroup theory, we will obtain the existence and uniqueness of the solutions to the problem
associated with this theory as well as an estimate of the decay of the solutions in the one-dimensional
case. An a priori error numerical analysis will be developed by means of the finite element method
and the implicit Euler scheme to provide a fully discrete approximation of a weak form of the above
thermoelastic problem. The discrete stability property and a general a priori error result will be
shown, and we will derive a linear convergence asymptotic behavior under suitable additional regularity
conditions. One-dimensional numerical examples will be also presented.

This paper is structured as follows. In the next section, the thermoelastic problem is presented,
including the Coleman-Gurtin heat conduction theory within the second gradient theory. An existence
and uniqueness result is provided in Section 3 by using the theory of linear semigroup of contractions.
Restricting ourselves to the one-dimensional case, a polynomial energy decay is proved in Section 4.
Then, fully discrete approximations are introduced in Section 5, where the spatial variable is

∗A possible justification of these effects can be found in the introduction of the book by Ieşan and Ciarletta [18].
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approximated employing the finite element method, and the time derivatives are discretized by the
backward Euler scheme. A discrete stability property and an a priori error analysis are shown, which
allows us to obtain the linear convergence of the approximations under suitable additional regularity.
Finally, in Section 6, some numerical simulations are described to demonstrate the accuracy of the
approximations and the decay of the discrete energy involving one-dimensional examples.

2. The strain gradient thermoelastic model with the Coleman-Gurtin law

In what follows, the thermoelastic problem is presented obtained by using the Coleman-Gurtin
model within the second gradient theory. Therefore, let B ⊂ Rd, d = 1, 2, 3 be the thermoelastic
domain, and denote by x ∈ B and t ∈ [0,∞) the spatial and time variables, respectively. In general,
nonlinear theories could be considered (see, e.g., [19, 20]). However, to obtain the results that we
propose, we will restrict ourselves to linear and isotropic materials.

Our aim in this paper is to solve the following thermomechanical problem, which is written in terms
of the displacements of the solid elastic material u and the temperature difference θ.

Find the displacements ui : B × [0,∞)→ R and the temperature field θ : B × [0,∞)→ R such that

ρüi(t) =
(
µui, j(t) + (λ + µ)u j,i(t)

)
, j
− β∗θ,i(t) in B × (0,∞), (2.1)

cθ̇(t) = α∆θ(t) + (1 − α)
∫ ∞

0
κ1(s)∆θ(t − s) ds − β∆2θ(t)

−(1 − β)
∫ ∞

0
κ2(s)∆2θ(t − s) ds − β∗div u̇(t) in B × (0,∞), (2.2)

ui(x, 0) = u0i(x), u̇i(x, 0) = v0i(x) for a.e. x ∈ B, (2.3)
θ(x, 0) = θ0(x) for a.e. x ∈ B, (2.4)
θ(x,−s) = θ̃0(x, s) for a.e. (x, s) ∈ B × (0,∞), (2.5)
ui(x, t) = θ(x, t) = 0, θ,i(x, t)ni = 0 for a.e. x ∈ ∂B, and t ≥ 0, (2.6)

where n = (ni) is the outward normal vector to the boundary ∂B, which is assumed smooth enough
to allow the use of the divergence theorem, and ρ, λ, µ, β∗, c, α, and β are constitutive coefficients.
Moreover, in order to have couplings among the equations, we need to assume that β∗ is different from
zero, although we do not have any restriction on its sign.

Remark 1. A one-dimensional version of Problem (2.1)–(2.6) can be obtained. Thus, the one-
dimensional domain (bar) B = (0, `) is defined with ` > 0, and the one-dimensional thermomechanical
problem is written as follows.

Find the displacements u : [0, `] × [0,∞) → R and the temperature field θ : [0, `] × [0,∞) → R
such that

ρü(t) = µ̃uxx(t) − β∗θx(t) in (0, `) × (0,∞), (2.7)

cθ̇(t) = αθxx(t) + (1 − α)
∫ ∞

0
κ1(s)θxx(t − s) ds − βθxxxx(t)

−(1 − β)
∫ ∞

0
κ2(s)θxxxx(t − s) ds − β∗u̇x(t) in (0, `) × (0,∞), (2.8)
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u(x, 0) = u0(x), u̇(x, 0) = v0(x) for a.e. x ∈ (0, `), (2.9)
θ(x, 0) = θ0(x) for a.e. x ∈ (0, `), (2.10)
θ(x,−s) = θ̃0(x, s) for a.e. (x, s) ∈ (0, `) × (0,∞), (2.11)
u(x, t) = θ(x, t) = θx(x, t) = 0 for x ∈ {0, `} and t ≥ 0, (2.12)

where µ̃ = λ + 2µ, and the subindex is used to indicate the spatial derivative with respect to the
x variable.

3. Existence of solutions

In this section, we want to provide an existence theorem for the Problem (2.1)–(2.6). To this end,
we prove that the solutions to the problem are generated by a semigroup on a suitable Hilbert space.

First, the conditions should be imposed on the constitutive coefficients and functions. Thus, we
assume that

(a) ρ, c, µ, λ + µ, α, and β are positive.
(b) α and β are less than one and bigger than zero.
(c) For a.e. s ∈ R and i = 1, 2, κ̇i(s) < 0, κ̈i(s) > 0, and κ̈i(s) ≤ −Cκ̇i(s) for a positive constant C.

(d) −
∫ ∞

0
sκ̇i(s) ds < ∞ for i = 1, 2.

3.1. Functional frame

In this subsection, the problem is rewritten as a Cauchy problem in a suitable Hilbert space. To
handle with our system, the following auxiliary function is introduced for t ≥ 0 and s > 0:

ηt(s) =

∫ s

0
θ(t − ξ) dξ,

where we omit the dependence with respect to the material point to simplify the notation. It is worth
recalling that this new variable is often called “summed history”.

It will be useful to define

M = {η : R+ → H2
0(B) ; −

∫ ∞

0

∫
B

(
κ̇1(s)|∇η(s)|2 + κ̇2(s)|∆η(s)|2

)
dVds < ∞}.

Here, H2
0(B) is the well-known Sobolev space (see, for instance, [21]).

In this space, we consider the scalar product associated to the norm:

‖η‖2
M

=

∫ ∞

0

∫
B

(
− (1 − α)κ̇1(s)|∇η(s)|2 − (1 − β)κ̇2(s)|∆η(s)|2

)
dVds

The following operator B :M→M is introduced:

Bη = −
∂

∂s
η

with domain Dom(B) = {η ∈ M ; η̇ ∈ M, η(0) = 0}.

