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Abstract: Let H(D) be the class of all analytic functions on D, ¢ be an analytic self-map of D,
uo,uy,. .., up € H(D), and i = (uo,uy,...,uy). In this paper, we studied the operators

n
noo_ J
Pﬁ7(P - ZODMJ7(P’
j:

where Dij,(p is the generalized weighted composition operator

D} of =uj-fWoe, feHD).

To be precise, we characterized the boundedness and compactness of the operators P; 0 acting from

the weighted Dirichlet spaces 2}, to the weighted Bloch spaces for p > 1, and we also calculated the
essential norm of such operators for p > 1.

Keywords: weighted Dirichlet space; weighted Bloch space; polynomial differentiation composition
operator; boundedness; essential norm; compactness

1. Introduction

Let N={1,2,3,...}, No=NU{0}, D= {z € C: [z] < 1} be the open unit disk in the complex
plane C, H(D) be the class of all analytic functions on D, and S(D) be the class of analytic self-maps
of D. For ¢ € S(D), ||@||- is defined as |||« = sup,p |@(2)]-
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Let dA(z) = %dxdy be the standard Lebesgue area measure on D. For 0 < p < 40 and o > —1,
the weighted Bergman space A, consists of all f € H(D) such that

1

171, = ( [ 1f@PdAa(z))" <+o

where dAq(z) = (a+1)(1—2|*)*dA(z). If 0 < p < 1, AL is a complete metric space under the metric
p(f.e)=If— gHZ,,. If p > 1, AL is a Banach space. There are many studies devoted to the weighted
Bergman spaces (seae, for example, [1-5]).

For 0 < p < +o0 and o > —1, the weighted Dirichlet space 2} consists of all f € H(D) such that

1

177 = (15O + [ 17 @1 dAa)" <+

If @ = p—2, 2% is the Besov space (see [4]), usually denoted by B),. Note that since o > —1, B, does

not contain By, and its definition was given, for example, in [4]. If 0 < p < 1, 2} is a complete metric

space under the metric p(f,g) = || f —gl[7,»- If p > 1, Zg is a Banach space. If & = 0, 7, is reduced
o

to the classical Dirichlet space, usually denoted by 2”. From [6], it follows that 2} = AL _ » When
p < a+ 1. Hence, if a > 0, then .@é = Atlx_l. By the duality theorem in [5], we obtain that if & > 0,
then (21)* = %. By [7], (24)* = 9;, where p > 1, %-l—é =1, and B is any number with f > —1.
From these facts, we see that Z% is reflexive for p>1,but .@é 1s not reflexive at least for o > 0.

For a > 0, the weighted Bloch space %% consists of all f € H(D) such that

11580 = sup(1 = [z*)*|f"(2)] < +ee.
zeD

|| - ls is a semi-norm on ZA%*. With the norm || f|| %« = |f(0)| + || /s, % is a Banach space. If
o = 1, then 2% becomes the classical Bloch space, usually denoted by Z. There are many studies
devoted to the weighted Bloch spaces and operators between these spaces. In [8], Madigan et al.
characterized the compact composition operators on the Bloch spaces. Montes-Rodriguez obtained
some estimations of the essential norm of composition operators in [9]. In [10], Zhao further extended
Montes-Rodriguez’s results to the general Bloch-type spaces. In [11], Colonna gave some new
boundedness and compactness criteria for weighted composition operators mapping to Bloch spaces.
In [12], Li considered the difference of generalized composition operators and pointed out that their
compactness requires more refined conditions.
For ¢ € S(D) and u € H(D), the weighted composition operator is defined by

Wiof =u-foe, feHD).

If u = 1, then W, ¢ is reduced to the composition operator, usually denoted by Cy. While, if ¢(z) =z,
then W, ¢ is reduced to the multiplication operator, usually denoted by M,. Weighted composition
operators, including composition operators and multiplication operator, between analytic function
spaces have be studied extensively. Cowen and MacCluer [13] and Shapiro [14] systematically
established the basic theory of composition operators on Hardy, Bergman and Bloch spaces.
Ohno [15] introduced the product of differentiation and composition operators. Du and Zhu [16] and
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Hu et al. [17] gave essential norm estimates of weighted composition operators on the different
spaces. Liu, Rittyd, and Wu studied the compactness of difference of (weighted) composition
operators in [18] and [19]. In [20], Esmaeili and Kellay characterized the boundedness, compactness
and essential norm of weighted composition operators on weighted Bergman and Dirichlet spaces by
using Carleson measure techniques.

Let D be the classical differentiation operator on H (D), that is, Df = f'. Since Wio =M, - Co,
Wy,p is a product operator. Besides this product operator, studying products of concrete linear
operators between analytic function spaces has attracted extensive attention. Hibschweiler and
Portnoy [21] studied composition-differentiation operators on Bergman and Hardy spaces. Li and
Stevi¢ [22] studied this type of operators from H* spaces to a-Bloch spaces. Ohno [23] investigated
the products of differentiation and composition operators on Bloch spaces. Manhas and Zhao [24-26]
systematically studied the products of weighted composition and differentiation operators by
characterizing the boundedness, compactness, and estimates of essential norms.

To generalize the multiplication, composition, and differentiation operators, Stevi¢ and Sharma
in [27, 28] proposed and conducted the studies of the following operator, which is often called the
Stevi¢-Sharma operator:

Tulyu27¢ :MM]C(P +Mu2C(pD (1.1)

Before studying the operators T, 4, ¢, the following six operators have been studied extensively
(see [29,30)).

