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Abstract: Let q be a 2n-th primitive root of unity and uq(sl2) a small quantum group in the usual way.
Under reasonable simplifying assumptions, we provided a complete classification of all uq(sl2)-module
algebras on the truncated quantum plane An,q[x, y], which was generated by x, y subject to the relations:
yx = qxy, xn = yn = 0.
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1. Introduction

The concept of H-module algebra was introduced by Sweedler in his foundational work on Hopf
algebras [1, Section 7.2]. From then on, this notion has attracted considerable attention and plays a
central role in the study of Hopf actions. Later, Caenepeel et al. [2, 3] described quantum Yang-Baxter
module algebras and built Brauer groups for Yetter-Drinfeld module algebras. Chen and Zhang [4]
classified the 4-dimensional Yetter-Drinfeld module algebras over Sweedler 4-dimensional Hopf algebra
H4, as well as classified all H4-module algebras on M2(k). Gao and Yang [5] characterized all finite-
dimensional simple H-module algebras for eight-dimensional non-semisimple Hopf algebras H over an
algebraically closed field of characteristic zero. Readers can refer to [6–9] for more related works.

Quantum groups were introduced independently by Drinfeld [10] and Jimbo [11] in the 1980s.
They are non-commutative and non-cocommutative Hopf algebras. These are key tools in both
mathematical physics and the field of algebra [12–16]. The study of quantum group module algebras
is very active. A basic example is to classify module algebra structures on the quantum plane Cq[x, y]
(see [17]) over quantum groups, where Cq[x, y] is generated by x and y with the relation yx = qxy and
0 , q ∈ C is a parameter.

https://www.aimspress.com/journal/era
https://dx.doi.org/10.3934/era.2026220


4969

Assume that q is not a root of unity. In 2010, Duplij and Sinel’shchikov [18, 19] fully classified all
possible Uq(sl2)-module algebra structures on Aq(2) = Cq[x, y]. They found an uncountable number of
nonisomorphic nontrivial actions. This line of research was extended to higher dimensions by Duplij
et al. [20], who described Uq(sl(m + 1))-actions on coordinate algebras Aq(n) for n ≥ 2. Hong and
Wu [21] generalized this to multi-parameter cases. They studied Ur,t(sl2)-actions on Aq(2). Su et al. [22]
provided a complete classification of Xq(A1)-module algebra structures on the quantum plane Aq(2) and
described the corresponding isomorphism classes. For the case of the quantum polynomial algebra
Cq[x, y, z], a complete classification was established by Su in [23]. It is noted that Xia et al. [24] gave a
complete classification of Uq(sl2)-module algebras on the quantum polynomial algebra kq[x±1, y], where
the action of the generator K of Uq(sl2) is a non-toric automorphism.

A natural progression from these works on infinite-dimensional spaces is to explore the finite-
dimensional case. This leads us to consider the quotient algebra An,q[x, y] = Cq[x, y]/(xn, yn), known as
the truncated quantum plane. Based on the aforementioned framework, we study the restriction of the
module algebra structure of the small quantum group to this finite-dimensional space.

This paper is organized as follows. In Section 2, we recall the definitions of An,q[x, y] and the small
quantum group uq(sl2). The automorphisms of An,q[x, y] are described. In Section 3, we classify the
uq(sl2)-module algebra structures on An,q[x, y]. The torus generator k of uq(sl2) is assumed to belong
to AutL(An,q[x, y]), which is reasonable since k at this moment can be naturally viewed as a graded
automorphism of An,q[x, y].

2. Preliminaries

Throughout, we denote by C and R the fields of complex and real numbers, and by Z and N the set
of integers and natural numbers, respectively.

Fix an integer n > 2 and let q be a 2n-th primitive root of unity. For example, q = cos πn + i sin πn ,
where i is the imaginary unit.

For a real number k, let [k] denote the greatest integer less than or equal to k.
For any integers s, t, define

(s)qt =
1 − qst

1 − qt .

For any integers s, t with s < t, we denote by [[s, t]] the set {s, s + 1, · · · , t}.
Let H be a Hopf algebra and A an algebra. A is said to be a (left) H-module algebra [9] if the

following axioms hold:

1) A is a (left) H-module, via h ⊗ a 7→ h · a,
2) h · (ab) =

∑
(h)

(h1 · a)(h2 · b),

3) h · 1A = ϵ(h)1A,

for all a, b ∈ A and h ∈ H with ∆(h) =
∑
(h)

h1 ⊗ h2.

The small quantum group uq(sl2) is the unital associative C-algebra generated by e, f, k, k−1 subject
to the relations:

k−1k = kk−1 = 1, (2.1)
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ke = q2ek, kf = q−2fk, (2.2)

ef − fe =
k − k−1

q − q−1 , (2.3)

en = fn = 0, (2.4)
k2n = 1. (2.5)

Moreover, uq(sl2) is a Hopf algebra with comultiplication ∆, counit ε, and antipode S given by

∆(k) = k ⊗ k, ∆(e) = 1 ⊗ e + e ⊗ k, ∆(f) = f ⊗ 1 + k−1 ⊗ f,

ε(k) = 1, ε(e) = ε(f) = 0,
S (k) = k−1, S (e) = −ek−1, S (f) = −kf.

It is well-known that uq(sl2) has a basis
{
eif jkk

∣∣∣ i, j ∈ [[0, n − 1]] , k ∈ [[0, 2n − 1]]
}
.

The truncated quantum plane An,q[x, y] is the unital associative C-algebra generated by x and y
with relations

yx = qxy, xn = yn = 0. (2.6)

Applying the diamond lemma (see [25, Theorem 1.2]), one sees that
{
xiy j

∣∣∣ i, j ∈ [[0, n − 1]]
}

or{
yix j

∣∣∣ i, j ∈ [[0, n − 1]]
}

is a basis of An,q[x, y]. This algebra is a special case of the quantum divided
power algebras (see [26, 27]). More precisely, if we take n = 2 and ℓ = n, then the truncated quantum
plane An,q[x, y] is just the restricted quantum divided power algebra Aq(2, 1) (where 1 = (ℓ − 1, ℓ − 1),
see [26]). We note that Gu and Hu [27] generalized such truncated objects to Aq(n,m) and studied their
Loewy filtrations, rigidity, and quantum de Rham cohomology as uq(sln)-modules.

In the following, we shall classify uq(sl2)-module algebras on An,q[x, y]. For this purpose, we need to
understand the automorphism group of An,q[x, y].

Let An,q[x, y]m be the m-th homogeneous component of An,q[x, y], and we have

An,q[x, y] =
2n−2⊕
m=0

An,q[x, y]m.

Here the degree of a monomial xiy j is given by deg(xiy j) = i + j.

For p =
n−1∑
i, j=0

ai, jxiy j ∈ An,q[x, y], let pm denote its m-th homogeneous component, i.e.,

pm =

m∑
i=0

ai,m−ixiym−i.

Our classification relies on understanding the automorphism group of An,q[x, y]. We first describe the
general form of an algebra automorphism.

Proposition 1. If φ is an algebra automorphism of An,q[x, y], then there exist nonzero scalars α, β ∈ C
such that

φ : x 7−→ αx +
n−1∑
i=1

n−1∑
j=1

ai, jxiy j, y 7−→ βy +
n−1∑
s=1

n−1∑
t=1

bs,txsyt. (2.7)
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Furthermore, these coefficients ai, j, bs,t ∈ C must satisfy the following family of quadratic relations for
all l,m ∈ [[2, n − 1]]:

(
ql − q

)
al,m−1β + (qm − q)αbl−1,m =

l−1∑
s=1

m−1∑
t=1

(
q(l−s)(m−t)+1 − qst

)
as,m−tbl−s,t. (2.8)

Proof. We may write

φ(x) =
n−1∑
i, j=0

ai, jxiy j, φ(y) =
n−1∑
s,t=0

bs,txsyt. (2.9)

Straightforward computation yields:

φ(x)φ(y) =

 n−1∑
i, j=0

ai, jxiy j


 n−1∑

s,t=0

bs,txsyt

 = n−1∑
i, j=0

 i∑
s=0

j∑
t=0

qstai−s,tbs, j−t

 xiy j,

φ(y)φ(x) =

 n−1∑
s,t=0

bs,txsyt


 n−1∑

i, j=0

ai, jxiy j

 = n−1∑
i, j=0

 i∑
s=0

j∑
t=0

q(i−s)( j−t)ai−s,tbs, j−t

 xiy j.

The condition φ(y)φ(x) = qφ(x)φ(y) implies that

i∑
s=0

j∑
t=0

q(i−s)( j−t)ai−s,tbs, j−t = q
i∑

s=0

j∑
t=0

qstai−s,tbs, j−t, for all i, j ∈ [[0, n − 1]] . (2.10)

It follows that
a0,0b0,0 = qa0,0b0,0.

Since q , 1, we have either a0,0 = 0 or b0,0 = 0.
Suppose a0,0 = 0 and b0,0 , 0. Let ai, jxiy j be a nonzero monomial in φ(x) with minimal (i, j) in the

lexicographical order. Then the term ai, jb0,0xiy j appears in φ(y)φ(x) = qφ(x)φ(y), i.e.,

b0,0ai, j = qb0,0ai, j.

