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Abstract: In this paper, we adopted the steady compressible Euler system with a gravitational term
as the governing equations, and focused on the effect of gravity on the transonic shock position in a
three-dimensional spherically symmetric divergent nozzle. For a fixed supersonic inflow at the nozzle
inlet, we proved that if the outlet pressure fell within an appropriate interval and the gravitational
parameter K was sufficiently small, the shock position was uniquely determined by K and the outlet
pressure, and the shock position was a strictly decreasing and continuously differentiable function of K.
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1. Introduction

In this paper, we consider the three-dimensional steady compressible Euler equations with gravita-
tional terms: 

div(ρu) = 0,
div (ρu ⊗ u + pI) = ρF,

div
(
(ρe +

1
2
ρu2 + p)u

)
= ρF · u,

(1.1)

where ρ, p, e denote the density, pressure, and internal energy of the fluid, respectively, u = (u1, u2, u3)
is the velocity vector of the fluid, and F represents the gravity per unit mass of fluid. I denotes the unit
tensor, and u ⊗ u is the tensor product of the velocity.

For the polytropic gas, we adopt the following equation of state:

p(ρ, S ) = A(S )ργ,
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where γ ∈ (1,∞) is the adiabatic index, and S is the entropy of the fluid. The gravity is defined as

F = −
mG
r3 r = ∇

(mG
r

)
,

where r = (x, y, z), r = |r| is the distance from the fluid to the center of the Earth, and m and G denote the
mass of the Earth and the universal gravitational constant, respectively (for simplicity, we set K = mG).
Based on (1.1), we have 

div(ρu) = 0,

div (ρu ⊗ u + pI) = ρ∇
K
r
,

div(ρBu) = ρ(∇
K
r

) · u,

(1.2)

where B = 1
2 |u|

2 +
γ

γ−1
p
ρ
. We define the Mach number M = |u|/c (c =

√
γp/ρ is the local speed of

sound): The flow is supersonic when M > 1, and subsonic when M < 1.
This paper is devoted to the study of the gravitational effect on the transonic shock in a finite divergent

nozzle. Assume that U = (u, p, ρ) is a piecewise smooth weak solution in the nozzle. Then, there exists a
discontinuity surface Σ, across which the incoming supersonic flow U− = (u−, p−, ρ−) is converted to the
subsonic flow U+ = (u+, p+, ρ+), and the Rankine-Hugoniot conditions (simply called R-H conditions)
are satisfied on Σ:

[ρ(u · n)] = 0,
[ρ(u ⊗ u · n) + pn] = 0,
[ρ(u · n)B] = 0,

(1.3)

where n is the unit normal vector to Σ pointing from the supersonic region to the subsonic region.
[ f ] = f+ − f− denotes the jump across Σ, and the entropy condition [p] = p+ − p− > 0 holds. We call Σ
the shock front, and the structure connecting U− and U+ across Σ the transonic shock solution.

In recent decades, considerable progress has been made in the mathematical analysis of transonic
shock waves. Chen and Feldman [1] established the existence and stability of multidimensional transonic
shocks for steady compressible potential flows. Chen [2] investigated the transonic shock problem in a
two-dimensional straight nozzle with symmetric incoming flows. In addition, Chen and Yuan [3] studied
the transonic shock problems in three-dimensional straight nozzles with square cross-sections. Yuan [4]
further constructed a class of transonic shocks in divergent nozzles formed by angular sectors or vertex-
free cones. Xin and Yin [5] established the existence and uniqueness of transonic shocks for steady
flows in general two-dimensional variable-cross-section nozzles. Building on the converging-diverging
nozzle problem studied in [6], Li et al. [7] proved the existence and uniqueness of transonic shock
solutions under the conditions of prescribed incoming flow at the inlet and prescribed pressure at the
outlet. Bae et al. [8] explored the regularity of shock reflections and related issues within potential flow
theory. Building on this basis, for the case of fixed outlet pressure, Bae and Feldman [9] also established
existence, uniqueness, and stability of transonic shock solutions in multidimensional diverging ducts
with arbitrary smooth cross-sections. Fang and Xiang [10] proved the uniqueness of transonic shocks
for steady supersonic flows over slightly perturbed two-dimensional infinite wedges, subject to suitable
constraints on downstream subsonic flows. Xie and Wang [11] analyzed shock behaviors of steady
compressible potential flows in infinitely long asymptotically cylindrical ducts and established the
corresponding stability results.
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In most cases, gravity is not considered in transonic shock problems because the effect of gravity
on gas flows is negligible. However, gravity becomes significant in certain special situations such
as volcanic eruptions. Volcanic ash significantly increases the fluid density, thereby enhancing the
influence of gravity on the fluid motion and making it a non-negligible factor in fluid dynamics.
In contrast to the strong two-way coupling between conducting fluids and electromagnetic fields in
Magnetohydrodynamics problems where fluid motion induces electric currents, which in turn generate
magnetic fields that modify the original field and subsequently alter the fluid dynamics, the pure
gravitational problem has a much simpler mathematical structure. This simplicity allows us to conduct a
more thorough and rigorous mathematical analysis of the transonic shock problem. In [12], the existence
and uniqueness of transonic shock solutions in a three-dimensional spherically symmetric divergent
nozzle were proved for sufficiently small gravitational parameter K. Based on the results of [12], we
prove that the shock position is a strictly decreasing function of K, meaning that stronger gravity leads to
a shock position closer to the nozzle inlet. Moreover, we prove that the shock position is a continuously
differentiable function of K.

