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Abstract: This paper investigates the link exponential synchronization (LES) problem of a class of
discrete-time complex dynamic networks (DTCDNs) which consist of infinite distributed delay, node
complex dynamic subsystems (NCDS), and link complex dynamic subsystems (LCDS) with mutual
coupling relationships. A mathematical induction method is proposed to derive the global exponential
stability criterion of error systems. The obtained LES is described using linear scalar inequalities,
which are very simple and easy to verify based on standard software tools such as YALMIP. Finally, it
was validated through an illustrative example.
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1. Introduction

In recent decades, complex dynamical networks (CDNs) have been extensively studied to model
interconnected systems in nature and engineering. A CDN consists of dynamic nodes connected
through specific interactions, effectively representing real-world systems such as smart grids [1, 2],
social networks [3], smart transportation networks [4], and biological networks [5, 6]. From the
perspective of graph theory [7], a CDN consists of many nodes interconnected by links. The
network’s dynamic behavior is shaped not only by the node dynamics, but also significantly regulated
by the dynamics of the links themselves. For instance, drone networks [8], multiple unmanned
surface vehicles networks [9], biological neural networks [10, 11], web-winding systems [12, 13],

https://www.aimspress.com/journal/era
https://dx.doi.org/10.3934/era.2026226


5103

biological community [14, 15], and so on. Therefore, treating the link connections between nodes as a
relatively independent dynamic subsystem and studying its dynamic characteristics holds significant
practical importance.

In many practical applications, time delays are unavoidable due to finite signal propagation speeds,
communication latencies, or memory effects in physical and biological systems. The presence of
delays can significantly influence network dynamics, potentially destabilizing synchronization or
inducing complex behaviors such as oscillations and bifurcations. Consequently, extensive research
has focused on synchronization in CDNs with various delay types, including constant delays [16–18],
time-varying delays [19], and distributed delays [20, 21]. For instance, in [17], the authors
investigated synchronization in CDNs with discrete-time delays on time scales, providing unified
stability criteria. Similarly, exponentially asymptotic synchronization in uncertain time-delay
networks with multi-links was addressed in [18], while finite-time synchronization with a
time-varying delay and hybrid coupling has been explored in [19]. These works highlight the critical
role of delay effects in synchronization analysis and control.

However, many existing studies tend to focus solely on the dynamic characteristics of nodes, with
controllers primarily applied to nodes to achieve dynamic behaviors such as stabilization or
synchronization, while the connections between nodes are regarded merely as auxiliary and
subordinate factors. For instance, [22] discussed node synchronization under constant connection
relationships, [23] investigated related issues under time-varying and continuous connection
relationships, and [24, 25] explored scenarios with switching connection relationships. In many
real-world scenarios, such as social networks, transportation systems, and network operation
processes, the strength or existence of links changes over time and is often governed by intrinsic
dynamical laws. Traditional approaches typically treat links as static or purely time-varying without
considering their own dynamic evolution. However, as demonstrated in the literature, neglecting the
dynamic characteristics of links can lead to an incomplete understanding, and, in some cases,
synchronization may fail due to the influence of dynamic links [26, 27]. For example, [26] shows that
dynamic coupling connections can cause synchronization loss in CDNs, which has motivated the
study of links as subsystems with their own independent dynamic characteristics, and the
development of control strategies that explicitly account for link behavior.