This contradicts q , 1. Therefore, we have b0,0 = 0. Similarly, a0,0 = 0.
Hence,

φ(x) =
n−1∑
i=1

ai,0xi +

n−1∑
j=1

a0, jy j +

n−1∑
i, j=1

ai, jxiy j, φ(y) =
n−1∑
s=1

bs,0xs +

n−1∑
t=1

b0,tyt +

n−1∑
s,t=1

bs,txsyt. (2.11)

Considering the expression

x = φ−1(φ(x)) = φ−1

 n−1∑
i=1

ai,0xi +

n−1∑
j=1

a0, jy j +

n−1∑
i, j=1

ai, jxiy j


=

n−1∑
i=1

ai,0

(
φ−1 (x)

)i
+

n−1∑
j=1

a0, j

(
φ−1 (y)

) j
+

n−1∑
i, j=1

ai, j

(
φ−1 (x)

)i (
φ−1 (y)

) j
,
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we get that either a0,1 , 0 or a1,0 , 0. Similarly, we have either b0,1 , 0 or b1,0 , 0.
Setting i = j = 1; or i = 2, j = 0; or i = 0, j = 2 in (2.10), respectively, gives

(1 − q)a1,0b0,1 + (q − q2)a0,1b1,0 = 0,
(1 − q)a1,0b1,0 = 0,
(1 − q)qa0,1b0,1 = 0.

If a0,1 , 0, then b1,0 = 0 and b0,1 = 0, which is a contradiction. So a0,1 = 0 and a1,0 , 0. Similarly,
b1,0 = 0 and b0,1 , 0.

Thus, we have

φ(x) =
n−1∑
i=1

ai,0xi +

n−1∑
j=2

a0, jy j +

n−1∑
i, j=1

ai, jxiy j, φ(y) =
n−1∑
s=2

bs,0xs +

n−1∑
t=1

b0,tyt +

n−1∑
s,t=1

bs,txsyt. (2.12)

For i = k, j = 0 in (2.10), we imply that

k∑
s=2

ak−s,0bs,0 = q
k∑

s=2

ak−s,0bs,0, k ∈ [[3, n − 1]] .

Since q , 1, by induction we get bs,0 = 0 for all s ∈ [[0, n − 1]]. Similarly, a0, j = 0 for all j ∈ [[0, n − 1]] .
Hence, Eq (2.10) becomes

i∑
s=1

j∑
t=1

qstas, j−tbi−s,t = q
i∑

s=1

j∑
t=1

q(i−s)( j−t)as, j−tbi−s,t, for all i, j ∈ [[1, n − 1]] . (2.13)

Setting i = 2, j = 1 and i = 1, j = 2, then we have a2,0 = b0,2 = 0.
In general, let i = m ≥ 2, j = 1 and i = 1, j = m, respectively, and we get

qa1,0bm−1,1 + q2a2,0bm−2,1 + · · · + qmam,0b0,1 = q
(
a1,0bm−1,1 + a2,0bm−2,1 + · · · + am,0b0,1

)
.

By induction, we get am,0 = 0 for all m ≥ 2. Similarly, b0,m = 0 for all m ≥ 2.
Setting α1,0 = α and β0,1 = β, we get

φ(x) = αx +
n−1∑
i=1

n−1∑
j=1

ai, jxiy j, α , 0, φ(y) = βy +
n−1∑
s=1

n−1∑
t=1

bs,txsyt, β , 0,

and Eq (2.13) is

(
ql − q

)
al,m−1β + (qm − q)αbl−1,m =

l−1∑
s=1

m−1∑
t=1

(
q(l−s)(m−t)+1 − qst

)
as,m−tbl−s,t l,m ∈ [[2, n − 1]] .

The result follows. □
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Example 1. Consider the map φ defined by

φ(x) = ax + bxn−1yn−1, φ(y) = cy + dxn−1yn−1,

where a, b, c, d ∈ C and ac , 0. It is straightforward to verify that φ is a homomorphism.
In general, the inverse of φ is given by

φ−1(x) = a−1x − ba−nc1−nxn−1yn−1, φ−1(y) = c−1y − da−nc1−nxn−1yn−1.

Hence, the map φ extends to an algebra automorphism of An,q[x, y].
Assume that a = qs, c = qt for some s, t ∈ [[0, 2n − 1]] , and one may verify by induction that

φ(xi) = qsixi, φ(y j) = qt jy j, φ(xiy j) = φ(xi)φ(y j) = qsi+t jxiy j,

for all i, j ∈ [[2, n − 1]] . Furthermore, for all i ≥ 1,

φi(x) = qsix +
i−1∑
j=0

qs(i−2 j+n j−1)+t(n j− j)bxn−1yn−1,

φi(y) = qtiy +
i−1∑
j=0

qt(i−2 j+n j−1)+s(n j− j)dxn−1yn−1.

For i = 2n, we obtain that

φ2n(x) = q2nsx +
2n−1∑
j=0

q−2 js−s−t jbx2n−1y2n−1 = x,

φ2n(y) = q2nty +
2n−1∑
j=0

q−2 jt−t−s jdx2n−1y2n−1 = y.

Hence, φ2n = id.

In particular, the map
φ : x 7→ αx, y 7→ βy, α, β ∈ C \ {0}

is an algebra automorphism of An,q[x, y]. All such automorphisms form a proper subgroup, denoted by
AutL(An,q[x, y]) of Aut (An,q[x, y]).

By k−1k = kk−1 = 1 and ∆ (k) = k⊗ k, k can be viewed as an algebra automorphism of An,q[x, y]. The
example shows that the automorphisms of An,q[x, y] maybe possess a complex possible expression. In
the subsequent sections, we always assume that the actions of k belong to AutL(An,q[x, y]). In this case,
k is naturally viewed as a graded automorphism of An,q[x, y].

3. uq(sl2)-module algebras on An,q[x, y]

We assume that k ∈ AutL(An,q[x, y]).
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Lemma 1. If An,q[x, y] is a uq(sl2)-module algebra, then there exist integers s, t ∈ [[0, 2n − 1]] such that

k · x = qsx, k · y = qty. (3.1)

Consequently, for any monomial xiy j, we have k · (xiy j) = qis+ jtxiy j. We say that xiy j is a weight vector
of weight qis+ jt.

Proof. By the assumption, k ∈ AutL(An,q[x, y]), we have

k · x = αx, k · y = βy, for some α, β ∈ C \ {0} .

It is evident that
ks · x = αsx.

By applying both sides of (2.5) to x, we obtain that α2n = 1 and

k · x = qsx, for some s ∈ [[0, 2n − 1]] .

Similarly, we have
k · y = qty, for some t ∈ [[0, 2n − 1]] .

This proof is finished. □

To classify the module algebra structures, we must determine the actions of the generators e, f.
We parameterize these actions in the most general form, consistent with the finite-dimensionality of
An,q[x, y]:

e · x = α0 +

n−1∑
i=1

αixi +

n−1∑
j=1

β jy j +

n−1∑
i, j=1

γi, jxiy j, (3.2a)

e · y = β′0 +
n−1∑
i=1

α′i x
i +

n−1∑
j=1

β′jy
j +

n−1∑
i, j=1

γ′i, jx
iy j, (3.2b)

f · x = λ0 +

n−1∑
i=1

λixi +

n−1∑
i= j

µ jy j +

n−1∑
i, j=1

νi, jxiy j, (3.2c)

f · y = µ′0 +
n−1∑
i=1

λ′i x
i +

n−1∑
j=1

µ′jy
j +

n−1∑
i, j=1

ν′i, jx
iy j. (3.2d)

Throughout this paper, we always keep these notations.
To ensure that An,q[x, y] is a uq(sl2)-module algebra with k ∈ AutL(An,q[x, y]), the following relations

should hold:

(ab) · u = a · (b · u), a, b ∈ uq(sl2), u ∈ An,q[x, y], (3.3)

a · (uv) =
∑
(a)

(a(1) · u)(a(2) · v), a ∈ uq(sl2), u, v ∈ An,q[x, y]. (3.4)

This means that the actions of k, e, f on x and y should keep relations (2.1)–(2.5) and (2.6).
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Acting on x and y of the relations ke = q2ek and kf = q−2fk implies that

(
1 − qs+2

)
α0 +

n−1∑
i=1

(
qsi − qs+2

)
αixi +

n−1∑
j=1

(
qt j − qs+2

)
β jy j +

n−1∑
i=1

n−1∑
j=1

(
qsi+t j − qs+2

)
γi, jxiy j = 0, (3.5)

(
1 − qt+2

)
β′0 +

n−1∑
i=1

(
qsi − qt+2

)
α′i x

i +

n−1∑
j=1

(
qt j − qt+2

)
β′jy

j +

n−1∑
i=1

n−1∑
j=1

(
qsi+t j − qt+2

)
γ′i, jx

iy j = 0, (3.6)

(
1 − qs−2

)
λ0 +

n−1∑
i=1

(
qsi − qs−2

)
λixi +

n−1∑
j=1

(
qt j − qs−2

)
µ jy j +

n−1∑
i=1

n−1∑
j=1

(
qsi+t j − qs−2

)
νi, jxiy j = 0, (3.7)

(
1 − qt−2

)
µ′0 +

n−1∑
i=1

(
qsi − qt−2

)
λ′i x

i +

n−1∑
j=1

(
qt j − qt−2

)
µ′jy

j +

n−1∑
i=1

n−1∑
j=1

(
qsi+t j − qt−2

)
ν′i, jx

iy j = 0. (3.8)

The actions of e and f on the relation yx = qxy yield

(qs − q) β′0x +
(
1 − qt+1

)
α0y +

((
q − qt+1

)
α1 +

(
qs+1 − q

)
β′1

)
xy +

n−1∑
i=2

(qs − q)α′i−1xi

+

n−1∑
j=2

(
1 − qt+1

)
β j−1y j +

n−1∑
j=2

((
qs+ j − q

)
β′j +

(
q − qt+1

)
γ1, j−1

)
xy j +

n−1∑
i=2

((
qs+1 − q

)
γ′i−1,1

+
(
qi − qt+1

)
αi

)
xiy +

n−1∑
i=2

n−1∑
j=2

((
qi − qt+1

)
γi, j−1 +

(
qs+ j − q

)
γ′i−1, j

)
xiy j = 0, (3.9)

(
1 − q1−s

)
µ′0x +

(
q−t − q

)
λ0y +

((
q − q1−s

)
µ′1 +

(
q1−t − q

)
λ1

)
xy +

n−1∑
i=2

(
1 − q1−s

)
λ′i−1xi

+

n−1∑
j=2

(
q−t − q

)
µ j−1y j +

n−1∑
j=2

((
q j − q1−s

)
µ′j +

(
q1−t − q

)
ν1, j−1

)
xy j +

n−1∑
i=2

((
qi−t − q

)
λi

+
(
q − q1−s

)
ν′i−1,1

)
xiy +

n−1∑
i=2

n−1∑
j=2

((
q j − q1−s

)
ν′i−1, j +

(
qi−t − q

)
νi, j−1

)
xiy j = 0. (3.10)

Lemma 2. Exactly one of the following cases occurs:

1) If α0 , 0, then s = 2n − 2, t = 2n − 1. In this case, β′0 = λ0 = µ
′
0 = 0.

