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Abstract: Let g be a 2n-th primitive root of unity and u,(sl,) a small quantum group in the usual way.
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yx =gxy, x"=y"=0.
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1. Introduction

The concept of H-module algebra was introduced by Sweedler in his foundational work on Hopf
algebras [1, Section 7.2]. From then on, this notion has attracted considerable attention and plays a
central role in the study of Hopf actions. Later, Caenepeel et al. [2,3] described quantum Yang-Baxter
module algebras and built Brauer groups for Yetter-Drinfeld module algebras. Chen and Zhang [4]
classified the 4-dimensional Yetter-Drinfeld module algebras over Sweedler 4-dimensional Hopf algebra
H,, as well as classified all H,-module algebras on M;(k). Gao and Yang [S] characterized all finite-
dimensional simple H-module algebras for eight-dimensional non-semisimple Hopf algebras H over an
algebraically closed field of characteristic zero. Readers can refer to [6-9] for more related works.

Quantum groups were introduced independently by Drinfeld [10] and Jimbo [11] in the 1980s.
They are non-commutative and non-cocommutative Hopf algebras. These are key tools in both
mathematical physics and the field of algebra [12-16]. The study of quantum group module algebras
is very active. A basic example is to classify module algebra structures on the quantum plane C,[x, y]
(see [17]) over quantum groups, where C,[x, y] is generated by x and y with the relation yx = gxy and
0 # g € C is a parameter.
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Assume that ¢ is not a root of unity. In 2010, Duplij and Sinel’shchikov [18, 19] fully classified all
possible U,(sl,)-module algebra structures on A,(2) = C,[x, y]. They found an uncountable number of
nonisomorphic nontrivial actions. This line of research was extended to higher dimensions by Duplij
et al. [20], who described U,(sl(m + 1))-actions on coordinate algebras A,(n) for n > 2. Hong and
Wu [21] generalized this to multi-parameter cases. They studied U,,(sl,)-actions on A,(2). Su et al. [22]
provided a complete classification of X,(A)-module algebra structures on the quantum plane A,(2) and
described the corresponding isomorphism classes. For the case of the quantum polynomial algebra
Cylx,y,z], a complete classification was established by Su in [23]. It is noted that Xia et al. [24] gave a
complete classification of U,(sl,)-module algebras on the quantum polynomial algebra k,[x*!,y], where
the action of the generator K of U,(sl,) is a non-toric automorphism.

A natural progression from these works on infinite-dimensional spaces is to explore the finite-
dimensional case. This leads us to consider the quotient algebra A, ,[x,y] = C,[x, y]/(x",y"), known as
the truncated quantum plane. Based on the aforementioned framework, we study the restriction of the
module algebra structure of the small quantum group to this finite-dimensional space.

This paper is organized as follows. In Section 2, we recall the definitions of A, ,[x, y] and the small
quantum group 1,(sl,). The automorphisms of A, ,[x, y] are described. In Section 3, we classify the
u,(sh)-module algebra structures on A, 4[x, y]. The torus generator K of 1,(sl,) is assumed to belong
to Aut;(A,4[x,y]), which is reasonable since Kk at this moment can be naturally viewed as a graded
automorphism of A, ,[x, y].

2. Preliminaries

Throughout, we denote by C and R the fields of complex and real numbers, and by Z and N the set
of integers and natural numbers, respectively.

Fix an integer n > 2 and let g be a 2n-th primitive root of unity. For example, ¢ = cos ¥ + isinZ,
where i is the imaginary unit.

For a real number k, let [k] denote the greatest integer less than or equal to k.

For any integers s, t, define

1 - qst
(S)qt = 1 _ q[ *
For any integers s, t with s < ¢, we denote by [[s, ]| the set {s, s+ 1,--- ,1}.

Let H be a Hopf algebra and A an algebra. A is said to be a (left) H-module algebra [9] if the
following axioms hold:

1) Aisa (left) H-module, viah® a +— h - a,
2) h-(ab) = (%(h] -a)(hy - D),
3) h-14 = €e(h)1,,
forall a, b € A and h € H with A(h) = ), h| ® h».
()
The small quantum group 1,(sl,) is the unital associative C-algebra generated by e, f, k, k™! subject
to the relations:

k™'k = kk™! =1, (2.1)
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ke = g’ek, kf = g%k, (2.2)
k—k!

ef — fe = -, (2.3)
q-q

e"=f"=0, (2.4)

K™ = 1. (2.5)

Moreover, u,(sl,) is a Hopf algebra with comultiplication A, counit &, and antipode S given by

AK) =k®k, Ae)=10e+edk Af)=fo1+k!af,
k) =1, ee) = &f) =0,
Sk) =k, S(e) = —-ek™, S(f) = —kf.

It is well-known that 1,(sh,) has a basis {€'Fk" | i, j € [0, n— 111, k € [0, 2n - 1]}.
The truncated quantum plane A, ,[x, y] is the unital associative C-algebra generated by x and y
with relations

yX = gxy, X'=y"=0. (2.6)

i,j€ [0, n— 1]]} or
{ yix/ | i,j €0, n- 1]]} is a basis of A, ,[x,y]. This algebra is a special case of the quantum divided
power algebras (see [26,27]). More precisely, if we take n = 2 and ¢ = n, then the truncated quantum
plane A, ,[x, y] is just the restricted quantum divided power algebra 27,(2,1) (where 1 = (( - 1,¢ - 1),
see [26]). We note that Gu and Hu [27] generalized such truncated objects to 27 (n, m) and studied their
Loewy filtrations, rigidity, and quantum de Rham cohomology as 11,(sl,)-modules.

In the following, we shall classify 1,(sl,)-module algebras on A, ,[x, y]. For this purpose, we need to
understand the automorphism group of A, ,[x, y].

Let A, 4[x, y]. be the m-th homogeneous component of A, ,[x, y], and we have

Applying the diamond lemma (see [25, Theorem 1.2]), one sees that {xiyj

2n-2

Anglx,y) = @D Anglx, ¥l
m=0

Here the degree of a monomial x'y/ is given by deg(x'y/) =i + j.
n—1

Forp = Y a;;x'y’ € A, [x,y], let p,, denote its m-th homogeneous component, i.e.,

i,j=0
m
Pm = Z Ain-iX Y
i=0
Our classification relies on understanding the automorphism group of A, ,[x, y]. We first describe the
general form of an algebra automorphism.

Proposition 1. If ¢ is an algebra automorphism of A, 4[x,y], then there exist nonzero scalars a,3 € C
such that

n—1 n-1 n—1 n-1

Qx> ax+ Z Z a; jx'y, y+— By + Z by x"y'. 2.7)

i=1 j=1 s=1 t=1
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Furthermore, these coefficients a; j, b, € C must satisfy the following family of quadratic relations for

all Llme[2,n—-1]:

-1 m-1

(¢' = q) d1m-sB + (q" = @) @brorn = g0 — ¢ agmibis. (2.8)
s=1 t=1
Proof. We may write
n—1 n—1
e = D Xy, e() = ) byuxy. (2.9)
isj:O 5,t=0

Straightforward computation yields:

n—1 i J
p)p(y) = [Za,,xy]{zbuxy] Z[ Zq a;- nbs”)xy,
i,j=0 5,t=0 i,j=0 \ s=0 =0
- n—1 i J
eMp(x) = [Z bs,txsy’] [Z ai,jX’y’] = [ q(l_S)(j_l)ai—s,tbs,j—tJ xyl.
s5,1=0 i,j=0 i,j=0 \ s=0 =0
The condition ¢(y)¢(x) = ge(x)e(y) implies that
iJ i
D a0 by =q ) Y 4 by, foralli, je [0, n—1]. (2.10)

s=0 =0 s=0 =0
It follows that
Clo,obo,o = Clao,obo,o-

Since g # 1, we have either apo = 0 or by = 0.
Suppose app = 0 and by # 0. Let a;, jxiy-’ be a nonzero monomial in ¢(x) with minimal (i, j) in the
lexicographical order. Then the term a; ;b ox'y’ appears in (y)¢(x) = ge(x)gp(y), i.e.,

bopaij = gbooa;,.