From a perspective of large-scale systems, a CDN consists of two interconnected subsystems: the
NCDS and the LCDS. By treating the weighted values of links as state variables of the LCDS and
representing the LCDS using differential equations, synchronization is studied not only for node
states but also for the coupling links themselves [28–33]. For instance, the wholly asymptotical
stability of CDNs was investigated by designing both the node controller and the coupling mechanism
of link dynamics in the Lyapunov sense [28]. The asymptotical structural balance of LCDS was
developed by synthesising both the node controller and the whole dynamical behavior of links in [29].
Gao et al. [30] achieved asymptotic state synchronization of NCDS for the DTCDNs by synthesizing
the NCDS controller and LCDS coupling term, using outgoing and incoming link vectors to provide
simpler conditions, better geometric intuition, and easier generalization to nonlinear cases than
matrix-based methods. Because link states are not precisely measurable in practical applications, the
stabilization and synchronization of the NCDS were studied in [31] using the auxiliary role of the
LCDS. Gao et al. [32] formally defined link synchronization and synthesized adaptive control
schemes to achieve it, while Wang et al. [33] investigated state synchronization of controlled nodes
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via link dynamics, modeling the LCDS using a Riccati matrix differential equation. Link dynamics
have also been incorporated into cluster synchronization [34] and outer synchronization [35]
problems, and Zhao et al. [36] extended these ideas to stochastic link dynamics. Moreover, practical
networks often face additional challenges such as uncertain couplings, external disturbances, and even
malicious attacks on communication links. Robust synchronization under such conditions has been
investigated using adaptive and impulsive control strategies [37–39]. For example, reference [38]
studied robust synchronization of Markovian jump CDNs under link attacks using a dynamic
event-triggered control approach, while Liu et al. [39] addressed observer-based secure
synchronization in complex-valued networks under link attacks. These works underscore the
importance of developing synchronization strategies that account for both link dynamics and
external uncertainties.

DTCDNs have gained increasing attention due to their natural fit with digital control systems and
sampled-data communications. Early studies focused on node dynamics and established basic
synchronization criteria using Lyapunov–Krasovskii functionals and LMI techniques [29, 40, 41],
treating the network as an NCDS coupled with an LCDS, often modeled as a Riccati matrix difference
equation. Subsequent research expanded to tracking control of dynamic links [29] and structural
balance in the LCDS [42]. More recently, Liang et al. [43] proposes a dual-event-driven control
scheme for DTCDNs under discontinuous communication, Ma et al. [44] addresses exponential
synchronization of nonlinear DTCDNs with communication delays via a delayed impulsive control
framework, and Li et al. [45] achieve tracking control of DTCDNs with unavailable link states using
an outgoing link vector for greater mathematical convenience. However, most existing approaches
assume link states are measurable or estimable, which is often impractical. Despite these advances,
the study of link synchronization in DTCDNs with time delays remains largely underexplored, and a
systematic method to derive sufficient conditions for LES in such networks is still lacking.

Moreover, in the context of computer simulation, discrete-time networks offer distinct benefits
over their continuous-time counterparts when handling digital information transmission.
Consequently, exploring the dynamical properties of DTCDNs holds considerable importance. Based
on [45], this paper considers DTCDNs with discrete time-varying delays and infinite distributed
delays, and addresses the LES problem for a class of delayed DTCDNs that incorporate both node
and link dynamics. A state feedback control law is proposed to guarantee global exponential stability
of the resulting synchronization error system.

The main contributions of this work are summarized as follows:

(1) The proposed synchronization conditions are reduced to solving only a small number of simple
linear scalar inequalities, which greatly lowers the computational burden.

(2) The controller gains are directly determined from the intrinsic parameters of the DTCDN, making
the design process straightforward and intuitive.

(3) The proposed approach is directly founded on the LES definition, so it obviates the construction
of any Lyapunov–Krasovskii functional.

(4) The proposed approach accommodates more complex and practically relevant delay scenarios,
including discrete time-varying delays and infinite distributed delays.

The remainder of this paper is organized as follows. Section 2 presents the system model and
provides the necessary preliminary information for the problem under study. The main theoretical
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findings, including a novel criterion for LES, are detailed in Section 3. An illustrative numerical
example is given in Section 4 to demonstrate the effectiveness of the proposed results. Finally, Section 5
concludes the paper with a summary of the work.
Notations: The real number and integer set are denoted by R and Z, respectively. Let |S | = [|si j|],
[p, q]Z be the set that contains all the positive integers ranging from p to q. The column-vectorizing
operator is denoted by col(·). Let Rp be the linear space of all p-dimensional column vectors over R.
The symbol Rs

≻ denotes the set of all nonnegative vectors. The symbol C(P1, P2) denotes the set that
consists of all functions φ : P1 → P2. A norm ∥(·, ·)∥sup can be defined by

∥(ζ, ζ̃)∥sup = sup
s∈(−∞,0]Z

max
{
∥ζ(s)∥∞, ∥ζ̃(s)∥∞

}
,

∀ζ ∈ C((−∞, 0]Z,Rn), ∀ ζ̃ ∈ C((−∞, 0]Z,Rm).