2) If β′0 , 0, then s = 1, t = 2n − 2. In this case, α0 = λ0 = µ
′
0 = 0.

3) If λ0 , 0, then s = 2, t = 2n − 1. In this case, α0 = β
′
0 = µ

′
0 = 0.

4) If µ′0 , 0, then s = 1, t = 2. In this case, α0 = β
′
0 = λ0 = 0.

5) If α0 = β
′
0 = λ0 = µ

′
0 = 0, then s, t are arbitrary.

Proof. By Eqs (3.5)–(3.10), we have(
1 − qs+2

)
α0 =

(
1 − qt+2

)
β′0 =

(
1 − qs−2

)
λ0 =

(
1 − qt−2

)
µ′0 = 0, (3.11)
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(qs − q) β′0 =
(
1 − qt+1

)
α0 =

(
1 − q1−s

)
µ′0 =

(
q−t − q

)
λ0 = 0. (3.12)

If α0 , 0, then 1 − qs+2 = 0 by (3.11) and 1 − qt+1 = 0 by (3.12). Hence, s = 2n − 2, t = 2n − 1.
Substituting back into Eqs (3.11)–(3.12) gives β′0 = λ0 = µ

′
0 = 0.

The other cases are similar. □

Lemma 3. The following holds:
α1 = β

′
1 = λ1 = µ

′
1 = 0.

Moreover, exactly one of the following cases occurs:

1) If α′1 , 0 or µ1 , 0, then s = 1, t = 2n − 1. In this case, β1 = λ
′
1 = 0.

2) If β1 , 0, then s = 2n − 3, t = 2n − 1. In this case, α′1 = µ1 = λ
′
1 = 0.

3) If λ′1 , 0, then s = 1, t = 3. In this case, β1 = α
′
1 = µ1 = 0.

4) If β1 = α
′
1 = µ1 = λ

′
1 = 0, then s and t are arbitrary.

Proof. From Eqs (3.5)–(3.8), we obtain that(
qs − qs+2

)
α1x = 0,

(
qt − qs+2

)
β1y = 0,

(
qs − qs−2

)
λ1x = 0,

(
qt − qs−2

)
µ1y = 0, (3.13)(

qs − qt+2
)
α′1x = 0,

(
qt − qt+2

)
β′1y = 0,

(
qs − qt−2

)
λ′1x = 0,

(
qt − qt−2

)
µ′1y = 0. (3.14)

We get that α1 = β
′
1 = λ1 = µ

′
1 = 0 since q2 , 1.

By Eqs (3.9)–(3.10), we have

(qs − q)α′1x2 = 0,
(
1 − qt+1

)
β1y2 = 0,

(
1 − q1−s

)
λ′1x2 = 0,

(
q−t − q

)
µ1y2 = 0. (3.15)

If α′1 , 0, then qs − qt+2 = 0 by (3.14) and qs − q = 0 by (3.15). Hence, s = 1 and t = 2n − 1,
substituting back into Eqs (3.13) and (3.14) gives β1 = λ

′
1 = 0.

The other cases are similar. □

Corollary 1. For i ∈ {0, 1}, only the following cases are possible:

1) If α0 , 0, then (e · x)1 = (e · y)i = ( f · x)i = ( f · y)i = 0. In this case, s = 2n − 2, t = 2n − 1.

2) If β′0 , 0, then (e · x)i = (e · y)1 = ( f · x)i = ( f · y)i = 0. In this case, s = 1, t = 2n − 2.

3) If λ0 , 0, then (e · x)i = (e · y)i = ( f · x)1 = ( f · y)i = 0. In this case, s = 2, t = 2n − 1.

4) If µ′0 , 0, then (e · x)i = (e · y)i = ( f · x)i = ( f · y)1 = 0. In this case, s = 1, t = 2.

5) If α′1 , 0, then µ1 , 0 and (e · x)i = (e · y)0 = ( f · x)0 = ( f · y)i = 0. In this case, s = 1, t = 2n − 1.

6) if ( f · x)i = ( f · y)i = (e · x)i = (e · y)i = 0, then s and t are arbitrary.

Proof. If β1 , 0, then s = 2n − 3, t = 2n − 1 by Lemma 3 and (e · x)0 = (e · y)i = ( f · x)i = ( f · y)i = 0
by Lemma 2. Now, we have

k − k−1

q − q−1 · x =
q2n−3 − q3−2n

q − q−1 x = −(1 + q2 + q2n−2)x,

but ((ef − fe) · x)1 = 0, which is a contradiction.
If α′1 , 0 and µ1 = 0; or α′1 = 0 and µ1 , 0; or λ′1 , 0, we also get contradictions.
By Lemmas 2 and 3, the above cases exhaust all possibilities, and the conclusion follows. □
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Lemma 4. If ( f · x)i = ( f · y)i = (e · x)i = (e · y)i = 0 for i ∈ {0, 1}, then there exist four uq(sl2)-module
algebras on An,q[x, y] defined by

k · x = ±x, k · y = ±y, e · x = e · y = f · x = f · y = 0.

These are pairwise non-isomorphic.

Proof. Indeed, the above actions define uq(sl2)-actions. We now show that no other uq(sl2)-actions exist
under the given assumptions.

From the hypothesis, Eqs (3.2a)–(3.2d) are

e · x =
n−1∑
i=2

αixi +

n−1∑
j=2

β jy j +

n−1∑
i, j=1

γi, jxiy j, (a1-1)

e · y =
n−1∑
i=2

α′i x
i +

n−1∑
j=2

β′jy
j +

n−1∑
i, j=1

γ′i, jx
iy j, (a1-2)

f · x =
n−1∑
i=2

λixi +

n−1∑
j=2

µ jy j +

n−1∑
i, j=1

νi, jxiy j, (a1-3)

f · y =
n−1∑
i=2

λ′i x
i +

n−1∑
j=2

µ′jy
j +

n−1∑
i, j=1

ν′i, jx
iy j. (a1-4)

Then we have
((ef − fe) · x)1 = ((ef − fe) · y)1 = 0.

By Lemma 1, we get

k · x = qsx, k · y = qty, s, t ∈ [[0, 2n − 1]] .

Hence,
k − k−1

q − q−1 · x =
qs − q−s

q − q−1 x,
k − k−1

q − q−1 · y =
qt − q−t

q − q−1 y.

Since ef − fe = k−k−1

q−q−1 , it follows that

qs − q−s = qt − q−t = 0.

Therefore,
s = 0 or n, t = 0 or n.

If s = t = 0, Eqs (3.5)–(3.8) are

n−1∑
i=2

(
1 − q2

)
αixi +

n−1∑
j=2

(
1 − q2

)
β jy j +

n−1∑
i=1

n−1∑
j=1

(
1 − q2

)
γi, jxiy j = 0,

n−1∑
i=2

(
1 − q2

)
α′i x

i +

n−1∑
j=2

(
1 − q2

)
β′jy

j +

n−1∑
i=1

n−1∑
j=1

(
1 − q2

)
γ′i, jx

iy j = 0,
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n−1∑
i=2

(
1 − q−2

)
λixi +

n−1∑
j=2

(
1 − q−2

)
µ jy j +

n−1∑
i=1

n−1∑
j=1

(
1 − q−2

)
νi, jxiy j = 0,

n−1∑
i=2

(
1 − q−2

)
λ′i x

i +

n−1∑
j=2

(
1 − q−2

)
µ′jy

j +

n−1∑
i=1

n−1∑
j=1

(
1 − q−2

)
ν′i, jx

iy j = 0.

Since n > 2, all coefficients must be zero. Therefore

e · x = e · y = f · x = f · y = 0.

The cases s = 0, t = n; or s = n, t = 0; or s = t = n are similar. If all of e · x, e · y, f · x, f · y are not
zero, then it will lead to contradictions in (3.5)–(3.8).