M,CoD, CoM,D, CoDM,, M,DCy, DM,Cy, DCoM,. (1.2)

Other products containing differentiation operators can also be found in [31, 32] and the related

references therein. It is easy to see that if one studies the operators in (1.2) one by one, it will require

a great deal of time and effort. From the following relations, as we expected, the Stevi¢-Sharma

operator can certainly overcome this malpractice. More precisely, it holds that
MMC(PD = Tovuv(P’ C(PMMD = TO,MO(P,(P? C(PDMM = TM/O(P7uo(p7(p7
MDCo =Toug 9, DMuCop =Ty ugp.9; DCoMu=Twop)y (uop)p'.o-

For some later and continuous studies of the Stevi¢-Sharma operator, see, for example, [33,34].
Stevi€ et al. in [35] further generalized the Stevi¢-Sharma operator in (1.1) and studied the following
operator:

Tt o f(2) = w1 (2 F " (9(2) +w2(2) ) (9(2)), (1.3)

where n € N, which is a sum of two weighted differentiation composition operators (or generalized
weighted composition operators), that is, of the operators in the form

D o f(2) = u(z) P (9(2))

(see, for example, [36-38]). Inspired by the operator in (1.3), Stevi¢ realized and came up with an
idea of studying finite sums of the weighted differentiation composition operators, which is frequently
called the polynomial differentiation composition operator, that is, of the operator

Py f(2) = Z uj(2) 9 (9(2)), (1.4)
j=0
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where n € Ny, ug,uy,...,u, € H(Q), i = (ug,uy,...,u,), € S(D), and Q is a domain (that is, an open
and connected set in C). Recently, this operator has been studied again (see, for example, [39, 40]).
Stevi¢ also proposed studying some n-dimensional analogs (see, for example, [41,42]).

Here, we characterize the boundedness and compactness of Pﬁ’{ 0 acting from the weighted Dirichlet
spaces 2, to the weighted Bloch spaces for p > 1, and we also compute the essential norm for p > 1.
In addition, we mention that compared to other studies (for example, [40]), in this paper we consider
not only the case p > 1, but also the case p = 1.

In this paper, positive numbers are denoted by C, and they may vary in different situations. The
notation a < b (resp., a 2 b) means that there is a positive number C such that a < Cb (resp., a > Cb).
When a < b and b > a, we write a < b.

2. Preliminaries

We provide some known estimates for the point evaluation functional on the weighted Dirichlet
spaces, the first of which was obtained in [43].

Lemma 2.1. Let ot > —1, 0 < p < +oo, and z € D. Then the following statements hold.
(a) If p < ot +2, then

@ s — o
(17
(b) If p=a+72, then
1A llgr
1f(2)| s ﬁ
(1n1—|z|2)p

(c)If p> ot+2, then
f @< 11l zz-

The following result was obtained in [44].

Lemma 2.2, Let o > —1,0 < p < +oo, j €N, and z € D. Then

171l 22

f(]) 7)< 5 ' .
77 (1_‘Z|2)%2+J—1

~

Letw e D and j € N. It follows from [44] that the functions

a2, ;
1 — W2 o

ky,j(z) = ( | |2(3+4 — , €D,
(1—WZ) i +j—1

belong to .@5, and moreover
1K jll 2 < 1.
The following result was obtained in [45].
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Lemma 2.3. Let o« > —1, 0 < p < +oo, and w € D. Then for each k € {0,1,... ,n+ 1}, there exist
CONSIANLS Cy 1,Ck 2, - - Cknt2 SUCh that the function

n+2

Fuk(@) =Y ck jkw,j(2)
=1

satisfies

w) = and fv(vjlz (w)=0

forje{0,1,...;,n+1}\ {k}.

Moreover,
sup || fukll gz < 1.
weD

If p = a+2, we define the functions

In —2—)J
) = —Ew) o

2 i
(In=5m)? /

where j € N. Then, it follows from Lemma 2.6 in [44] that these functions belong to Z%, and moreover
sup [l gz < 1.
weD

The following test function constructed by the functions /,, ; has been obtained in [45].

Lemma 2.4. Let o« > —1, p=a+2, and w € D. Then there exist constants dy,d>, . ..,d,> such that
the function

n+2
gw(@) =Y, dijly.j(2)
j=1

satisfies

forje{l,...,n+1}
Moreover,

sup ||gw||95 s L
weD

The following result is obtained by a direct calculation, and so the proof is omitted.
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Lemma 2.5. Let n € Ny, ug,uy,...,u, € HD), i = (up,uy,...,u,), and ¢ € S(D). Then, for each
f € H(D), it holds that

(Pipf) (2) = up(2)f(¢(2))

+
/N
<
~
—
A\
N—
S
—
N
N—r
_l.
<
~.
J’_
+
—~
4]
N—r
N————
>
~.
+
=
—
s
—~
I3\
N—
N—r

+ un(2)9'(2) f"*

To study compactness of the concrete operators on the function spaces, some applicable
characterizations were obtained (see, for example, [37, 46—49]). Here, as an application of
Corollary 3.2 in [47], we have the following result.

Lemma 2.6. Let 1 < p < +o, o« > —1, B > 0, and the linear operator T : 95 — PP be bounded.
Then T : 95 — BP is compact if and only if T : D8 — BP has the (SC) property.

Let X be a Banach space of analytic functions on D, Y be a Banach space, and the linear operator
T : X — Y be bounded. Lindstrom et al. in [47] pointed out that compactness of 7 : X — Y, when X
is not reflexive, is not a sufficient condition for the property that each bounded sequence (f;) jen in X
such that f; — O uniformly on any compact subset of D as j — +oco implies that T'f; — 0 with respect
to the norm of ¥ as j — oo, This is called the (SC) property. Hence, Lemma 2.6 does not hold for 2.,
since 2, is not reflexive at least for ¢ > 0. But, for Pio: P} — %P, this lemma still holds, which can
be proved by following the arguments, for example, in [50,51]. We give a proof for the completeness.