2. Transonic shock problem for spherically symmetric flows

In spherical coordinates (r, θ, φ), the nozzle can be described as the domain:

Ω = {(r, θ, φ) | 0 < r0 ≤ r ≤ r1, 0 ≤ φ ≤ α, 0 ≤ θ ≤ 2π},

as illustrated in Figure 1.

Figure 1. divergent nozzle.

In spherical coordinates, we define velocity vector ũ = (ur, uθ, uφ) as


ur = u1 cos θ sinφ + u2 sin θ sinφ + u3 cosφ,
uθ = −u1 sin θ + u2 cos θ,
uφ = u1 cos θ cosφ + u2 sin θ cosφ − u3 sinφ.

Electronic Research Archive Volume 34, Issue 7, 5087–5101.
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Then, (1.2) is transformed into

1
r2

∂(r2ρur)
∂r

+
1

r sinφ
∂(ρuθ)
∂θ

+
1

r sinφ
∂(sinφρuφ)
∂φ

= 0,

1
r2

∂(r2ρ(ur)2)
∂r

+
1

r sinφ
∂(ρuruθ)
∂θ

+
1

r sinφ
∂(sinφρuruφ)

∂φ
+
∂p
∂r
= −
ρK
r2 ,

1
r2

∂(r2ρuruθ)
∂r

+
1

r sinφ
∂(ρ(uθ)2)
∂θ

+
1

r sinφ
∂(sinφρuθuφ)

∂φ
+
∂p
∂θ
= 0,

1
r2

∂(r2ρuruφ)
∂r

+
1

r sinφ
∂(ρuθuφ)
∂θ

+
1

r sinφ
∂(sinφρ(uφ)2)

∂φ
+
∂p
∂φ
= 0,

ρ
(
ur ∂(B −

K
r )

∂r
+

1
r sinφ

uθ
∂(B − K

r )
∂θ

+
1
r

uφ
∂(B − K

r )
∂φ

)
= 0.

(2.1)

For spherical flow, i.e., the flow only depends on r and uθ = uφ = 0, (2.1) is reduced to the following
system of ordinary differential equations (for simplicity, we write ur as u):

1
r2

d(r2ρu)
dr

= 0,

1
r2

d(r2ρu2)
dr

+
dp
dr
= −
ρK
r2 ,

ρu
d(B − K

r )
dr

= 0.

(2.2)

For a fixed U0 = (u0, p0, ρ0), it follows from the first and third equations of system (2.2) that:

r2ρu = b0 := r2
0ρ0u0, (2.3)

1
2

u2 +
c2

γ − 1
−

K
r
= aK :=

1
2

u2
0 +

c2
0

γ − 1
−

K
r0
. (2.4)

Let U− = (u−, p−, ρ−) and U+ = (u+, p+, ρ+) denote the supersonic and subsonic states on the two
sides of the shock, respectively, and let UR denote the state U+ on the shock front. The spherically
symmetric solution of transonic shock is defined as:

Definition 2.1. (U−,U+, ω) (where ω denotes the shock position) is called a spherically symmetric
transonic shock solution in Ω if the following conditions hold:

1) U− ∈
(
C1(r0, ω)

)3 ⋂(
C[r0, ω]

)3
, U+ ∈ (C1[ω, r1])3 ⋂(

C[ω, r1]
)3, while U− and U+ satisfy (2.2)

in (r0, ω) and (ω, r1), respectively.
2) (1.3) are satisfied at r = ω:

ρRuR = ρ−u− =
b0

ω2 , (2.5)

ρRu2
R + pR = ρ−u2

− + p−, (2.6)

1
2

u2
R +

γ

γ − 1
pR

ρR
=

1
2

u2
− +

γ

γ − 1
p−
ρ−
= aK +

K
ω
. (2.7)

3) The entropy condition [p] = pR − p− > 0 holds at r = ω.