Clearly, these uq(sl2)-module algebras are pairwise non-isomorphic.
The proof is finished. □

Lemma 5. Suppose that α0 , 0, n ≥ 5, and deg(e · x), deg(e · y), deg(f · x), deg(f · y) are less than n.
Then there exists a family of three-parameter uq(sl2)-module algebra structures on An,q[x, y] given by

k · x = q−2x, k · y = q−1y, (b-1)
e · x = α0, e · y = 0, (b-2)
f · x = −qα−1

0 x2 + µ4y4, f · y = −qα−1
0 xy + µ′3y3, (b-3)

where µ4, µ
′
3 ∈ C. Let A(α0, µ

′
3, µ4) be the uq(sl2)-module algebra An,q[x, y] with three parameters

(α0, µ
′
3, µ4). In this case, we have:

1) For µ′3µ4 , 0, A(α0, µ
′
3, µ4) � A(θ, µ′, µ), where α0µ

′
3

2

µ4
=
θµ′2

µ
. In other words, the parameter set {(α0, µ

′
3, µ4)}

splits into uncountably many disjoint subsets:(α0, µ
′
3, µ4)

∣∣∣∣∣∣ α0µ
′
3

2

µ4
is a constant

 .
Each subset gives one isomorphism class of uq(sl2)-module algebra structures.

2) For µ′3µ4 = 0, there are three more isomorphism classes:

(1) A(α0, 0, µ4) � A(1, 0, 1) when µ4 , 0.
(2) A(α0, µ

′
3, 0) � A(1, 1, 0) when µ′3 , 0.

(3) A(α0, 0, 0) � A(1, 0, 0).

Proof. We first check that the above actions define a uq(sl2)-module algebra structure on An,q[x, y].
By induction, we have:

e · xi = (i)q−2α0xi−1,

e · y j = 0,
e ·

(
xiy j

)
= q− j(i)q−2α0xi−1y j,

f · xi = −q(i)q2α−1
0 xi+1 + q2(i−1)(i)q2µ4xi−1y4,
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f · y j = −q( j)q2α−1
0 xy j + ( j)qµ

′
3y j+2,

f ·
(
xiy j

)
= −q(i + j)q2α−1

0 xi+1y j + q2i( j)qµ
′
3xiy j+2 + q2(i−1)(i)q2µ4xi−1y4+ j,

where i, j ∈ [[1, n − 1]]. Now we check the relations in An,q[x, y]:

e · (yx) = y(e · x) + (e · y)(k · x) = α0y

= q(α0q−1y) = e · (qxy),
f · (yx) = (f · y)x + (k−1 · y)(f · x)

= (−qα−1
0 xy + µ′3y3)x + (qy)(−qα−1

0 x2 + µ4y4)
= −q2α−1

0 x2y + q3µ′3xy3 − q3α−1
0 x2y + qµ4y5

= q(−q(2)q2α−1
0 x2y + q2µ′3xy3 + µ4y5)

= f · (qxy),
e · xn = (n)q−2α0xn−1 = 0,
e · yn = 0,

f · xn−1 = −q(n − 1)q2α−1
0 xn + q2(n−1)(n − 1)q2µ4xn−2y4

= q2(n−1)(n − 1)q2µ4xn−2y4,

f · xn =
(
f · xn−1

)
(1 · x) +

(
k−1xn−1

)
(f · x)

=
(
q2(n−1)(n − 1)q2µ4xn−2y4

)
x + q2nxn−1(−qα−1

0 x2 + µ4y4)

=
(
q4q2(n−1)(n − 1)q2µ4xn−1y4

)
− qα−1

0 xn+1 + µ4xn−1y4

=
(
q2(n − 1)q2 + 1

)
µ4xn−1y4

= 0,
f · yn−2 = −qα−1

0 (n − 2)q2 xyn−2 + µ′3(n − 2)qyn

= −qα−1
0 (n − 2)q2 xyn−2,

f · yn−1 = (f · yn−2)(1 · y) + (k−1 · yn−2)(f · y)
=

(
−qα−1

0 (n − 2)q2 xyn−2)y + (qn−2yn−2
)

(−qα−1
0 xy + µ′3y3)

= −qα−1
0 (n − 2)q2 xyn−1 − qq2(n−2)α−1

0 xyn−1 + µ′3qn−2yn+1

= −qα−1
0

(
(n − 2)q2 − q2(n−2)

)
xyn−1,

f · yn = (f · yn−1)(1 · y) + (k−1 · yn−1)(f · y)
=

(
−qα−1

0

(
(n − 2)q2 − q2(n−2)

)
xyn−1

)
y + (qn−1yn−1)(−qα−1

0 xy + µ′3y3)

= −qα−1
0

(
(n − 2)q2 − q2(n−2)

)
xyn − qα−1

0 q2(n−1)xyn + µ′3qn−1yn+2

= 0.

Clearly, the action of (b-1) is compatible with the relations (2.1) and (2.5). Next, we check the other
relations of uq(sl2) :

ke · x = k · (α0) = α0 = q2e · q2n−2x = q2ek · x,

ke · y = 0 = q2e · q2n−1y = q2ek · y,

kf · x = k · (−qα−1
0 x2 + µ4y4) = −q−3α−1

0 x2 + q−4µ4y4
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= q−4(−qα−1
0 x2 + µ4y4) = q−2f · q2n−2x = q−2fk · x,

kf · y = k · (−qα−1
0 xy + µ′3y3) = −q−2α−1

0 xy + q−3µ′3y3

= q−3(−qα−1
0 xy + µ′3y3) = q−2f · q2n−1y = q−2fk · y,

(ef − fe) · x = e · (−qα−1
0 x2 + µ4y4) − f · (α0) = −qα−1

0 (α0(2)q−2 x)

= −q(2)q−2 x =
q−2 − q2

q − q−1 x =
k − k−1

q − q−1 · x,

(ef − fe) · y = e · (−qα−1
0 xy + µ′3y3) = −qα−1

0 (α0q−1y)

= −y =
q−1 − q
q − q−1 y =

k − k−1

q − q−1 · y.

Since e · x = α0 and e · y = 0, we have ei · x = ei · y = 0 for i > 1, that is,

en · x = en · y = 0.

In general, we claim that

fm · x =
n−2∑

i=max{1,−[−m+ n−1
2 ]}

am,ix1+iy2(m−i),m ∈ [[1, n − 1]] .

Indeed, the claim is obviously true when m = 1 by (b-3). Suppose that the claim holds for all m ≤ l. For
m = l + 1,

fl+1 · x =
n−2∑

i=max{1,−[−m+ n−1
2 ]}

am,if · x1+iy2(m−i)

=

n−3∑
i=max{1,−[−m+ n−1

2 ]}
am,i

(
−q(1 + 2m − i)q2α−1

0 x2+iy2(m−i) + q2(1+i)(2(m − i))qµ
′
3x1+iy2(m−i)+2

+ q2i(1 + i)q2µ4xiy4+2(m−i)
)

= −

n−2∑
i=max{1,−[−m+ n−1

2 −1]}
am,i−1q(2m − i + 2)q2α−1

0 x1+iy2(m−i+1)

+

n−2∑
i=max{1,−[−m+ n−3

2 ]}
am,iq2(1+i)(2(m − i))qµ

′
3x1+iy2(m−i)+2

+

n−2∑
i=max{1,−[−m+ n−1

2 ]−1}

am,i+1q2(i+1)(i + 2)q2µ4xi+1y2(m−i+1)

=

n−2∑
i=max{1,−[−m+ n−1

2 −1]}
am+1,ix1+iy2(m−i+1).

Hence, the claim holds for m = l + 1. By induction, the claim is proved for all m, which implies

fn · x =
n−2∑

i=max{1,−[− n−1
2 ]}

an,ix1+iy2(n−i).

Electronic Research Archive Volume 34, Issue 7, 4968–4998.



4981

We claim that
n−2∑

i=max{1,−[− n−1
2 ]}

an,ix1+iy2(n−i) = 0.

If all an,i = 0, the claim holds automatically. Otherwise, if there exists i such that an,i , 0, then

0 = fne2 · x = e2fn · x

=

n−2∑
i=max{1,−[− n+1

2 ]}
an,ie2 ·

(
x1+iy2(n−i)

)
=

n∑
i=max{1,−[− n+1

2 ]}
an,ie ·

(
q2i(1 + i)q−2α0xiy2(n−i)

)
=

n∑
i=max{1,−[− n+1

2 ]}
an,iq2i(1 + i)q−2α0q−2i(i)q−2α0xi−1y2(n−i)

=

n∑
i=max{1,−[− n+1

2 ]}
an,i(1 + i)q−2(i)q−2α2

0xi−1y2(n−i),

which is a contradiction. Therefore, we have an,i = 0 and hence fn · x = 0.
Similarly, we also have the claim

fm · y =
n−1∑

i=max{−[−m+ n−2
2 ]}

bm,ixiy1+2(m−i), m ∈ [[1, n − 1]] ,

and

fn · y =
n−1∑

i=max{−[− n+2
2 ]}

bn,ixiy1+2(n−i).

We claim that
n−1∑

i=max{−[− n+2
2 ]}

bn,ixiy1+2(n−i) = 0.

If all bn,i = 0, the claim holds automatically. Otherwise, if there exists i such that bn,i , 0, we have

0 = fne · y = efn · y =
n−1∑

i=max{−[− n+2
2 ]}

bn,ie ·
(
xiy1+2(n−i)

)
= bn,t

n∑
i=max{−[− n+2

2 ]}
q−1−2i(i)q−2α0xi−1y2n−2i+1,

which is a contradiction. Therefore, we have bn,t = 0 for all t and hence fn · y = 0.
Thus, An,q[x, y] is a uq(sl2)-module algebra by the given actions.
Suppose that α0 , 0 and deg(e · x), deg(e · y), deg(f · x), deg(f · y) are all less than n. We now show

that only the actions provided in the lemma are possible.
Indeed, by Corollary 1, we have

(e · x)1 = (e · y)i = ( f · x)i = ( f · y)i = 0 for i ∈ {0, 1}; s = 2n − 2, t = 2n − 1.
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Combining this with Eqs (3.5)–(3.10), and simplifying (3.2a)–(3.2d), we yield that

e · x = α0, e · y = 0, (b2-1)
f · x = λ2x2 + µ4y4, f · y = λ2xy + µ′3y3. (b2-2)

By induction, we have

e · xi = (i)q−2α0xi−1,

e · y j = 0,
e · (xiy j) = q− j(i)q−2α0xi−1y j,

f · xi = (i)q2λ2xi+1 + q2(i−1)(i)q2µ4xi−1y4,

f · y j = ( j)qµ
′
3y j+2 + ( j)q2λ2xy j,

f · (xiy j) = q2(i−1)(i)q2µ4xi−1y j+4 + q2i( j)qµ
′
3xiy j+2 +

(
q2i( j)q2 + (i)q2

)
λ2xi+1y j.