Electronic Research Archive Volume 34, Issue 8, 5144–5165.
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A very well-known argument using the equality

κ̇1∇η∇

(
∂η

∂s

)
=

1
2

d
ds

(
κ̇1|∇η|

2
)
−

1
2
κ̈1(s)|∇η|2

allows us to see that

Re{(Bη, η)M} = −
1
2

∫ ∞

0

∫
B

(
(1 − α)κ̈1(s)|∇η(s)|2 + (1 − β)κ̈2(s)|∆η(s)|2

)
dVds.

Based on this functional structure, we introduce the space

H = H1
0(B) × L2(B) × L2(B) ×M,

where L2(B) = [L2(B)]d, H1
0(B) = [H1

0(B)]d, and L2(B) and H1
0(B) are the usual Sobolev spaces. The

spaceH is endowed with an inner product associated with the norm

‖(u, v, θ, η)‖2 =

∫
B

(
ρvivi + µui, jui, j + (λ + µ)ui,iu j, j + cθ2

)
dV + ‖η‖2

M
,

where we have denoted by v = (vi) = u̇ = (u̇i) the velocity field.
In view of Assumptions (a)-(d), this norm is equivalent to the Sobolev norm inH .
Now, we denote by U = (u, v, θ, η), and so, Problem (2.1)–(2.6) is written as a Cauchy problem in

the form
d
dt

U(t) = AU, U(0) = (u0, v0, θ0, η0),

where

AU =



v
ρ−1[µui, j j + (λ + µ)u j, ji − β

∗θ,i]

c−1
[
αθ, j j − βθ,ii j j − (1 − α)

∫ ∞

0
κ̇1(s)η, j j(s) ds

+(1 − β)
∫ ∞

0
κ̇2(s)η, j jii ds − β∗vi,i

]
Bη + θ


.

3.2. Existence of solutions

In this subsection, we show that the operatorA generates a contractive semigroup.
The domain of the operator A consists of the elements of the Hilbert space H such that

v ∈ [H1
0(B)]d, µui, j j + (λ + µ)u j, ji − β

∗θ,i ∈ [L2(B)]d, α∆θ − (1 − α)
∫ ∞

0
κ̇1(s)∆η ds − β∆2θ + (1 −

β)
∫ ∞

0
κ̇2(s)∆2η(s) ds ∈ L2(B), and η ∈ Dom(B). It is clear that the above domain is dense inH .

After the use of the divergence theorem and the boundary conditions, it leads to

Re〈AU,U〉 = −α‖∇θ‖2 − β‖∆θ‖2 + Re〈Bη, η〉M ≤ 0

for every U at the domain of the operator.
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In view of the previous comments, to prove the existence of a semigroup, we only need to show that
zero belongs to the resolvent of the operator. Then, we consider (u∗, v∗, θ∗, η∗) ∈ H , and we need to
solve the system:

v = u∗,
µ∆u + (λ + µ)∇(div u) − β∗∇θ = ρv∗,

α∆θ − β∆2θ − (1 − α)
∫ ∞

0
κ̇1(s)∆η(s) ds + (1 − β)

∫ ∞

0
κ̇2(s)∆2η(s) ds − β∗div v = cθ∗,

Bη + θ = η∗.

Observe that v is easily calculated and also that

∂

∂s
η = −η∗ + θ.

Therefore, it follows that

η(s) = sθ −
∫ s

0
η∗(ξ) dξ.

This leads to the equation

−
(
[α − (1 − α)

∫ ∞

0
sκ̇1(s) ds]∆θ − [β − (1 − β)

∫ ∞

0
sκ̇2(s) ds]∆2θ

)
= −

(
cθ∗ + β∗div u∗

−(1 − α)
∫ ∞

0
κ̇1(s)

∫ s

0
∆η∗(ξ) dξds + (1 − β)κ̇2(s)

∫ s

0
∆2η∗(ξ) dξds

)
.

It is clear that the right-hand side of this expression belongs to H−2(B). On the other hand, the left-hand
side allows us to define the bilinear form

P(θ1, θ2) = α

∫
B
∇θ1∇θ2 dV − (1 − α)

∫
B

( ∫ ∞

0
sκ̇1(s) ds

)
∇θ1∇θ2 dV

+β

∫
B

∆θ1∆θ2 dV − (1 − β)
∫

B

( ∫ ∞

0
sκ̇2(s) ds

)
∆θ1∆θ2 dV.

In view of the assumptions (a)–(d), this form is bounded and coercive in the space H2
0(B). Therefore,

the Lax-Milgram lemma implies the existence of a solution θ satisfying the equation. In fact, it is
obtained that θ ∈ H2

0(B). Thus, the equation

µ∆u + (λ + µ)∇(div u) = ρv + β∗∇θ

also admits a unique solution (again, by using the Lax-Milgram lemma to this last equation). In fact,
there exists a positive constant K such that

‖(u, v, θ, η)‖ ≤ K‖(u∗, v∗, θ∗, η∗)‖,

and the existence of a semigroup follows. This is summarized in the following theorem.

Theorem 2. The operatorA generates a contractive semigroup in the Hilbert spaceH .

It is worth recalling that the existence of a semigroup guarantees existence, uniqueness, and
continuous dependence with respect to the initial data and the supply terms (if they are imposed).
Consequently, we have seen that the problem is well-posed in the sense of Hadamard.

Electronic Research Archive Volume 34, Issue 8, 5144–5165.
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4. Energy decay in the one-dimensional case

In this section, we restrict our attention to the one-dimensional Problem (2.7)–(2.12), and we prove
a polynomial decay estimate for the solutions. Moreover, we assume here that β∗ , 0.

It is worth recalling that the coupling term given by β∗ is not enough to guarantee the exponential
decay of the whole system in the case of second gradient thermoelasticity of type I [22]. Therefore,
exponential (fast) decay cannot be expected in our case, and we instead look for polynomial behavior.

To this end, it will be convenient to recall the characterization of the polynomially stable semigroups
defined by Borichev and Tomilov [23].

Theorem 3. Let {etA}t≥0 be a bounded C0-semigroup in a Hilbert spaceH such that iR ⊂ %(A). For a
fixed r > 0, the following conditions are equivalent:

(a) There exists L0 > 0 such that

||(iLI −A)−1||L(H) ≤ O(|L|r), ∀|L| ≥ L0.

(b) There exists t0 > 0 such that

||etAA−1||L(H) ≤ O(t−1/r), ∀t ≥ t0.

It is also convenient to recall the problem for the one-dimensional case. That is, we must solve
the system

ρü = µ̃uxx − β
∗θx,

cθ̇ = αθxx − (1 − α)
∫ ∞

0
κ̇1(s)ηxx ds − βθxxxx + (1 − β)

∫ ∞

0
κ̇2(s)ηxxxx(s) ds − β∗u̇x,

η̇ = θ −
∂η

∂s
,

where we recall that µ̃ = λ + 2µ. For the sake of clarity in the writing, we use the notation µ instead
of µ̃. Moreover, even if we should impose homogenous boundary conditions, in order to simplify the
analysis, we assume Dirichlet boundary conditions for the displacements u and Neumann conditions
for the temperature θ. That is, we work on the interval [0, `], where ` > 0 denotes the length of the bar,
and we assume that

u(0, t) = u(`, t) = 0 for a.e. t ≥ 0,
θx(0, t) = θx(`, t) = θxxx(0, t) = θxxx(`, t) = 0 for a.e. t ≥ 0.