Lemma 2.7. Let o > —1, B >0, n € Ny, ug,uy,...,u, € HD), i = (up,uy,...,u,), ¢ € S(D), and the
operator Pg(p DL — BB be bounded. Then P£¢ DL — BB is compact if and only ifPLif(p DL — 8P
has the (SC) property. /

Proof. Assume that for any bounded sequence (f;)jen € 9} that converges to zero uniformly on
compact subsets of D, it follows that HP»‘:’l,<pfjH%3 — 0 as j — +oo. Let sup ey || fjlly, =M. Since
there is a positive constant C such that | f(z)| < C||f|4, for every f € 2, we have |f;(z)] < CM on
{z€D: |z| < r} for each j € N. Since every compact subset K of D is contained in {z : |z| < r} for
some r > 0, it follows that (f;) en is uniformly bounded on every compact subset of D. Hence,
Montel’s theorem allows us to choose a subsequence ( fj, )ren of (fj) jen, which converges uniformly
on every compact subset of D to an analytic function f. Then, f]’-k (z) = f'(z) uniformly on compacts
of D as k — +oo, and we have that |f] (z)| — |f'(z)| for every z € D as k — +oco. Then, by Fatou’s
lemma, we have

[\ @ldaa(e) < timint [ 17} (2)ldAa(e) < M <+,

which shows that f € @é. Then (fj, — f)kew is a bounded sequence in .@é and fj, — f — O uniformly
on any compact subset of D as k — +oo. The assumption guarantees that || P (p( fiv = F)llgs — 0as

u’
k — +-eo. This shows that P7 , : P} — AP is compact.
Conversely, assume that P! 0" 9} — %P is compact. Let B be the closed unit ball in 2. The

compactness of P : P}, — 7P means that the set P! <P(B) is a relatively compact subset of P Let
(fj) jen be a bounded sequence converging to zero uniformly on compacts of D as j — +oco. From the
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Cauchy’s estimate, it follows that f J(k) — 0 uniformly on compacts of D as j — 4-oo, for each k € Nj.
We need to prove that ||Pl§’ 0 fillgs — 0 as j — 4-oo. For this goal, it is enough to prove that the zero
function is a unique limit point of the sequence (Pg 0 fj)jen. The compactness implies that there is a

function f € %P such that

Jhm 1P (pfj fll e = (2.1)

By (2.1) and the definition of the norm in 8, we obtain that (0) = 0 and f’(z) = 0 for each z € D,
from which, it follows that f = 0. This shows that the zero function is a unique limit of the sequence

(P i:’l, (pf J )J EN- =
As an application of Lemma 2.6 and 2.7, we have the following result.

Lemma 2.8. Let 1 < p < 4o, & > —1, B >0, n € Ny, up,uy,...,u, € HD), i = (ug,u,...,u),
¢ € S(D), and the operator P 0! Dh — BP be bounded. Then Ply: Db — BB is compact.

Proof. Since P 0" 9% — 7P is bounded, by the proof of Theorem 3.1, we obtain

ol 58 = sup(1 = [2]*)P |upy(z)] < +eo, 22)
z€D
B = sug(l - |z!2)ﬁ]uj(z)(p'(z) + 11 (2)] < oo, (2.3)
z€
for j=0,1...,n—1, and
B, = Su]g(l —[2*)Pun(2) 19’ (2)| < +eo. 2.4
z€

Let (f;)jen be a bounded sequence in 2F such that f 7 — 0 uniformly on the compact subsets of
D as j — +oo. From the Cauchy’s estimate, it follows that f ORI} uniformly on compacts of D as

J — Foo, foreach k € Ny. Specifically, f; ® 0 uniformly on the compact subset Qy = {z: |z| <||@||}
as j — oo, for each k € Ny. Then, from (2.2)—(2.4) and Lemma 2.5, it follows that

i ofillgs = |Piofil )|+SU]D(1—|Z|2)[3 uy(2)£i(9(z))

+ z u(2)9'(2) +uj (@) £ (0) +un@)0' @ f T (0(2)
< ;0 [ (0] 11" (9(0))| + ol 58 gggifmp(z))!
n—1
+) B sup‘f](lJr H—BnSllP’f nH (9(2))]
=0 <z€D
- l_zo [ (0)[| 1 (9(0))] + luo 58 sup 1£i ()]

7€Q
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—f—ZBlSUP‘fH—l }—I—B Sup‘fn_‘—l )|
[

=0 7€Q [0] (p

— 0,

as j — +oo. From Lemma 2.6 and Lemma 2.7, it follows that P} 0" 98 — PP is compact. O
3. Boundedness of P; b — BP

In this section, we characterize the bounded operator P 0" b — BB,

Theorem 3.1. Let 1 < p < 4oo, ¢ > —1, B >0, n € Ny, ug,uy,...,u, € HD), i = (ug,uy,...,uy,),
and @ € S(D). Then the following statements hold.
(a)If p< a+2, then Pg’q’ - Db — BB is bounded if and only if

. 2\B
Lo = sup (1-1¢] )M |up(2)| < oo, (3.1)
€D (1—|o(z)?) »
1— 2\B
Mj = sup (—fzP) e |1 (' (2) + 1y (2)] <Aoo (3.2)

D (1—[p(z)) »
for j=0,1,....n—1, and

(1-[zP)?