On the other hand, we have

(ef − fe) · x = e · (λ2x2 + µ4y4) − f · (α0) = (2)q−2α0λ2x

=
k − k−1

q − q−1 · x =
q−2 − q2

q − q−1 x,

(ef − fe) · y = e · (µ′3y3 + λ2xy) = q−1α0λ2y

=
k − k−1

q − q−1 · y =
q−1 − q
q − q−1 y,

and hence,
λ2 = −qα−1

0 .

Substituting this into (b2-1) and (b2-2), we obtain

e · x = α0, e · y = 0, (b3-1)
f · x = −qα−1

0 x2 + µ4y4, f · y = −qα−1
0 xy + µ′3y3. (b3-2)

Suppose that φ : A(α0, µ
′
3, µ4) → A(θ, µ′, µ) is an isomorphism as uq(sl2)-module algebras. By Proposition 1,

we have

φ : x 7→ αx +
n−1∑
i, j=1

ai, jxiy j, y 7→ βy +
n−1∑
s,t=1

bs,txsyt,

where these coefficients ai, j, bs,t ∈ C satisfy the Eq (2.8). Since e · φ(x) = φ(e · x), e · φ(y) =
φ(e · y), f · φ(x) = φ(f · x), f · φ(y) = φ(f · y), we get that

αθ = α0, ai, j = bs,t = 0, −qαθ−1 = −qα−1
0 α

2,

αµ = µ4β
4, −qβθ−1 = −qα−1

0 αβ, βµ
′ = µ′3β

3.

So,
αθ = α0, αµ = µ4β

4, µ′ = µ′3β
2.

Hence:
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1) If µ′3µ4 , 0, define the map φ : A(α0, µ
′
3, µ4) → A(θ, µ′, µ) by

φ : x 7→
α0

θ
x, y 7→

(
µ′

µ′3

) 1
2

y.

φ is an isomorphism as uq(sl2)-module algebras only when α0µ
′
3

2

µ4
=
θµ′2

µ
.

2) If µ′3µ4 = 0, we have:

(1) If µ′3 = 0, µ4 , 0, define the map φ : A(α0, 0, µ4) → A(1, 0, 1) by

φ : x 7→ α0x, y 7→
(
α0

µ4

) 1
4

y.

φ is an isomorphism as uq(sl2)-module algebra.
(2) If µ′3 , 0, µ4 = 0, define the map φ : A(α0, µ

′
3, µ4) → A(1, 1, 0) by

φ : x 7→ α0x, y 7→
(

1
µ′3

) 1
2

y.

φ is an isomorphism as uq(sl2)-module algebra.
(3) If µ′3 = µ4 = 0, define the map φ : A(α0, µ

′
3, µ4) → A(1, 0, 0) by

φ : x 7→ α0x, y 7→ y.

φ is an isomorphism as uq(sl2)-module algebra.

Consequently, we get the proof of the lemma. □

Remark 1. (a) Suppose that α0 , 0, n = 3, and deg(e · x), deg(e · y), deg(f · x), deg(f · y) < 3.
Then there exists a family of one-parameter uq(sl2)-module algebra structures on A3,q[x, y] given by

k · x = q−2x, k · y = q−1y,

e · x = α0, e · y = 0,
f · x = −qα−1

0 x2, f · y = −qα−1
0 xy.

All such structures are isomorphic to the case α0 = 1. An explicit isomorphism φ : A3,q[x, y]→ A3,q[x, y]
is given by

φ(x) = α0x, φ(y) = y.

(b) Suppose that α0 , 0, n = 4, and deg(e · x), deg(e · y), deg(f · x), deg(f · y) < 4. Then there exists
a family of two-parameter uq(sl2)-module algebra structures on A3,q[x, y] given by

k · x = q−2x, k · y = q−1y, (b-1)
e · x = α0, e · y = 0, (b-2)
f · x = −qα−1

0 x2, f · y = −qα−1
0 xy + µ′3y3. (b-3)
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1) When µ′3 , 0, all such structures are isomorphic to the case α0 = µ
′
3 = 1. An explicit isomorphism

φ : A4,q[x, y]→ A4,q[x, y] is given by

φ : x 7→ α0x, y 7→
(

1
µ′3

) 1
2

y.

2) When µ′3 = 0, moreover, all such structures are isomorphic to the case α0 = 1. An explicit
isomorphism φ : A4,q[x, y]→ A4,q[x, y] is given by

φ : x 7→ α0x, y 7→ y.

Lemma 6. Suppose that β′0 , 0, then there exists a family of one-parameter uq(sl2)-module algebra
structures on An,q[x, y] given by

k · x = qx, k · y = q−2y, (c-1)
e · x = 0, e · y = β′0, (c-2)

f · x = β′0
−1xy, f · y = −qβ′0

−1y2. (c-3)

They are isomorphic to the case when β′0 = 1.

Proof. Now, we check that the above actions define a uq(sl2)-module algebra on An,q[x, y].
By induction, we have

e · xi = 0,
e · y j = ( j)q−2β′0y j−1,

e · (xiy j) = ( j)q−2β′0xiy j−1,

f · xi = qi−1(i)q−2β′0
−1xiy,

f · y j = −q( j)q2β′0
−1y j+1,

f · (xy) = 0,
f · (xiy j) =

(
qi−1(i)q−2 − q−i+1( j)q2

)
β′0
−1xiy j+1.

The actions of the generators of uq(sl2) keep the relations of An,q[x, y]. Indeed, we have

e · (yx) = y(e · x) + (e · y)(k · x) = (β′0)(qx) = qβ′0x = q((1)q−2β′0x) = e · (qxy),
f · (yx) = (f · y)x + (k−1 · y)(f · x) = −q3β′0

−1xy2 + q3β′0
−1xy2 = 0 = f · (qxy),

e · xn = 0,
e · yn = (n)q−2β′0yn−1 = 0,
f · xn−1 = qi−1(n − 1)q−2β′0

−1xn−1y,

f · xn = (f · xn−1)x + (k−1 · xn−1)(f · x) = (qi−1(n − 1)q−2β′0
−1xn−1y)x + qn−1xn−1(β′0

−1xy) = 0,
f · yn−2 = −q(n − 2)q2β′0

−1yn−1,

f · yn−1 = (f · y)yn−2 + (k−1 · y)(f · yn−2) = (−qβ′0
−1y2)yn−2 + (q2y)(−q(n − 2)q2β′0

−1yn−1) = 0,
f · yn = 0.
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Since e · x = 0, it follows immediately that en · x = 0. If e · y = β′0, then e2 · y = 0 and ei · y = 0, for
i ≥ 3, which implies en · y = 0. Since f · x = β′0

−1xy and f · (xy) = 0, we deduce that fi · x = 0, i ≥ 2.
Therefore fn · x = 0. Furthermore, we see that fi · y = (−q)i ∏i

j=1( j)q2β′0
−iyi+1 by induction, and we obtain

fn−1 · y = (−q)n−1
n−1∏
j=1

( j)q2β′0
−n+1yn = 0.

Consequently, fn · y = 0.
Thus, the uq(sl2)-module algebra An,q[x, y] is well-defined.
Suppose that β′0 , 0 and An,q[x, y] is a uq(sl2)-module algebra. By Corollary 1, we get that

(e · x)i = (e · y)1 = ( f · x)i = ( f · y)i = 0, for i ∈ {0, 1}, s = 1, t = 2n − 2.

Combining with (3.5)–(3.10), we can rewrite (3.2a)–(3.2d) as

e · x = α3x3 +

[ n
2 ]−2∑
j=1

γ2 j+3, jx2 j+3y j + γ1,n−1xyn−1, (c1-1)

e · y = β′0 − q−2(4)qα3x2y +
[ n−1

2 ]∑
j=1

−q−2 1 − q2 j+2

1 − q j γ2 j+1, j−1x2 jy j, (c1-2)

f · x =
[ n

2 ]∑
j=1

ν2 j−1, jx2 j−1y j, (c1-3)

f · y = µ′2y2 − q2(3)qµ
′
2xy +

[ n+3
2 ]∑

j=3

−q2 1 − q2 j−3

1 − q j+1 ν2 j−3, j−1x2 j−4y j. (c1-4)

By induction, we have

e · xs = (s)qα3xs+2 −
qsn − 1

2
γ1,n−1xsyn−1 +

min{n−1,[ n−s−3
2 ]}∑

j=1

(s)q( j+1)γ2 j+3, jx2 j+s+2y j, s ∈ [[1, n − 1]] ,

e · yt = (t)q−2β′0yt−1 − q−2t
min{n−t,[ n−1

2 ]}∑
j=1

(t)q2 j+2
1 − q2 j+2

1 − q j γ2 j+1, j−1x2 jy j+t−1, t ∈ [[1, n − 1]] ,

e · (xsyt) = (t)q−2β′0xsyt−1 + q−2t
(
−(t)q4(4)q + (s)q

)
α3xs+2yt

+ q−2t
min{n−t,[ n−s−3

2 ]}∑
j=1

(
(s)q( j+1) − (t)q2( j+2)

1 − q2 j+4

1 − q j+1

)
γ2 j+3, jx2 j+s+2y j+t, s, t ∈ [[1, n − 1]] ,

f · xs = −q−s+3(s)q2(3)qµ
′
2xsy + q−s+1

min{n−1,[ n−s+1
2 ]}∑

j=2

(s)q( j+1)ν2 j−1, jx2 j+s−2y j, s ∈ [[1, n − 1]] ,

f · yt = (t)q2µ′2yt+1 −

min{n−t,[ n+1
2 ]}∑

j=2

q−2 j+2(t)q2 j
1 − q2 j−1

1 − q j+2 ν2 j−1, jx2 j−2y j+t, t ∈ [[1, n − 1]] ,
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f · (xsyt) = q−s
(
(t)q2 − q3(s)q2(3)q

)
µ′2xsyt+1

+ q−s
min{n−t,[ n−s+1

2 ]}∑
j=2

(
q(s)q j+1 + q−2 j+2(t)q2 j

1 − q2 j−1

1 − q j+2

)
ν2 j−1, jx2 j+s−2y j+t, s, t ∈ [[1, n − 1]] .

