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Abstract: This paper investigates the bifurcation curves and the multiplicity of positive solutions for a
one-dimensional Minkowski curvature problem with constant-yield harvesting

{ — (W VI = w@P) = Ag(u) -, forx € (-L,L),

u(-L)=u(l) =0,

where A, L, u > 0 and there exist constants o > uy > 0 such that g € C[0, o] N C*(0, ), g(0) = g(o) = 0,
g'(u) > 0on (0,up), g’(up) =0, and g’(u) < 0 on (ug, o). We first show that the bifurcation curve has a
c-like shape and then provide additional sufficient conditions under which the curve is exactly C-shaped.
These results yield the exact multiplicity of positive solutions. As an application to population and
ecological models, we further consider the nonlinearity g(u) = u” (1 — u?/K)", where p,q,r, K > 0.

Keywords: positive solutions; bifurcation curves; Minkowski curvature problem

1. Introduction

In this paper, we provide sufficient conditions for the multiplicity of positive solutions to a one-
dimensional Minkowski curvature problem with constant-yield harvesting

~ (@) V1= wP) = Agu(x) -, for x € (-L,L), a1
u(-L) = u(L) = 0, '

where A, L, 1 > 0 and there exist constants o > uy > 0 such that g € C[0, 0] N C%(0, o),

g0)=g(0)=0, g'(u)>0 on (0,uy), g'(up) =0, and g'(u) <0 on (uy, o). (1.2)
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The function g represents the intrinsic growth behavior of a population and may depend on additional
parameters. The term u models a constant harvesting rate, which is independent of the population density.
Such semipositone problems arise in population dynamics models with constant-yield harvesting effort
and have also been used to describe mechanical systems with prescribed curvature, such as suspension
bridges and membrane models; cf. [1-6]. While Eq (1.1) may admit nonnegative solutions, we restrict
our attention to positive solutions only.

It is well known that studying the multiplicity of positive solutions of (1.1) is equivalent to analyzing
the shape of the bifurcation curve S for L > 0, where

S1 = {(lwlle) : 1> 0and uy € C(-L, L) N C[-L, L]
is a positive solution of (1.1)} (1.3)

with ||uylle = anaxL lu(x)|; cf. [7, p. 127]. Hence, we devote our attention to determining the shape of
—L<x<

the bifurcation curve S; for L > 0.
From (1.2), problem (1.1) can be viewed as a semipositone problem, which naturally leads us to
consider the classical Minkowski curvature problem

{ ~(@/ VI - w@F) = Af (), forxe (-L,L), (14)

u(-L) =u(L) =0,

where A,L > 0, f € C[0,00) N C?(0, o), and there exist 0 < 8; < B, < oo such that f(u) < 0 on

(O, Bl) U (B,, 00) and f(u) > 0 on (Bl, Bz); see Figure 1. Reference [8] demonstrated that the bifurcation

A

f(u)

o /5, AN

Figure 1. The graph of f(u).

curve corresponding to (1.4) may take the form of a monotone increasing, C-like shape, or S-like
shape. Furthermore, references [8] and [9] established sufficient conditions to determine its exact
shape. However, to the best of my knowledge, no further works have addressed the exact shape of the
bifurcation curve for problem (1.4). Consequently, problem (1.1) cannot be handled by relying on the
existing results, which further enhances the challenge of resolving this problem.
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As problem (1.1) has also attracted growing attention in recent years, this paper aims to classify the
possible shapes of its bifurcation curve S, of (1.1). However, this is a highly challenging task, as the
positive region of the nonlinearity Ag(u) — p in (1.1) varies with the parameters A and u. In practical
applications, the bifurcation curve S of (1.1) is often observed to be C-shaped. Motivated by this
observation, we first show that the curve S, naturally possesses a C-like shape under general conditions
and then establish sufficient criteria that guarantee it is exactly c-shaped.

In addition, our work is also inspired by the semilinear problem

(1.5)

—u"(x) = 1g(u(x)) —u, forxe(-1,1),
u(=1) =u(l) =0,

where A, > 0 and g € C[0, 1] N C?(0, 1) satisfies (1.2). In [10, 11], the authors demonstrated that, under
the condition that g is either concave or convex-concave, and with some additional assumptions, the
bifurcation curve corresponding to (1.5) is C-shaped. Notice that the Minkowski curvature problem (1.1)
with a concave nonlinearity g was studied in [12]; see Theorem 1 below. Hence, the Minkowski curvature
problem (1.1) with a convex-concave nonlinearity g is the main subject of this paper, aiming to determine
the exact shape of ;.

To further understand the properties of the nonlinearity g, we state the following lemma.

Lemma 1 ( [10, (1.4)—(1.6)]). Assume that g € C[0, 0] N C*(0, o) satisfies (1.2) and that

A> H - _H = Amin.

max g(u)  g(up)
u€el0,07]

Let G(u) = fou gydt, fi(u) = Ag(u) — u, and F(u) = AG(u) — uu. Then the following statements
(i)—(iii) hold:

(i) There exist g, 3, € (0, 0) such that

<0, on(0,61) U (B,,0),
f/l(u) =0, foru =grandu =B
>0, on(si,B).

(ii) There exists a unique c* € (uy, o) such that

| >0, forO<u<c*
G b b G *
[ (”)] =0, foru=c", and Z = (e,
u .
<0, forc"<u<o.
(iii) For
7
A=A, = , (1.6)
G

there exists a unique 8, € (1, 1) such that F(6,) = 0. Furthermore, 6,, = B,,.