<< (1 - |p(2) )
(b)If p=a+2, thenPg(p : 98 — BP is bounded if and only ifMj <+ for j=0,1,...,n, and

1—|z)B
sup—— - juf )] < 4 G4
<P (Inpp)”

2)||¢'(2)] < 4ee. (3.3)

(c)If p> a+?2, then P£<P - 9h — P is bounded if and only if Mj < 4o for j=0,1,...,n, and
uoE@ﬁ.

Proof. (a) Assume that the conditions (3.1), (3.2), and (3.3) hold. For f € 2}, by using Lemma 2.1,
Lemma 2.2, and Lemma 2.5, we have

1P o5 = | (P ) (0)] +Sl€111D3(1 — )P |(P o) (2)]

Plu(2) f(9(2))

0))] + sup(1 - [2)

zeD

+ Z (u, )+ ()19 (9(2) + ()0 ()1 912)
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S —
1 e R T ]
*Zp R _(|1¢§z‘>z|'§>)fr+,- 1/ @)0') +1611(2)

s @)

<( g 0 (p'(o)('(j))'“ +L0+§Mj>||f||@g,

which shows that P} : 9F — %P is bounded.
Conversely, assume that the operator P 0’ 29 — 9P is bounded. By Lemma 2.3, there is a function
fow),0 € Zé such that

1 .
fomm o(@(w)) = e and [ (9(w)) =0 (3.5)
for j=1,2,...,n+ 1. Moreover
sup || fpw).ollgz < 1. (3.6)
weD

From the boundedness of P} 0" 98 — $P ., (3.5), and (3.6), it follows that

_wl2)B
(1 —(|1<P( ‘)IL))M_1 [o(w)l = (1= [wI)P| (P g fom.0)'(w)

< HPL‘Z(pf(p(w),O s BB S ”Pu_r‘l,(pH@g%%B?

from which, we obtain

Letk € {1,2,...,n}. By Lemma 2.3, there is a function Jow)k € 2E such that

—k
(k) _ ¢ (w) () B
Toa®0) = Syt Fofon) e P(W)) =0 (3.7)

forall j € {0,1,...,n+1}\ {k}, and moreover

sup || foow) kll gz < 1. (3.8)

weD
Then, by (3.7) and (3.8), we have

(1—w*)P

(W) [*|ut—1 (W) @' (W) + 1 (w)]

1- 2)P Pﬁ,’l Jow ' = a2
(1= w*)P[(PF p fomya) (W) o))

Electronic Research Archive Volume 34, Issue 8, 5119-5143.
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<P o Fouyilsian < 1PLgll g 0
from which, it follows that

(1= |w*)?
P L2 -1
lo(w)[>1/2 (1 — |@(w)[?) P

w1 (09 00) + )| $ [Pl BO)

Let fy(z) = 1, and then fy € 2%, so we have

sup(1 —[2*)P lup ()| = sup(1 = |2*)P (P} o fo) (2)] < (1P ol < IIPF

| 928
z€D z€D
From this and the boundedness of ¢(z), it follows that
sup(1 - 2P ()@ (@) < 1P oll o o8- (3.10)
ze

Let f1(z) = z, and then f; € 2%, so we have
Sulg(l —[2P)P1(PF o f1) (2)] = Sulg(l — 2P |u(2)9(2) + uo(2) ' (2) + 4, (2)]
z€ 4SS

< 1P pS1ll 28 < Bl 92— - (3.11)
From (3.10), (3.11), and the triangle inequality, it follows that

sup(1 - 121)P |uo(2) @' (2) + 14, (2)| < 1P ol o o8-
ze

Now, assume that for some / € N such that 1 </ < n, we have proved

sup(1 - 2P -1 (2)9' (2) + 1 (2)| < 1P gl 7 0 (3.12)
ze

for 1 < j <I—1 < n. Then, by using the function

l

fil) =7 € 2,

we get

sup(1 — [2*)P| (P4 /1) (2)]

zeD

I,y 1=l i
- jégh — 122 |uj(2) (pl(!Z) +j§) (uj(x)9'(z) + 111 (2)) ((;T—(lz))"

< |1Pi pfill g < 1P ol 2 8- (3.13)

From (3.12), (3.13), and the boundedness of ¢(z), we obtain

sup(1 - 2P -1 (209" (2) +u1 ()] < 1P ol 5 -
ze

Electronic Research Archive Volume 34, Issue 8, 5119-5143.
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This inductive argument shows that

sup(1 - 12)P [uj1 (2)0 (2) + 1(2)] S 1P} ol ooy (3.14)
WS
for j=1,2,...,n. Hence, we have
1—[z]?)B
sp — LT e @) i) < 1B gl g (3.15)

a+2 | -
p@I<1/2(1— @))% !
for j =1,2,...,n. Then, from (3.9) and (3.15), it follows that
1—12)%)B
p PP
€D (1-o(z)|?) » ™

which shows that M; < +oo for j=0,1,...,n—1.
Let k =n+ 1. Then, by using the function fy,,),+ and the boundedness of P; 0" Db — P,
we have

|uj(2)9'(2) + 11 (2)] S 1P gll gy om <+,

(1= DB P oyt ) = — 9= ol ()
(1 o))+

< HPﬁr’l,(png(w),n—i-l H%ﬁ S ||P£¢H_@gﬁ@137

which shows that

(1= )P ) < .
sup aa, [t Q W) < 1B pll 9228 - (3.16)
o) >1/2 (1 — |@(w)[2) 7

Let

Zn—H

(n+1)!