2. Model description and preliminaries

Consider the DTCDNs with NCDS and LCDS. The DTCDN is modeled as follows:

xi(t + 1) = Axi(t) +C f (xi(t)) + Dg(xi(t − τi(t))) +
+∞∑
m=1

µmw(xi(t − m))

+σ

N∑
l=1

ζil(t)φl(xl(t)) + u(xi(t)), (2.1a)

ζi(t + 1) = Bζi(t) + H(x(t))xi(t), i ∈ [1,N]Z, t ≥ 0, (2.1b)

where N is the number of nodes, xi(t) = [xi1 xi2 · · · xin]T ∈ Rn is the state vector of ith node, x(t) =
[x1 x2 · · · xN]T ∈ RnN , ζi(t) =

[
ζi1 ζi2 · · · ζiN

]T
∈ RN is the outgoing links vector of ith node, ζ(t) =[

ζ1 ζ2 · · · ζN
]T
∈ RN2

, σ ∈ R is the common coupling strength of DTCDN, which is a given positive
constant, f (·) ∈ Rn, g(·) ∈ Rn, and w(·) ∈ Rn represent the nonlinear vector functions of node state,
φl(xl(t)) ∈ Rn is the inner coupling vector function about node state, A = (apq)n×n, C = (cpq)n×n,
D = (dpq)n×n, and B = (bpq)N×N are constant matrices, u(xi(t)) ∈ Rn and H(x(t)) = (hpq(x(t)))N×n are the
control input for NCDS and coupling term for LCDS, respectively, the positive integer τi(t) denotes
the discrete time-varying delay satisfying τ̌i ≤ τi(t) ≤ τ̂i, and the constant µm ≥ 0 (m = 1, 2, · · · ) satisfy
the following convergent conditions:

+∞∑
m=1

µm < +∞,

+∞∑
m=1

mµm < +∞.

The initial conditions associated with system (2.1) are given by

xi(s) = φi(s) ∈ C((−∞, 0]Z,Rn), i ∈ [1,N]Z, (2.2a)

ζi(s) = ϕi(s) ∈ C((−∞, 0]Z,RN), i ∈ [1,N]Z. (2.2b)
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Node i

ζ̃1i

ζ̃2i

...

ζ̃Ni

ζi1

ζi2

...

ζiN

Outgoing links vector
ζi(t) =

[
ζi1 ζi2 · · · ζiN

]T

Incoming links vector
ζ̃i(t) =

[
ζ̃1i ζ̃2i · · · ζ̃Ni

]T
ζ̃i(t) ζi(t)Node i⇔

Figure 1. The schematic diagram of outgoing and incoming links vectors at the ith node.

Remark 1. In Figure 1, consider a DTCDN consisting of N nodes. Let ζi j(t) ∈ R (i ∈ [1,N]Z,
j ∈ [1,N]Z.) denote the weight of the directed link from node i to node j at time t. In general,
ζi j(t) , ζ ji(t); however, if ζi j(t) = ζ ji(t) holds for all 1 ≤ i, j ≤ N, the network is said to be undirected.
The diagonal entry ζii(t) represents the self-connection weight of the ith node. For each node i, we
define the outgoing links vector as ζi(t) = [ζi1, ζi2, . . . , ζiN]T ∈ RN , and the incoming links vector as
ζ̃i(t) = [ζ1i, ζ2i, . . . , ζNi]T ∈ RN , where i ∈ [1,N]Z.

We impose the following assumptions.

Assumption 1. There are β f
ℓ , β

g
ℓ , β

w
ℓ ∈ R≻ such that fℓ(0) = gℓ(0) = ωℓ(0) = 0, | fℓ(α1) − fℓ(α2)| ≤

β
f
ℓ |α1−α2|, |gℓ(α1)−gℓ(α2)| ≤ βg

ℓ |α1−α2|, |wℓ(α1)−wℓ(α2)| ≤ βw
ℓ |α1−α2| for any ℓ ∈ [1, n]Z, α1, α2 ∈ R,

α1 , α2, where fℓ(·), gℓ(·), and wℓ(·) are the coordinate components of f (·), g(·), and w(·), respectively.