Theorem 1 ( [12, Theorem 2.1]). Consider (1.1). Let m,; = min{o, L}. Assume that g""(u) < 0 on
(0,0). Then there exists k;, € (A, o) such that the bifurcation curve S 1 is continuous, C-shaped, starts
from (kr, 6,,), and asymptotically approaches (oo, m, ) for L > 0.
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As an application, we study the problem arising in population dynamics and ecology:

~ (@ VI - w@F) = @) (1~ “2) — p, forx e (-L,L), .
u(-L) = u(L) = 0, '

where p,q,r, K, A,u, L > 0. Note that the nonlinearity in (1.7) may be concave, convex-concave,
concave-convex, concave-convex-concave, or convex-concave-convex structures, depending on the
parameters. By Theorem 2(i) below, the bifurcation curve corresponding to (1.7) has a c-like shape. In
particular, we shall determine its exact shape for parameters satisfying p > 1 and r = 1.

The paper is organized as follows. Section 2 contains the main results. Section 3 contains the lemmas
needed to prove the main results. Section 4 contains the proofs of the main results.

2. Main results

In this section, we present our main results. To begin with, we set the following assumptions:
(Hy) W;(u) < 0on (0,0), where Wy(u) = ug'(u)/g(u).
(H,) There existy € (0, ug) and p € (y, up) such that

>0, forO<u<y,

G ’
g'(u)q =0, foru=ry, and &) < min {g(p) - pgz(p),g(y)}.
<0, fory<u<o p

Recall the numbers m,; and 8, defined in Theorem 1 and Lemma 1, respectively. Then we have the
following main results.

Theorem 2 (see Figure 2). Consider (1.1). Assume that (H;) holds and that either
lim (i)I}f g (u) € (0, ] (Ch)
or
2 (0%) = 0and g’ (u) > 0 for sufficiently small u > 0. (Cy)
Then the following statements (i) and (ii) hold.
(i) There exists ki, € (A, 00) such that the bifurcation curve S | is continuous, has C-like shape, starts
from (ki, 0,,), and asymptotically approaches (o, m, ) for L > 0. More precisely, there exists

A} € (Ay, kp) such that (1.1) has no positive solutions if A, < A < Aj, has at least one positive
solution if A = A} and A > kg, and has at least two solutions if A; < A < k;. Furthermore,

(a) ki and 6, are strictly decreasing and strictly increasing continuous functions with respect to
L > 0, respectively.

(b)

lim (kz,6,) = (0,0), and lim (kz.6,,) = (4,¢7).
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Figure 2. Graphs of bifurcation curves where L, > L > L;.
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(ii) If, in addition, (H,) holds, then S| is C-shaped for L > 0. More precisely, (1.1) has no positive
solutions if 4, < A < Ay, has exactly one positive solution uy, if 1 = A; and A > ki, and has exactly
two solutions if A; < A < kg. Furthermore, A; and ””/12”00 are continuous functions with respect to

L>0,
lim (/lz, ”ﬂ‘i”oo) = (/lﬂ,c*).

L—0*

Ju||.) = (00,0), and lim (1],

Lo

Theorem 3. Let
q

g(u) = u”(l - u_) , p-q, 1, K >0,
K
and consider (1.7). Then the conclusions of Theorem 2(i) remain valid with
Mes = min{K7, L},

Moreover, if p > 1 and r = 1, then Theorem 2(ii) also holds, where

rrq
7 1/q

p+q(p+1)
pK(p+qg+1)

_pK(pt+g+1)
q

pPK(p+q+1)

2.1
P+ P+ D (1)

Ay

uandc*:[

Remark 1. Regarding problem (1.7), to the best of my knowledge, the only existing results other than
those presented in Theorem 3 are found in [12], where the corresponding bifurcation curve is shown to
be C-shaped under the assumption that the nonlinearity in (1.7) is concave. It is worth noting that the
nonlinearity in (1.7) exhibits a convex-concave profile if and only if p > 1 and O < r < 1. While the
case p > 1 and r = 1 is fully addressed by Theorem 3, the remaining case p > 1 and 0 < r < 1 presents
an additional challenge, as assumption (H,) may no longer be satisfied. For instance, when p = 1.2,
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Figure 3. The graph of min {g(u) - “4, ¢()} — 2 for y(~ 0.082) < u < ug(~ 0.934) if

2 b
p=12,4=0.5r=0.6,and K = 1. The plotted function is negative on [y, uo].

q =0.5,r=0.6,and K = 1, the required inequality in (H,) is violated, as illustrated in Figure 3. This
suggests that assumption (H,) may admit further relaxation in future work.

Remark 2. Based on numerical simulations, we propose the following conjectures.

(i) The bifurcation curve S of (1.7) is C-shaped for all L > 0, and its evolution with respect to L
follows the same pattern as described in Theorem 2(ii): As L increases, the curve shifts leftward
with the starting point (., 6,,) moving toward (/lﬂ, c*).

(ii) For fixed L and K, as u increases, the bifurcation curves shift rightward along the A-axis, while the
starting point (kr, 0, ) follows an increasing trajectory in the (4, ||uall.,)-plane (cf. Figure 4(i)).
(iii) Referring to [10, 11], if the definition of bifurcation curve is defined by

)= {(,u, | uﬂ”m) : u > 0 and u, is a positive solution of(I.])} ,

then based on the results in [12], the bifurcation curve X, may be reversed C-shaped. Furthermore,
as A increases, the starting point of X, is expected to move along an increasing trajectory (cf.
Figure 4(ii)).

Although these conjectures are strongly supported by our numerical evidence, providing a rigorous
analytical proof remains a significant challenge due to certain technical difficulties in the current model.
These issues are left for future investigation.