Electronic Research Archive Volume 34, Issue 7, 5087–5101.
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Remark 2.1. Suppose the nozzle is spherically symmetric, and the shock is a normal shock (incoming
flow is perpendicular to the shock wave when crossing the shock), which must be a transonic shock. For
details, see [6].

The problem studied in this paper is stated as follows:
For a supersonic flow U0 = (u0, p0, ρ0) (ρ0 > 0) at r = r0, i.e., the Mach number M0 =

u0
c0
> 1,

where c0 is the speed of sound at the inlet. For a sufficiently small K and an outlet pressure lying in an
appropriate range, we consider the gravitational effect on transonic shocks in Ω.

By c2 =
∂p
∂ρ
= γA(S )ργ−1 =

γp
ρ

, we can rewrite the first and second equations of (2.2) as:
r2u

dρ
dr
+ r2ρ

du
dr
= −2rρu,

(u2 + c2)r2 dρ
dr
+ 2r2ρu

du
dr
= −(2rρu2 + ρK).

(2.8)

From (2.8) and ∂p
∂ρ
= c2, we obtain

dρ
dr
=
ρ(K − 2ru2)
r2(u2 − c2)

, (2.9)

du
dr
=

u(2rc2 − K)
r2(u2 − c2)

, (2.10)

dp
dr
=
ρc2(K − 2ru2)

r2(u2 − c2)
. (2.11)

For simplicity, we introduce the concepts of supersonic and subsonic curves.

Definition 2.2. For the supersonic state U0 = (u0, p0, ρ0) at the nozzle inlet, the curve of the solution
U−(r,K) of (2.9)–(2.11) in the supersonic region is called the supersonic curve. Let ω ∈ [r0, r1] be the
shock position. Then, the curve of UR(ω,K) obtained from the R-H conditions is called the R-H curve.
With UR(ω,K) as the initial data, the curve of the solution U+(ω,K, r) of (2.9)–(2.11) in the subsonic
region is called the subsonic curve.

Remark 2.2. Although the original problem is governed by partial differential equations, for simplicity,
we use d

dr to denote the partial derivative with respect to r.

In the following discussion, we will adopt the lemma:

Lemma 2.1. For fixed supersonic initial data U0 = (u0, p0, ρ0), there exists a positive constant K0

(depending only on r0, r1,U0) such that for any fixed K ∈ [0,K0], the following statements hold:
1) In the supersonic region [r0, ω], M− and u− increase with r, while ρ− and p− decrease;
2) In the subsonic region [ω, r1], M+ and u+ decrease with r, while ρ+ and p+ increase.

Furthermore, at the nozzle outlet, u+(ω,K, r1) and M+(ω,K, r1) are strictly increasing continuous
functions of ω; ρ+(ω,K, r1) and p+(ω,K, r1) are strictly decreasing continuous functions of ω. Therefore,
there exist pmax and pmin (depending on r0, r1,U0,K) with pmax > pmin > 0, such that when the outlet
pressure p+(ω,K, r1) = p∗ ∈ [pmin, pmax], there exists a unique transonic solution.

Remark 2.3. Lemma 2.1 summarizes the results of Proposition 2, Theorems 1 and 2 in [12]. When
K ∈ [0,K0], it can be verified that K < 2rc2

− in the supersonic region and K < 2ru2
+ in the subsonic region.

Electronic Research Archive Volume 34, Issue 7, 5087–5101.
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3. Main result

First, we prove the monotonicity of U−(r,K) with respect to K in the supersonic region. It should be
noted that K0 appearing below is the same constant as in Lemma 2.1.

Proposition 3.1. For a fixed supersonic initial state U0 at the nozzle inlet, let K ∈ [0,K0] and the shock
position be located at r = ω. Then, for r ∈ (r0, ω], u−(r,K) strictly decreases with K, while ρ−(r,K) and
p−(r,K) strictly increase.

Proof. We prove the conclusion by contradiction.
Suppose there exist two gravitational parameters K1,K2 with K1 < K2.
From (2.10), it is obvious that du−

dr (r0,K1) > du−
dr (r0,K2). Suppose there exists r′ ∈ (r0, ω] such that

u−(r′,K1) = u−(r′,K2) (see Figure 2).

Figure 2. u-curve in supersonic.

From Figure 2, we have du−
dr (r′,K1) ≤ du−

dr (r′,K2). Furthermore, from (2.4) we have

c2
− = (γ − 1)(aK +

K
r
−

1
2

u2
−). (3.1)

Now, from (2.10) and (3.1) we obtain

du−
dr
= F(r, u−,K) :=

u−(2r(γ − 1)(aK +
K
r −

1
2u2
−) − K)

r2(u2
− − (γ − 1)(aK +

K
r −

1
2u2
−))
=

F1

F2
, (3.2)

where F1, F2 denote the numerator and denominator, respectively. Taking the partial derivative of F
with respect to K, and we obtain

∂F
∂K
=

∂F1

∂K
F2 −

∂F2

∂K
F1

F2
2

.