Since

(ef − fe) · x =
k − k−1

q − q−1 · x = x, (ef − fe) · y =
k − k−1

q − q−1 · y = −(q + q−1)y,

the detailed computation yields

ν1,1β
′
0x +

(
−q−2

(
(4)q + (3)q2 − 1

)
ν1,1α3 +

q
1 + q

ν3,2β
′
0

)
x3y

+
(
(q−1(5)q − q−2(3)q3)α3ν3,2 + q−4(3)q2ν5,3β

′
0

−
(
(q6(5)q2 + q−7(3)q) + q−2((3)q2 − 1)

)
ν1,1γ5,1

)
x5y2

+

[ n
2 ]−1∑
t=3

(
(q−1(2t + 1)q − q−2(3)qt+1)α3ν2t−1,t + (t + 1)q−2ν2t+1,t+1β

′
0

− (q2t+2(2t + 1)q2 + q−2t−1(t − 1)q2(3)q)γ2t+1,t−1ν1,1

− q−2t−2((t − 1)q4(3)q2 − (2t − 3)q2)ν2t−3,t−1γ5,1

+

t−1∑
j=1

(−q−2 j(2 j)qt− j+2
1 − q2t−2 j+4

1 − qt− j+1 + q−2 j(2 j − 1)qt− j+1)ν2 j−1, jγ2(t− j)+3,t− j

+

t−2∑
j=1

q−s+1(s)q j+1 + q−2t+3( j)q2t−2 j
qt− j+1 − q−1

q − q2t−2 j γ2 j+3, jν2(t− j)−1,t− j

 x2t+1yt

= x

and (
1 + q−2

)
µ′2β

′
0y

−

((
1 + q−4 + (3)q

(
q3 (2)q2 + q−4(3)q

))
(4)qµ

′
2α3 − q2(3)q2

1 − q3

1 − q4 ν3,2β
′
0

)
x2y2

+
(
−

(
q2 + q−4 − (3)q

(
q5(4)q2 + q−6(2)q2 (3)q

))
(3)q2µ′2γ5,1 − q2(4)q−2β′0ν5,3

− (3)q
1 − q

q4 − q8

(
(4)q(3)q4 − q−3(2)q + (4)q (2)q3 + (4)q

1 − q4

q13 − q9

)
α3ν3,2

)
x4y3

+

[ n
2 ]∑

t=4

((
q2(t−1) +

q2t − qt−1

q2 − qt+1 + q−2 1 − q2t

1 − qt−1 (3)q

(
q2t+1 (2t − 2)q2 + q−2t+2 (t − 1)q2 (3)q

))
µ′2γ2t−1,t−2

+
q4 − q−2t+2 − a3+2t + q

(qt+2 − 1)(q2 − 1)
β′0ν2t−1,t − q2 1 − q2t−3

1 − qt+1

(
−q−2t (t)q4 (4)q + q−2t (2t − 4)q

)
α3ν2t−3,t−1

+

t−1∑
j=3

1 − q2 j−3

1 − q j+1 q−2 j+2
(
( j)q2t−2 j+2

1 − q2t−2 j+4

1 − qt− j+1 − (2 j − 4)qt− j+1

)
ν2 j−3, j−1γ2(t− j)+3,t− j
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−

t−2∑
j=1

−q−2 1 − q2 j+2

1 − q j

(
q−2 j+1 (2 j)qt− j+1 + q−2t ( j)q2(t− j)

qt− j+1 − q−1

q − q2(t− j)

)
γ2 j+1, j−1ν2(t− j)−1,t− j

 x2t−2yt

= − (q + q−1)y.

It follows that

µ′2 = −qβ′0
−1 , 0, ν1,1 = β

′
0
−1 , 0,

α3 = ν2t−1,t = γ2t+1,t−1 = 0, for all 2 ≤ t ≤
[
n − 2

2

]
.

Hence,

e · x = γ1,n−1xyn−1, (c2-1)
e · y = β′0, (c2-2)

f · x = β′0
−1xy, (c2-3)

f · y = −qβ′0
−1y2. (c2-4)

Also, we get by induction that

es · x = (−1)sq2sβ′0
s−1γ1,n−1

s−1∏
i=1

(n − i)q−2 xyn−s, for all 1 ≤ s ≤ n − 1,

and thus

0 = en · x = e · (en−1 · x) = (−1)n−2q2(n−1)β′0
n−1γ1,n−1

n−2∏
i=1

1 − q−2(n−i)

1 − q2 x.

Hence γ1,n−1 = 0 and we get the desired relations.
Finally, for β0 , 0, the uq(sl2)-module algebra An,q[x, y] defined by the actions (c-1)–(c-3) is

isomorphic to the case when β′0 = 1. Indeed, we set the map φ : x 7→ x, y 7→ β′0y, and then it is
straightforward.

This proof is finished. □

Lemma 7. Suppose that λ0 , 0, and then there exists a family of one-parameter uq(sl2)-module algebra
structures on An,q[x, y] given by

k · x = q2x, k · y = q−1y, (d-1)
e · x = −qλ−1

0 x2, e · y = λ−1
0 xy, (d-2)

f · x = λ0, f · y = 0. (d-3)

These are isomorphic to the case when λ0 = 1.

Proof. Following an argument analogous to the proof of Lemma 6, one can verify that the actions
(d-1)–(d-3) define a uq(sl2)-module algebra structure on An,q[x, y].

Suppose that λ0 , 0 and An,q[x, y] is a uq(sl2)-module algebra. By Corollary 1, we get that

(e · x)i = (e · y)i = ( f · x)1 = ( f · y)i = 0, for i ∈ {0, 1}; s = 2, t = 2n − 1.
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Combining with (3.5)–(3.10), we can rewrite (3.2a)–(3.2d) as

e · x = α2x2 +

min{n−1,[ n+3
2 ]}∑

i=3

γi,2i−4xiy2i−4, (d1-1)

e · y = τα2xy +
∑

i=2min{n−1,[ n
2 ]}
τ(i)γi+1,2i−2xiy2i−1, (d1-2)

f · x = λ0 +

min{n−1,[ n
2 ]}∑

i=1

νi,2ixiy2i, (d1-3)

f · y = σν1,2y3 +

min{n−2,[ n−2
2 ]}∑

i=1

σ(i)νi+1,2i+2xiy2i+3 + ν′n−1,1xn−1y, (d1-4)

where

σ =
q3 − q2

1 − q4 , σ(i) =
qi+3 − q2

1 − q2i+4 , τ = −q−1, τ(i) =
1 − qi+2

q2i+2 − q
γi+1,2i−2.

By induction, we have

e · xi = (i)q2α2xi+1 +

min{n−i,[ n+3
2 ]}∑

l=3

(i)q2l−2γl,2l−4xl+i−1y2l−4,

e · y j = q1− j( j)q2τα2xy j +

min
{
n−1,

[ n− j+1
2

]}∑
l=2

q1− j( j)ql+1τ(l)γl+1,2l−2xly2l+ j−2,

e · (xiy j) =
(
q1− j( j)q2τ + q− j(i)q2

)
α2xi+1y j

+

min
{
n−i,

[ n− j+1
2

]}∑
l=2

(
q1− j( j)ql+1τ(l) + q− j(i)q2l

)
γl+1,2l−2xl+iy2l+ j−2,

f · xi = (i)q−2λ0xi−1 +

min{n−i,[ n
2 ]}∑

l=1

q2−2i(i)q2l+2νl,2lxl+i−1y2l,

f · y j = ( j)qσν1,2y j+2 +

min
{
n−1,

[ n− j−1
2

]}∑
l=1

( j)ql+1σ(l)νl+1,2l+2xly2l+ j+2 +
(−1) j−1 + 1

2
ν′n−1,1xn−1y j,

f · (xiy j) = (i)q−2λ0xi−1y j +
(
q2−2i(i)q4 + q−2i( j)qσ

)
ν1,2xiy j+2

+

min
{
n−i,

[ n− j
2

]}∑
l=2

(
q2−2i(i)q2l+2 + q−2i( j)qlσ(l − 1)

)
νl,2lxi+l−1y2l+ j,

where i, j ∈ [[1, n − 1]]. Since

(ef − fe) · x =
k − k−1

q − q−1 · x = (q + q−1)x, (ef − fe) · y =
k − k−1

q − q−1 · y = y,
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the detailed computation yields