Remark 3. Although our results are mainly established for problem (1.7), the imposed conditions are
not restricted to this specific case. Despite appearing rather stringent, these assumptions can in fact be
applied to many other nonlinearities, such as f(u) = sinu(1 — cos u). This demonstrates the generality
and flexibility of the theory developed in this paper.
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Figure 4. (1) The graph of bifurcation curve §; with varying 4 > 0. (i1) The graph of
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3. Lemmas

We define the time-map formula for (1.1) by
T\(e) = f“ B(a,u) + 1 = fl a[B(a,at) + 1]
0 BXa,u)+2B(a,u) 0 Ba,at) + 2B(a, at)

for0, <a < B, and A > A,, where

dt 3.1

B(a,u) = Fa(@) — Fa(u) = A(G(@) - Gw) —pu(a —u);
cf. [7, p. 127] and [8, 13]. Observe that positive solutions u; € C*(~L, L) N C[-L, L] for (1.1) correspond to
luillo = @ and Ti(a) = L.
So by (1.3), we have that
S1={(A@): Ty(e) = L for some a € [6,,8,) and 1 > 4, for L > 0. (3.2)

Understanding the fundamental properties of the time-map function 7,(«) on [6,,3,) is essential for
analyzing the shape of the bifurcation curve S;. Since g € C? (0, o), it can be proved that T,(a) is twice
continuously differentiable with respect to @ and A, individually. The proofs are straightforward but
tedious, and hence we omit them.

Lemma 2. Consider (1.1). Then the following statements (i) and (ii) hold.

(i) 61 and B, are continuously differentiable functions with respect to A > A,,. Furthermore,

00, 0B,
a_/l<o’a_/l>of0r/l>/lﬂ (33)

and
limi=0<0, =8, = < mpi= o

—00

Electronic Research Archive Volume 34, Issue 7, 5062-5086.
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(ii) T1(6y) € (0,00), T\(B}) = —co, and Ty(B;) = oo for A > A,.

Proof. Statements (i) and (ii) follow from Lemmas 3.1 and 3.2 in [12], respectively. The proof is complete.
O

Lemma 3. Consider (1.1). Let

! E 1
D(a, ) = alk(a) + 1] dt forO<a<cand A >0, (3.4)
0 A2EX(@) + 21E(a)

where E(a@) = G(a)t — G(at). Then the following statements (i)—(iii) hold.

(i) If T1(6,) = L for some A > A, then ®(6,, ) = L.
(ii) ®(a, ) > Lfor L<a<c*and A > 0.
(iii) If (H,) holds, then
0 .
Ed)(a, %,u) >0 forO<a<c.

Proof. We divide this proof into the following two steps.
Step 1. We prove statements (i) and (ii). Since F,(6,) = 0 for A > A, by Lemma 1(iii), we have

GO _p
g =g fordz . (3.5)

from which it follows that

B(g/b e/lt) = _F/l(g/lt) = —/1G(9/1t) + (AGH(QA)

A

)Gﬁt = AE(6,) (3.6)

for 4 > A,. So by (3.1), we have

L0 [AE6) + 1
Ty(0,) = AEOY + 1] dt = ®(6;, ) for 1> A, (3.7)

0 VA2EX(6)) +24E(6,)

which proves statement (i). By Lemma 1(ii), we see that

G(@)  G(an)
a at

Et(a)zat[ ]>0 forO<a<c'andO<r<1. (3.8)

If L < a < c*, then by (3.8), we obtain

1 1
CD(oz,/l):f @ik (o) + 1] dt>f adt=a>L for1>0,
0 VIAE(a)+ 117 -1 0

which proves statement (ii).
Step 2. We prove statement (iii). For the sake of convenience, let G = a/G(a), g: = g(at), and

G, = G(at). Itis easy to see that
0 0

sal = [$(e) — g(an)] and

&= G(a) — agla)
Oa GX(a)

Electronic Research Archive Volume 34, Issue 7, 5062-5086.
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By (3.4), we compute

GE, 1
iq)(a,iﬂ) _ —f a(uCE +1)
oa G(a) \/,u

2G2E? + 2uGE,

X . 0 «
j(; /12G2E,2 + Z#GVEI [\/“ZGZE? + ZﬂGEt£ [a/ (,uGEt + 1)]

—a (,quE + 1) (9% \/quézEtz + Zy(v;Et] dt

1

2 . .

- f — |GG E? +3G*C*Eu
G (2G*E? + 2uGE,)

+(2GE, - 1aG’g + 1aG%g,) G - aE, (G - g . (3.9)
Since G = a/G(«), we see that
23 CE 20552 2 212
G’C’E} = =" 3G°C°E} =3¢},

and
(2G2E, — taG%g + tangt) G - aE, (G - ga) = a[E,G — agG, + Gtag,] .

Then by (3.9), we observe that

0 ( @ )_ f ! apy (1)
—O|a, —u| = dt, (3.10)
I g [(@) B 2 () )]

where
2B
xw = TR SeE o
LE()G(a) + ta g(a/)g(at)[ Gl@) _ Glan ] : G.11)
ag(@) atg(a/t)

Let K(u) = G(u)/ |ug(u)]. By integration by parts, we obtain

ug(u) — G(u) = fu tg’(t)dt foru > 0. (3.12)

0

By (H;) and (3.12), we observe that
ug*(u) — G(u)g(u) — uG(u)g' (1)

u?g*(u)

S| [ a2 | g@f”]
g(u) f , d_f g()
u2g2<u>[ , A= | 8

Electronic Research Archive Volume 34, Issue 7, 5062-5086.
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=0
for 0 < u < ¢*. Since u > 0, and by (3.10), (3.11), and (3.13), we obtain that

0

ﬁ(b(a,%ﬂ) >0 forO<a< C*,

which implies that statement (iii) holds.
The proof is complete.

Lemma 4. Consider (1.1). Then the following statements (i) and (ii) hold:

(i) T:(0,) is a continuous function with respect to A > A, and

lim 7,(6,) = oo.
/l—)/l:l'

(ii) If either (C,) or (C;) holds, where (C;) and (C,) are defined in Theorem 2, then
}im T:6, =0.
Moreover, if (H,) holds, for L > 0, there exists k; > A, such that

> L, forAd, <A<k,
T0)F =L, ford=«ky,
<L, forAd>«k.