This contradicts g # 1. Therefore, we have by = 0. Similarly, agy = 0.

Hence,
o(x) = Za,ox + Zaojy + Za,jxy e = stox + ZbO,y + Zb”x Y. @l
Y =
Considering the expression
x = ¢ i) = ¢! zalox + nzl“aojy + Zla,]xy
= 1 =
= iazo (¢ ) + ) 4, (¢ ) + iai,j (¢ @) (¢ ),
= = =
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we get that either ag; # 0 or a; ¢ # 0. Similarly, we have either by; # 0 or b,y # 0.
Settingi = j=1;0ri=2,j=0;0ri =0, j =2in (2.10), respectively, gives

(1 = @)ai obos + (g — q¢Pagbr = 0,
(I =q)aiobip =0,
(I = g)qao,1bo,1 = 0.

If ap; # O, then by = 0 and by; = 0, which is a contradiction. So ayp; = 0 and a;y # 0. Similarly,
bl,O =0and b(),l # 0.
Thus, we have

o(x) = Za,ox +Zao,y +Zal,xy, SO(Y)—stoX +Zb0zy +sttxy (2.12)

i,j=1 s,t=1

Fori =k, j = 01n (2.10), we imply that

k k
Z ax-sobsp = q Z Ar—sobso, k€3, n—1].

s=2 s=2

Since g # 1, by induction we get b,y = O forall s € [0, n — 1]. Similarly, ap ; = Oforall j € [0, n - 1]].
Hence, Eq (2.10) becomes

Jj i J
> a"acibig=q), Y 4" ay biy,, foralli,jel[l, n-11. 2.13)

s=1 =1 s=1 t=1
Setting i =2, j=1andi =1, j =2, then we have a,y = by, = 0.
In general, leti =m > 2, j=1andi = 1, j = m, respectively, and we get

2
qaiobp-11 +q arobpy-y + -+ qmam,ObO,l =q (al,Obm—l,l +axobyog +- -+ am,ObO,l) .

By induction, we get a,,o = O for all m > 2. Similarly, b,,, = 0 for all m > 2.
Setting a;p = a and By = B, we get

n—-1 n—-1 n—1 n-1

p(x) = ax + Z Dlaxy, a0, @) =By+ Y > byxy, B#0,
=1 j=1

s=1 t=1

and Eq (2.13) is

-1 m-1
(¢' = q) drwasB + (q" = @) b1y = (""" — g") agpoibiyy Lm €2, n = 1]

s=1 t

3

Il
—

The result follows. O
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Example 1. Consider the map ¢ defined by
o(x) = ax+bx" 'y o(y) = cy + dx" Ty,

where a,b, c,d € C and ac # 0. It 1s straightforward to verify that ¢ is a homomorphism.
In general, the inverse of ¢ is given by

(P_l(x) =alx- ba_ncl_nxn_lyn_l, ‘P_l()’) — C_ly _ da_ncl_"x"_ly"_l.

Hence, the map ¢ extends to an algebra automorphism of A, /[ x, y].
Assume that a = ¢°, ¢ = ¢' for some s,t € [0, 2n — 1], and one may verify by induction that

o) = g%, o) =q"y, ey = e(x)e(y)) = ¢*Uxly,
for all i, j € [2, n — 1]]. Furthermore, for all i > 1,

i-1
()Oi(x) _ qsix 4 Z qs(i—2j+nj—1)+t(nj—j)bxn—lyn—l’

j=0

i-1

‘pi(y) _ qtiy " Z qt(i—2j+nj—1)+s(nj— ) dx”‘ly”‘l,
j=0

For i = 2n, we obtain that

2n—1
2 2 —2js—s—tj1,.2n—1_2n—1
(,On(X) — qnsx+Zq Js=s=1jpy2n yn = x,

‘pzn(y) — qzmy " Z q—2jt—t—sjdx2n—1y2n—l =y.
j=0

Hence, ¢*" = id.

In particular, the map
p: xPax, y=py, a,peC\{0}

is an algebra automorphism of A, ;[x, y]. All such automorphisms form a proper subgroup, denoted by

Autz (A, 4[x,y]) of Aut (A, 4[x, y]).

By k™'k = kk™' = 1 and A (k) = k®k, k can be viewed as an algebra automorphism of A, ,[x, y]. The
example shows that the automorphisms of A, ,[x, y] maybe possess a complex possible expression. In
the subsequent sections, we always assume that the actions of k belong to Aut; (A, ,[x,y]). In this case,

k is naturally viewed as a graded automorphism of A, ;[ x, y].
3. u,(sh)-module algebras on A, [x, y]

We assume that k € Aut; (A, 4[x, y]).
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Lemma 1. If A, ,[x,y] is a u,(sl,)-module algebra, then there exist integers s,t € [0, 2n — 1]| such that

k-x=¢'x, k-y=4¢y. (3.1)
Consequently, for any monomial x'y/, we have K - (x'y/) = ¢***/'x'y/. We say that x'y’ is a weight vector
of weight ¢S/,
Proof. By the assumption, k € Aut; (A, 4[x,y]), we have
k-x=ax, k-y=py, forsomea,BecC)\{0}.
It is evident that
k'-x=a'x.

By applying both sides of (2.5) to x, we obtain that ** = 1 and

k-x=gqg'x, forsomes e [0, 2n—-1].
Similarly, we have

k-y=4q'y, forsomerze [0, 2n—-1].
This proof is finished. O

To classify the module algebra structures, we must determine the actions of the generators e, f.
We parameterize these actions in the most general form, consistent with the finite-dimensionality of
Anglx, yl:

e- x—010+Za/lx +Zﬁ]y +Zijy, (3.2a)

i,j=1

n—1

e-y= ﬁ0+2a’x’+z,8y +Zy”xy, (3.2b)

1]1

f- x—/lo+z/1x +Z,ujy +Z ny, (3.2¢)

111
foy= MO+ZM’+ZW +Zv”xy (3.2d)
i,j=1

Throughout this paper, we always keep these notations.
To ensure that A, ,[x, y] is a 1,(sl)-module algebra with k € Aut; (A, ,[x, y]), the following relations
should hold:

(ab)-u=a-(b-un), a,b € u,(sh), u€ A, lxyl, 3.3)

a-(uv) = Z(a(l) ~u)(ap) - v), a € uy(slh), u,v €A, lx,yl 3.4
(@)