(4.1)

4.1. Semigroup of contractions and decay

It can be shown that there exists a semigroup of contractions determining the solutions to this
problem with boundary conditions (4.1). In this case, the arguments are very similar to those used in
the previous subsection. However, we prefer to work with these new boundary conditions to simplify
the calculations of the analysis. Moreover, the Hilbert space would be H = H1

0(0, `) × L2(0, `) ×
L2
∗(0, `) ×M∗, where

L2
∗(0, `) = { f ∈ L2(0, `) ;

∫ `

0
f (x) dx = 0},

Electronic Research Archive Volume 34, Issue 8, 5144–5165.
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and

M∗ = {η : [0,∞)→ H2(0, `) ,
∫ `

0

∫ ∞

0
(−κ̇1(s)|ηx(s)|2 − κ̇2(s)|ηxx(s)|2) dsdx < ∞,

and
∫ `

0
η(x, s) dx = 0 for every s}.

In this setting, the inner product is defined in a similar way to that used in the previous section but
in the one-dimensional case. Thus, the proof of the existence of the semigroup is omitted. We recall
that the operator can be now written as

A


u
v
θ

η

 =



v
ρ−1[µuxx − β

∗θx]

c−1
[
αθxx − βθxxxx − (1 − α)

∫ ∞

0
κ̇1(s)ηxx(s) ds

+(1 − β)
∫ ∞

0
κ̇2(s)ηxxxx ds − β∗vx

]
θ −

∂η

∂s


.

Note that the domain of the operator is the subspace made by the elements such that µuxx − β
∗θx ∈

L2(0, `), v0 ∈ H1
0(0, `), θxxx = ηxxx = 0 for x ∈ {0, `}, and αθxx − (1 − α)

∫ ∞

0
κ̇1(s)ηxx ds − βθxxxx +

(1− β)
∫ ∞

0
κ̇2(s)ηxxxx(s) ds ∈ L2(0, `). It is also worth noting that, in this case, we can obtain again that

zero belongs to the resolvent of the operator and that Re〈AU,U〉 ≤ 0. However, the proofs have been
omitted for the sake of clarity and to avoid repetitions.

To prove that the imaginary axis is contained in the resolvent set of the operator, we argue by
contradiction. Let us assume that there exists a real number ξ such that iξ belongs to the spectrum.
Then, there exist a sequence of real numbers ξn → ξ , 0 and a sequence Un = (un, vn, θn, ηn) of unit
vectors in the domain of the operator such that

iξu − v→ 0 in H1(0, `), (4.2)
iξv − ρ−1(µuxx − β

∗θx)→ 0 in L2(0, `), (4.3)

iξθ − c−1(αθxx − (1 − α)
∫ ∞

0
κ̇1(s)ηxx(s) ds − βθxxxx

+(1 − β)
∫ ∞

0
κ̇2(s)ηxxxx(s) ds − β∗vx)→ 0 in L2

∗(0, `), (4.4)

iξη − (θ −
∂η

∂s
)→ 0 in M∗, (4.5)

where the indices have been omitted for simplicity in the notation. Moreover, the dissipation inequality
implies that

θx, θxx,
∫ ∞

0
κ̇1(s)ηx(s) ds,

∫ ∞
0
κ̇2(s)ηxx(s) ds→ 0 in L2

∗(0, `).

By integrating the convergence (4.4) with respect to x and in view of the boundary conditions, we have

βθxxx − (1 − β)
∫ ∞

0
κ̇2(s)ηxxx(s) ds + β∗v→ 0 in L2

∗(0, `).

Electronic Research Archive Volume 34, Issue 8, 5144–5165.
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Now, multiplying by v and applying integration by parts, we obtain

〈βθxxx − (1 − β)
∫ ∞

0
κ̇2(s)ηxxx(s) ds + β∗v, v〉

= −〈βθxx − (1 − β)
∫ ∞

0
κ̇2(s)ηxx(s) ds, vx〉 + β∗‖v‖2 → 0.

As vx is bounded, we conclude that v → 0 in L2(0, `), and returning to (4.3), after multiplication by u,
we obtain that u→ 0 in H1

0(0, `), which yields the desired contradiction.
To prove the asymptotic condition, we assume again that it does not hold. In a similar way, there

exist a sequence of real numbers ξn → ∞ and a sequence (un, vn, θn, ηn) of unit vectors such that

ξ2(iξu − v)→ 0 in H1(0, `),
ξ2(iξv − ρ−1(µuxx − β

∗θx))→ 0 in L2(0, `),

ξ2(iξθ − c−1(αθxx − (1 − α)
∫ ∞

0
κ̇1(s)ηxx(s) ds − βθxxxx

+(1 − β)
∫ ∞

0
κ̇2(s)ηxxxx(s) ds − β∗vx))→ 0 in L2

∗(0, `),

ξ2(iξη − (θ −
∂η

∂s
))→ 0 in M∗.

Once again, the dissipation inequality shows that

ξθx, ξθxx, ξ
∫ ∞

0
κ̇1(s)ηx(s) ds, ξ

∫ ∞
0
κ̇2(s)ηxx(s) ds→ 0 in L2

∗(0, `). (4.6)

Proceeding as before, we obtain

〈βθxxx − (1 − β)
∫ ∞

0
κ̇2(s)ηxxx(s) ds + β∗v, v〉

= −〈βθxx − (1 − β)
∫ ∞

0
κ̇2(s)ηxx(s) ds, vx〉 + β∗‖v‖2

∼ −〈βθxx − (1 − β)
∫ ∞

0
κ̇2(s)ηxx(s) ds, iξux〉 + β∗‖v‖2

= −〈ξ(βθxx − (1 − β)
∫ ∞

0
κ̇2(s)ηxx(s) ds), iux〉 + β∗‖v‖2 → 0,

where the last convergence comes from (4.6) and the boundness of the H1-norm of u.
Therefore, we find that v→ 0 in L2(0, `) and u→ 0 in H1

0(0, `) after multiplication by u. Hence, we
conclude the following.

Theorem 4. The solutions generated by the semigroup associated to the operatorA are polynomially
stable; that is, there exists a positive constant M such that the inequality

‖(u, v, θ, η)‖2
H
≤ Mt−1‖A(u0, v0, θ0, η0)‖2

H

holds.