Proof. We divide this proof into the following three steps.
Step 1. We prove that

B(a,u) >0 forO<u <aand 8, < a < f,.
Clearly, B(a,0) = B(a, @) = 0. Then by Lemma 1, we have

P >0, forO<u<gy,
a—B(a, u)=—fu)y =0, foru=g,,
u <0, forg/1<u<ﬁg.

So, (3.15) holds.

(3.13)

(3.14)

(3.15)

Step 2. We prove statement (i). By Lemma 2(i), 7:(6,) is continuous with respect to A € (4,,, ). By

Lemmas 2(i) and (3.6), we have
B(0,,,6,,1) = L,E(6y,) = A,E(c") forO<t<1.

By (1.2), L’Hopital’s rule, and Lemma 1(ii), we see that

B(6,,0:,1) . AE (") A [G(c*) = c*g(c*D)]

tirlrl (1 -1)? 1= (1 = £)? B tg]q =21 -1

(3.16)
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_ﬂ *2 /’ * _A *2 /’ *
= lim ”(C)Zg(”): ”(C;g(C)E((),oo).
t—1-

Then there exist M > 0 and &, € (0, 1) such that
B(6,,.00,1) < M(1 -1 <1 foré; <r<1,

from which it follows that

|B%(0,,.04,1) + 2B(8,,.01,1)| < 3B(6,,.0,,0) <3M (1 -1)° foro <t< 1.

By (3.1) and (3.17), we obtain

0, B0, 0,1) + 1
lim 7,(6,) limf 1B+,
- \/B

Xl 2(0,,0,1) + 2B(6,, 0,1)
> lim O dt
=4i Joi A[B2(6,, 61t) + 2B(8,, 6,1)
c* L |
> — dt = o0
V3IM Js -1

So, /llir/ln+ T,(6,) = co. Statement (i) holds.
Ste[: 3. We prove statement (ii). By Step 1, we see that
0 < B(#,,0,t) = —=F(0,t) = ub,t — AG(0,1) < ub,t
forA>A,and 0 <t < 1. So by Lemma 2(i),
0< Ah_)rg B(0,,0,1) < Ali_)rgue/lt =0 forO<t<1,

which implies that
}im B(0,,0;t) =0 forO <z < 1.

Next, we consider two cases.

(3.17)

(3.18)

(3.19)

(3.20)

Case 1. Assume that (C,) holds. By (1.2), Lemma 2(i), L’Hopital’s rule, and the mean-value theorem,

we observe that

. E6) . Gr—=Gur) . g(u) — g(ur)
lim —= = lim ————— = lim >=—————1
A—00 9/1 u—0* u? u—0* 2u

t(1 -1t

= ( 3 ) uli)rgl+ g'(v;,) (for some v; € (ut, u))
t(1—t

= %g/(OU >0

for 0 < ¢t < 1. Then by (3.6),

B(6,, 6;1) — lim /1Et(9/1)

9/21 A—00 Hﬁ

lim

A—00

oo forO<t<1.

(3.21)

Electronic Research Archive Volume 34, Issue 7, 5062-5086.
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By (3.1), (3.20), and (3.21), we obtain

i
B(08,,0,t 1 0

lim 7,(6) = lim 01,041 + 2 )
VB(6,,0,1) + 2 \B(0,, 911‘)

Case 2. Assume that (C,) holds. By (3.5), (3.6), and Lemma 2(i), we see that

G(6,1) G(6,1)
B0 L aEey -SR] k- G
1m—2 = hm—z—hm—z—hm—
A—> 0 0/1 A—> 0 6/1 A—0 6/1 A—> 0 8/1
G(ut)
|t =&
= lim M (3.22)
u—0+* u

for 0 <t < 1. Let Q,(u) = G(ut) — *G(u). By (C,), there exists 6, > 0 such that
Q;(u) = 1g(ur) — *g(u) and Q' (u) = £ [¢'(ut) — g'(w)] < 0
forO <u < 6and 0 < < 1. It follows that Q;(u) < Q;(0) =0for0 <u < 9, and 0 <t < 1. Then
Ou)<0;0)=0 forO<u<drand0 << 1.

So, we obtain

Gut
W 2 for0<u<6yand0<r<l. (3.23)
G(u)
By (3.22) and (3.23),
ult—1
limwz limg:oo forO<t<1,
A—00 02 A—00 0/1

A

from which it follows that
1
B(0,,0,t) + 1 0
lim 7,(6,) = lim O, 0a8) A =0
VB(6,,6.1) + 2 \B(6,, Qﬂ)

So by Cases 1 and 2, we obtain lim,_,., 7,(6,) = 0. Notice that by (3.5) and (3.7), we have

0,
T(0,) = D0, ——u| forad> A,. 3.24
1(67) ( 2 G(Q) ) or u ( )
Suppose that there exist 4y, A, € (/lﬂ, oo) such that Ty, (6,,) = T1,(64,) = L. By (3.24),
ofo,, ) = L= 0fg,, 2
v G > G
So by Lemma 3(iii), we obtain §,, = 6,,. Then by Lemma 2(i), 4; = A,. Since

lim TJ(Q,]) =oo and lim T/1(9/1) =0
A= AL A—00

and by continuity of 7,(6,) with respect to A, there exists «; € (4, c0) such that (3.14) holds.
The proof is complete. O

Electronic Research Archive Volume 34, Issue 7, 5062-5086.
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Lemma 5 (cf. [12, Lemma 3.9]). Consider (1.1). Assume that (H,) holds and that either (C;) or (C5)
holds, where (Cy) and (C,) are defined in Theorem 2. Then the following statements (i)—(iv) hold.