Then, from the boundedness of P} 0" Db — BB, we have

e 9k,

fn—i—l(z) =

n+1
uh(2)o—! (2

sup(1 —[¢")P| (P g 1) (2)| = sup(1 ~ )P ()

zeD zeD

n—1 n—j
+ Z (”j(Z)(DI(Z) + u’j-+1(z)> 9"z +un(2) 9 (2)

j=0 (n—Jj)!
< |Figfat1ll s < 1Pl gp— o8- (3.17)

Hence, from (3.10), (3.14), (3.17), and the boundedness of ¢(z), it follows that

sup(1 - 2P ua(2)119' ()] < 1P gl 7 8- (3.18)
S

From (3.18), it follows that

(1-[z2)8 , \
sup @10 S [P gl o8
9@IS1/2 (1~ |p()2) 7

Electronic Research Archive Volume 34, Issue 8, 5119-5143.
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From this and (3.16), it follows that

_1,]2\B
M, = sup (1 |Z| )(x+2
€D (1—|)P?) » ™

This completes the proof of (a).
(b) Assume that (3.4) holds, and M; < +o for j = 0,1,...,n. For f € 2}, from Lemma 2.1,
Lemma 2.2, and Lemma 2.5, it follows that

lun(2)[|9'(2)] < |1P

98— B < Tt

1P o\l = | (Pl 1) (0)] sup(l - 2P| (P2 o) (2)]

uy(2)f(9(2))

Z ”J'(O)f(j)(‘P(O))‘ +§1€1]g(1 —[z]»)P

J
1 u;i(0 1—|z%)B
< (Z | J( )L — —i—sup ( | | )l_ |M6(Z)‘
i P 2 p 1

M TP

[1j(2)9'(2) + 1y (2)]

a9/ ) 11

4 u;i(0 ! 1 —|z|?)P
(Y Oy s o) i,
p

. oot ——
=0 (I—|@(0)]2) » ™/ j=o ZeD(l“l—vp(z)iz

which shows that P} : 2P — 7P is bounded.
Conversely, assume that PLK; 0" 9k — %P is bounded. By Lemma 2.4, we have that there is a
function gy, € Z¢, such that

1 .
2ot (9(W)) = — and gl (p(w) =0 (3.19)

for j € {1,...,n+ 1}, and moreover

sup gp)ll 2z < 1. (3.20)

From the boundedness of P} 0" 98 — AP, (3.19), and (3.20), it follows that

(1= W)

, ) T lup(w)| = (1= [wl?) VP1PE p8p0w) W)| < 1IPE o8 Il 28 < 1P
n(omr

D BB s
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from which, we obtain

(=1PY i
sup T w0 < 1P pll gz < o
z€D 111(#2 »
1-[o(z)|
The proof of M; < +oo, for j =0,1,...,n, is similar to that of (a), with some technical modifications,

so we will omit it here.
(¢) Assume that (3.4) holds, and M; < oo for j =0,1,...,n. For f € 2%, by using Lemma 2.1,
Lemma 2.2, and Lemma 2.5, we get

1P o8 = | (P ) (0)] +Sg£(1 — 2P o) (2)]

n

Y (007 (9(0))|+sup(1 — |2)P |uy(2) f(9(2))

j=0 zeD

n—1

+ Y (400 + 111 I (9() + ()9 (2" (0(c)

’uj(0)| sun(1 — zﬁu/
Zb(l—|<p(0)|2)“32+f—l Fsup(1 = [z)up(2)

v (1 [z

170 (1= o)) 7

uj(2)9'(2) +uj11(2)]

B
+sup 1191 1119

L ) :
< e+ oll s + Y M) 1l o
(e lelar ) 1

which shows that P} 0" 2 — 7P is bounded.
Conversely, assume that Pg‘ 0" 985 — %P is bounded. Let fo(z) =1, z € D. Then, by the
boundedness of P} , : 98 — BB, we have

Su]g(l — 2P lug(2)| < 1P o foll s < 17
ze

’.@gﬁ%’ﬁ )

that is, ug € 2P.
The remaining part of the proof of the statement is similar to that of (a), with some technical
modifications, so we will omit it here. m]

By this theorem, we can obtain some related results of D£7¢ : P — BP, where j € Ny. To keep
this brief, we will not go into further detail here.

4. Essential norm and compactness of P 0" b — BB

In this section, we study the essential norm of P 0" 2% — 7P Let X and Y be two Banach spaces,
and 7 : X — Y be a bounded linear operator. The essential norm of the operator 7 : X — Y, denoted
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by ||T||e,x—v. is defined by

y = m%f{HT — K ||x—y : H is compact from X to Y }.

Note that if ||@||. < 1, then it follows from Lemma 2.8 that P/ o : b — P is compact. Then, for
this case, we have ||P} ||, sz, s = 0. Hence, we naturally assume [|@l| = 1 in Theorem 4.1.

Theorem 4.1. Let 1 < p < 4o, @ > —1, B >0, n € Ny, ug,uy,...,u, € HD), i = (uo,uy,...,u),
@ €S(D), |@lle =1, and Py, : Db, — B be bounded. Then the following statements hold.
(a) If p < a+2, then

(1—[z[*)P

P !

e Th—AB = Z lim sup |u1-1(2)9(2) + ) ()|

=1lp@)|=1(1—|¢p

+ limsup (1-]eP )
o@I=1 (1=lo()?) 7

+ limsup (- |Z| )aﬂ
le@I=1(1—p(z)2) » ™"

o lh(2)]

| (2)] 19 (2)]. (4.1)

(b) If p=a +2, then

(1—|Z|2)ﬁ / /
| P2 P, g =< Z lim sup CEE |M1—1(Z)<P (Z)+“1(Z)|
i=1le@I=1(1—|@(z)]?) »

1_

+ limsup ( 2’Z| >11|u6(z)|

[o(z)|—1 (lnw)l’

1—|z?)P

trimsup — D@0l

o)I—1 (1—|p(z)[2) % ™"
(c)If p> ot+2, then

P thsup (1—[:)° |ui—1(2) @' () +uj(2))|
e, = o+2 -
T Slewl-t (1- o)) !