This means that the actions of k, e, f on x and y should keep relations (2.1)—(2.5) and (2.6).
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Acting on x and y of the relations ke = g?ek and kf = g~2fk implies that

n—1 n—1

n—-1 n—1
(1 _ qs+2) @y + Z (qsi _ qs+2) ozl-xi + Z (qt] s+2 ,Bjy + Z Z si+tj s+2 ,yl jxiyj — 0, (35)
i=1 j=1
n—1 n-1
t+2 ﬁ + Z t+2 a, e Z o t+2 ly " Z Z sittj _ t+2 7/ljxiyj —0, (3.6)
=1 =1
—q"?) Ao+ Z (¢ = q"?) A’ + Z (47 = ¢ upy’ + 2 2 = g v xly =0, (3.7)
i=1 j=1
n—1 n-1
uo+zq -q" ﬂx+z q”—q u,y +ZZ S — vxy—O (3.3)
i=1 j=1
The actions of e and f on the relation yx = gxy yield
@' - Bpx+(1-q")aoy+((q-¢"")ar + (¢ - q) B) 2y + Z (q' - g o) X
n—] n—1 n—1
" t+1 ﬁ] y " Z s+j ﬁ i (] (]Hl))/ Lot xy " Z s+l (]) 71{—1,1
j:2 j=2 i=2
n—-1 n—
+ (qi - q“’1 Xy + Z M % -1+ (qﬁj - Q) 7’;—1,1') x'y/ =0, (3.9)
i=2 j=2
(1-¢")upx+ (@ =) doy+((g- 4" )i + (¢ = q) 1) y+Z (1-g") .«
n—1 n—1 -1
> @ =iy + ) (- a"7) s+ (6 = @) i) x + Z (¢ -a)a
=2 =2 i=2
n—1 n—1
+ (q - ql_s) v;_l’l) xy + ((qj - ql_‘v) Vit (qi_’ - q) Vi,j_l) x'y/ = 0. (3.10)
i=2 j=2
Lemma 2. Exactly one of the following cases occurs:
1) Ifag # 0, then s = 2n — 2,t = 2n — 1. In this case, B, = Ao = u;, = 0.
2) If By # 0, then s = 1,t = 2n — 2. In this case, ap = Ag = py, = 0.
3) If A9 # 0, then s = 2,t = 2n — 1. In this case, ay = B = p; = 0.
4) If uy # 0, then s = 1,t = 2. In this case, ag = B, = Ao = 0.
5) If ag = B, = Ao = pj, = 0, then s, t are arbitrary.
Proof. By Egs (3.5)—(3.10), we have
(1 _ qs+2) @ = (1 _ qt+2)ﬁ(l) — (1 _ qs—2) /10 — (1 _ qt—Z)ﬂé — 0’ (311)
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@ - 9By =(1-¢")ao=(1-4"")uy= (g - q) 4 = 0. (3.12)

If g # 0, then 1 — ¢**> = 0 by (3.11) and 1 — ¢"*! = 0 by (3.12). Hence, s =2n—2,t =2n— 1.
Substituting back into Eqs (3.11)—(3.12) gives 5, = Ao = p, = 0.
The other cases are similar. m|

Lemma 3. The following holds:
=B = A = = 0.

Moreover, exactly one of the following cases occurs:
1) Ifa; #0oru #0, then s = 1,t = 2n— 1. In this case, §; = 4] = 0.
2) If By # 0, then s =2n — 3,1t = 2n — 1. In this case, ) = u; = A} = 0.
3) If A} # 0, then s = 1, t = 3. In this case, ; = a}| = ) = 0.
4) If By = a| = uy = A =0, then s and t are arbitrary.
Proof. From Eqgs (3.5)—(3.8), we obtain that
(¢ -a*)arx=0, (¢'=¢")py=0, (¢’ ¢ ?)ix=0, (¢ —¢")my=0, (3.13)
(¢ -4*)aix=0, (¢ =¢")By=0, (¢ =¢?)Aix=0, (¢ —¢7)uiy=0. (3.14)
We get that @; = 8] = A; = | = O since ¢* # 1.
By Egs (3.9)-(3.10), we have
(¢ =i =0, (1-¢")py* =0, (1-¢'7) 42 =0, (g7 -gumy*=0. (.15
If @) # 0, then ¢* — ¢"** = 0 by (3.14) and ¢° — ¢ = 0 by (3.15). Hence, s = 1 and t = 2n — 1,
substituting back into Eqs (3.13) and (3.14) gives 8, = 2| = 0.
The other cases are similar. O
Corollary 1. Fori € {0, 1}, only the following cases are possible:
1) Ifayg #0,then(e-x); =(e-y)i=(f-x)i=(f-y); =0. Inthis case, s =2n—-2,t =2n - 1.
2) If By #0,then (e-x); = (e-y)1 = (f - x); = (f - y)i = 0. In this case, s = 1,1t =2n - 2.
3) If Ao # 0, then (e - x); =(e-y); = (f - x)1 = (f - y); = 0. In this case, s = 2,t =2n — 1.
4) If uy # 0, then (e - x); = (e-y)i = (f - x)i = (f -y = 0. Inthis case, s = 1,1 = 2.
5)Ifa #0, thenyy # 0and (e x); = (e-y)o=(f-x)o = (f-y)i =0. Inthis case, s = 1,1t =2n - 1.
6) if(f-x)i=(y)i=(-x);=(e-y) =0, then s and t are arbitrary.
Proof. If By #0,then s =2n—3,t =2n—1by Lemma3 and (e- x)g = (e-y)i = (f-x);=(f-y);=0
by Lemma 2. Now, we have
K- kj X = ¢ - qj—an = —(1+¢*+ ¢ ),
q9-—4 q9—4
but ((ef — fe) - x); = 0, which is a contradiction.

If ) # 0and y; = 0; or &) = 0 and u; # 0; or 4] # 0, we also get contradictions.
By Lemmas 2 and 3, the above cases exhaust all possibilities, and the conclusion follows. m]
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Lemmad. If (f - x); = (f - y)i = (e x); = (e-y); = 0 for i € {0, 1}, then there exist four 1,(sl,)-module
algebras on A, 4[x,y] defined by

K-x=+x, K-y= =y, e-x=e-y=f-x=f-y=0.
These are pairwise non-isomorphic.

Proof. Indeed, the above actions define 1,(sl)-actions. We now show that no other 11,(sl,)-actions exist
under the given assumptions.
From the hypothesis, Eqs (3.2a)—(3.2d) are

n—1 n—1
ax'+ ) By +Zijy , (al-1)
i=2 j=2 i,j=1
n—-1 n—1
e-y:Zoz,-x +Z,Bjy +Zy,]xy, (al-2)
i=2 j=2 i,j=1
n—1 n—1
f-x= /l,x’+2ujy +Z Vi Xy, (al-3)
i=2 Jj=2 i,j=1
n—1 n—-1 n-1
foy=> AUx'+ ,u;-yj + Z vl’-’jxiyj. (al-4)
i=2 j=2 ij=1

Then we have
((ef —fe)-x); = ((ef —fe)-y); =0

By Lemma 1, we get
k-x=¢'x, k-y=4g'y, s,t € [0,2n —1].

Hence,
k — k—l qs _q—s k — k—l qt_q—t
o= s Y= R
q9—d9 q9—49 q9—49 q9—49

Since ef — fe = %, it follows that

Therefore,
s=0 or n, t=0orn
If s=1¢=0,Eqgs (3.5—3.8) are

n—1 n—1 n—1 n—-1

(1-)ad + ) (1-4°)By + (1= ) yix'y’ =0,
i=2 =2 =1 j=1
n—1 ' n—1 ' n—1 n-1 o

(1 - qz) ax' + (1 - qz)ﬁ;yf + (1 - qz) yi Xy =0,
i=2 j=2 i=1 j=1
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—

n—1 n-1

—
N

n—

(l—q_z)/ll-xi+ (1— ,u]y + Z vuxy =0,
i=2 Jj=2 i=1 j=1
n—-1 n—1 n-1 n-1

(1 - q_z)/l;xi + (1 - ),ujy + (1 - )vi’jxiyj = 0.
i=2 j=2 i=1 j=1

Since n > 2, all coeflicients must be zero. Therefore
e-x=e-y=f-x=f-y=0.