(i) There exists a positive function Ar(a@) : [0, , M) — (A, 00) such that
Ty (@) =L and A.(6,,) = KL, (3.25)

where k; and m,. 1 are defined in Lemma 4 and Theorem 1, respectively.
(ii) Ap(@) € C'(6,,,my1) and

sgn (A (@) = 5gn (T}, o(@) for @ € (6, mes).

(iii) lima_,m;L Ar(@) = oo.
(iv) The bifurcation curve S|, = {(A.(@), @) : a € [6,,, my1)} is continuous, has a C-like shape, starts
from (kp, 8,), and asymptotically approaches (oo, m ).

Proof. (1) Since G'(u) = g(u) > 0 on (0, o), by (3.1), we compute

0 “ —[G(a) - G(u)]
_T = 2
g1 A@ fo Ba.w + 2B@wp” < (3.26)

for 6,, < @ <, and A > A,. We now consider four cases.

Case 1. 2 € (0,6,,). If T), (@) = L for some 4, € (/l#,oo), by (3.1), we obtain 6, < @ < 6,,. So by
Lemma 2(1), there exists A, € (., 4;] such that @ = 6,,. By (3.14),

Ty (a) =L =T (6) > Ty01) = Ty(a),

which is a contradiction by (3.26). Thus, if @ € (0, 6,,), then T)(a) # L for A € (/lﬂ, 00) .
Case 2. a € [m,,0). By (3.15), we obtain

1 1
T\(@) = elB@an+ 11, f adt = a (3.27)
o V[Ba,ar) + 11> -1 0

for0, <a <pByand A > A,. If T),(@) = L for some A3 € (/lﬂ, 00), by (3.1), we see that
My <@ <Py <0,
which implies that m,; = L. Hence, by (3.27),
L=T,()>a>2ms. =1L,

which is a contradiction. Therefore, if @ € [m, 1, ), then T (o) # L for A € (/l#, oo) .

Case 3. « € [0,,,c") N [6,,ms). By Lemma 2(i), there exists A4 € (A, k2] such that & = 6,,. By (3.14),
we have
Ty(@)=Ty0,)=2L>my>a= }im T ().
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Hence, by (3.26) and continuity of 7'y with respect to 4, there exists a unique A;, = Az(@) > A4 > 4, such
that TAL(Q)(CU) = L. Then by (314),

TAL(HKL)(QKL) = L = TKL(HKL)'

Therefore, by (3.26), we obtain 4,(6,,) = ;.
Case 4. a € [¢",my 1) N [0, my ). By Lemma 2, there exists As € (4,,, ) such that

@ €[c",Bi) and Ty (a) > L,

from which it follows that
Ti(a)>L>my; >a= Alim T ().

So by (3.26) and continuity of 7, with respect to A, there exists a unique A; = A;(a) > As > A, such
that TAL(Q)(O!) =L

By Cases 1-4, there exists a positive function Az(@) : [0, M) — (A, ©0) such that (3.25) holds.
Statement (i) holds.

(i1) Since T),(o(@) = L, and by (3.26) and the implicit function theorem, we see that A,(@) €
C'(6,,,my). Since

0= OL _ 0Tyw(@) _

6‘ ’ ’
oa oa - [aTﬂ(a)Lzma) e @

and by (3.26), we prove statement (ii).
(iii). Let Ag = lim infa_,m;L Ar(@). Clearly, d¢ € (4, o0]. Suppose dg < co. By the domain of T,
and (3.25), we observe that

H/lL(a) <« <,8/1L(a) for QKL Sa < Mgy

Then by Lemma 2(i),
Mmeyp = Iiminf @ < lim i}lfﬁ,{L(a) = ﬁ/l(, <0,

- -
a_>m(r,L @ m(r,L

which implies that m,;, = L < 0. By Lemma 2(i), there exists A7 € (dg, o) such that L € (6,,,8,,). It
follows that
limiLI}f/lL(a) = liminf A;(a) = Ag < A7 < 0.

a'—>m(r‘L

So, there exists a sequence {«, € (6,,, L)} such that lim,_,, @, = L and 4;(a,) < A7 for n € N. Then by
(3.25)—(3.27), we see that

L<Ty(L)=1lmTy(a, <limT ) =L,

which is a contradiction. Thus, 1¢ = co. Statement (iii) holds.

(iv) By Lemma 2(ii), there exists 03 € (6,,, M) such that T} (a) < 0 on (6,,,3). Hence, by (3.14),
(3.25), and (3.26),

T,l(a') < TKL(G’) < TKL(GKL) =L= T,lL(a)(a/) for QKL <a<d; and A > Kr.
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Again, by (3.25) and (3.26),
Ar(@) < kp = A.(6,,) fora € (6,,,53). (3.28)
By (3.1) and (3.25), we have
0,00 < @ < B fora € (b,03). (3.29)
By Lemma 2(i), (3.28), and (3.29),

QKL < lim HAL(Q) =40 lim (@) < lim a = HKL.
-0 oF

- a6t a—)BZL

So by Lemma 2(i) and (3.25),
ﬁl;} A(@) =k = A(6,,)-

Thus, by statement (i1), 4,(«) is continuous on [6,,,m ). By (3.2),
S.={(@),): @ € [6,,,m,1)} iscontinuous.

Since hma—)m;L Ar(@) = oo, and by (3.28) and statements (i) and (iii), S ; has a C-like shape, starts from
(kz, 6, ), and asymptotically approaches (oo, m,;). Statement (iv) holds.
The proof is complete. m|

Lemma 6. Consider (1.1). Assume that (H,) holds. Then the following statements (i) and (ii) hold.

(i) There exists y € (0,up) such that f'(u) > 0on (0,y), f{'(y) =0, and f'(u) <0 on (y,o0).
(ii) There exists By € (0,3,) such that

>0, forO<u<py,

=0, foru= Bf,

<0, for,Bf <u<p,.