Electronic Research Archive Volume 34, Issue 7, 5087–5101.
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From (2.4), we can get ∂aK
∂K = −

1
r0

, and thus

∂F1

∂K
F2 −

∂F2

∂K
F1 = u−r2

(
2r(γ − 1)

(
∂aK

∂K
+

1
r

)
− 1

) (
u2
− − (γ − 1)

(
aK +

K
r
−

1
2

u2
−

))
− u−r2

(
2r(γ − 1)

(
aK +

K
r
−

1
2

u2
−

)
− K

) (
−(γ − 1)

(
∂aK

∂K
+

1
r

))
= u−r2

(
(2ru2

− − K)(γ − 1)
(
1
r
−

1
r0

)
− u2

− + c2
−

)
.

Since u2
− > c2

− and K < 2rc2
− < 2ru2

− in the supersonic region, we have ∂F
∂K < 0, which contradicts the

assumption. Thus, for any r ∈ (r0, ω], we have u−(r,K1) > u−(r,K2).
Next, from r2ρ−u− = b0 we obtain ρ−(r,K1) < ρ−(r,K2), i.e., ρ−(r,K) is strictly increasing with

respect to K. In addition, because the entropy S is constant along smooth streamlines in the supersonic
region, from p− = A(S −)ρ

γ
− we have p−(r,K1) < p−(r,K2).

This finishes the proof of Proposition 3.1. □

Next, we discuss the relationship between the pressure p+(ω,K, r1) and K at nozzle outlet.

Proposition 3.2. For a fixed supersonic initial state U0, let K ∈ [0,K0] and let shock position be located
at r = ω. Then, the outlet pressure p+(ω,K, r1) is strictly decreasing with respect to K.

Proof. From (2.5) and (2.7), we obtain at r = ω:

1
2
ρRu3

R +
γ

γ − 1
pRuR =

1
2
ρ−u3

− +
γ

γ − 1
p−u−. (3.3)

Multiplying (2.6) by γ

γ−1uR gives

γ

γ − 1
ρRu3

R +
γ

γ − 1
pRuR =

γ

γ − 1
ρ−u2

−uR +
γ

γ − 1
p−uR. (3.4)

Subtracting (3.3) from (3.4) and using (2.5), we obtain

γ + 1
2(γ − 1)

ρ−u−u2
R −

γ

γ − 1
(ρ−u2

− + p−)uR + (
1
2
ρ−u3

− +
γ

γ − 1
p−u−) = 0. (3.5)

This is a quadratic equation of uR. Note that u− is a solution; thus, another solution is

uR =
γ − 1
γ + 1

u− +
2γ
γ + 1

p−
ρ−u−

. (3.6)

From the symmetry of u− and uR in R-H conditions, we have

u− =
γ − 1
γ + 1

uR +
2γ
γ + 1

pR

ρRuR
. (3.7)

From (3.7) and (2.5), we get

ρ−u2
− =
γ − 1
γ + 1

ρRu2
R +

2γ
γ + 1

pR,
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5094

and, thus,

2γ
γ + 1

pR = ρ−u2
− −
γ − 1
γ + 1

ρRu2
R

= ρ−u2
− −
γ − 1
γ + 1

ρ−u−(
γ − 1
γ + 1

u− +
2γ
γ + 1

p−
ρ−u−

)

=

1 − (
γ − 1
γ + 1

)2 b0

ω2 u− −
2γ(γ − 1)
(γ + 1)2 p−,

hence,

pR =
2
γ + 1

b0

ω2 u− −
γ − 1
γ + 1

p−. (3.8)

Suppose there exist two gravitational factors K1,K2 ∈ [0,K0] with K1 < K2. By Proposition 3.1,
we have u−(ω,K1) > u−(ω,K2) and p−(ω,K1) < p−(ω,K2) at r = ω; thus, from (3.8) we can obtain
pR(ω,K1) > pR(ω,K2).

Next, we prove that p+(ω,K, r1) is strictly decreasing with respect to K by contradiction.
Suppose that p+(ω,K1, r1) ≤ p+(ω,K2, r1) at the nozzle outlet. Since p+(ω,K1, r) is continuous with

respect to r, and there exists r′′ ∈ (ω, r1] such that p+(ω,K1, r′′) = p+(ω,K2, r′′) (see Figure 3).

Figure 3. p-curve in subsonic.

From Figure 3 we have dp+
dr (ω,K1, r′′) ≤

dp+
dr (ω,K2, r′′).