The cases s =0, t=n;ors=n, t =0;0r s =t =nare similar. If allofe-x, e-y, f-x, f-yarenot
zero, then it will lead to contradictions in (3.5)—(3.8).

Clearly, these 11,(sl,)-module algebras are pairwise non-isomorphic.

The proof is finished. O

Lemma 5. Suppose that ay # 0, n > 5, and deg(e - x), deg(e - y), deg(f - x), deg(f - y) are less than n.
Then there exists a family of three-parameter 1,(sl,)-module algebra structures on A, 4[x,y] given by

k-x=q"x k-y=qy, (b-1)
e X =a, e-y=0, (b-2)
fox=—gay'x* + py', foy=—qag'xy + 13y, (b-3)

where g, w, € C. Let A(QO,%M) be the u,(sh)-module algebra A,,[x,y] with three parameters
(@0, 5, pa). In this case, we have:

2 ’2
~ Qol;” _ fu
1) For‘,ug,'u;; # 0, Aag. 1) = A(e,#,:y?, Where ,1_43 = In other words, the parameter set {(ao, 5, t4)}
splits into uncountably many disjoint subsets:

’2

{(CYO, /1,3, H4)

Is a constant ; .
M4

Each subset gives one isomorphism class of u,(sh)-module algebra structures.
2) For pius = 0, there are three more isomorphism classes:

(]) A(a/o,O,,u4) = A(I,O, 1) when M4 # 0.
(2) A(ao,ﬂ;,o) = A1,1,0) when uy # 0.
(3) Aao,0,0) = A1,0,0)-

Proof. We first check that the above actions define a 11,(sl;)-module algebra structure on A, 4[x, y].
By induction, we have:

e-x' = () 2aox",

e-y =0,

e (xy) = g7/ (i)2a0x"y,

fox' = g pag' ™ + @) ppax ™y,
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foyl=

f- (xiy ) =—q(i+ )pa, x

where i, j € [1, n — 1]].

e (yx)

f-Ox) =

—q()pay xy’ + (J)qu3y“2

1 z+1

Now we check the relations in A, ,[x, y]:

y(e-x)+(e-yk-x) =agy

qlaog”'y) = e - (gxy),

(f-yx+ K"y x

(—qag' xy + y))x + (qy)(—qag' X + pay”)

~qag' ¥y + usxy’ — ¢ ay Py + quay’

4(=q(2)pay' Xy + @ sxy’ + p1sy’)

f-(gxy),

(n)q-zcyox"_1 =0,

0,

—q(n = Dpag' ¥ + ¢V (n = Dppax"2y*
2(n—l)(n _ 1) 2'u4xn 2y4,

(F-x) (12 + (k') (- x)

("0 = Dppax™2y*) x + g5 (—qag' x + pay®)

(4*" P = Dgppax™™'y*) = gag' ™" + ' y*

(

g (n— Dy + 1),u Kyt

—qay (n = 2) 2 xy" ™ + py(n — 2) )"

—qag' (n = 2)pxy">,

(F-y" DLy + K-y D(E - y)

(~ga5' (2 = 2y )y + (6" ") (—qozalxy + 1y”)
—qay' (n = 2)pxy"" — gg* ™ 2)% x4 psg Py
—gay' ((n=2)2 = ") xy"

-y Hd -y + &y iy

ll4+j

Y+ @ Pgsx'y™? + V@) ppaxy

(~qa5" (1 =20 = ") 0" )y + (@'Y ) (—gag xy + hy*)
—qaal ((n _ 2)q2 _ q2(n—2)) Xy — qa; qu(n l)xy +,u’ g lyn+2

0.

Clearly, the action of (b-1) is compatible with the relations (2.1) and (2.5). Next, we check the other

relations of 1,(sl,) :

Electronic Research Archive

ke - x

K- () = = g°e-¢""*x = g’ek - x,
O:qe_q2n ly:qek.y’
kf-x = k- (=gay' ¥ +pay®) = —g7 a5 ¥ + g sy’

ke -y
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= g —qay' P + ) = ¢ 2 = g7k x,

kf-y = k- (—qag'xy +pyy’) = —q2ay xy + g1y’
= ¢ (—qay'xy + sy) = g gy = gk -y,
ef —fe)-x = e-(—gay'x +uy*) - - (@) = —ga;' (@0(2)42%)
:.ﬂahm:qz_fx:k_ﬁjn
q-q q-q
(ef—fe)-y = e-(—qay'xy +15y’) = —qai ' (@og™"y)

_ 4 -q _k-k'
= Y= oY= -1
qg—4q q—4q
Sincee-x=apande-y=0,wehavee'-x=e'-y=0fori> 1, that s,

y.

e"-x=¢e"-y=0.

In general, we claim that
n=2
f*.x = Z A ix YD) e [1, n—17.
immax{1, ~[-me2511])

Indeed, the claim is obviously true when m = 1 by (b-3). Suppose that the claim holds for all m < . For
m=1+1,

n=2
il = Z i - x1+iy2(m—i)

immax{1, [ 5]}
n=3
i (—q(l +2m — l-)qzalalx2+iy2(m—i) + q2(1+i)(2(m _ i))q/lgx1+iy2(m_i)+2

i:max{ 1,—[—m+%]}

+ q2i(1 + i)q2#4xi 4+2(m—i))
n-2
- Z am,i—lQ(Zm — I+ 2)q2a61x1+iy2(m—i+1)
i=max{1,_[_m+%_l]}
n-2
+ Z am’iq2(1+i)(2(m _ i))qﬂ§x1+iy2('7’_i)+2
i=max{1,~[-m+252]}
n-2
* am,i+1q2(i+1)(i + 2)q2/l4xi+1y2(m*i+l)
i=max{1,~[-m+251]-1}
n=2
- Z am+1,ixl+iy2(m_i+1).

i:max{ 1,—[—m+%—l] }

Hence, the claim holds for m = [ + 1. By induction, the claim is proved for all m, which implies

. X = an’l_xl+ly2(n—z).
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‘We claim that

¥
[\S)

U, x1+iy2(n—i) -0
i=max{1-[ -5 ])

If all a,,; = 0, the claim holds automatically. Otherwise, if there exists 7 such that a,; # 0, then

0 = e’ x=¢e"-x

a,.e - (q2i(1 + i)quaox’.yz("_’.))

5

an,iq2i(1 + i)quaoq_%(i)q—zaox"_]yz(n_i)

- ani(1 + i)q—z(i)q_zaz(z)xi—lyZ(n—i)’

which is a contradiction. Therefore, we have a,; = 0 and hence f* - x = 0.
Similarly, we also have the claim

n—1
fm y = bm,ixiy1+2(’11_i), me [[l,n _ 1]] ,
i=max{—[—m+"—52]}
and
. y = bn l_xiyl+2(n—i).
iemax{T-2])
We claim that 1

Z bn,i xiyl+2(n—i) -0
immax{-[-22]}

If all b,,; = 0, the claim holds automatically. Otherwise, if there exists i such that b, ; # 0, we have

n—1 n
O=fe-y=ef'-y= b€ - (xiyl+2(n—i)) = by, Z q—l—2i(l-)q_2a/0xi—ly2n—2i+l’
i=max{-[-22]} i=max{-[-32]}

which is a contradiction. Therefore, we have b, , = 0 for all # and hence f" - y = 0.

Thus, A, ,[x,y] is a u,(sl,)-module algebra by the given actions.