By introducing the node synchronization error e(i j)
i (t) = xi(t) − x j(t) and the link synchronization

error E(i j)
i (t) = ζi(t) − ζ j(t), the error dynamics system can be expressed as follows:

e(i j)
i (t + 1) = Ae(i j)

i (t) +C f ∗(e(i j)
i (t)) + Dg∗(e(i j)

i (t − τi(t)))

+

+∞∑
m=1

µmw∗(e(i j)
i (t − m)) + σ

N∑
l=1

E(i j)
il φl(xl(t))

+u∗(e(i j)
i (t)), (2.3a)

E(i j)
i (t + 1) = BE(i j)

i (t) + H(x(t))e(i j)
i (t), (2.3b)

where
f ∗(e(i j)

i (·)) = f (e(i j)
i (·) + x j(·)) − f (x j(·)),

g∗(e(i j)
i (·)) = g(e(i j)

i (·) + x j(·)) − g(x j(·)),

ω∗(e(i j)
i (·)) = ω(ei j

i (·) + x j(·)) − ω(x j(·)),

u∗(e(i j)
i (·)) = u(ei j

i (·) + x j(·)) − u(x j(·)).

Let

e(i j)
i (t) = col(e(i j)

i1 , e(i j)
i2 , · · · , e(i j)

in ),
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E(i j)
i (t) = col(E(i j)

i1 , E(i j)
i2 , · · · , E(i j)

iN ),

f ∗(e(i j)
i (·)) = col( f ∗1 (e(i j)

i1 (·)), f ∗2 (e(i j)
i2 (·)), · · · , f ∗n (e(i j)

in (·))),

g∗(e(i j)
i (·)) = col(g∗1(e(i j)

i1 (·)), g∗2(e(i j)
i2 (·)), · · · , g∗n(e(i j)

in (·))),

w∗(e(i j)
i (·)) = col(w∗1(e(i j)

i1 (·)),w∗2(e(i j)
i2 (·)), · · · ,w∗n(e(i j)

in (·))).

Thus, we can obtain the component system form of (2.3), expressed as follows:

e(i j)
iℓ (t + 1) =

n∑
k=1

aℓke
(i j)
ik (t) +

n∑
k=1

cℓk f ∗k (e(i j)
ik (t)) +

n∑
k=1

dℓkg∗k(e(i j)
ik (t − τi(t)))

+

+∞∑
m=1

µmw∗ℓ(e
(i j)
iℓ (t − m)) + σ

N∑
l=1

E(i j)
il (t)φlℓ(xlℓ(t))

+u∗ℓ(e
(i j)
iℓ (t)), i ∈ [1,N]Z, ℓ ∈ [1, n]Z, t ≥ 0, (2.4a)

E(i j)
i ȷ (t + 1) =

N∑
l=1

b ȷlE
(i j)
il (t) +

n∑
k=1

h ȷk(x(t))e(i j)
ik (t), ȷ, i ∈ [1,N]Z, t ≥ 0. (2.4b)

Under Assumption 1, we obtain that

| f ∗ℓ (ℏ)| ≤ β f
ℓ |ℏ|, |g

∗
ℓ(ℏ)| ≤ β

g
ℓ |ℏ|, |w

∗
ℓ(ℏ)| ≤ β

w
ℓ |ℏ|,

ℏ ∈ R, ℓ ∈ [1, n]Z. (2.5)

Assumption 2. The inner coupling vector function φl(xl(t)) and coupling term H(x(t)) are bounded.
Furthermore, there exits known constants φ̂lℓ and ĥ ȷk such that the following inequality is satisfied:

|φlℓ(xlℓ(t))| ≤ φ̂lℓ, |h ȷk(x(t))| ≤ ĥ ȷk, l, ȷ ∈ [1,N]Z, ℓ, k ∈ [1, n]Z, (2.6)

where φl(xl(·)) = col(φl1(xl(·)), φl2(xl(·)), · · · , φln(xl(·))).

Definition 1. If there exist γ, µ ∈ R≻ and controller u(xi(t)) such that the arbitrary solution
(e(i j)

i (t), E(i j)
i (t)) of the error dynamical system (2.4), satisfying∥∥∥(e(i j)

i (t), E(i j)
i (t))

∥∥∥ ≤ µe−γt ∥∥∥∥(e(i j)∗

i , E(i j)∗

i )
∥∥∥∥

sup
,∀t ∈ [0,∞)Z, i, j ∈ [1,N]Z,

where (e(i j)∗

i , E(i j)∗

i ) ∈ C((−∞, 0]Z,RN) × C((−∞, 0]Z,RN) is the initial functions corresponding to the
solution (e(i j)

i (t), E(i j)
i (t)), then the DTCDN with NCDS (2.1a) and LCDS (2.1b) is LES.