Since r2ρ+u+ = b0 and c2
+ =

γp+
ρ+

, substituting these relations into (2.4), we obtain

1
2

b2
0

r4ρ2
+

+
γ

γ − 1
p+
ρ+
=

K
r
+ aK .

Then, we get

b2
0

2r4

 1
ρ2
+

+
2r4

b2
0

γp+
γ − 1

1
ρ+
+

(
r4

b2
0

γp+
γ − 1

)2 = b2
0

2r4

(
r4

b2
0

γp+
γ − 1

)2

+
K
r
+ aK .

That is, (
1
ρ+
+

r4

b2
0

γp+
γ − 1

)2

=
2r4

b2
0

 b2
0

2r4

(
r4

b2
0

γp+
γ − 1

)2

+
K
r
+ aK

 .
Electronic Research Archive Volume 34, Issue 7, 5087–5101.
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Furthermore,

1
ρ+
= H(r, p+,K) :=

√
2r4

b2
0

[
b2

0

2r4

( r4

b2
0

γp+
γ − 1

)2
+

K
r
+ aK

]
−

r4

b2
0

γp+
γ − 1

. (3.9)

Thus, using (2.11) we have

dp+
dr
= G(r, p+,K) :=

ρ+c2
+(K − 2ru2

+)
r2(u2

+ − c2
+)

=

γp+
(
K − 2rH2b2

0
r4

)
r2

(
H2b2

0
r4 − Hγp+

) = G1

G2
. (3.10)

For the simplicity, we take the partial derivative of (3.9) with respect to K:

∂H
∂K
=

r4

b2
0
(1

r −
1
r0

)√
2r4

b2
0

[ r4

2b2
0

γ2 p2
+

(γ−1)2 +
K
r + aK]

=

1
ρ2
+u2
+

( 1
r −

1
r0

)
1
ρ+
+ 1
ρ2
+u2
+

γp+
γ−1

. (3.11)

Then, taking the partial derivative of (3.10) with respect to K, we obtain

∂G
∂K
=

∂G1
∂K G2 −

∂G2
∂K G1

G2
2

.

To determine the sign of ∂G
∂K , we only need to analyze the sign of the numerator,

∂G1

∂K
G2 −

∂G2

∂K
G1 = γp+r2

((
1 − 4rρ2

+u
2
+

1
ρ+

∂H
∂K

)
(u2
+ − c2

+) − (K − 2ru2
+)
∂H
∂K

(2ρ+u2
+ − γp+)

)
= γp+r2

(
(u2
+ − c2

+) − 4r
1
ρ+

1
r −

1
r0

1
ρ+
+ 1
ρ2
+u2
+

γp+
γ−1

(u2
+ − c2

+) − (K − 2ru2
+)

×
1
ρ+u2

+

1
r −

1
r0

1
ρ+
+ 1
ρ2
+u2
+

γp+
γ−1

(u2
+ − c2

+) − (K − 2ru2
+)

1
ρ+

1
r −

1
r0

1
ρ+
+ 1
ρ2
+u2
+

γp+
γ−1

)
= γp+r2

(
(u2
+ − c2

+) −
(
4r

1
ρ+
+ (K − 2ru2

+)
1
ρ+u2

+

) 1
r −

1
r0

1
ρ+
+ 1
ρ2
+u2
+

γp+
γ−1

(u2
+ − c2

+)

− (K − 2ru2
+)

1
ρ+

1
r −

1
r0

1
ρ+
+ 1
ρ2
+u2
+

γp+
γ−1

)
= γp+r2

(
(u2
+ − c2

+) − (K + 2ru2
+)

1
ρ+u2

+

1
r −

1
r0

1
ρ+
+ 1
ρ2
+u2
+

γp+
γ−1

(u2
+ − c2

+)

− (K − 2ru2
+)

1
ρ+

1
r −

1
r0

1
ρ+
+ 1
ρ2
+u2
+

γp+
γ−1

)
.

Since u+ < c+ and K < 2ru2
+ < 2rc2

+ hold in the subsonic region, we have ∂G
∂K < 0, which contradicts the

assumption. Therefore, p+(ω,K, r1) is strictly decreasing with respect to K.
This finishes the proof of Proposition 3.2. □
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Remark 3.1. Taking the partial derivative of (3.6) with respect to K yields

∂uR

∂K
=

1
(γ + 1)ρ−u−

(
2γc2

− − (γ − 1)u2
−

)∂ρ−
∂K
.

Suppose M0 =
u0
c0
>

√
2γ
γ−1 . By Lemma 2.1, M− strictly increases with r, so u−

c−
= M− > M0 >

√
2γ
γ−1 at

r = ω, i.e., 2γc2
− − (γ − 1)u2

− < 0. By Proposition 3.1, ρ−(r,K) strictly increases with K, and hence
∂ρ−
∂K ≥ 0. Thus, we obtain ∂uR

∂K ≤ 0, i.e., uR(ω,K) is decreasing with respect to K, and from ω2ρRuR = b0,
we know that ρR(ω,K) is increasing with respect to K.