Proof. Since f}'(u) = Ag"(u), and by (H,), we conclude that statement (i) holds.
To prove (ii), we compute

[f/l(u)]/
u

[ fﬂ(u)]’ _ufiw ; f/l(u)' (3.30)
u u
By (H,), we have g’(0") € [0, c0). It follows that

lim [ufi0) = fu@w)] = lim [dug/ () = Ag(w) +u] = > 0. (3.31)

Again, by (H,), we observe that

>0, forO<u<vy,

[ufr(w) — frw)] = uf) (W) = udg”(u)d =0, foru=r, (3.32)
>0, fory<u<o.

We further compute
[ufi(w) = fa)] =5, = BaS1(BD) = 4Bag’(Br) < 0. (3.33)
Therefore, statement (ii) follows from (3.30)—(3.33). The proof is complete. O
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Lemma 7. Consider (1.1). Assume that (H,) holds. Then the following statements (i)—(iii) hold.
(i) There exists 6 € (y,uy) such that J(u) < 0 on (0,06), J(6) =0, and J(u) > 0 on (3, 0) , where
J(u) = 2ug(u) — 2G(u) — uzg'(u). (3.34)
(ii) We(6r) <2if A, < A < 6u/G(3), where

ufiw) _ dug'@
faw)  Agw) —p

(iii) 0; < Bf if > 0u/G(9), where Bf is defined in Lemma 6.

Wiu) =

Proof. (i) By (H,), we observe that

<0, forO<u<vy,
J'(u) = —u*g"(u){ =0, foru=1ry, (3.35)
>0, fory<u<o.

Since g’(u) > 0 on (0, uy), we further observe that
1o
lir(r)l J(0") =0 and J(up) = 2upg(uy) — 2G(uy) = 2f tg’(t)ydt > 0.
u—0* 0

So by (3.35), there exists ¢ € (y, up) such that J(u) < 0 on (0, ), J(6) = 0, and J(u) > 0 on (6,0). We
prove statement (1).

(i1) By Lemma 1(i1), we have 6 < uy < c*. It follows that

*

Q= K oM
PG GO)

Assume that
A <A< ——. (3.36)

By (3.5) and (3.36), we obtain

G©) _p _ GOy
5 A0,

By (3.37) and Lemmas 2 and 1(ii), 6 < 6, < ¢*. So by (3.5), we observe that

(3.37)

21200 — uf;(6) _ 248(0,) — 2u — 20,8'(61)

2-Wi(6))

fa(62) fa(62)
1 G(6))
= 242(6)) — 24 — 10,2 (0
70 8(0y) 0, 18'(02)
A
= ey’

which implies that W,(6;) < 2. Statement (ii) holds.
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(ii1) Assume that A > ou/G(9). It follows that

0 = Fa(60)) = AG(0,) — ub, >

10,6 (G(H/l) B G(é))_ (3.38)

GO\ 6, 0

Since 6 < uy < ¢* and 6, < ¢*, and by (3.38) and Lemma 1(ii), we obtain that 6, < 6 < uy. So by
statement (i), J(6,) < 0, which implies that

638'(0,) > 260,8(62) = 2G(6)). (3.39)
Since AG(6,) = ub, and g’(u) > 0 on (0, uy), and by (3.30) and (3.39), we observe that

f/l(u) 4 3 /19,1g/(9,1) — /lg(e/l) +u

Uy, 7

10,8 (6,) — 1g(0,) + %ﬁeﬂ)
0]

A
= 510560 - 660 + GO
A

A
> —[618(01) — G(6))]
0

A (n
= — [g(62) — g(®)] dt > 0.
& Jo

So, 6, < + by Lemma 6(ii). Statement (iii) holds. The proof is complete. O

Lemma 8. Consider (1.1). Assume that (H,) and (H;) hold. For A > A, there exists &, € (0,,3,) such

that
<0, for0,<a<a,,

T () =0, fora=a,, and T (@,) > 0. (3.40)
>0, fora,<a<p,,

Furthermore, @, is a continuously differentiable function with respect to A > A,.

Proof. Let A € (4,,0) be given. By Lemma 2(ii), T,(a) has at least one critical number, a local
minimum, on (6,,,). Recall the number ¢ defined in Lemma 7(i). Next, we consider two cases.
Case 1. Assume that

By Lemmas 6(i) and 7(i), we apply [9, Lemma 4.7] to obtain
T (@) + 2T (@) > 0 for 0, < a < B,,

from which it follows that 7/ (a) > O for any critical number a € (6,,8,). So, T (@) has exactly one
critical number @, such that (3.40) holds and T7/(@,) > 0.
Case 2. Assume that
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ou
A>—.
— G()
Since

2F (B — Bafa(Bar) = 2Fa(Ba) > 0,
and by [9, Lemma 4.2(i1)], there exists 7, € (6,,8,) such that

T (@) >0 fort) <a<p,.

‘We assert that
Wi(u) <0 on (0,8)).

By (3.42) and Lemmas 6(ii) and 7, we apply [9, Lemma 4.4(ii)] to obtain

aT/(a)+[3+ N@)] T)(@) > 0 forB; < a <1,

where fil@) — & fi(@)
a\a)—a la
N = )
(@)= f@ = 2F @)
Since Ju
W0 = lim 48 _ o,

w0 Ag(u) —p
and by (3.42) and Lemma 6(i1), we apply [9, Lemma 4.5] to obtain

T/ (@) > 0 for 6, < a < f;.

(3.41)

(3.42)

(3.43)

(3.44)

By (3.41), (3.43), and (3.44), T/ (@) > 0 for any critical number @ € (6,,,). So, T (@) has exactly one

critical number @, such that (3.40) holds and T7/(a@,) > 0.

From Cases 1 and 2, since T/ (@,) > 0 for 4 > 4,, and by the implicit function theorem, @, is a

continuously differentiable function with respect to 4 > A4,,.