_1-12\B
T timsup(1 — 212)P i ()] + limsup — L
10()| 1 e@I-1 (1—|@()?) » ™

Proof. (a) Let (¢(z;)) jen be a sequence in D such that |@(z;)| — 1 as j — +-oo. For each j € N, define

(2) = (1—lo(z;)2) 7+
Js - —  2a+4
(1—9(z)z) 7 !

For each fixed / € {1,2,...,n}, by Lemma 2.3 there exist constants ¢;1,¢;2,...,¢; 42 such that
the function

71
1P o

lun(2)]9'(2)].

, z€D.

n+2

2) =Y cxfix(@)
k=1
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satisfies

l
O o(z)) = = ‘¢(ZJ.()Z‘J§))O‘:2+Z—1 and £} (p(z})) =0

forall I € {0,1,....n+ 1} \ {l}, sup e[| fjll »z < 1, and f; uniformly converges to zero on compact
subsets of D as j — +-oo.

Assume that % : 25 — 2P is compact. By Lemma 2.6, lim;_s 4o ||Z fj|| g6 = 0. From this, it
follows that

1P o = || oy 8 2 limsup |(Pf o, — ) fill s
Joros
> limsup || P7 o, fj | 558 — limsup || f;]]
Jjrteo Jrrteo
= limsup ||P7 , fll 28
Jrtee
1—|z;%)P
Zlimsup ( |Z]’ 0)5—0—2 I—1
e (1= lp(z)P) 7

u-1(2)) @' (z7) + up (z)],

from which, it follows that

(1—z;[»)P

oat2 g
ool

1P% pllo, 25— 58 2 limsup i —1(2) 9" (z)) +u(z))].

it (1= |o(z))1?)

From the arbitrariness of (¢(z;)) jew, it follows that

n 1i (1- ‘Z|2)B ' ' 49
1P llo. 0 28 2 limsup -1 (2)9'(2) +uy(2)]- (4.2)

a2
l9@I=1 (1= |g(z)?) 7 !
For the functions f; x, it follows from Lemma 2.3 that there exist constants d; 1, d; 2, . .., d; 512 such
that the function

n+2

gi() =Y difix()
=1

satisfies
_ ! v _
8i(0(27) = ey and g (9(2) =0
(1=le(z))I*) 7
foralll’ € {1,2,...,n+ 1}, sup e [|gll o2 < 1, and g; uniformly converges to zero on compact subsets

of D as j — +-oo. Thus, by Lemma 2.6, we have lim_, o ||-# g || ;5 = 0. From this, it follows that

1Pip = Nl gp_z8 2 limiup 1(Fig = )8l 2
Joree

> limsup ||} 8l 55 — limsup || 2 ;| s
J—rtoo Jree
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= limsup || P; q)gJ”,@B

J—rtee
. (1= Jz*)”

2 limsup 12 Lﬂflyué)(zj)‘;
e (1=]0(z))|2)

from which, it follows that

TRk
1P glle g o 2 imsup ——
e (1= |g(ey)P)

From the arbitrariness of (¢(z;)) jew, it follows that

1—
g 2 limsup )M — luo(2)]- (43)
le@I=1(1—p()[?) 7

By using the functions f; ; and Lemma 2.3, we also obtain the function %; such that

— N

+1 ?(z)) 4
W (0()) = g, and I (9() =0
(1=1lo(z))[?) »
forall /€ {0,1,....n}, sup ;e ||l o2 < 1, and /2 uniformly converges to zero on compact subsets of

D as j — +oo. Then, by Lemma 2.6, we have lim_, o, || "1}|| ;55 = 0. From this, it follows that

17 o — K N o, 58 2 limsup || (P o — )R] 5

Jriteo

> limsup ||P; o7l 5 — limsup || h; || s
Jrteo Jortoe

= limsup || P /]| 56
J—rtoo
. (1— |z )P

> limsup / | (2119 (2))1,

e (1= |(z)R) 7

from which, it follows that

(1 z;*)?
1P glle. 700 2 limsup ’ [n(27)19'(2))]

e (1= |@(z)2) T

From the arbitrariness of (¢(z;)) jew, it follows that

lun(2)]9'(2)]. (4.4)

D88 R lim sup (1= ‘Z‘z)ﬁ
o+2
) P@1 (1= [pE)P) 7
Hence, it follows from (4.2)—(4.4) that the part “>” in the asymptotic relation (4.5) holds.
On the other hand, assume that () en is a positive sequence, which strictly monotonically
increasingly converges to 1. For every r;, we define the operator

P, of(2) Zuk 9(r0()).
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Since Py, : 2P — P is bounded, it follows from Theorem 3.1 that P o 2P — 2P must be

bounded. Since ||7;¢|| < r; < 1, it follows from Lemma 2.8 that Pgrj 0’ b — P is compact.
Let

lj=|(Pig—Pi, ) fO0)].