Based on Propositions 3.1 and 3.2, we now establish the monotonicity of the shock position with
respect to K.

Theorem 3.1. For a fixed supersonic initial state U0, there exists K∗ (depending only on r0, r1,U0,K0)
such that for any K ∈ [0,K∗], there exist positive constants pmax > pmin, depending only on r0, r1,U0,
and K∗. When p+(ω,K, r1) = p∗ ∈ [pmin, pmax], the shock position ω ∈ [r0, r1] is strictly decreasing with
respect to K.

Proof. We first prove that there exists K∗ such that for K ∈ [0,K∗], there exist pmax and pmin with
pmax > pmin; and when p∗ ∈ [pmin, pmax] is given at the outlet, there exists a shock position ω ∈ [r0, r1],
such that p+(ω,K, r1) = p∗.

By Lemma 2.1, for a fixed initial state and K, the outlet pressure reaches the maximum when
the shock is located at r = r0 and reaches the minimum when the shock is located at r = r1. By
Proposition 3.2, when K = 0, we define pmin = p+(r1, 0, r1).

Let the shock be located at r = r0, and note that p+(r0,K, r1) satisfies the initial value problem
dp+
dr
= G(r, p+,K),

p+
∣∣∣
r=r0
= pR(r0,K),

where the expression of G is given by (3.10). According to the theorem of continuous dependence of
solutions on parameters ( [13], Chapter 4, Theorem 6.1), p+(r0,K, r1) is continuous with respect to K.
To ensure the existence of pmax such that pmax > pmin, and there exists ω satisfying p+(ω,K, r1) = p∗

for any p∗ ∈ [pmin, pmax], we define pc = (p+(r1, 0, r1) + p+(r0, 0, r1))/2. By Lemma 2.1 we deduce that
there exists K∗ ≤ K0 such that when K ∈ [0,K∗], p+(r0,K, r1) ≥ pc, we thus define pmax = p+(r0,K∗, r1).

Next, we prove that ω is strictly decreasing with respect to K.
For the initial value U0, we take K = K1, K1 ∈ [0,K∗], and give an outlet pressure p∗ ∈ [pmin, pmax].

By Lemma 2.1, there exists a unique transonic shock solution of (2.2), and the shock position is denoted
as ω1.

Consider another K = K2 > K1, K2 ∈ [0,K∗]. Now we show that there exists ω2 ∈ [r0, ω1), such that
p+(ω2,K2, r1) = p∗.

First, we prove that p+(r0,K2, r1) ≥ p∗. Since K2 ≤ K∗ and p+(r0,K, r1) is strictly decreasing with
respect to K by Proposition 3.2, we have:

p+(r0,K2, r1) ≥ p+(r0,K∗, r1) = pmax.

By definition, p∗ ∈ [pmin, pmax], so p+(r0,K2, r1) ≥ pmax ≥ p∗.
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From Lemma 2.1, for fixed K2, the outlet pressure p+(ω,K2, r1) is a strictly decreasing continuous
function of ω on [r0, r1]. By Proposition 3.2, for a fixed shock position, the outlet pressure is strictly
decreasing with respect to K, and it follows that p+(ω1,K2, r1) < p∗. Therefore, we have:

p+(r0,K2, r1) ≥ p∗, p+(ω1,K2, r1) < p∗.

By the intermediate value theorem, there exists a unique ω2 ∈ [r0, ω1) such that:

p+(ω2,K2, r1) = p∗ = p+(ω1,K1, r1).

That is, for fixed outlet pressure p∗ ∈ [pmin, pmax], the shock position ω is strictly decreasing with
respect to K.

Furthermore, according to ∂G
∂K < 0 from Proposition 3.2, we have at the outlet r = r1:

dp+
dr

(ω1,K1, r1) >
dp+
dr

(ω2,K2, r1).

We claim that for any r ∈ [ω1, r1), p+(ω1,K1, r) < p+(ω2,K2, r). Suppose there exists r∗ ∈ [ω1, r1)
such that p+(ω1,K1, r∗) = p+(ω2,K2, r∗) (see Figure 4).

Figure 4. p curves.

From Figure 4 we have dp+
dr (ω1, K1, r∗) ≤

dp+
dr (ω2, K2, r∗), which contradicts ∂G

∂K < 0. Thus, the
claim holds.

This finishes the proof of Theorem 3.1. □

Since the entropy increment ∆S = S + − S − across a shock front depends on the shock position ω
and the gravitational parameter K, we therefore denote the coefficient A(S +) as A(ω,K).