From a physical point of view, the temperature dissipates the energy of the system. The mechanical
energy becomes thermal energy (note that β∗ , 0). Moreover, the diffusion of the system brings to a
uniform temperature, but the assumption stating that the mean value of the temperature vanishes leads
to the fact that the temperature of the system tends to the equilibrium state.
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5. Numerical analysis of the variational problem

In this section, the original Problem (2.1)–(2.6) must be modified because an infinite memory term
appears. Therefore, Condition (2.5) must be replaced by

θ(x, t) = 0 for a.e. x ∈ B, and t < 0. (5.1)

From Condition (5.1), we can conclude that the memories vanish before the initial time. Therefore,
in order to simplify the calculations, we include it into the integral terms, leading to the following
problem.

Find the displacements ui : B × [0,∞)→ R and the temperature field θ : B × [0,∞)→ R such that

ρüi(t) =
(
µui, j(t) + (λ + µ)u j,i(t)

)
, j
− β∗α̇,i(t) in B × (0,∞), (5.2)

cθ̇(t) = α∆θ(t) + (1 − α)
∫ t

0
κ1(s)∆θ(t − s) ds − β∆2θ(t)

−(1 − β)
∫ t

0
κ2(s)∆2θ(t − s) ds − β∗div u̇(t) in B × (0,∞), (5.3)

ui(x, 0) = u0i(x), u̇i(x, 0) = v0i(x) for a.e. x ∈ B, (5.4)
θ(x, 0) = θ0(x) for a.e. x ∈ B, (5.5)
ui(x, t) = θ(x, t) = 0, θ,i(x, t)ni = 0 for a.e. x ∈ ∂B and t ≥ 0. (5.6)

Finally, making a change of variable within the integral terms, the previous problem can be written
in the following form.

Find the displacements ui : B × [0,∞)→ R and the temperature field θ : B × [0,∞)→ R such that

ρüi(t) =
(
µui, j(t) + (λ + µ)u j,i(t)

)
, j
− β∗α̇,i(t) in B × (0,∞), (5.7)

cθ̇(t) = α∆θ(t) + (1 − α)
∫ t

0
κ1(t − s)∆θ(s) ds − β∆2θ(t)

−(1 − β)
∫ t

0
κ2(t − s)∆2θ(s) ds − β∗div u̇(t) in B × (0,∞), (5.8)

ui(x, 0) = u0i(x), u̇i(x, 0) = v0i(x) for a.e. x ∈ B, (5.9)
θ(x, 0) = θ0(x) for a.e. x ∈ B, (5.10)
ui(x, t) = θ(x, t) = 0, θ,i(x, t)ni = 0 for a.e. x ∈ ∂B and t ≥ 0. (5.11)

Remark 5. As in the second section, a one-dimensional version of Problem (5.7)–(5.11) can be
obtained defining the one-dimensional domain (bar) B = (0, `) with ` > 0. Therefore, the
thermomechanical problem corresponding to the one-dimensional setting is written as follows.

Find the displacements u : [0, `] × [0,∞) → R and the temperature field θ : [0, `] × [0,∞) → R
such that

ρü(t) = µ̃uxx(t) − β∗α̇x(t) in (0, `) × (0,∞), (5.12)
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cθ̇(t) = αθxx(t) + (1 − α)
∫ t

0
κ1(t − s)θxx(s) ds − βθxxxx(t)

−(1 − β)
∫ t

0
κ2(t − s)θxxxx(s) ds − β∗u̇x(t) in (0, `) × (0,∞), (5.13)

u(x, 0) = u0(x), u̇(x, 0) = v0(x) for a.e. x ∈ (0, `), (5.14)
θ(x, 0) = θ0(x) for a.e. x ∈ (0, `), (5.15)
u(x, t) = θ(x, t) = θx(x, t) = 0 for x ∈ {0, `} and t ≥ 0, (5.16)

where we recall that µ̃ = λ+ 2µ, and the subindex has been used to indicate the spatial derivative with
respect to the x variable.

Now, in order to perform the numerical analysis of the second-gradient thermoelastic problem, we
derive its variational formulation. Then, the deformation of the body is studied over a finite time
interval [0,T ], where T > 0 is the final time.

Let us define the variational spaces Y = L2(B), H = [L2(B)]d, Q = [L2(B)]d×d, E = H2
0(B), and

V = [H1
0(B)]d and denote by (·, ·)X and ‖ · ‖X the inner product and norm associated to the Hilbert space

X, respectively.
Therefore, applying the divergence theorem and using the boundary conditions (5.11), the following

weak problem is obtained, written in terms of the velocity field v = u̇ and the temperature θ.
Find the velocity v : [0,T ]→ V and the temperature field θ : [0,T ]→ E such that v(0) = v0 = (v0i),

θ(0) = θ0, and for a.e. t ∈ [0,T ] and for all w ∈ V and r ∈ E,

ρ(v̇(t),w)H + µ(∇u(t),∇w)Q + (λ + µ)(div u(t), div w)Y + β∗(∇θ(t),w)H = 0, (5.17)

c(θ̇(t), r)Y + α(∇θ(t),∇r)H + (1 − α)
(∫ t

0
κ1(t − s)∇θ(s) ds,∇r

)
H

+β(∆θ(t),∆r)Y + (1 − β)
(∫ t

0
κ2(t − s)∆θ(s) ds,∆r

)
Y

+ β∗(div v(t), r)Y = 0, (5.18)

where the displacements u are recovered by the expression

u(t) =

∫ t

0
v(s) ds + u0 with u0 = (u0i). (5.19)

Note that in Problem (5.17)–(5.19), supply terms have not been included, although the analysis
provided in this section could be easily extended to the general case. Anyway, for the sake of generality,
in Section 6, that modification has not been included.

In this section, the variational problem (5.17)–(5.19) will be studied numerically. To this end, we
first provide a numerical scheme based on the classical finite element method and the implicit Euler
scheme, and we derive a discrete stability property and some a priori error estimates.

5.1. Fully discrete approximation

Now, some fully discrete approximations are introduced of the variational problem (5.17)–(5.19).
We proceed with its approximation both in space and time. In a first step, we obtain the spatial
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approximation by using the classical finite element method. Therefore, assume that B represents a
polyhedral domain with a regular triangulation T h (in the sense of [24]), and the finite element spaces
Vh ⊂ V and Eh ⊂ E are defined as follows:

Eh = {rh ∈ C1(B) ∩ E ; rh
|Tr
∈ P3(Tr) ∀Tr ∈ T h},

Vh = {wh ∈ [C(B)]d ∩ V ; wh
Tr ∈ [P1(Tr)]d ∀Tr ∈ T h},

where Pq(Tr) represents the set of polynomials of global degree equal to or less than q for each finite
element Tr. Now, we can define the discrete initial conditions as

uh
0 = Ph

1u0, vh
0 = Ph

1v0, θh
0 = Ph

2θ0,

where Ph
1 and Ph

2 are the finite element interpolation operators over the finite element spaces Vh and
Eh, respectively (see, for details, [24]).