The goal of this paper is to construct a state feedback controller taking the form

u(xi(t)) = (R − A)xi(t),R = (rpq)n×n, i ∈ [1,N]Z, t ∈ [0,∞)Z (2.7)

to make the DTCDN (2.1) achieve LES, where rpq represents the unknown controller gains to be solved.
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3. Main results

Set

Ξβ = |C|Π1 + eβτ̂i |D|Π2 + αΠ3 + |R| + Θβ,n, Φ = σ[φ̂ℓ ȷ],

Ξ̃β = |B| + Θβ,N , B = [b ȷℓ], H̃ = [ĥ ȷℓ],

Θβ,k = −e−βIk, α =

+∞∑
m=1

µmeβm,

Π1 = diag(β f
1 , . . . , β

f
n), Π2 = diag(βg

1, . . . , β
g
n),

Π3 = diag(βw
1 , . . . , β

w
n ).

Theorem 1. If there exists ẽi ∈ R
n
≻, Ẽi ∈ R

N
≻ and β ∈ R≻ such that

Ξβẽi + ΦẼi ⪯ 0, (3.1)

Ξ̃βẼi + H̃ẽi ⪯ 0, (3.2)

then the error system (2.4) is globally exponentially stable, that is, the DTCDN (2.1) achieves LES via
the controllers in (2.7).

Remark 2. The exponential decay rate β in Theorem 1 quantifies the synchronization speed. A larger β
yields faster convergence. The feasible β depends on the delay bounds τ̌i, τ̂i and the infinite distributed
delay coefficients µm. Specifically, larger upper discrete delays τ̂i introduce additional exponential
weighting eβτ̂i in Ξβ, which tightens Inequality (3.1) and reduces the maximal allowable β. Similarly,
slower-decaying µm (i.e., larger

∑∞
m=1 mµm) increases α =

∑∞
m=1 µmeβm, also limiting β. Thus, networks

with shorter discrete delays and faster-decaying distributed delays achieve faster synchronization.

Remark 3. Unlike LMI-based approaches [29, 40] that require solving high-dimensional matrix
inequalities, our method reduces synchronization conditions to simple linear scalar Inequalities (3.1)
and (3.2), significantly lowering computational burden. Compared with adaptive control
methods [45] that involve dynamic gain update laws, our controller gains are directly determined
from system parameters. Moreover, unlike most existing works that treat link dynamics as measurable
or ignore infinite distributed delays [30, 32], our method explicitly handles both node and link
synchronization under infinite distributed delays without constructing any
Lyapunov–Krasovskii functional.

Proof. Choose a scalar Υ > 0 such that

Υẽi ≻ [1 · · · 1]T , ΥẼi ≻ [1 · · · 1]T .
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Suppose (e(i j)
i (t), E(i j)

i (t)) is the solution of (2.4). For any fixed e(i j)∗

i ∈ C((−∞, 0]Z,Rn) and E(i j)∗

i ∈

C((−∞, 0]Z,RN), define

êi(t) = Υ∥(e
(i j)∗

i , E(i j)∗

i )∥supe−βtẽi, t ∈ (−∞,∞)Z, (3.3)

Êi(t) = Υ∥(e
(i j)∗

i , E(i j)∗

i )∥supe−βtẼi, t ∈ (−∞,∞)Z, (3.4)

where (e(i j)∗ , E(i j)∗) serve as the initial functions.
Next, mathematical induction is employed to prove the following expression:

|e(i j)
i (t)| ⪯ êi(t), |E

(i j)
i (t)| ⪯ Êi(t), t ∈ (−∞,∞)Z. (3.5)

Evidently, based on the definition of ∥ · ∥sup and the selection of Υ, it follows that:

|e(i j)
i (q)| ⪯ êi(q), |E(i j)

i (q)| ⪯ Êi(q), q ∈ (−∞, 0]Z.