Finally, we prove the assertion (3.42). By (H;) and a similar argument as in [10, Proof of Lemma 3.2],

we obtain
Wi(u) < 0 on (s1.52).

By (H,) and Lemma 7, we observe that 6 < p < uy < ¢*. Then by Lemma 1(i1), we observe that

ES@S@ for/lzé—'u.
A ) o G(6)

So by (H;), we have
£ = 2]s0) - 5| > 2|00

which implies that ¢, < y. It follows that

Alg () + ug”(w)] fr(u) — u [/lg’(u)]2
[fw)”
Therefore, the assertion (3.42) holds by (3.45) and (3.46). The proof is complete.

Wi =

<0 forO<u<gy.

(3.45)

(3.46)

O
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Lemma 9. Consider (1.1). Assume that (H,) and (H;) hold. Then the following statements (i) and
(ii) hold:

(i) Ty(@,) is a strictly decreasing and continuous function with respect to A > A,

lim T)(@,) = co and }im T&,) =0. (3.47)
A—-At —00

7

(ii) For any L > 0, there exists A} € (/lﬂ, KL) such that

>L, ford,<A<A4;,
Ta@y)s =L, ford=A4;, (3.48)
<L, ford> 43,

where ki, is defined in Lemma 4. Furthermore, A and &,; are continuously differentiable functions
with respect to L > 0.

Proof. By Lemma 8, T,(@,) is a continuously differentiable function with respect to 4 € (4, ).
By (3.26) and (3.40), we see that

a ] ., [0
27T = [55@)]&:@ + Tl(aﬁ)a—; = [ETA(Q)L_ <0 ford> A, (3.49)

=)

which implies that 7,(@,) is strictly decreasing for A > A,. By (H,), we see that either (C,) or (C,)
holds, where (C;) and (C,) are defined in Theorem 2. By Lemma 4(ii), we observe that

0< Ahm T/l(d'/l) < }lm T/l(g/l) =0,
which implies that lim,_,., 7;(@,) = 0. In addition, by a similar argument in the proof of Lemma 3.5

of [12], we obtain lim,_, X Ty(@,) = oo. So, statement (i) holds. Then there exists A; € (4, ) such
that (3.48) holds. By (3.40) and (3.48), we have

Ty (0y)> Ty (ax) =L,

from which it follows that by Lemma 4(i1), 4; < ;. In addition, since Tﬂz(&}z) = L, and by (3.49), we
see that 4; is a continuously differentiable function with respect to L > 0. So by Lemma 8, @;: is a
continuously differentiable function with respect to L > 0. The proof is complete. O

4. Proofs of main results

Proof of Theorem 2. Given L > 0, by Lemma 5(iv), the bifurcation curve S, is continuous, has a C-like
shape, starts from (., 6,, ), and asymptotically approaches (co, m,. ;). By (3.28) and Lemma 5(1)—(iii1),
there exists a; € (6,,,m,,1) such that

A7 = Ar(a@}) is the minimum value of A, (@) on [6,,, M. 1) 4.1)

Furthermore, A7 = A;(a;) > A,. Thus, (1.1) has no positive solutions if 4, < A < A7, has at least one
positive solution if A = A} and A4 > «;, and has at least two solutions if 47 < A < k. Next, we divide the
remaining proof into three steps.
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Step 1. We prove statement (i)(a). Let

H(a) = q)(a/, %u) forO < a <,

where O is defined by (3.4). By (3.14) and (3.24),
H(GKL) = TKL(QKL) = L.

By Lemmas 2(1) and 3(iii), we further see that

3 , 96
SHO) = H (9‘)0_; <0 for 1> 4,

4.2)

So by (4.2) and the implicit function theorem, «; is a continuously differentiable function with respect
to L > 0. By Lemma 2(1) again, 6,, is also a continuously differentiable function with respect to L > 0.

By (4.2), we compute

A (G

1_6_L_ oL

39,( (90/1 (9KL
=HO,)— =H®6,)|—=| ==
u) g = HY L)[ax L oL

So by Lemmas 2(i) and 3(iii), we see that

0
aKL>0 and %<O for L > 0,
oL oL

which proves statement (i)(a).

Step 2. We prove statement (i)(b). By Step 1, we see that
lim 6,, and lim x; exist.
L—0+ L—co
Suppose & = lim; ¢+ 6,, > 0. Then, by (4.2),
0= lim H(,,) = H(lim 6,,) = H(&) > 0,
L—0* L—0*
which is a contradiction. Thus, lim;_,+ 6;,, = 0. Then by Lemma 2(i), lim; o+ k, = oo, that is,

Jim (k2. 6,,) = (00,0).

Suppose A = lim; o, k; > A,. Then by (4.2),
co = lim L = lim H(6,,) = H(lim 6,,) = H(6;) < oo,

L—oco

which is a contradiction. Thus, lim;,. k;, = 4,. By Lemma 2 again, lim; ., 6,, = c*, that is,

nglolo (kp,6,,) = (/l#,c*).

4.3)
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Step 3. We prove statement (ii). Assume that (H;) holds. Let L > 0 be given. Suppose there exist
@y, @, € (6, myy) such that 2} (a;) = Aj(az) = 0. Let 4; = A,(a;) and A, = A;(a;). By Lemma 5,
we obtain

Ty(a1) =Ty(a1) =L and T) (a1) = T),(a1) =0,

which, by Lemmas 8 and 9, implies that @; = @,, = @,, = @». Hence, 1,(@) has at most one critical
number &;: on (6,,,m.). Then by (3.28), (4.1), and Lemma 5(i)—(iii), we observe that

<0, forb, <a<aj,
A (@) =0, fora=aj, “4.4)
>0, fora; <a <mg;.

Therefore, by Lemma 5(iii), we conclude that S, is C-shaped, and (1.1) has no positive solutions if
Ay < A < A7, has exactly one positive solution u: if A = A; and A > k;, and has exactly two solutions if
A; <AL K.