Regarding the discretization of the time derivatives, let 0 = t0 < . . . < T = tN be a uniform partition
of the time interval [0,T] with nodes tn = nk for n = 0, . . . ,N and a time step k = T/N. Furthermore,
let wn = w(tn) be the value of a continuous function w(t) at time t = tn, and for a sequence {wn}

N
n=0, let

δwn = (wn − wn−1)/k be its divided differences.
Applying the well-known implicit Euler scheme, we have the following fully discrete problem.
Find the discrete velocity vhk = {vhk

n }
N
n=0 ⊂ Vh and the temperature field θhk = {θhk

n }
N
n=0 ⊂ Eh such that

vhk
0 = vh

0, θhk
0 = θh

0, and for n = 1, . . . ,N, and wh ∈ Vh and rh ∈ Eh,

ρ(δvhk
n ,w

h)H + µ(∇uhk
n ,∇wh)Q + (λ + µ)(div uhk

n , div wh)Y + β∗(∇θhk
n ,w

h)H = 0, (5.20)

c(δθhk
n , r

h)Y + α(∇θhk
n ,∇rh)H + (1 − α)

(
Ihk
n ,∇rh

)
H

+ β(∆θhk
n ,∆rh)Y

+(1 − β)
(
Jhk

n ,∆rh
)

Y
+ β∗(div vhk

n , r
h)Y = 0, (5.21)

where the discrete displacements uhk
n are recovered by the expression

uhk
n = k

n∑
j=1

vhk
j + uh

0 (5.22)

with Ihk
n and Jhk

n being approximations of the integral terms involving the relaxation functions
defined as

Ihk
n = k

n∑
j=1

κ1(n− j)∇θ
hk
j , (5.23)

Jhk
n = k

n∑
j=1

κ2(n− j)∆θ
hk
j . (5.24)

The existence and uniqueness of the solution to the above fully discrete problem follow from the
well-known Lax-Milgram lemma.
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5.2. An a priori error analysis

In this subsection, a discrete stability property is established, and an a priori error result is derived,
which implies the linear convergence of the approximations under a suitable regularity assumptions on
the continuous solution.

First, we have the following.

Lemma 6. Under the assumptions (a)–(c), we have the following stability estimates:

‖vhk
n ‖

2
H + ‖∇uhk

n ‖
2
Q + ‖div uhk

n ‖
2
Y + ‖θhk

n ‖
2
Y ≤ C for n = 1, . . . ,N,

where C > 0 is a constant which is independent of the discretization parameters.

Proof. First, some terms are estimated involving the discrete velocity. Thus, taking as a test function
in (5.20) wh = vhk

n ∈ Vh, we obtain

ρ(δvhk
n , v

hk
n )H + µ(∇uhk

n ,∇vhk
n )Q + (λ + µ)(div uhk

n , div vhk
n )Y + β∗(∇θhk

n , v
hk
n )H = 0,

and using the estimates that follow from the parallelogram identity

ρ(δvhk
n , v

hk
n )H ≥

ρ

2k

[
‖vhk

n ‖
2
H − ‖v

hk
n−1‖

2
H

]
,

µ(∇uhk
n ,∇vhk

n )Q ≥
µ

2k

[
‖∇uhk

n ‖
2
Q − ‖∇uhk

n−1‖
2
Q

]
,

(λ + µ)(div uhk
n , div vhk

n )Y ≥
λ + µ

2k

[
‖div uhk

n ‖
2
Y − ‖div uhk

n−1‖
2
Y

]
,

we find that
ρ

2k

[
‖vhk

n ‖
2
H − ‖v

hk
n−1‖

2
H

]
+
µ

2k

[
‖∇uhk

n ‖
2
Q − ‖∇uhk

n−1‖
2
Q

]
+
λ + µ

2k

[
‖div uhk

n ‖
2
Y − ‖div uhk

n−1‖
2
Y

]
+ β∗(∇θhk

n , v
hk
n )H ≤ 0.

Now, we proceed with the estimates for the discrete temperature. Choosing rh = θhk
n ∈ Eh as a test

function in (5.21), we have

c(δθhk
n , θ

hk
n )Y + α‖∇θhk

n ‖
2
H + (1 − α)

(
Ihk
n ,∇θ

hk
n

)
H

+ β‖∆θhk
n ‖

2
Y

+(1 − β)
(
Jhk

n ,∆θ
hk
n

)
Y

+ β∗(div vhk
n , θ

hk
n )Y = 0.

Thus, keeping in mind the estimates

c(δθhk
n , θ

hk
n )Y ≥

c
2k

[
‖θhk

n ‖
2
Y − ‖θ

hk
n−1‖

2
Y

]
together with

β∗(div vhk
n , θ

hk
n )Y = −β∗(vhk

n ,∇θ
hk
n )H

and using Young’s inequality, we deduce that

c
2k

[
‖θhk

n ‖
2
Y − ‖θ

hk
n−1‖

2
Y

]
− β∗(vhk

n ,∇θ
hk
n )H + C(‖∇θhk

n ‖
2
H + ‖∆θhk

n ‖
2
Y) ≤ C(‖Ihk

n ‖
2
H + ‖Jhk

n ‖
2
Y),

where C denotes a generic positive constant that may change from line to line, but it remains
independent of the discretization parameters.
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Combining the above two estimates for the velocity and the temperature, we obtain
ρ

2k

[
‖vhk

n ‖
2
H − ‖v

hk
n−1‖

2
H

]
+
µ

2k

[
‖∇uhk

n ‖
2
Q − ‖∇uhk

n−1‖
2
Q

]
+

c
2k

[
‖θhk

n ‖
2
Y − ‖θ

hk
n−1‖

2
Y

]
+
λ + µ

2k

[
‖div uhk

n ‖
2
Y − ‖div uhk

n−1‖
2
Y

]
+ C(‖∇θhk

n ‖
2
H + ‖∆θhk

n ‖
2
Y)

≤ C(‖Ihk
n ‖

2
H + ‖Jhk

n ‖
2
Y).

Multiplying these estimates by k and summing it until n, we have

‖vhk
n ‖

2
H + ‖∇uhk

n ‖
2
Q + ‖div uhk

n ‖
2
Y + ‖θhk

n ‖
2
Y + Ck

n∑
j=1

[
‖∇θhk

j ‖
2
H + ‖∆θhk

j ‖
2
Y

]
≤ Ck

n∑
j=1

(‖Ihk
j ‖

2
H + ‖Jhk

j ‖
2
Y) + C(‖vh

0‖
2
H + ‖uh

0‖
2
V + ‖θh

0‖
2
Y).