Suppose that when t ≤ q, q ≥ 0, Inequality (3.5) holds. When t = q + 1, using (2.4a), (2.5), (2.7),
and Assumption 2, we get

|e(i j)
iℓ (q + 1)| ≤

n∑
k=1

|rℓk||e
(i j)
ik (q)| +

n∑
k=1

|cℓk|| f ∗k (e(i j)
ik (q))| +

n∑
k=1

|dℓk||g∗k(e(i j)
ik (q − τi(q))|

+

+∞∑
m=1

µm|w∗ℓ(e
(i j)
iℓ (q − m))| + σ

N∑
ȷ=1

|φℓ ȷ(xℓ ȷ(q))||E(i j)
i ȷ (q)|

≤

n∑
k=1

|rℓk||e
(i j)
ik (q)| +

n∑
k=1

|cℓk|β
f
k |e

(i j)
ik (q))| +

n∑
k=1

|dℓk|β
g
k |e

(i j)
ik (q − τi(q))|

+

+∞∑
m=1

µmβ
w
ℓ |e

(i j)
iℓ (q − m)| + σ

N∑
ȷ=1

φ̂ℓ ȷ|E
(i j)
i ȷ (q)|,

i ∈ [1,N]Z, ℓ ∈ [1, n]Z.

By applying the inductive hypothesis, we can derive

|e(i j)
iℓ (q + 1)| ≤

n∑
k=1

|rℓk||êik(q)| +
n∑

k=1

|cℓk|β
f
k |êik(q))| +

n∑
k=1

|dℓk|β
g
k |êik(q − τi(q))|,

+

+∞∑
m=1

µmβ
w
ℓ |êiℓ(q − m)| + σ

N∑
ȷ=1

φ̂ℓ ȷ|Êi ȷ(q)|,

i ∈ [1,N]Z, ℓ ∈ [1, n]Z. (3.6)

By substituting Eqs (3.3) and (3.4) into (3.6), we obtain
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|e(i j)
iℓ (q + 1)| ≤

n∑
k=1

|rℓk|Υ∥(e
(i j)∗

i , E(i j)∗

i )∥supe−βqẽik

+

n∑
k=1

|cℓk|β
f
kΥ∥(e

(i j)∗

i , E(i j)∗

i )∥supe−βqẽik

+

n∑
k=1

|dℓk|β
g
kΥ∥(e

(i j)∗

i , E(i j)∗

i )∥supe−β(q−τ̂i)ẽik

+

+∞∑
m=1

µmβ
w
ℓΥ∥(e

(i j)∗

i , E(i j)∗

i )∥supe−β(q−m)ẽiℓ

+σ

N∑
ȷ=1

φ̂ℓ ȷΥ∥(e
(i j)∗

i , E(i j)∗

i )∥supe−βqẼi ȷ

= Υ∥(e(i j)∗

i , E(i j)∗

i )∥supe−βq

×

 n∑
k=1

|rℓk|ẽik +

n∑
k=1

|cℓk|β f
ℓ
ẽiℓ +

n∑
k=1

|dℓk|βg
k
eβτ̂i ẽik

+

+∞∑
m=1

µmβ
w
ℓ
eβmẽiℓ + σ

N∑
ȷ=1

φ̂ℓ ȷẼi ȷ


= Υ∥(e(i j)∗

i , E(i j)∗

i )∥supe−βq

×

 n∑
k=1

[
|rℓk| + |cℓk|β f

k
+ |dℓk|βg

k
eβτ̂i
]

ẽik

+

+∞∑
m=1

µmβ
(3)
ℓ

eβmẽiℓ + σ

N∑
ȷ=1

φ̂ℓ ȷẼi ȷ

 ,
i ∈ [1,N]Z, ℓ ∈ [1, n]Z. (3.7)

Since i ∈ [1,N]Z and ℓ ∈ [1, n]Z are arbitrary, it follows that (3.7) is equivalent to

|e(i j)
i (q + 1)| ⪯ Υ∥(e(i j)∗

i , E(i j)∗

i )∥supe−βq

×
[(
|C|Π1 + eβτ̂i |D|Π2 + αΠ3 + |R|

)
ẽi + ΦẼi

]
.

By making use of (3.1) and (3.3), we obtain

|e(i j)
i (q + 1)| ⪯ Υ∥(e(i j)∗

i , E(i j)∗

i )∥supe−β(q+1)ẽi = êi(q + 1).