Suppose that @y # 0 and deg(e - x), deg(e - y), deg(f - x), deg(f - y) are all less than n. We now show
that only the actions provided in the lemma are possible.

Indeed, by Corollary 1, we have

(e-x)=C-y)i=(fx)i=((-yi=0forief{0,1}; s=2n-2,t=2n-1.
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Combining this with Egs (3.5)—(3.10), and simplifying (3.2a)—(3.2d), we yield that

e-x=a, e-y=0, (b2-1)
feox = 2o + gy, foy = doxy +uy’. (b2-2)

By induction, we have

e-x = (z')LI_z()z())c"_1 ,

e- yj =0,

e (xXy) =g/ ()2aoxy,

foy = (i)qz/lzx”l + q2(i—1)(l-)q21u4xi—1y4,
fo 3 = (Nattsy™ + (D A2xy’,

f- ) = 0D ppax ™Y+ PR + (67D + (ge) a1y,

Jj+2

On the other hand, we have

(ef —fe)-x = e (Lx® +pusy") —f- (@) = (2),2apdax
B k_k—l _q—2_q2
= — X = ] x’
q—4q q9—dq
(ef-fe)-y = e- (/1’3y3 + xy) = g 'agdyy
k=K' g'-g
- 1 Yy = _ —ly’
q—4q q9—dq
and hence,
A = —qay’.

Substituting this into (b2-1) and (b2-2), we obtain

e-x =, e-y=0, (b3-1)
fox=—qay'x* + us’, foy=—qay'xy + sy’ (b3-2)

Suppose that ¢ : A, us) = A, 18 an isomorphism as 1,(sh)-module algebras. By Proposition 1,

we have
n—1

n—1
pixax+ Y axy,  ye By+ ) bx'y,

l-,j=1 s,t=1
where these coeflicients a;;, by, € C satisfy the Eq (2.8). Since e - ¢(x) = ¢(e - x),e - ¢(y) =
ple-y),f-ox) =@ - x),f-p@) =¢(f-y), we get that

-1 -1.2
ab = ay, a;j=b;; =0, —qal™ = —qa; o,

ap = B, —gBo™" = —qag'aB, P’ = (5B
So,
@ = ap, ap = ' = Wi

Hence:
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1) If wipq # O, define the map ¢ @ Ay, g, us) = Ay, DY

1

a "\?
Qixb —x, yH(M—,) y.
0 A

’2 72
. . . U 2]
¢ is an isomorphism as 1,(sl,)-module algebras only when % = ”T

2) If piuy = 0, we have:

(D) If yy = 0, uy # 0, define the map ¢ : Aqy,0,u) — A0, 1) BY

i)
Y LX P apX, ye=il—=] vy
Ha

¢ is an isomorphism as 11,(sl,)-module algebra.
(2) If w5 # 0, uy = 0, define the map ¢ : A(QO,%M) — A, 1,0 by

1\2
Y X X, y+—>(—,) y.
3

¢ is an isomorphism as 11,(sl,)-module algebra.
(3) If py = pa = 0, define the map ¢ : A, ;) = Ac1,0,0) DY

© X X, Y.

¢ is an isomorphism as 11,(sl,)-module algebra.

Consequently, we get the proof of the lemma.

Remark 1. (a) Suppose that ay # 0, n = 3, and deg(e - x), deg(e - y), deg(f- x), deg(f-y) < 3.
Then there exists a family of one-parameter u,(sl,)-module algebra structures on As 4[x,y] given by

k-x=q¢"x,  k.y=gqy,
e x =, e-y=0,

f-x= —qaalxz, f-y= —qaalxy.

All such structures are isomorphic to the case ay = 1. An explicit isomorphism ¢ : A3 ,[x,y] — Az 4[x,y]
is given by
@(x) = aox, e(y) = y.

(b) Suppose that ap # 0, n = 4, and deg(e - x), deg(e -y), deg(f - x), deg(f-y) < 4. Then there exists
a family of two-parameter 1 (sl,)-module algebra structures on As 4[x,y] given by

k-x=q"x k-y=q"y, (b-1)
e X =ap, e-y=0, (b-2)
f X = _qaalxz’ f . y = —qa'alxy + lugy3. (b'3)
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1) When u; # 0, all such structures are isomorphic to the case ay = py = 1. An explicit isomorphism
@ Agglx,y] = Ay ylx, ylis given by

1 2
01X apx, y|—>( )y.
J7a

2) When u; = 0, moreover, all such structures are isomorphic to the case ay = 1. An explicit
isomorphism ¢ : Ay g[x,y] — Asylx,y] is given by

Qx> ax, Y.

Lemma 6. Suppose that ), # O, then there exists a family of one-parameter 1, (sl,)-module algebra
structures on A, 4[x,y] given by

K-x=qgx, K-y= q_zy, (c-1)
e-x=0, e-y=p, (c-2)
fox =", foy=—g8,""y". (c-3)

They are isomorphic to the case when 3, = 1.

Proof. Now, we check that the above actions define a 1,(sl;)-module algebra on A, ,[x, y].
By induction, we have

e-x =0,
ey = (D2Bey ",
e (x'y)) = (f)Box'y"™",

foxl =g G), 28" Xy,
foy/ = —q()eBy 'y,
f-(xy)=0

fo(x'y)) = (qi_](i)q—z - q_i+](j)q2)B6 lxly]”
The actions of the generators of 1,(sl,) keep the relations of A, ,[x, y]. Indeed, we have

e-(yx) = y(e-x) + (e - Yk x) = (B)(gx) = gByx = q((1)=Byx) = € - (qxy),
o) = yx+ K- )@E-x) = -8y 0% + g8y xy* =0 =1 (gxy),

e-x"=0,

ey =By =0,

= qi—l(n_ 1)q-2:36 L 1y’

"= (- D+ (K TDEx) = (T = DBy T )+ ¢ (B xy) = 0
Y7 = —qn =2y Y

= (- y)y“+(k1 y)(f Y7 = (=B YW+ (@) (—q(n = 2By Ty =0
-y =0.

— —h —h = —h
§<
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Since e - x = 0, it follows immediately that e” - x = 0. If e - y = g, then e’-y=0ande -y =0, for
i > 3, which implies €” - y = 0. Since f - x = ﬁ{)_lxy and f - (xy) = 0, we deduce that f' - x = 0, i > 2.
Therefore f* - x = 0. Furthermore, we see that f - y = (—¢g)’ [Ti=1 (D2 6‘iyi+‘ by induction, and we obtain

y=(=q" ﬂ(;)qzﬁ’ Y =0,

j=1

Consequently, f* - y = 0.
Thus, the 1,(sl;)-module algebra A, ;[ x, y] is well-defined.
Suppose that 8; # 0 and A, ,[x, y] is a u,(sl;)-module algebra. By Corollary 1, we get that

(e-x)i=C-y=(x=(-y;=0, forie{0,1}, s=1, t=2n-2.