Now, in view of assumptions (a)–(c), it holds that

k
n∑

j=1

‖Ihk
j ‖

2
H = k

n∑
j=1

‖k
j∑

l=1

κ1( j−l)∇θ
hk
l ‖

2
H ≤ Ck

n∑
j=1

k
j∑

l=1

‖∇θhk
l ‖

2
H,

k
n∑

j=1

‖Jhk
j ‖

2
Y = k

n∑
j=1

‖k
j∑

l=1

κ2( j−l)∆θ
hk
l ‖

2
Y ≤ Ck

n∑
j=1

k
j∑

l=1

‖∆θhk
l ‖

2
Y .

Finally, using a discrete version of Grönwall’s lemma (see, for instance, [25]), the desired stability
estimates follow.

Now, the numerical analysis of the approximations to Problem (5.17)–(5.19) is provided, obtained
from the fully discrete problem (5.20)–(5.22). This is summarized in the following theorem.

Theorem 7. Let the assumptions (a)–(c) still hold. Denoting by (u, v, θ) the solution to Problem (5.17)–
(5.19) and by {uhk

n , vhk
n , θ

hk
n }

N
n=0 the solution to Problem (5.20)–(5.22), we have the following a priori

error estimates for all {wh
n}

N
n=0 ⊂ Vh and {rh

n}
N
n=0 ⊂ Eh:

max
0≤n≤N

{
‖vn − vhk

n ‖
2
H + ‖∇(un − uhk

n )‖2Q + ‖div (un − uhk
n )‖2Y + ‖θn − θ

hk
n ‖

2
Y

}
≤ Ck

N∑
j=1

[
‖v̇ j − δv j‖

2
H + ‖u̇ j − δu j‖

2
V + ‖θ̇ j − δθ j‖

2
Y + ‖v j − wh

j‖
2
V

+‖θ j − rh
j‖

2
E + ‖Err1 j‖

2
H + ‖Err2 j‖

2
Y

]
+

C
k

N−1∑
j=1

[
‖v j − wh

j − (v j+1 − wh
j+1)‖2H

+‖θ j − rh
j − (θ j+1 − rh

j+1)‖2Y
]

+ C max
0≤n≤N

[
‖vn − wh

n‖
2
H + ‖θn − rh

n‖
2
Y

]
+C

(
‖v0 − vh

0‖
2
H + ‖u0 − uh

0‖
2
V + ‖θ0 − θ

h
0‖

2
Y

)
,

where C denotes a positive constant independent of h and k but dependent on the continuous solution
and the constitutive data, and Err1 j and Err2 j are approximations of the integral terms defined as

Err1 j =

∫ t j

0
κ1(t j − s)∇θ(s) ds − k

j∑
l=1

κ1( j−l)∇θl, (5.25)
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Err2 j =

∫ t j

0
κ2(t j − s)∆θ(s) ds − k

j∑
l=1

κ2( j−l)∆θl. (5.26)

Proof. Evaluating the variational equation (5.17) at t = tn, taking w = wh ∈ Vh ⊂ V and subtracting the
discrete variational equation (5.20), we obtain, for all wh ∈ Vh,

ρ(v̇n − δvhk
n ,wh)H + µ(∇(un − uhk

n ),∇wh)Q

+(λ + µ)(div (un − uhk
n ), div wh)Y + β∗(∇(θn − θ

hk
n ),wh)H = 0.

Thus, we conclude that

ρ(v̇n − δvhk
n , vn − vhk

n )H + µ(∇(un − uhk
n ),∇(vn − vhk

n ))Q

+(λ + µ)(div (un − uhk
n ), div (vn − vhk

n ))Y + β∗(∇(θn − θ
hk
n ), vn − vhk

n )H

= ρ(v̇n − δvhk
n , vn − wh)H + µ(∇(un − uhk

n ),∇(vn − wh))Q

+(λ + µ)(div (un − uhk
n ), div (vn − wh))Y + β∗(∇(θn − θ

hk
n ), vn − wh)H.

Now, applying the parallelogram identity, we deduce that

ρ(δvn − δvhk
n , vn − vhk

n )H ≥
ρ

2k

[
‖vn − vhk

n ‖
2
H − ‖vn−1 − vhk

n−1‖
2
H

]
,

µ(∇(un − uhk
n ),∇(δun − δuhk

n ))Q ≥
µ

2k

[
‖∇(un − uhk

n )‖2Q − ‖∇(un−1 − uhk
n−1)‖2Q

]
,

(λ + µ)(div (un − uhk
n ), div (δun − δuhk

n ))Y

≥
λ + µ

2k

[
‖div (un − uhk

n )‖2Y − ‖div (un−1 − uhk
n−1)‖2Y

]
,

and taking into account that

β∗(∇(θn − θ
hk
n ), vn − wh)H = −β∗(θn − θ

hk
n , div (vn − wh))Y ,

it yields, for all wh ∈ Vh,

ρ

2k

[
‖vn − vhk

n ‖
2
H − ‖vn−1 − vhk

n−1‖
2
H

]
+
µ

2k

[
‖∇(un − uhk

n )‖2Q − ‖∇(un−1 − uhk
n−1)‖2Q

]
+
λ + µ

2k

[
‖div (un − uhk

n )‖2Y − ‖div (un−1 − uhk
n−1)‖2Y

]
− β∗(θn − θ

hk
n , div (vn − vhk

n ))Y

≤ C
(
‖v̇n − δvn‖

2
H + ‖u̇n − δun‖

2
V + ‖vn − wh‖2V + ‖vn − vhk

n ‖
2
H + ‖∇(un − uhk

n )‖2Q
+‖div (un − uhk

n )‖2Y + ‖θn − θ
hk
n ‖

2
Y + (δvn − δvhk

n , vn − wh)H

)
.

Next, we obtain the error estimates for the temperature field. Subtracting the discrete variational
equation (5.21) from the variational equation (5.18) evaluated at t = tn with r = rh ∈ Eh ⊂ E, we
arrive at

c(θ̇n − δθ
hk
n , r

h)Y + α(∇(θn − θ
hk
n ),∇rh)H + (1 − α)

(
In − Ihk

n ,∇rh
)

H
+β(∆(θn − θ

hk
n ),∆rh)Y + (1 − β)

(
Jn − Jhk

n ,∆rh
)

Y
+(1 − α)

(
In − In,∇rh

)
H

+ (1 − β)
(
Jn − Jn,∆rh

)
Y

+β∗(div (vn − vhk
n ), rh)Y = 0,
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where In and Jn denote the evaluation of the integral terms, and In and Jn are their corresponding
approximations defined below:

In =

∫ tn

0
κ1(tn − s)∇θ(s) ds, Jn =

∫ tn

0
κ2(tn − s)∆θ(s) ds,

In = k
n∑

j=1

κ1(n− j)∇θ j, Jn = k
n∑

j=1

κ2(n− j)∆θ j.