By (4.4) and Lemma 5, we see that TAZ(QZ) = L and Tﬁz(ap = (0. By Lemma 8, we obtain

ay = ap = |lug - (4.5)

Hence, by Lemma 9(ii), 47 and ||u ﬂz”m are continuous functions with respect to L > 0. By (3.25), (4.4),
and (4.3),
fim 4, < Jim 4 < Jim A6 = im0 =

which implies that
lim A; = A,. (4.6)

L—oo

Since 012 <a; <pB 2 and by Lemma 2 and (4.6), we observe that

*

c=0; =1lim0Oyp <lima; < lim By = =c
A L—oo /lL L—oo L L—)ooﬁ/lL ﬁ/l# ’
which implies that

lim a; =c". 4.7)

L—c

By (4.5)—(4.7), we obtain
Jim (4. fJus ) = Jim (4. 01) = (4,.¢7).
In addition, by (3.48), we have

_9
~OL

ox;
oL’

a=a 42 ,A=A4 7

0
1 Ty (ay) = [ﬁTa(a)]

from which it follows that by (3.26),

oA
—= <0 for L > 0.
oL
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Suppose that lim; o+ A; = A3 < co. By Lemmas 8 and 9,

0= Lh_)r(r)1+ L= Lll_)f{){ T)(@a) = Ta(@y,),

which is a contradiction. So, lim;_,o+ A7 = co. By Lemma 8 and (3.27),

=1 =1 O > i ¥, >
0= iy L= Jiy T = Jig 0.

which implies that lim; o+ @, = 0. By (4.5), we obtain

lim (4,

L—0*

ugll,) = Jim (4, &) = (20,0).
The proof is complete. a

Proof of Theorem 3. Clearly, o = K'/9 and m,.; = min{K+, L}. We divide the proof into three steps.

Step 1. We prove the conclusions of Theorem 2(i). From

" q r—1 K
g = uul"l | “ P _ u?| forO<u< o, 4.8)
K K p+qr

it follows that
>0, for0<u < ug,

, 1/
g =0, foru=uy= (p’i‘;’r) ‘.

<0, foruy<u<oao,
which implies that (1.2) holds. Moreover,

0 ug'(u) Kq?rud™!

R )2<Of0r0<u<K1/q:(T,
u gu — ud

which implies that (H;) holds. By (4.8), we compute and find that

o, if0<p<l,
lim ¢'(u) = p lim wl={p ifp=1,
" - 0, ifp>1,
and
r=2 _
., u? ub=2 )
g'u) = (1—?) F[(prq— Dp+qu™
+K(—2p2—2pq+2p—q2+q) u? + K*p(p - 1. (4.9)

Then (C;) holds if 0 < p < 1, while (C;) holds if p > 1, where (C;) and (C,) are defined in Theorem 2.
Thus, (1.7) satisfies assumptions (H;) and either (C;) or (C,), so the assertions of Theorem 2(i) apply.

Step 2. We prove that

p+l 11
N for p,q > 0. 4.10
(p+q+1) >p+1 orpa= (4.10)

Electronic Research Archive Volume 34, Issue 7, 5062-5086.



5084

Fix p > 0. Let

p+1
p+qg+1
Then (4.10) is equivalent to w(g) > 0 for ¢ > 0. We compute

w(q)zln( )+I%ln(p+1).

1 p
(@=—|lmp+1)- ———|.
w(q) p[n(p ) PYTrY
Since ) 5
d P +q +pg+ptq
— [pW'(@)] = >0 forg >0,
ap (p+D(p+qg+1)
we see that )
’ , q +q
\ > | pw 0= > (0 forg >0,
pw'(q) > [pw' (@] =0 G 1) q

from which it follows that w(g) > w(0) = 0 for g > 0. Thus, (4.10) holds.

Step 3. We prove that if p > 1 and r = 1, then Theorem 2(ii) also holds. First, we verify (2.1). Since
r =1, we have

(1= 411
g(u)—u(—?). (4.11)
We compute
+ K prl K(p+q+1
g =2 qup_l( P _ uq) and G(u) = —— (prg+l)_ Lﬂ]. (4.12)
K p+q K(p+qg+1) p+1
By Lemma 1(i1),
s\ P K 1 * #\q
K(p+qg+1) p+1 c* K
from which it follows that
. [pK@+q+1]"
=l
P+ (p+1)
Then by (1.6),
ptq
_ M _pK(ptag+ 1)((p+q)(p+ 1)) ‘
Hogen) q pK(p+q+1)
So, (2.1) holds.
In addition, by (4.9), we have
. (p+qu*|[Kp(p-1)
g = L1 PP (pvq-Dut. (4.13)
K Ptq

Since p+¢g—1> p—1>0, and by (4.13), we see that
g'(0)=-0"2q2p+q-1) <0,
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which implies that g is convex-concave on (0, o) and

1
K -1 a
- pp—1) ] . (4.14)
P+ (p+qg-1
Recall the function J defined by (3.34). By (4.11) and (4.12),
JG0) = P+a)(ptg=1 ,, [uq_ Kp(p-D(p+q+1) ]
K(p+qg+1) p+Dp+p(p+qg-1)
We take ]
_|_Kpp-Dp+q+1D ]‘1

(p+Dp+(p+q-1)]
Clearly, J(p) = 0. It implies that

G ’

) _ 2(p) - 28 ) (4.15)
ol 2
By (4.10)—(4.12) and (4.14),
G
8(y) - S
P
_ qQ@p+q-DKi [ p(p-D(p+g+1 ] ( p+1 ) 1
p+q-Dp+|p+ D+ (p+q-D]| |\p+qg+1 p+1
> 0.

So by (4.15), the condition (H5) is satisfied, and Theorem 2(ii) applies. The proof is complete. O
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