− (2)q−2α2λ0x +
((

q−1(2)q2τ + q−2 − q−2(2)q4

)
ν1,2α2 − (3)q−2γ3,2λ0

)
x2y2

+
((

q−1(2)q3τ(2) + q−2 − q−4(3)q4 − q−6(2)qσ
)
ν1,2γ3,2

+
(
q−3(4)q2τ + q−4(2)q2 − q−2(2)q6

)
ν2,4α2 − (4)q−2γ4,4λ0

)
x3y4

+

min{n−2,[ n+1
2 ]}∑

s=4

((
q3−2s(2s − 2)q2τ + q2−2s(s − 1)q2 − q−2(2)q2s

)
νs−1,2s−2α2 − (s + 1)q−2γs+1,2s−2λ0

−
(
q2−2s(s)q4 + q−2s(2s − 4)qσ

)
ν1,2γs,2s−14

+

s−2∑
i=2

q2i−2s+1(2s − 2i)qi+1τ(i) + q2i−2s(s − i)q2i − q−2i(i + 1)q2s−2i+2

− q−2i−2(2i − 2)qs−iσ(s − i − 1)
)
γi+1,2i−2νs−i,2s−2ixsy2s−2

= (q + q−1)x

and

− τα2λ0y +
((

q−2(3)q2 − q−2
)
τσν1,2α2 − (2)q−2τ(2)λ0γ3,2

)
xy3

+
((

q−2(3)q3σ − q−2(2)q4 + q−4(3)qσ
)
τ(2)γ3,2ν1,2 − (3)q−2τ(3)λ0γ4,4

+
(
q−4(5)q2τ + q−5 − q−2τ

)
σ(1)α2ν2,4

)
x2y5

+

min{n−2,[ n+1
2 ]}∑

s=4

((
q−2(3)qsσ − q4−2s(s − 1)q4 − q2−2s(2s − 3)qσ

)
τ(s − 1)γs,2s−4ν1,2 − (s)q−2τ(s)λ0γs+1,2s−2

+
(
q−2s+2(2s)q2τ + q1−2s(s − 3)q2 − q−2τ

)
σ(s − 2)α2νs−1,2s−2

+

s−2∑
i=2

((
q2i−2s(2s − 2i + 1)qi+1τ(i) + q2i−2s−1(s − i − 1)q2i

)
σ(s − i − 1)νs−i,2s−2iγi+1,2i−2

−
(
q2i−2s+2(s − i)q2i+2 + q2i−2s+4(2s − 2i − 1)qiσ(i − 1)

)
τ(s − i)γs−i+1,2s−2i−2νi,2i

))
xs−1y2s−1

= y.

It follows that

α2 = −qλ−1
0 , 0, ν1,2 = ν2,4 = γ3,2 = γ4,4 = γi+1,2i−2 = νi−1,2i−2 = 0, 4 ≤ i ≤

[
n + 1

2

]
.

Hence:

e · x = −qλ−1
0 x2, (d2-1)

e · y = λ−1
0 xy, (d2-2)

f · x = λ0, (d2-3)
f · y = ν′n−1,1xn−1y. (d2-4)
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Moreover, by induction we have

fs · y = ν′n−1,1

s−1∏
i=1

(n − i)q−2λs−1
0 xn−sy, for all 1 ≤ s ≤ n − 1,

and then

fn · y = f · ν′n−1,1

n−2∏
i=1

(n − i)q−2λn−2
0 x2y = ν′n−1,1

n−2∏
i=1

(n − i)q−2λn−1
0 (2)q−2 xy.

Since fn = 0, we have ν′n−1,1

n−2∏
i=1

(n − i)q−2λn−1
0 (2)q−2 = 0, so ν′n−1,1 = 0. Hence,

e · x = −qλ−1
0 x2, e · y = λ−1

0 xy, (d3-1)
f · x = λ0, f · y = 0. (d3-2)

Finally, for any λ0 , 0, the uq(sl2)-module algebra An,q[x, y] is isomorphic to the case when λ0 = 1
via the map φ : x 7→ λ0x, y 7→ y. The verification is straightforward.

This proof is finished. □

Lemma 8. Suppose that µ′0 , 0, n ≥ 5, and deg(e · x), deg(e · y), deg(f · x), deg(f · y) are less that n. Then
there exists a family of three-parameter uq(sl2)-module algebra structures on An,q[x, y] given by

k · x = qx, k · y = q2y, (e-1)

e · x = −qµ′0
−1xy + β3x3, e · y = −qµ′0

−1y2 + β′4y4, (e-2)
f · x = 0, f · y = µ′0, (e-3)

where β3, β
′
4 ∈ C.

Let A(µ′0, β3, β
′
4) be the uq(sl2)-module algebra An,q[x, y] with three parameters (µ′0, β3, β

′
4). In this case,

we have:

1) For β3β
′
4 , 0, A(α0, β3, β

′
4) � A(θ, β, β′), where α0β

′
3

2

β4
=
θβ′2

β
. In other words, the parameter set {(µ′0, β3, β

′
4)}

splits into uncountably many disjoint subsets:(µ′0, β3, β
′
4)

∣∣∣∣∣∣ µ′0β3
2

β′4
is a constant

 .
Each subset gives one isomorphism class of uq(sl2)-module algebra structures.

2) For β3β
′
4 = 0, there are three more isomorphism classes:

(1) A(µ′0, 0, β
′
4) � A(1, 0, 1) when β′4 , 0.

(2) A(µ′0, β3, 0) � A(1, 1, 0) when β3 , 0.
(3) A(µ′0, 0, 0) � A(1, 0, 0).

Proof. This proof is similar to Lemma 5. □
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Remark 2. (a) Suppose that α0 , 0, n = 3, and deg(e · x), deg(e · y), deg(f · x), deg(f · y) < 3. Then
there exists a family of one-parameter uq(sl2)-module algebra structures on A3,q[x, y] given by

k · x = qx, k · y = q2y,

e · x = −qµ′0
−1xy, e · y = −qµ′0

−1y2,

f · x = 0, f · y = µ′0.

Moreover, all such structures are isomorphic to the case µ′0 = 1. An explicit isomorphism φ : A3,q[x, y]→
A3,q[x, y] is given by

φ(x) = µ′0x, φ(y) = y.

(b) Suppose that µ′0 , 0, n = 4, and deg(e · x), deg(e · y), deg(f · x), deg(f · y) < 4. Then there exists a
family of two-parameter uq(sl2)-module algebras on A4,q[x, y] given by

k · x = qx, k · y = q2y,

e · x = −qµ′0
−1xy + β3x3, e · y = −qµ′0

−1y2,

f · x = 0, f · y = µ′0.

1) When β3 , 0, all such structures are isomorphic to the case µ′0 = β3 = 1. An explicit isomorphism
φ : A4,q[x, y]→ A4,q[x, y] is given by

φ : x 7→ µ′0x, y 7→
(

1
β3

) 1
2

y.

2) When β3 = 0, moreover, all such structures are isomorphic to the case µ′0 = 1. An explicit
isomorphism φ : A4,q[x, y]→ A4,q[x, y] is given by

φ : x 7→ µ′0x, y 7→ y.

Lemma 9. Suppose that α′1 , 0, and then there exists a family of one-parameter uq(sl2)-module algebra
structures on An,q[x, y] given by

k · x = qx, k · y = q−1y, (f-1)
e · x = 0, e · y = α′1x, (f-2)

f · x = α′−1
1 y, f · y = 0. (f-3)

They are isomorphic to the case when α′1 = 1.

Proof. The actions (f-1)–(f-3) endow An,q[x, y] with a uq(sl2)-module algebra structure. Indeed, for
i, j ∈ [[1, n − 1]], we have

e · xi = 0,
e · y j = q j−1( j)q2α′1xy j−1,

e · (xiy j) = q j−1( j)q2α′1xi+1y j−1,

f · xi = qi−1(i)q2α′−1
1 xi−1y,
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f · y j = 0, j ∈ [[1, n − 1]] ,
f · (xiy j) = qi−1(i)q2α′−1

1 xi−1y j+1,

by induction. Now as before, the actions of the generators of uq(sl2) keep the relations of An,q[x, y], and
An,q[x, y] as a uq(sl2)-module algebra by given actions is well-defined: since e · x = f · y = 0, we get that

en · x = fn · y = 0.

Since e · y = α′1x, we have
e2 · y = e · α′1x = 0,

which implies
ei · y = 0, i ≥ 2.

Similarly, we have
f2 · x = f · α′1

−1y = 0,

which implies
fi · x = 0, i ≥ 2.

Thus, An,q[x, y] is a uq(sl2)-module algebra by the given actions.
Suppose that α′1 , 0 and µ1 , 0. By Corollary 1, we have

(e · x)i = (e · y)0 = (f · x)0 = (f · y)i = 0, for i ∈ {0, 1}; s = 1, t = 2n − 1.

Combining this with Eqs (3.5)–(3.10) and simplifying (3.2a)–(3.2d), we yield that

k · x = qx, k · y = q−1y, (f1-1)
e · x = 0, e · y = α′1x, (f1-2)
f · x = µ1y, f · y = 0. (f1-3)

The direct computation shows that

(ef − fe) · x = e · µ1y = µ1α
′
1x =

k − k−1

q − q−1 · x = x,

and we get µ1 = α
′
1
−1. Substituting it into (f1-1)–(f1-3), we get that

k · x = qx, k · y = q−1y, (f2-1)
e · x = 0, e · y = α′1x, (f2-2)

f · x = α′1
−1y, f · y = 0. (f2-3)

Finally, for α′1 , 0, it is straightforward to see that the uq(sl2)-module algebra An,q[x, y] by the given
actions is isomorphic to the case when α′1 = 1, via the map φ : x 7→ x, y 7→ α′1y.