Therefore, it follows that, for all rh ∈ Eh,

c(θ̇n − δθ
hk
n , θn − θ

hk
n )Y + α‖∇(θn − θ

hk
n )‖2H

+(1 − α)
(
In − Ihk

n ,∇(θn − θ
hk
n )

)
H

+ β‖∆(θn − θ
hk
n )‖2Y

+(1 − β)
(
Jn − Jhk

n ,∆(θn − θ
hk
n )

)
Y

+ β∗(div (vn − vhk
n ), θn − θ

hk
n )Y

+(1 − α)
(
In − In,∇(θn − θ

hk
n )

)
H

+ (1 − β)
(
Jn − Jn,∆(θn − θ

hk
n )

)
Y

= c(θ̇n − δθ
hk
n , θn − rh)Y + α(∇(θn − θ

hk
n ),∇(θn − rh))H

+(1 − α)
(
In − Ihk

n ,∇(θn − rh)
)

H
+ β(∆(θn − θ

hk
n ),∆(θn − rh))Y

+(1 − β)
(
Jn − Jhk

n ,∆(θn − rh)
)

Y
+ β∗(div (vn − vhk

n ), θn − rh)Y

+(1 − α)
(
In − In,∇(θn − rh)

)
H

+ (1 − β)
(
Jn − Jn,∆(θn − rh)

)
Y
.

Using the estimates

c(δθn − δθ
hk
n , θn − θ

hk
n )Y ≥

c
2k

[
‖θn − θ

hk
n ‖

2
Y − ‖θn−1 − θ

hk
n−1‖

2
Y

]
and recalling that

β∗(div (vn − vhk
n ), θn − rh)Y = −β∗(vn − vhk

n ,∇(θn − rh))H

yields the following estimates:

c
2k

[
‖θn − θ

hk
n ‖

2
Y − ‖θn−1 − θ

hk
n−1‖

2
Y

]
+ C‖∇(θn − θ

hk
n )‖2H + C‖∆(θn − θ

hk
n )‖2Y

+β∗(div (vn − vhk
n ), θn − θ

hk
n )Y

≤ C
(
‖θ̇n − δθn‖

2
Y + ‖θn − rh‖2E + ‖θn − θ

hk
n ‖

2
Y + ‖vn − vhk

n ‖
2
H + ‖Err1n‖

2
H

+‖In − Ihk
n ‖

2
H + ‖Jn − Jhk

n ‖
2
Y + ‖Err2n‖

2
Y + (δθn − δθ

hk
n , θn − rh)Y

)
.

If we combine these estimates for the velocity and the temperature, we obtain, for all wh ∈ Vh and
rh ∈ Eh,

1
2k

[
‖vn − vhk

n ‖
2
H − ‖vn−1 − vhk

n−1‖
2
H

]
+

1
2k

[
‖∇(un − uhk

n )‖2Q − ‖∇(un−1 − uhk
n−1)‖2Q

]
+

1
2k

[
‖div (un − uhk

n )‖2Y − ‖div (un−1 − uhk
n−1)‖2Y

]
+ ‖∇(θn − θ

hk
n )‖2H

+
1
2k

[
‖θn − θ

hk
n ‖

2
Y − ‖θn−1 − θ

hk
n−1‖

2
Y

]
+ ‖∆(θn − θ

hk
n )‖2Y

≤ C
(
‖v̇n − δvn‖

2
H + ‖u̇n − δun‖

2
V + ‖vn − wh‖2V + ‖vn − vhk

n ‖
2
H + ‖∇(un − uhk

n )‖2Q
+‖div (un − uhk

n )‖2Y + ‖θn − θ
hk
n ‖

2
Y + (δvn − δvhk

n , vn − wh)H + ‖Err1n‖
2
H

+‖θ̇n − δθn‖
2
Y + ‖θn − rh‖2E + ‖In − Ihk

n ‖
2
H + ‖Jn − Jhk

n ‖
2
Y + ‖Err2n‖

2
Y

+(δθn − δθ
hk
n , θn − rh)Y

)
.
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Multiplying these estimates by k and applying induction, we have, for all {wh
j}

n
j=1 ⊂ Vh and {rh

j }
n
j=1 ⊂ Eh,

‖vn − vhk
n ‖

2
H + ‖∇(un − uhk

n )‖2Q + ‖θn − θ
hk
n ‖

2
Y + ‖div (un − uhk

n )‖2Y

+k
n∑

j=1

[
‖∇(θ j − θ

hk
j )‖2H + ‖∆(θ j − θ

hk
j )‖2Y

]
≤ Ck

n∑
j=1

(
‖v̇ j − δv j‖

2
H + ‖u̇ j − δu j‖

2
V + ‖v j − wh

j‖
2
V + ‖v j − vhk

j ‖
2
H + ‖Err1 j‖

2
H

+‖div (u j − uhk
j )‖2Y + ‖θ j − θ

hk
j ‖

2
Y + (δv j − δvhk

j , v j − wh
j)H + ‖∇(u j − uhk

j )‖2Q
+‖θ̇ j − δθ j‖

2
Y + ‖θ j − rh

j‖
2
E + ‖I j − Ihk

j ‖
2
H + ‖J j − Jhk

j ‖
2
Y + ‖Err2 j‖

2
Y

+(δθ j − δθ
hk
j , θ j − rh

j )Y

)
+ C(‖v0 − vh

0‖
2
H + ‖u0 − uh

0‖
2
V + ‖θ0 − θ

h
0‖

2
Y).

Finally, using the estimates

k
n∑

j=1

(δv j − δvhk
j , v j − wh

j)H = (vn − vhk
n , vn − wh

n)H + (vh
0 − v0, v1 − wh

1)H

+

n−1∑
j=1

(v j − vhk
j , v j − wh

j − (v j+1 − wh
j+1))H,

k
n∑

j=1

(δθ j − δθ
hk
j , θ j − rh

j )Y = (θn − θ
hk
n , θn − rh

n)Y + (θh
0 − θ0, θ1 − rh

1)Y

+

n−1∑
j=1

(θ j − θ
hk
j , θ j − rh

j − (θ j+1 − rh
j+1))Y ,

k
n∑

j=1

‖I j − Ihk
j ‖

2
H ≤ Ck

n∑
j=1

k
j∑

m=1

‖∇(θm − θ
hk
m )‖2H,

k
n∑

j=1

‖J j − Jhk
j ‖

2
Y ≤ Ck

n∑
j=1

k
j∑

m=1

‖∆(θm − θ
hk
m )‖2Y ,

and a discrete version of Grönwall’s lemma (see, again, [25]) we obtain the desired a priori
error estimates.