Combining with (3.5)—(3.10), we can rewrite (3.2a)—(3.2d) as

[41-2
e x=awx + Z 7’2]+3,,,'X2j+3yj + Yy (cl-1)
j=1
[" 1 1 _q2]+2 5
ey =py—q 4’y + Z -9 —q-yzj+1,,,-_1x y, (cl-2)
[5]
fox= ) vy Xy, (c1-3)
j=1
[n+"$] q
f-y = 1y* = P B)guthcy + Z Lk AN (c1-4)
Jj=3

By induction, we have

min{n-1.[ =521}

qsn -1 ~ . .
e-x’ = (S)qa/3x‘Y+2 ~- Vip1 X'y + Z (s)qm1>72j+3,jx21”+2y1, sel, n-17,
=1
min{n—1,[ %71 ]} 1 — g2+2

—q7’21+1] Xy e [, n- 17,

e. yt — (t)q’zﬂé)yt_l _ q—ZI Z (l’)q2j+2 1

j=1

e (x'y) = (DPox'y ™ + g7 (~(Dp (4)g + (8)g) 23"y

min{n—r,[ 5=} 24 _ _

+ q_2’ JZ:; ((S)q<./+1) - (t)q2(1+2>1_—qj+1))’2j+3,szj+s+2y]+[, s,te (1, n—17,
min{n-1.[2=5])

f-x'= —q‘”3(s)qz(3)q,u’2x5y + q_“rl Z (S)q(_i+I)sz_l’sz‘/+s_2yj, sell, n-17,
=2
mm n— t[%] _ 2j—l

, —2j q 2. j
f-yt = (l‘)qz/.lzyﬂ'1 q 21+2(I)q2j1_—qj+21/2j—1,szj ZyJH, tel, n-17,
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f- (') = g7 (O — () (3)g) px'y™!
min{n—s[251]) | | i -
+ q_s Z (q(s)q./'H + q_2J+2(t)q2jl_—qj+2) V2j—1,j~x2j+s_2yj+t, S,t e [[1’ n— 1]] .
j=2
Since
-k k— k!

(ef-fe)-y = —-y==(g+q ")
q9-q

Kk
(ef—fe) -x = — X=X,
q
the detailed computation yields

ViaBox + (_q—z ((4)q +(3)gp — 1) Vi3 + I :]_ qV3,2,36) xy
+ (@' 5)g = 477 B)pasvaa + 73256
= (@G + a7 B)) + (B = D) viaysi) £y’

[5]-1
+ Z ((Q_I(ZI +1), - q_2(3)qt+1)af3V2z—1,z + (t+ 1)2vamim18

t=3
_ (q2t+2(2t + l)qZ + q_2’_1(t — 1)q2(3)q)72t+1,t—1V1,1

— (- Dy (3 — (2t = 3)2)var-3,-175.1

=1 242 j+4
i . —-q iAo
+ Z(—CI 22 ) -2 To g +q Y (Q2) = D)gmi)WVajo1, Y203

=2 —j+l _ q—l
—s+1 2143 » 2t+1 .t
+ ) g7 Sy +4q (J)qu*%—zf_zj V2j43,)V20-j-14-j | XY
=) q-d9
= X

and
(1+q72) 0y
((1 +q74+3) (4 g + a7 3)y)) Dtthas — q () — 3V3 zﬁo) 2y
+ (- (q +q7 = 3y (T @ + @) 3),)) B)pttsyss — g (4)(,,2/3@5,3

1 - 4
(3)q s ((4)q(3)q g2, + @), (2), +(4)qqla—_qqg)am,z)x4y3

[5] 2

L 1-q” - /

+ Z (( 20-0 . 4 Zm +q 21 . qql_l(?))q (q2:+1 Qr-2) +q 242 ( D, (3)(1));12)/2,_1,,_2
=4

2-3

4 =2t+2 _ 3+2t + 1 - _ _
- : P (<07 O @)+ 7 Q= ), ) asvas

q —
(G = 1)(6] N Bovar-1:i—q
-1 i i, 1— q2t—2j+4 .
Z J+1 q I ((])q2t2j+2 m -2 - 4)qrj+1) V2j-3,j-1Y2(t-j)+3.1—j
j=3
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_21_
1—¢g/

t—j+1 _ -1
q 2.1

— j o B ] q _
( 2jel (2])(]{%1 +q 2t (J)ng—j) m)72j+1,j—1V2(t—j)—1,t—j) X y

-2
—-q
1

]:
= —(g+q "y
It follows that

= —qBy™ #0,vi, =8y #0,

-2
@3 =Vy-1s = Yas1-1 =0, forall2 <7 < nT] :
Hence,
e-x =y 0", (c2-1)
e-y= ,86, (c2-2)
f-x=p8 "xy, (c2-3)
fy=-a8,"»" (c2-4)

Also, we get by induction that

s—1

e'-x = (—l)sqzsﬁas_lyl,n_l n(n —1)g2xy" ", foralll < s <n-1,
i=1

and thus
-1 2 2( —1) pr n— 1 = 1 — g2
O=¢e"-x=e-(e""-x)=(-1 Bo ,,lli:1|—1_q2 X.

Hence y;,-1 = 0 and we get the desired relations.

Finally, for gy # 0, the u,(sl,)-module algebra A, ,[x,y] defined by the actions (c-1)—(c-3) is
isomorphic to the case when 8 = 1. Indeed, we set the map ¢ : x = x, y — By, and then it is
straightforward.

This proof is finished. O

Lemma 7. Suppose that Ay # 0, and then there exists a family of one-parameter u,(sl,)-module algebra
structures on A, [ x,y] given by

k-x=qg’x, k-y=qy, (d-1)
e-x= —qﬂalxz, e-y= /lalxy, (d-2)
f-x= A, f-y=0. (d-3)

These are isomorphic to the case when Ay = 1.

Proof. Following an argument analogous to the proof of Lemma 6, one can verify that the actions
(d-1)—(d-3) define a u,(sl,)-module algebra structure on A, 4[x, y].
Suppose that 4y # 0 and A, ;[ x, y] is a 1,(sl,)-module algebra. By Corollary 1, we get that

(e-x)i=(e-y)i=( 0 =(y=0,forie(0,1);s=21=2n-1.
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Combining with (3.5)—(3.10), we can rewrite (3.2a)—(3.2d) as

min{n-1.[251])

e x=mr+ ) vy (d1-1)
i=3
e-y=tany+ . T(ipyiaaxy (d1-2)

i—omin{r-1[5]}
min{n—l,[%]}

fx=d+ > viaxy, (d1-3)
i=1
mm{n 2,[%2 2 }

fy=oviay+ D oliinaindy™ +v, 2y, (d1-4)

i=1
where . .
_q3_q2 (.)_qz+3_q2 . ()_ _ql+2 . .
T ¢’ oW =1 P = » T a2 — q%H’ZZ_Z

By induction, we have

e- Xi = (i)qza/zx”l + (i)q21—271,21_4xl+i_1y21_4,
=3
. . . min{n l[" ]}
ey = ql_j(j)qZTazx)’j + Z 1 j(])q/+]T(l)71+121 2X1 22
=2
e (YY) = (¢ (T + g (D) anx™'y/

min{n—i,[#]}

n (ql_j(j)qz+1‘l'(l) + q_j(i)qzl) Vi1 2x1+1y21+1 2
=2
| o mepfsl) |
foxt=(@@),2A0x" + G2 (@) v Y,
=1
Inin[n 1[" é 1]} .
; . i (_1)]_1 +1 ’ 1.
f-y/ = (govioy™ + (g1 TDVis1 242Xy + Tvn_mx” 'y,
=1
N i1 2- +2
f- (xy) = D2 dox ™y + (7 (g + G ()g0) 12Xy’
min{n—i,[%/]}
+ (qZ—Zz(l-)qZHZ + q—Zt(j)qlo_(l _ 1)) V1,21x1+l_1y21+],
=2
where i, j € [1, n — 1]]. Since
k—k! k- k !