Then, we have

||P£¢_P£r_/<p“@gazﬁ: Sup H(ngp i )|l g = sup sup || (P o = P .0).f 1] 28

11l g =1 17l p=12€D
" lopet (lf’f +sup(l - 121*)P |u(2) £ (9(2)) +g ((2)9'(2) + 141 () F" D (9(2))
+u(;d@U““N¢&D—u&dﬂm¢@»

—Z 1 (@)9'(@) 11 (2)) £ (r02)) = ()9 r0(2))|)
fzszf_l[Lﬂj—%sup<1-—\zP>ﬁ(Jua<zM»f<¢<z>>—-fxrj¢<z>n

<+Zhu )+t @) |7 (9() — D r9(2))

+§6(1—rj)\uz(Z)H<P @IV (rj0@)|+ [un@) [0’ @) " (0(2) = V) (rj0(2)]

+u—mnw@m¢@Mﬂ””m¢@ﬂﬂ

<ILij:= sup lp;+h; sup  sup (1—|Z|2)ﬁ(|M6(Z)Hf(<P(Z))—f('”ij(Z))|
I£lp=1 \If\ngg:llw(Z)lgr
+ Z ui(2)9' (2) +ul 1 ()| [ £V (9(2) — FE D (ri0(2)))|

+Z_ZO(1—rj)\uz(Z)H<P @IV (0 @)|+ [un2) |0/ @) | "V (0(2) = ) (rj0(2)]

+ (1= 1) 2)] | @) [ £V (r70(2))] )

+hyi= sup sup (1-122)P (Jug(2)||£(0(2) ~ £(rj0(2))]
1fllgp=110()>r

-+Zh~ 2)+ i) (2| |F TV (0(2) — £V (rj0(2))]

+ZZO(1—U)\W(Z)H<P @IV (0 @)|+ [un(2) |9’ @) | "V (0(2) = D (rj0(2)]

(1= )@ @A 02
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Next, we consider I; j, I> j, and I3 ;, respectively.

By the mean value theorem and the subharmonicity of the derivative of f (k), Lemma 2.1, and

Lemma 2.2, we have

b <|luollyzs sup sup [f(@(z))—f(rjo(2))]
£l gp=110(2)|<r
n—1
+Y B sup  sup [V () - IV (r0(2)]
=0 lflgp=tle@)<r
n—1
+Y sup sup (1—rp)|w(2)|]@' @)V (rj0)]
1=0Ifllgp=tle()<r

+B, sup sup [/ (9(2) = " (rio(2)]
Ifllgp =1 l9() <r

+B, sup sup (1—r))| /" (rj0(2))]
1Mlgp=1lo@)<r

< lluollyzs  sup sup (1—r;)[@(z)] sup |f'(w)]
Ifllgp =110 <r wi<r

n—1
+Y B, sup sup (1—r)|@(z)] sup [fF2 (w)|
=0 l/lgp=tle@)<r wl<r

n_l w(2)||9'(z
Ay wp (1-r) i (2)[|@'( Z"“H
i=0|o(z)|<r (1=rilo@2)P) »

+B, sup sup (1—r))|g(2)] sup [f+ (w)|
£l gp=119()|<r wl<r

l—rj
+ B, sup a7,

lo@I<r (1—r3]@(z)|?) 7
l—rj
WHL‘OHS,@NJF(I—U) a+2+l+1+(1_r]')2
—7r p —
1—r; 1—7;
o Bur+t ” @.5)
(1_r2)7+n+1 (l_rz) ?

_|_

where

M= sup u(2)[|9'(2)] < +ee.
lo(2)|<r

Now, we consider /3 ;. By Lemma 2.2 and Lemma 2.3, we have

1
1-ro(z

< su — 2B !
s sup (1-|2P) »o<z>|((1 T )‘z)apﬂ_l)

9()|>r —lo(2)]?) 7
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n—1 1 1

L e (=P @e @ @I + r3|<p<z>|2>“p””)
+j¥ol(l T s (1— ifll;!zz)‘:ffﬂ (@l @)

" |¢?grl>>r(1 “E el <(1 —| (zl)\"’)a;z” " (1- r%\fp(lz)\z)a;z”)

+=m) s @G (21‘ ;(';’;)f e o)

Similarly, by the mean value theorem and the subharmonicity of the derivative of f *), Lemma 2.1,
and Lemma 2.2, we have

L u(0)]l9(0)]
ey

5 (1o

Ljs(1—rj) 4.7)

Since

177
letting j — 4o in (4.5), (4.6), and (4.7), it follows that

e, 9b— 7P < |’Pﬁr’l7(p - Pz{rﬂp”.@é’%%ﬁ’

n—1 _ 2 B
|e,.@g%;@ﬁ S Z Sup (1 |Z| )a+2+
1=0le@)>r (1 —|@(2)|?) »
1—[z?)P
+ sup (-l )M1|u6(2)|
lp@I>r (1—@(2)2) 7
1—|z]%)P
s sup —UZEDE ) @9
lp@I>r (1—|@(z)[2) 7

L

Jur(2)9' (@) + 1y, (2)]

By letting r — 1 — 0 in (4.8), the part “<” is obtained. This completes the proof of (a).
The remaining parts (b) and (c) of this theorem are similar to the proof of (a), with some technical
modifications, so we will omit them here. O

Remark 4.2. By using the point evaluation estimates, Montel’s theorem, and Fatou’s lemma, the closed
unit balls of 2/, with the compact open topology are compact. Hence, by Theorem 3.3 in [47], there
is a finite-rank operator T : 9} — %P that does not have the (SC) property. Since the finite-rank
operators are compact operators, we see that if p = 1, then the proof is incorrect in the relation “>” in
Theorem 4.1. This may be a difficulty we have not yet overcome.