It is worth noting that, applying the error estimates provided in Theorem 7, the convergence order
of the approximations given in the fully discrete problem (5.20)–(5.22) can be analyzed. For instance,
if we assume that

u ∈ W3,∞([0,T ]; [L2(B)]d) ∩C2([0,T ]; V) ∩C1([0,T ]; [H2(B)]d),
θ ∈ W2,∞([0,T ]; L2(B)) ∩C1([0,T ]; H2

0(B)) ∩C([0,T ]; H3(B)),

then the linear convergence of the approximations follows; that is, there exists a positive constant
such that

max
0≤n≤N

{
‖vn − vhk

n ‖H + ‖un − uhk
n ‖V + ‖θn − θ

hk
n ‖Y

}
≤ C(h + k).
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6. Numerical simulations in one-dimensional examples

The aim of this section is to describe the numerical scheme implemented in MATLAB for solving
the fully discrete problem (5.20)–(5.22) in the one-dimensional setting. Two numerical examples are
presented: one illustrating the accuracy of the approximations and another one showing the discrete
energy decay.

6.1. Numerical scheme

First, given vhk
n−1 and θhk

n−1 at time tn−1, the variables vhk
n and θhk

n are computed by solving the discrete
linear system, for all wh ∈ Vh and rh ∈ Eh,

ρ

k
(vhk

n ,w
h) + (2µ + λ)k((vhk

n )x,wh
x) =

ρ

k
(vhk

n−1,w
h) − (2µ + λ)((uhk

n−1)x,wh
x)

−β∗((θhk
n )x,wh) + (F1n,wh), (6.1)

c
k

(θhk
n , r

h) + α((θhk
n )x, rh

x) + (1 − α)(κ1(0)k(θhk
n )x, rh

x) + β((θhk
n )xx, rh

xx)

+(1 − β)(κ2(0)k(θhk
n )xx, rh

xx)

=
c
k

(θhk
n−1, r

h) − (1 − α)
n−1∑
j=1

(κ1(n − j)k(θhk
j )x, rh

x)

−(1 − β)
n−1∑
j=1

(κ2(n − j)k(θhk
j )xx, rh

xx) − β
∗((vhk

n )x, rh) + (F2n, rh), (6.2)

where Fi (i = 1, 2) represent artificial supply terms which are introduced in order to make the system
more general. Moreover, in this case, we have denoted by (·, ·) the usual inner product in the one-
dimensional space Y = L2(0, `).

The numerical scheme (6.1) and (6.2) took about 0.68 sec of CPU time on a 2.9 GHz PC using
MATLAB, for a run with parameters h = k = 0.01. Moreover, we recall that k denotes the time step,
and h is the mesh size obtained from a uniform spatial partition.

6.2. First example: Numerical convergence

To demonstrate the accuracy of the approximations, the following example is studied:

T = 1, ρ = 2, µ = 2, λ = 1, α = 0.5, β = 0.5, c = 2, β∗ = 2, κ1(t) = κ2(t) = e−t/2.

Regarding the initial conditions, we consider, for all x ∈ B = [0, 1],

u0(x) = v0(x) = x(x − 1), θ0(x) = x3(x − 1)3,

together with homogeneous Dirichlet boundary conditions for v and θ. Furthermore, the (artificial)
supply terms are defined for all (x, t) ∈ B × (0, 1) by

F1(x, t) = et(12x5 − 30x4 + 24x3 − 4x2 − 2x − 10),
F2(x, t) = et(2x6 − 6x5 − 9x4 + 28x3 + 162x2 − 173x + 34)

−
2
3

(et − e−t/2)(15x4 − 30x3 − 162x2 + 177x − 36).

Electronic Research Archive Volume 34, Issue 8, 5144–5165.



5162

Thus, the exact solution to the above problem can be easily computed and is given by

u(x, t) = etx(x − 1), θ(x, t) = etx3(x − 1)3 ∀(x, t) ∈ B × (0, 1). (6.3)

As a result, the approximation errors estimated by

max
0≤n≤N

{
‖vn − vhk

n ‖Y + ‖un − uhk
n ‖H1(0,1) + ‖θn − θ

hk
n ‖Y

}
(6.4)

and obtained with the exact solution (6.3) are presented in Table 1 for several values of the
discretization parameters h and k. Moreover, the evolution of the numerical errors (6.4) with respect to
h + k, obtained from Table 1, is plotted in Figure 1. We observe that the convergence of the algorithm
is clearly visible, and the linear convergence stated at the end of the previous section is achieved.

Table 1. Example 1: Numerical errors for some values of h and k.

h ↓ k → 0.01 0.005 0.002 0.001 0.0005 0.0002 0.0001
1/23 0.550818 0.551062 0.551417 0.551651 0.551834 0.551982 0.552040
1/24 0.277704 0.277900 0.278264 0.278486 0.278652 0.278813 0.278893
1/25 0.138493 0.138450 0.138531 0.138600 0.138661 0.138722 0.138755
1/26 0.069587 0.069376 0.069394 0.069432 0.069462 0.069489 0.069503
1/27 0.035878 0.035427 0.035398 0.035440 0.035473 0.035498 0.035508
1/28 0.019794 0.019031 0.018928 0.018983 0.019029 0.019063 0.019076
1/29 0.012406 0.011354 0.011145 0.011207 0.011266 0.011309 0.011325
1/210 0.009221 0.007928 0.007613 0.007668 0.007730 0.007769 0.007793
1/211 0.008023 0.006601 0.006174 0.006142 0.006177 0.006331 0.006301

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14

h+k

0
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Figure 1. Example 1: Asymptotic error.

6.3. Second example: energy decay

The purpose of this second example is to numerically demonstrate the polynomial energy decay of
the discrete problem, which was obtained analytically in subsection 4.1.
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We assume now that there are not supply terms, and we consider the following data:

T = 70, ρ = 2, µ = 2, λ = 1, α = 0.5, β = 0.5, c = 2, β∗ = 2, κ1(t) = κ2(t) = e−t/2

along with the initial conditions, for all x ∈ [0, 1],

u0(x) = v0(x) = 10−3x(x − 1), θ0(x) = x3(x − 1)3.

The discrete energy of the problem is defined as

Ehk
n =

1
2

[
ρ‖vhk

n ‖
2 + (2µ + λ)‖(uhk

n )x‖
2 + c‖θhk

n ‖
2

+
n∑

j=1
κ1 j‖(θhk

n − θ
hk
n− j)x‖

2 +
n∑

j=1
κ2 j‖(θhk

n − θ
hk
n− j)xx‖

2
]
.

(6.5)

Thus, taking the discretization parameters h = k = 0.001, the time evolution of the discrete energy (6.5)
is plotted in Figure 2 (in both natural and semi-log scales). On the right-hand side of this figure, the
function log(Ct−1) has been included with C = 2.5 10−5 to illustrate that a polynomial energy decay
is observed.
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Figure 2. Example 2: Time evolution of the discrete energy (natural and semi-log scales).
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