(ef—fe)-x = Y=Y,

—-x=(qg+q x. (ef —fe)-y= =
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the detailed computation yields

= (2)g2a2dox + ((q_l(z)qﬂ' +q7° - q_2(2)44) Vip@y — (3)(]’2’)/3,2/10) X’y
+ (47 @@ + 47 = 4B = 4°2)y0) V12732
+ (@t + 7' Q) - 47 Q)p) v2aa — @) 2yaady) ¥y

min{n-2[ 1]}

+ Z ((q3_2s(2S —DpTH+q P(s—Dp - 61_2(2)4%) V125202 — (5 + 1)g2¥s125-240
s=4

_ (q2—28( )y + g Qs — 4)q0') V12Ys52s-14

+
NS}

g (28 = 20) i t(i) + (s — D — g7+ D i

[\

- q_Zi_z(zi - z)qs-io' (s—i— 1)) 7i+],2i—2vs—i,2s—2ixsyzs_2

= (g+q )x

and

— Tazdgy + ((4_2(3)q2 - q‘z) TOV) 22 = (2)q727(2)/10)’3,2) xy’
+ ((472®)g0 = 472 + 4 3)y0) T@y32v12 — 32730 Vsa
+ (7T + 47 = g7 1) r(Daavag) ¥y’

min{n—Z,[% }

D ((07®pr - = Dy = 725 - 3),0)
s=4
(s — Dysas—aviz — (8)g27()AoYst1.252
+(g772Q28)pT + 4" (s = 3)p — g77) (s = Davio12s2
s=2

+ > (@77 @s =20+ Dgortli) + ¢ s =i = D) o(s = i = DYyinaiivi i
i=2
— (@75 = g + @25 = 20— Dol = 1) T(s = DYsoim1252i-2vi) ) £y
= y.

It follows that

_ . n+1
@ = —61/101 #0, Vig=Voa =V32=Yaa = Vis12i2 = Vic1pia =0, 4<i <
Hence:
e -x= —qﬂalxz, (d2-1)
e-y=A'xy, (d2-2)
f-x= A, (d2-3)
foy=v_ "y (d2-4)
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Moreover, by induction we have
s—1
oy =y, | [0 - Dgas ey, forall 1 < s <n-1,
i=1
and then
n-2 n-2
oy =F v | |-y =y, | 0= Dy @)y
i=1 i=1

n-2
. _ ’ . -1 _ / _
Since f* = 0, we have Vi1 _| |1 (n =245 (2)42 =0,s0v,_, ; = 0. Hence,
1=

e-x= —q/lale, e-y= /lalxy, (d3-1)
f-x=49, f-y=0. (d3-2)
Finally, for any Ay # 0, the 1,(sl,)-module algebra A, ,[x, y] is isomorphic to the case when 4y = 1

via the map ¢ : x — Aygx, y — y. The verification is straightforward.
This proof is finished. O

Lemma 8. Suppose that i, # 0,n > 5, and deg(e - x), deg(e - y), deg(f - x), deg(f - y) are less that n. Then
there exists a family of three-parameter 1 (sl,)-module algebra structures on A, 4[x,y] given by

k-x=gx, k-y=q%, (e-1)
e x=—quy 'xy+pBsx, e-y=—quy 'y +By’, (e-2)
f-x=0, foy=pu, (e-3)

where B3, 3, € C.
Let Ay p,.p,) be the uy(sl)-module algebra A, 4(x, y] with three parameters (i, B3, By). In this case,
we have:

By o>

1) For 333} # 0, A(Qo,m,ﬁ;) = Aw.pp), where e 5 In other words, the parameter set {(uj,, 33, 8,)}

splits into uncountably many disjoint subsets:

—— is a constant

Bi

Each subset gives one isomorphism class of u,(sl,)-module algebra structures.

185 } '

{wa, Bs, B1)

2) For B33, = 0O, there are three more isomorphism classes:

(]) A(ﬂé’o,ﬂ:‘) = A(l,O, i when ﬂ; + 0.
(2) A(”E)’ﬁ3’0) = A(]y]jo) Whel’lﬁ3 # 0.
(3) Agg.0.0 = A,0,0)-

Proof. This proof is similar to Lemma 5. m|
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Remark 2. (a) Suppose that ay # 0, n = 3, and deg(e - x), deg(e - y), deg(f - x), deg(f - y) < 3. Then
there exists a family of one-parameter 1,(sl,)-module algebra structures on Az 4[x,y] given by

k-x=gqx, k-y=q,
e-x=—quy ' xy, e-y=—quy”'y,
f-x=0, foy=p.

Moreover, all such structures are isomorphic to the case p, = 1. An explicit isomorphism ¢ : Az 4[x,y] —
Az g[x,y] is given by

() = pmox, () =Y.
(b) Suppose that uy # 0, n = 4, and deg(e - x), deg(e - y), deg(f- x), deg(f-y) < 4. Then there exists a
Sfamily of two-parameter u,(sl,)-module algebras on A4 4[x,y] given by

k-x=qx, k-y=q’y,
e x=—quy” xy +Bax, ey =—quy 'y,
f-x=0, fy=w.

1) When 5 # 0, all such structures are isomorphic to the case p = B3 = 1. An explicit isomorphism
@ Agglx,y]l = Ayylx,ylis given by

: 1y
QX X, y|—>(—) y.
B3

2) When B3 = 0, moreover, all such structures are isomorphic to the case u, = 1. An explicit
isomorphism ¢ : Ay 4[x,y] — As4lx,y] is given by

QX U)X, Y.

Lemma 9. Suppose that | # 0, and then there exists a family of one-parameter 1,(sl,)-module algebra
structures on A, 4[x,y] given by

K-x=gqgx, k-y=qly, (f-1)
e-x=0, e-y=ax, (f-2)
f-x=a'7'y, f-y=0. (£-3)

They are isomorphic to the case when o = 1.

Proof. The actions (f-1)—(f-3) endow A, ,[x,y] with a 11,(sl;)-module algebra structure. Indeed, for
i,je€[[1, n— 1], we have

e-x =0,
e-y =q ' (paixy,
e- (x'y) = g/ (pa;xty

i i1 =1 _i-1
f-x'=¢q Dpa’; Xy,
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f-y/ =0, jell, n-11,
f. (xlyj) — qi_l(i)qZCl'/l_lxi_lyj+l,
by induction. Now as before, the actions of the generators of 1,(sl,) keep the relations of A, ,[x, y], and

A, 4lx,y] as a u,(sl,)-module algebra by given actions is well-defined: since e - x = f-y = 0, we get that

n

e"-x=f.y=0.

Since e - y = @} x, we have
ez-y:e-a’lx:O,

which implies
e-y=0, i>2.

Similarly, we have
.x=f-a'y=0,

which implies
flox=0, i>2.

Thus, A, ,[x, y] is a u,(sl,)-module algebra by the given actions.
Suppose that @} # 0 and u; # 0. By Corollary 1, we have

(e-x)i=(€@-y)o=>F(x)0p=>0("y;=0, forief0,1}; s=1, t=2n-1.

Combining this with Egs (3.5)—(3.10) and simplifying (3.2a)—(3.2d), we yield that

k-x=gx, k-y=q"y, (f1-1)
e-x=0, e-y=ax, (f1-2)
f-x=puy, f-y=0. (f1-3)

The direct computation shows that

(ef-fe)-x=e-wy=majx=
q

and we get u; = af’l_l. Substituting it into (f1-1)—(f1-3), we get that

k-x=gr, k-y=4q'y, (f2-1)
e-x=0, e-y=ax, (£2-2)
f-x=ay, f-y=0. (£2-3)

Finally, for a # 0, it is straightforward to see that the 11,(sl,)-module algebra A, /[ x, y] by the given
actions is isomorphic to the case when o} = 1, viathemap ¢ : x = x, y > a}y.
This proof is finished. O

We now synthesize the results of the preceding lemmas into our main classification theorem.
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Theorem 1. Suppose that kK € Aut, (A, 4[x,y]) and deg(e - x), deg(e - y), deg(f - x), deg(f - y) are less
than n. Then every u,(sl,)-module algebra structure on A, ,[x,y] belongs, up to an isomorphism, to the

following list:

(a) kK- x==xx, k-y==xy, e-x=e-y=f-x=f.-y=0.
(b) Let A(QO,%M) be the u,(sly)-module algebra A, ,[x,y] with three parameters (a, u5, f14).