This proof is finished. □

We now synthesize the results of the preceding lemmas into our main classification theorem.
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Theorem 1. Suppose that k ∈ AutL(An,q[x, y]) and deg(e · x), deg(e · y), deg(f · x), deg(f · y) are less
than n. Then every uq(sl2)-module algebra structure on An,q[x, y] belongs, up to an isomorphism, to the
following list:

(a) k · x = ±x, k · y = ±y, e · x = e · y = f · x = f · y = 0.
(b) Let A(α0, µ

′
3, µ4) be the uq(sl2)-module algebra An,q[x, y] with three parameters (α0, µ

′
3, µ4).

1) For n = 3, we have

k · x = q−2x, k · y = q−1y, e · x = 1, e · y = 0, f · x = −qx2, f · y = −qxy.

2) For n = 4, we have

k · x = q−2x, k · y = q−1y, e · x = 1, e · y = 0, f · x = −qx2, bs f · y = −qα−1
0 xy + µ′3y3.

The isomorphism classes of uq(sl2)-module algebras are

A(1,1,0), A(1,0,0).

3) For n ≥ 5, we have

k · x = q−2x, k · y = q−1y, e · x = α0, e · y = 0, f · x = −qα−1
0 x2 + µ4y4, f · y = −qα−1

0 xy+ µ′3y3.

For µ′3 , 0, µ4 , 0, and the constant α0µ
′
3

2

µ4
, the isomorphism classes of uq(sl2)-module algebras

are
A(α0, µ

′
3, µ4), A(1, 0, 1), A(1, 1, 0), A(1, 0, 0).

In other words, the isomorphism classes of uq(sl2)-module algebras correspond to the set

⊔(α0, µ
′
3, µ4)

∣∣∣∣∣∣µ′3 , 0, µ4 , 0,
α0µ

′
3

2

µ4
is a constant

⊔
{(1, 1, 0), (1, 0, 1), (1, 0, 0)} .

(c) k · x = qx, k · y = q−2y, e · x = 0, e · y = 1, f · x = xy, f · y = −qy2.

(d) k · x = q2x, k · y = q−1y, e · x = −qx2, e · y = xy, f · x = 1, f · y = 0.
(e) Let A(µ′0, β3, β

′
4) be the uq(sl2)-module algebra An,q[x, y] with three parameters (µ′0, β3, β

′
4).

1) For n = 3, we have

k · x = qx, k · y = q2y, e · x = −qxy, e · y = −qy2, f · x = 0, f · y = 1.

2) For n = 4, we have

k · x = qx, k · y = q2y, e · x = −qxy + β3x3, e · y = −qy2, f · x = 0, f · y = 1.

The isomorphism classes of uq(sl2)-module algebras are

A(1,1,0), A(1,0,0).
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3) For n ≥ 5, we have

k · x = qx, k · y = q2y, e · x = −qµ′0
−1xy+β3x3, e · y = −qµ′0

−1y2+β′4y4, f · x = 0, f · y = µ′0.

For β3 , 0, β′4 , 0, and the constant µ
′
0β3

2

β′4
, the isomorphism classes of uq(sl2)-module algebras

are
A(µ0, β3, β

′
4), A(1, 0, 1), A(1, 1, 0), A(1, 0, 0).

In other words, the isomorphism classes of uq(sl2)-module algebras correspond to the set

⊔(µ′0, β3, β
′
4)

∣∣∣∣∣∣β3 , 0, β′4 , 0,
µ′0β3

2

β′4
is a constant

⊔
{(1, 1, 0), (1, 0, 1), (1, 0, 0)} .

(f) k · x = qx, k · y = q−1y, e · x = 0, e · y = x, f · x = y, f · y = 0.

Proof. The theorem follows from an exhaustive case analysis based on Lemmas 4–9. □

Remark 3. If we lose the condition that deg(e · x), deg(e · y), deg(f · x), deg(f · y) < n, the cases (a)–(f)
still can define uq(sl2)-module algebras on An,q[x, y] since the proofs of claims do not use the above
conditions.

Moreover, there may exist other uq(sl2)-module algebra structures on An,q[x, y].
For example, we suppose that n = 2k + 1. Let

k · x = q−2x, k · y = q−1y, (b′ − 1)
e · x = α0 + γxk+1y2k, e · y = 0, (b′ − 2)
f · x = −qα−1

0 x2 − α−2
0 γxk+3y2k, f · y = −qα−1

0 xy, (b′ − 3)

where γ ∈ C \ {0}, α0 , 0. Then the above actions define a family of uq(sl2)-module algebras on
An,q[x, y], which is isomorphic to the case when α0 = γ = 1, but not isomorphic to any of the statements
(a)–(f). Indeed, we have

e · xi = (i)q−2α0xi−1 + (i)q−4−2kγxk+iy2k, i ∈ [[1, k]] ,
e · xi = (i)q−2α0xi−1, i ∈ [[k + 1, n − 1]] ,
e · y j = 0, j ∈ [[1, n − 1]] ,
e · (xiy j) = q− j(i)q−2α0xi−1y j, i, j ∈ [[1, n − 1]] ,
f · xi = −q(i)q2α−1

0 xi+1 − q2(i−1)(i)q−2k−4α−2
0 γxk+i+2y2k, i ∈ [[1, k − 2]] ,

f · xi = −q(i)q2α−1
0 xi+1, i ∈ [[k − 1, n − 1]] ,

f · y j = −q( j)q2α−1
0 xy j, j ∈ [[1, n − 1]] ,

f · (xiy j) = −q
(
(i)q2 + q2i( j)q2

)
α−1

0 xi+1y j, i, j ∈ [[1, n − 1]] ,

by induction. Furthermore, we get

k · (yx) = q−3(yx) = q−2xy = qq−3xy = k · (qxy),
e · (yx) = y

(
α0 + γxk+1y2k

)
= α0y = qq−1α0y = e · (qxy),
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f · (yx) =
(
−qα−1

0 xy
)

x + q−1y
(
−qα−1

0 x2 − α−2
0 γxk+3y2k

)
= f · (qxy),

k · xn = q−2nxn = 0,
k · yn = q−nyn = 0,
e · xn = (n)q−2α0xn−1 = 0,
e · yn = 0,
f · xn = 0,
f · yn = −q(n)q2α−1

0 xyn = 0,

and

ke · x = k ·
(
α0 + γxk+1y2k

)
= α0 + q−2k−2−2kγxk+1y2k = q2ek · x,

ke · y = 0 = q2e ·
(
q−1y

)
= q2ek · y,

q−4
(
−qα−1

0 x2 − α−2
0 γxk+3y2k

)
= q−2fk · x,

kf · y = q−3
(
−qα−1

0 xy
)
= q−2fk · y,

(ef − fe) · x = −q(2)q−2 x =
k − k−1

q − q−1 · x,

(ef − fe) · y = −y =
k − k−1

q − q−1 · y.

By induction, we have

eu · x = q−2(u−1)k
u−1∏
i=1

(k − i + 1)q−2α2
0γxk−u+2y2k, u ∈ [[1, k + 2]] .

Thus

ek+2 · x = q−2(k+1)k
k+1∏
i=1

(k − i + 1)q−2α2
0γy

2k,

ek+3 · x = e ·

q−2(k+1)k
k+1∏
i=1

(k − i + 1)q−2α2
0γy

2k

 = 0.

Hence, en · x = 0. Clearly, en · y = 0. Also, by induction we get that

fi · x =
i∏

j=1

( j)q2λi
2xi+1 +

i−1∑
j=0

q2 j( j + 1)q−2k−4

j∏
l=1

(l)q2

i+1∏
m= j+3

(
(k + m)q2 + q2(k+m)(2k)q2

)
λi−1

2 νk+3,2kxk+i+2y2k, i ≤ k − 2.

Thus,

fk−2 · x =
k−2∏
j=1

( j)q2λk−2
2 xk−1 +

k−3∑
j=0

q2 j( j + 1)q−2k−4

j∏
l=1

(l)q2

k−1∏
m= j+3
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(k + m)q2 + q2(k+m)(2k)q2

)
λk−3

2 νk+3,2kx2ky2k

and

fk−1 · x =
k−1∏
j=1

( j)q2λk−1
2 xk.

Then, using induction again, we get that

fi · x =
i∏

j=1

( j)q2λi
2xi+1, f j · y =

j−1∏
t=0

(
(t)q2 + q2t

)
λ

j+1
2 x j+1y, for i, j ≥ k − 1.

Therefore, fn · x = 0 and fn · y = 0.
Hence, An,q[x, y] is a uq(sl2)-module algebra by the given actions.
Finally, we define the map

φ : x 7−→ α0x +
αk+1

0 γ − α0

q−2k(k + 2)q−2
xk+2y2k, y 7−→ y.

By Proposition 1, it is straightforward to verify that φ is an isomorphism of uq(sl2)-module algebras.

Remark 4. If we lose the condition that deg(e · x), deg(e · y), deg(f · x), deg(f · y) < n, we also have the
other family of uq(sl2)-module algebras on An,q[x, y] as follows:

k · x = qx, k · y = q2y, (e′-1)

e · x = −qµ′0
−1xy, e · y = −qµ′0

−1y2 − µ′0
−2νx2kyk+3, (e′-2)

f · x = 0, f · y = µ′0 + νx
2kyk+1, (e′-3)

where n = 2k + 1 and µ′0 , 0, ν ∈ C \ {0}, which are isomorphic to the case when µ′0 = ν = 1.
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