Proposition 3.3. For fixed supersonic state U0 and shock position ω, let K ∈ [0,K0], and the coefficient
A(ω,K) is strictly decreasing with respect to K.

Proof. Dividing (3.6) by (2.5), we have at r = ω:

1
ρR
=

2γ
γ + 1

p−
ρ2

Ru2
R

+
γ − 1
γ + 1

1
ρ−
. (3.12)
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Substituting u− =
b0
ω2ρ−

and p− = A(S −)ρ
γ
− into (3.8) and (3.12) and taking the derivative with respect to

K, we obtain, at r = ω,

∂pR

∂K
= −

2
γ + 1

(
b0

ω2

)2 1
ρ2
−

∂ρ−
∂K
−
γ(γ − 1)
γ + 1

A(S −)ρ
γ−1
−

∂ρ−
∂K
,

∂( 1
ρR

)

∂K
=

2γ2

γ + 1

(
ω2

b0

)2

A(S −)ρ
γ−1
−

∂ρ−
∂K
−
γ − 1
γ + 1

1
ρ2
−

∂ρ−
∂K
,

∂A(ω,K)
∂K

=
∂pR

∂K

(
1
ρR

)γ
+ γpR

(
1
ρR

)γ−1
∂

∂K

(
1
ρR

)
.

(3.13)

Substituting the first and second equations of (3.13) into the third equation:

∂A(ω,K)
∂K

=

− 2
γ + 1

(
b0

ω2

)2 1
ρ2
−

∂ρ−
∂K
−
γ(γ − 1)
γ + 1

A(S −)ρ
γ−1
−

∂ρ−
∂K

 ( 1
ρR

)γ
+ γ

(
1
ρR

)γ−1  2
γ + 1

(
b0

ω2

)2 1
ρ−
−
γ − 1
γ + 1

A(S −)ρ
γ
−

 ∂( 1
ρR

)

∂K

=
∂ρ−
∂K

(
1
ρR

)γ−1 (
−

2γ2(γ − 1)
γ + 1

(
ω2

b0

)2

A(S −)2ρ
2γ−1
− +

4γ(γ − 1)
γ + 1

A(S −)ργ−2

−
2(γ − 1)
γ + 1

(
b0

ω2

)2

ρ−3
−

)
= −

2(γ − 1)
γ + 1

∂ρ−
∂K

(
1
ρR

)γ−1 1
ρ3
−

(
γ
ω2

b0
A(S −)ρ

γ+1
− −

b0

ω2

)2

.

(3.14)

According to Proposition 3.1, ∂ρ−
∂K ≥ 0, we thus obtain ∂A(ω,K)

∂K ≤ 0. If A(ω,K) is not strictly decreasing,
then there exist K1 < K2 (K1,K2 ∈ [0,K0]) such that A(ω,K1) = A(ω,K2), which means ∂A(ω,K)

∂K = 0 for
K ∈ [K1,K2]. From (3.14), we have ∂ρ−

∂K = 0 (∀K ∈ [K1,K2]), and thus ρ−(ω,K1) = ρ−(ω,K2), which
contradicts the fact that ρ−(ω,K) is strictly increasing with respect to K by Proposition 3.1. Therefore,
A(ω,K) is strictly decreasing with respect to K.

This finishes the proof of Proposition 3.3. □

Based on Theorem 3.1, we can obtain that ω is a continuously differentiable function with respect to K.

Theorem 3.2. For a fixed supersonic initial state U0, there exists K∗ (depending only on r0, r1,U0,K0)
such that for any K ∈ [0,K∗], there exist positive constants pmax > pmin, depending only on r0, r1,U0,
and K∗. When p+(ω,K, r1) = p∗ ∈ [pmin, pmax], the shock position ω(K) is a continuously differentiable
function with respect to K.

Proof. For a fixed outlet pressure p∗, we aim to prove that there exists a unique continuously differen-
tiable function ω(K) satisfying:

p+(ω(K),K, r1) = p∗.

We introduce the auxiliary function N(ω,K) := p+(ω,K, r1) − p∗, and complete the proof by the
implicit function differentiability theorem.
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According to Theorem 3.1, for sufficiently small K, there exists ω such that N(ω,K) = 0. Note that
the supersonic solution p−(r,K) satisfies the initial value problem

dp−
dr
= G(r, p−,K),

p−
∣∣∣
r=r0
= p0,

where the expression of G is given by (3.10). According to the theorem of differentiability of solutions
with respect to parameters ( [13], Chapter 4, Theorem 7.2), p−(r,K) is continuously differentiable with
respect to K for any r ∈ (r0, ω]. Furthermore, from r2ρ−u− = b0 and p− = A(S −)ρ

γ
−, we obtain that

u−(r,K) and ρ−(r,K) are continuously differentiable with respect to K. Since U−(ω,K) is the solution
of (2.9)–(2.11) at r = ω, U−(ω,K) is continuously differentiable with respect to ω. By (3.8), we have at
r = ω:

pR =
2
γ + 1

ρ−u2
− −
γ − 1
γ + 1

p−.