1) For n = 3, we have

2

k-x=qx, k-y=q'y, e-x=1, e-y=0, f-x=—gx*, f-y=—qxy.

2) Forn = 4, we have
k-x=q?%x, k-y=q'y, e-x=1, e-y=0, f-x=—gx’,bsf-y= —qa/alxy+y’3y3.
The isomorphism classes of u,(sl,)-module algebras are
A0 Aao0)-
3) Forn > 5, we have

kex=qg?x, key=q'y, e-x=ap, €-y=0, f-x=—qay' x> +uy*, -y = —qag'xy + 13y’

’2
For i, # 0, us # 0, and the constant ajﬁ: >, the isomorphism classes of 1,(sl,)-module algebras
are

Ao s> Ao, A 1,00 Aw,0,0-

In other words, the isomorphism classes of u,(sl,)-module algebras correspond to the set

|_| {(QO,MS,M)
2

(C)k-x:qx, k~y:q—2y’ e.x:O, ey:l’ f.x:xy’ fy:_qy
(d k-x=q¢x, k-y=q'y, e-x=-g e-y=xy, f-x=1 f-y=0.
(e) Let Ay p:,p,) be the uy(sh)-module algebra A, 4[x, y] with three parameters (u;, B33, 8;)-

’2

Qo

sy # 0,4 #0,
Ha

isa constant} I_I {(1,1,0),(1,0,1),(1,0,0)}.

1) For n = 3, we have
kK-x=gx, K-y=¢%y, e-x=—qxy, e-y=—qy*, f-x=0, f-y=1.
2) Forn = 4, we have
k-x=gx, K-y=¢?y, e-x=—qxy+Bx°, e-y=—qy*, f-x=0, f-y=1.
The isomorphism classes of u,(sl,)-module algebras are
A0 Aao0)-
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3) Forn > 5, we have

kex=gx, koy=q%, e-x=—quy xy+B:x°, e-y=—quy 'V +By", f-x=0, f-y=pu

For B3 # 0, B # 0, and the constant (Bﬁ , the isomorphism classes of 1,(sl,)-module algebras
4
are

A58 A0, A0 A0,0)-

In other words, the isomorphism classes of 1,(sly)-module algebras correspond to the set

rp 2
|| {(,ué,ﬁa,ﬁa) }63 #0,8, #0, “@ﬁﬁ is @ consranr} | [01.1,00.(1,0,1),(1,0,0)}.
4

flk-x=gx, k-y=qly, e x=0, e-y=x, f-x=y, f-y=0.
Proof. The theorem follows from an exhaustive case analysis based on Lemmas 4-9. O
Remark 3. If we lose the condition that deg(e - x),deg(e - y),deg(f - x),deg(f - y) < n, the cases (a)—(f)
still can define u,(sl,)-module algebras on A, 4[x,y] since the proofs of claims do not use the above
conditions.

Moreover, there may exist other 1,(sl,)-module algebra structures on A, 4[x, y].
For example, we suppose that n = 2k + 1. Let

k-x:q_zx, k-y:q_ly, W -1
e-x =ag+ yxy*, e-y=0, v -2)
frx = —gay' ¥ = ag?yx" ¥, f-y=—qa;'xy, CE)

where y € C\ {0}, ap # 0. Then the above actions define a family of 1,(sl,)-module algebras on
A, 4[x,y], which is isomorphic to the case when ay =y = 1, but not isomorphic to any of the statements

(a)—(f). Indeed, we have

X = (i)q-zozox"_1 + (i) -+ wyx iy e 1, k],

X = ()aox™ i€ [k+ 1, n—1],

-y =0, jell, n-11,

- (Xy) = g (D) graoxTy, i j e [0, n— 17,

foxl = —q(l)qzaf()] i+l 2(1 1)(1)q-zk-4040 yxk+l+2 2k’ iell, k-2],
foxi= —q(l)qzafolx”l, ieflk—1,n-1],

-y = —q(pag'xy’, jelll, n-11,

f-(y) = =q((Dg + ¢ (D) ag" ¥y 0 j € [, n— 111,

® ® d® O

by induction. Furthermore, we get

k- (x) = g (yx) = ¢ °xy = qq 7 xy = K- (gxy),
e- (yx) = y(ap + yx1y*) = agy = g7 gy = & - (qx),
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f- ) = (—gap ) x + ¢ 7'y (~qa5" 2 — gy y*) = - (qxy),
k-x"= q—2nxn — 0,
k-y'=4¢"y"=0,
e-x'= (11),14&0)6"_1 =0,
e-y' =0,
f-x"=0,
f-y' = —q(n)qzcxalxy" =0,
and
ke x=k- (Clo +,yxk+1y2k) =y + g Ry Ik ek
ke cy = 0= qze . (q_ly) = qzek -y,
q 4( qa; 12 _ @ ,yxk+3y2k) gk x,
kf-y = g7 (~qag'xy) = ¢k -y,

k — k!
(ef —fe) - x = —q(2),2x = — X,
q—4q
k — k!
(ef-fe)-y=-y= - ")
q-49
By induction, we have
u—1
el x = g2k l_[(k — i+ 1) a0y well, k+2].
i=1
Thus
k+1
ety = q—Z(k+])k n(k —i+ l)quoz%yyzk,
i=1
k+1

e x = e |g Ak n(k —i+ D2agyy™|=0.
i=1

Hence, €" - x = 0. Clearly, €" -y = 0. Also, by induction we get that

i+1

filox ]_[( DX + Z GG+ 1)y ﬂ(z)q [ ] (G+myp+a*m2k),)
m=j+3
/7. Vk+ zkxk+’+2y2k, i<k-2.
Thus,
k-2 k—1
]—[ DpAs 20 4 Z I+ 1)y ]—[(l)q [
j=1 j=0 m=j+3
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(e + mg + @42 ) A5 Vis ™y

and
k-1
el x = l—[(j)qz/lg_lxk.
=1

Then, using induction again, we get that

i j-1
fi.ox= l_[(j)qz/lgx”l, f.y= 1_[ ((l‘)qz + th) /lé+1x-’+1y, fori,j>k—-1.
j=1 =0
Therefore, " - x =0 and " - y = 0.
Hence, A, 4[x,y] is a u,(sly)-module algebra by the given actions.
Finally, we define the map

k+1,, _
@y V= 45 o

. + , .
QX aox 72k + 2), y Yy

By Proposition 1, it is straightforward to verify that ¢ is an isomorphism of u,(sly)-module algebras.

Remark 4. If we lose the condition that deg(e - x), deg(e - y), deg(f - x), deg(f - y) < n, we also have the
other family of u,(sl,)-module algebras on A, ,[x,y] as follows:

k.x:qx’ k.y:qzy’ (6/—1)
e-x=—quy 1y, ey =—quy 'y — pp vy, (€-2)
f-x=0, foy=u,+ Vkayk“, (er-3)

where n = 2k + 1 and pj, # 0,v € C\ {0}, which are isomorphic to the case when uj = v = 1.
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