As an application of Theorem 4.1, we get the following corollary.

Corollary 4.3. Let 1 < p < 4o, a > —1, B >0, n € Ny, ug,uy,...,u, € HD), i = (ug,uy,...,u,),
¢ € S(D), ||@[le = 1, and PZ 0" P — PBP be bounded. Then the following statements hold.

Electronic Research Archive Volume 34, Issue 8, 5119-5143.



5138

(a) If p < a+2, then Pg’(P - b — BP is compact if and only if

_1,12\B
T Gl i S YA
PQ1 (1 [p()2) 5|

1—|z|?)B
TR Gl G AT T 4.9)
@I~ (1—@(z)2) » ™"
and
1—|z?)B
lim (L= 2[%) \ul,l(z)go’(z)ﬂg(z)\:o, (4.10)

PO (1)) 7 !

forl=1,2, ... n
(b) If p=a+72, then ngp : 9P — BP is compact if and only if (4.9) and (4.10) hold, and

1—|z)B
=6 o,
lp(z)|—1 (1n—1_|(§(z)‘2 P

(c)If p> o+2, then P;tl(p - b — BB is compact if and only if (4.9) and (4.10) hold, and

lim  (1-[2*)P lug(2)| = 0.
9(a) 1

Note that if ||@|| < 1, then it follows from Lemma 2.8 that P 0" P — %P is compact. Hence,
we assume |||/ = 1 in the next result.

Theorem 4.4. Let o« > —1, B >0, n € Ny, ug,uy,...,u, € HD), i = (ug,ui,...,u,), ¢ € S(D),
1@l =1, and Py - P, — PBP be bounded. Then Pyt DL, — BP is compact if and only if

N
\(p(lg)ﬂnﬁl (1 — |(p(z)|2)(x+1 |MO(Z>‘ - Oa 4.11)

(1—[z[*)P

o T [P i @Nle @l =0, (4.12)

and

(1—|z[%)P
lim Nati+1
lp(z)|—1 (1 —|0(2)[?)

| -1(2)9'(2) +u(2)| = 0, (4.13)

forl=1,2, ... n
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Proof. Assume that P , : 2, — %P is compact. Then, it is bounded. Forw e Dand I € {1,2,...,n},
let f,,; be the function defined in Lemma 2.3. Then it follows from Lemma 2.2 that the following
relation holds:

(1—1z]*)”
(1—=lo(z)[) e+

w1 (2) @' (W) +uj(2)| < |1P} (4.14)

for |z > 1.
Let (@(zx))kew be such that [@(z;)| — 1 as k — 0. Then, the sequence (fy(;,)/)ken is bounded in

.@& and converges uniformly to zero on compacts of D. Since the operator P 0" 9} — BB is compact,
by Lemma 2.7, we have

—0. (4.15)

kl_1>m |1P; (pf(p (z1),

Since (¢(zx))ken is an arbitrary sequence such that [@(zz)| — 1 as k — oo, it follows from (4.14)
and (4.15) that (4.13) holds.

The remaining (4.11) and (4.12) can be obtained in a similar way to (4.13), with some technical
modifications, so we will omit them here.

Conversely, assume that (4.11), (4.12), and (4.13) hold. From these conditions, it follows that for
arbitrary € > 0, there exists an r € (0, 1) such that

T o <, @16
L2\
(1 _(\l(p(z‘)z‘lz))wm un (2)|| 0" (2)| <€, (4.17)
and
() ui—1(2)9'(2) +uj(2)| <&, (4.18)

(1—=lg(z))2) e+

forall r < |@(z)| < 1.
Let (f;) jen be a bounded sequence in 9\ that uniformly converges to zero on any compact subset

of D as j — +oo. From the Cauchy’s estimate, it follows that ( f;l) ) jen converges to zero uniformly on
compacts of D, as j — 4o, for each [ € Ny. Hence, for the above € > 0, there exists a jo € N such that

A (e(0) <& (4.19)

for each j > jo and eachl € {0,1,...,n}. Additionally, we also have

A (p) <e (4.20)

for all |@(z)| <r, j> jo, and [ € {0,1,...,n}. Since p =1 implies that p < o + 2, it follows from
(4.16)—(4.20), Lemma 2.1, Lemma 2.2, and Lemma 2.5 that

1P o ill 58 = [P (O )HSlelp( — P[P o) ()]
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<Y )]V (@0)]+( sup + sup )(1— PP luh()][f(0)]
1=0 lo)|<r  |o(z)|>r

+( sup + sup )Y ( 1—\1\2)'8]u1,1(z(p )4 u(z Hf 2))|
lp()I<r  lo@@)|>r I=1

+( sup 4 sup ) (1= 22 un( >|\<p'<z>uf}”+”<<p<z>>»
lo@)I<r  |o(z)|>r

Sli:,)|ul(0)!|fy)(¢(0))}+Hu0\|sw sup |£i(9(2))

lp(z)|<r
(1—[z»F g 0)
+ sup lup(2)|+ ) B sup |f;7(¢(z))
o> (1= @()2)e 1T 121 <p(z>|<r| ! |
- (1—[z|*)P )
+) B; sup u—1(2)9"(z) +u(2)
1:21 o> (1= 19(2)[? )“”“‘ |
n (1—1[z[*)P )
+ sup (1—z23unz 0'(z f(H)(pz) + sup un(2)|10'(z
s (=P @Il @ 6@+ s S @)
SE,
for each j > jp. From this and Lemma 2.7, it follows that Pﬁ’{ 0" 9} — %P is compact. O
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