Similarly, using (2.4b) and Assumption 2, we get
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|E(i j)
i ȷ (q + 1)| ≤

N∑
l=1

|b ȷl||E
(i j)
il (q)| +

n∑
k=1

|h ȷk(x(q))||e(i j)
ik (q)|

≤

N∑
l=1

|b ȷl||Ê
(i j)
il (q)| +

n∑
k=1

ĥ ȷk|ê
(i j)
ik (q)|

=

N∑
l=1

|b ȷl|Υ∥(e
(i j)∗

i , E(i j)∗

i )∥supe−βqẼiℓ

+

n∑
k=1

ĥ ȷkΥ∥(e
(i j)∗

i , E(i j)∗

i )∥supe−βqẽik

= Υ∥(e(i j)∗

i , E(i j)∗

i )∥supe−βq

×

 N∑
l=1

|b ȷl|Ẽiℓ +

n∑
k=1

ĥ ȷkẽik

 .
Using (3.2) and (3.4), it is easy to obtain

|E(i j)
i (q + 1)| ⪯ Υ∥(e(i j)∗

i , E(i j)∗

i )∥supe−β(q+1)Ẽi = Êi(q + 1).

Therefore, (3.5) is true.
Then, in combination with Eqs (3.3)–(3.5), we get

∥(e(i j)
i (t), E(i j)

i (t))∥ = (∥e(i j)
i (t)∥22 + ∥E

(i j)
i (t)∥22)

1
2

≤ (∥êi(t)∥22 + ∥Êi(t)∥22)
1
2

= Υ∥(e(i j)∗

i , E(i j)∗

i )∥supe−βt(∥ẽi∥
2
2 + ∥Ẽi∥

2
2)

1
2 , ∀t ∈ [0,∞)Z.

Let µ = Υmaxi∈[1,N]Z(∥ẽi∥
2
2 + ∥Ẽi∥

2
2)

1
2 ). Then,∥∥∥(e(i j)

i (t), E(i j)
i (t))

∥∥∥ ≤ µe−βt ∥∥∥∥(e(i j)∗

i , E(i j)∗

i )
∥∥∥∥

sup
,∀t ∈ [0,∞)Z,

The arbitrariness of e(i j)∗

i ∈ C((−∞, 0]Z,Rn) and E(i j)∗

i ∈ C((−∞, 0]Z,RN) guarantees LES of the error
system (2.4), that is, the DTCDN (2.1) achieves LES via the controllers in (2.7).

4. Simulation example

Next, a specific numerical example is provided to demonstrate the effectiveness of the
proposed results.

Example 1. For n = 2 and N = 3, consider the DTCDNs with NCDS (2.1a) and LCDS (2.1b) with the
controllers in (2.7), and the parameters are as below:
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(a) Curves of node states xi1(t), i = 1, 2, 3.
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(b) Curves of node states xi2(t), i = 1, 2, 3.

Figure 2. Curves of node states xil(t),i = 1, 2, 3, l = 1, 2.

a11 = 0.2, a12 = 0.1, a21 = 0.5, a22 = 0.5,

b11 = −1.6, b12 = 0.1, b13 = −4.1,

b21 = −1.6, b22 = 0.1, b23 = −4.1,

b31 = −1.6, b32 = 0.1, b33 = −4.1,

c11 = −1.4, c12 = 0.1, c21 = 0.2, c22 = −2.3,

d11 = −3, d12 = −2.5, d21 = 0.3, d22 = −1.2,

f1(s) = 0.5sin(s), f2(s) = 0.4tanh(s),

g1(s) = 0.3tanh(s), g2(s) = 0.25sin(s),

w1(s) = 0.1sin(s), w2(s) = 0.08cos(s),

φ1(s) = 0.12sin(s + 1), φ2(s) = 0.1cos(s + 1), s ∈ R.

h11(x1) = 0.1sin(x11) + 0.05cos(x12), h12(x1) = 0.08tanh(x11) + 0.03sin(x12),

h21(x2) = 0.09cos(x21) + 0.04sin(x22), h22(x2) = 0.07sin(x21) + 0.06tanh(x22),

h31(x3) = 0.08tanh(x31) + 0.05cos(x32), h32(x3) = 0.1cos(x31) + 0.04sin(x32).