The above equation shows that pR(ω,K) is a smooth function of u−, ρ−, and p−, so pR is continuously
differentiable with respect to both ω and K.

Note that the subsonic solution p+(ω,K, r) satisfies the initial value problem
dp+
dr
= G(r, p+,K),

p+
∣∣∣
r=ω
= pR(ω,K).

According to the theorem of differentiability of solutions with respect to initial values ( [13], Chapter 4,
Theorem 7.2), p+(ω,K, r1) is continuously differentiable with respect to pR(ω,K). Thus, p+(ω,K, r1) is
continuously differentiable with respect to ω and K, i.e., N(ω,K) is continuously differentiable with
respect to ω and K.

To apply the implicit function differentiability theorem, we need to prove that ∂N
∂ω
, 0. Since

pR(ω,K) = p+(ω,K, r)
∣∣∣
r=ω

, taking the partial derivative with respect to ω yields

∂pR

∂ω
=
∂p+
∂ω

∣∣∣∣∣
r=ω
+
∂p+
∂r

∣∣∣∣∣
r=ω
.

Next, we introduce the following initial value problem
d(∂p+
∂ω

)
dr

=
∂G
∂p+

∂p+
∂ω
,

∂p+
∂ω

∣∣∣∣∣
r=ω
=
∂pR

∂ω
(ω,K) −

∂p+
∂r

∣∣∣∣∣
r=ω
.

(3.15)

From (2.7), we have

c2
+ = (γ − 1)

( γ + 1
2(γ − 1)

a∗ −
1
2

u2
+

)
=

(γ + 1)a∗
2

−
(γ − 1)u2

+

2
, (3.16)

where u−u+ = a∗ := 2(γ−1)
γ+1 ( 1

2u2
− +

c2
−

γ−1 ). Thus,

u2
+ − c2

+ =
γ + 1

2
(u2
+ − a∗) =

γ + 1
2

u+
u−

(a∗ − u2
−) =

u+
u−

(c2
− − u2

−). (3.17)
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According to (2.9)–(2.11), (3.8), and (3.17), we have, at r = ω,

∂pR

∂ω
−
∂p+
∂r
=

2b0

ω2(γ + 1)
u−(2ωc2

− − K)
ω2(u2

− − c2
−)
−
γ − 1
γ + 1

ρ2
−c

2
−(K − 2ωu2

−)
ω2(u2

− − c2
−)

−
2b0

γ + 1
2u−
ω3 −

γp+(K − 2ωu2
+)

ω2(u2
+ − c2

+)

=
2(γ + 3)ωρ−u2

−c
2
− − 4ωρ−u4

− − 2Kρ−u2
− − (γ − 1)Kρ−c2

−

(γ + 1)ω2(u2
− − c2

−)

−
4γωρ−u2

−a∗ − 2(γ − 1)ωρ−c2
−a∗ − 2γKρ−

u4
−

a∗
+ (γ − 1)Kρ−c2

−

u2
−

a∗

(γ + 1)ω2(u2
− − c2

−)

=
ρ−c4

−(
K
a∗
− 2ω)

[
(2γ2 + 2)(u−

c−
)2 + 2(γ − 1)

][
( u−

c−
)2 − 1

]
(γ + 1)2ω2(u2

− − c2
−)

.

Since K < 2ru2
+ in the subsonic region and K

a∗
− 2ω < 0, we obtain ∂pR

∂ω
−
∂p+
∂r < 0, and thus ∂p+

∂ω

∣∣∣
r=ω
< 0.

Integrating the equation of (3.15) over [ω, r1], we get∫ r1

ω

1

−
∂p+
∂ω

d(−
∂p+
∂ω

) =
∫ r1

ω

∂G
∂p+

dr,

i.e.,

ln(−
∂p+
∂ω

(r1)) − ln(−
∂p+
∂ω

(ω)) =
∫ r1

ω

∂G
∂p+

dr,

furthermore, we have
∂p+
∂ω

(r1) =
∂p+
∂ω

(ω)e
∫ r1
ω

∂G
∂p+

dr < 0.

This indicates that ∂N
∂ω
< 0. According to the implicit function differentiability theorem, for a fixed outlet

pressure p∗, the shock position ω is a continuously differentiable function with respect to K.
This finishes the proof of Theorem 3.2. □
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