Set β f
1 = 0.5, β f

2 = 0.4, βg
1 = 0.3, βg

2 = 0.25, βw
1 = 0.1, βw

2 = 0.08, φ̂11 = φ̂21 = φ̂31 = 0.12,
φ̂12 = φ̂22 = φ̂32 = 0.1, ĥ11 = 0.15, ĥ12 = 0.11, ĥ21 = 0.13, ĥ22 = 0.13, ĥ31 = 0.13, ĥ32 = 0.14. Then,
Assumptions 1 and 2 are satisfied.

Let σ = 0.2, r11 = 0.5, r12 = 0, r21 = 0, and r22 = 0.45. Clearly, the conditions required by
Theorem 1 are satisfied, as can be readily checked.
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(a) Curves of node states x1 j(t), j =

1, 2.
(b) Curves of node states x2 j(t), j =

1, 2.
(c) Curves of node states x3 j(t), j =

1, 2.

Figure 3. Curves of node states xi j(t), i = 1, 2, 3, j = 1, 2.
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(a) Curves of link states ζ1i(t), i =

1, 2, 3.
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(b) Curves of link states ζ2i(t), i =

1, 2, 3.
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(c) Curves of link states ζ3i(t), i =

1, 2, 3.

Figure 4. Curves of link states ζki(t), k = 1, 2, 3, i = 1, 2, 3.
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(a) The node error curves of e(i j)
1 j (t),

j = 1, 2.
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(b) The node error curves of e(i j)
2 j (t),

j = 1, 2.
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(c) The node error curves of e(i j)
3 j (t),

j = 1, 2.

Figure 5. The node error curves of e(i j)
k j (t), k = 1, 2, 3, j = 1, 2.
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(a) The link error curves of E(i j)
j1 (t),

j = 1, 2, 3.
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(b) The link error curves of E(i j)
j2 (t),

j = 1, 2, 3.
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(c) The link error curves of E(i j)
j3 (t),

j = 1, 2, 3.

Figure 6. Combined figure: Link error curves E(i j)
jk (t), j = 1, 2, 3, k = 1, 2, 3.

We set β = 0.01 and solve Inequalities (3.1) and (3.2) in Theorem 1 using MATLAB R2016b with
the toolbox YALMIP software yields ẽi and Ẽi:

ẽi = [1.8466, 1.000]T , Ẽi = [3.0523, 3.3531, 3.0442]T .

The simulation outcomes are displayed in Figures 2(a)–6(c).

(1) The initial states of the NCDS (2.1a) and LCDS (2.1b) are chosen as x1(s) = [−2.5949, 1.8348]T ,
x2(s) = [0.1836, 0.5476]T , x3(s) = [0.0818, 0.3101]T , ζ1(s) = [−0.0893,−0.9915, 0.4589]T ,
ζ2(s) = [0.5975,−0.3372,−1.9720]T , ζ3(s) = [−4.0034,−1.2040,−0.6765]T , s ∈ (−∞, 0]Z,
Figures 2 and 3 show the state response curves of nodes, and Figure 4 presents the state
response curves of the link subsystems.

(2) Figure 5 confirms that both node errors e(i j)
ik decay exponentially to zero.

(3) Figure 6 confirms that both link errors E(i j)
ik decay exponentially to zero.

Thus, it is apparent that the error states converge to zero rapidly. This implies, via Theorem 1, that
LES is achieved for both the NCDS (2.1a) and LCDS (2.1b) under the action of controllers (2.7).

5. Conclusions

This study investigates the LES problem for DTCDN that incorporate discrete delays, infinite
distributed delays, and link structures. By directly applying the definition of LES, delay-dependent
sufficient conditions are first established for the error dynamical system. Then, the corresponding
controller gain is explicitly derived. Finally, a numerical example is provided to validate the
theoretical findings.

In comparison with existing results in the literature, the proposed approach offers several
distinct advantages:

(1) It relies directly on the LES definition, thereby eliminating the need to construct any Lyapunov–
Krasovskii functional.

(2) The resulting sufficient conditions are expressed as linear scalar inequalities, which are
straightforward to solve.
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(3) With slight modifications, the proposed method can be extended to more general classes of
DTCDNs. For example, general decay synchronization includes special cases such as
polynomial synchronization, logarithmic synchronization, and other types of synchronization.
We will consider this issue in our future research.
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