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1. Introduction

In this paper we are concerned with the following nonlocal elliptic equation

{Al/zu = fx,u), xeQ, (1.1)

u=0, X € 0Q,
where Q is an open, smooth, bounded domain of R¥(N > 2), and the nonlinear function f : QxR — R

is C' in t € R, continuous in x € Q, and satisfies the subcritical growth condition:

(A) Thereexist C >0and2 < p < % such that

Ifi(x,0)] < C(1 +||P™%) forall x € Q and 7 €R. (1.2)

The nonlocal elliptic operator A;, in (1.1) is defined as the square root of the Laplacian —A in Q with

zero Dirichlet boundary data on 9Q. Let {4, ¢ j}5y satisty

(1.3)

—AQOJZ/IJQOJ XGQ,
p;=0 x € 0Q,
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and fggojgokdx = 0jx. Foru € Hé(Q), write u(x) = Z;’;l api(x),x € £, and the nonlocal operator
Ay appearing in (1.1) is defined as A;u := Zj‘;l a; \//l_jgoj; see [1]. It has been proved in [1] that
;= \//l_j}j.il are the eigenvalues of A}/, on Q with the corresponding eigenfunctions {90/‘}‘]’-’;]. Denote
by 0 < py < pp < -+- < uj < --+ — oo the strictly increasing eigenvalues of A;,,. The precise
mathematical description and basic properties of the operator A;/, will be recalled in Section 2.

In this paper, we always assume that f(x,0) = 0 so that (1.1) has a trivial solution u = 0. We will
find nontrivial solutions to (1.1) via Morse theory in the situation the nonlinear term f is asymptotically
linear near infinity and satisfies

fim 759

|t|—00 t

=y, forall xe Q. (1.4)

We set g(x, 1) = f(x, 1) — uet. Then, (1.4) is equivalent to

! g(x, 1)
1m

[tloeo  f

=0, forall xe€ Q.

We further impose the following global assumptions on g.
(G1) There exists C > 0 such that lg(x, )| < Cforallxe Qandte R;
(G2) g/(x,t) » O as |t| — oo for all x € Q.

It is easy to see that (G1) implies (1.4) while (G2) implies (A). Near zero we further impose f the
following condition.

(FO) fi(x,0) = w,,, and there exists & > 0 such that

t
1
F(x,t) = f f(x,8)ds < E,umtz, forall xe Q, |f] < 6.
0

The main result of the present paper is the following theorem.

Theorem 1.1. Assume (G1), (G2), and (FO) with m > € + 2 so that there are at least two eigenvalues
between u,, and ;. Then, (1.1) has at least one nontrivial solution.

We give some remarks on the conditions and conclusions. The condition (1.4) as well as (G1) means
that (1.1) is completely resonant at y, at infinity perturbed by a bounded nonlinearity. The condition
(FO) means the trivial solution 0 of (1.1) is completely degenerate or (1.1) is completely resonant at ,,
near zero.

The square root A, of the Laplacian appears in flames propagation and chemical reactions in
liquids, population dynamics, geophysical fluid dynamics, anomalous diffusions in plasmas, and
American options in finances (see [2, 3]). In their well-known work [1], Cabré and Tan explored
an essential characteristic of the nonlocal operator A;,, in the sense that it could be realized in
a local manner through the notion of harmonic extension and the Dirichlet-Neumann map due to
Stein on Q [4]. By introducing a harmonic extension problem in a cylinder C = Q X (0, o) in one
more dimension, the nonlocal problem (1.1) is transformed to a local problem in the half cylinder
C = Q % (0, o) with mixed boundary data which has a variational structure (see Section 2). Based on
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the variationl framework in [1], there are a few research works related to the applications of variational
methods [5,6] and topological methods to (1.1) with superlinear nonlinearities in getting the existence
and multiplicity of solutions to (1.1). We refer to [1, 7-10] for the existence and multiplicity of
solutions, to [11, 12] for the positive solutions, to [13—15] for the regularity, uniqueness and qualitative
properties of solutions, and to [16—18] for other related topics. For example, the existence of a positive
solution of (1.1) for f(t) = |/ 't with 1 < g < %—f{ was obtained in [1] by the constrained minimization
method, and Tan studied in [11] the existence of a positive solution of (1.1) with critical nonlinearity
case of f(t) = ut + |t|%t by the mountain pass theorem [6]. As to the case with nonlinearity having
linear growth near infinity, in [19], nontrivial solution and multiple solutions for (1.1) were obtained
by comparing the critical groups at zero and infinity. [20] considered the cases that there were no
asymptotic limits near both infinity and zero, and nontrivial solution of (1.1) was obtained via Morse
theory and critical groups. Since the global conditions (G1) and (G2) do not ensure the global
compactness for the energy functional of (1.1), Morse theory [21, 22] cannot be directly applied,
and the case of Theorem 1.1 is not included in any cases considered in [19, 20], where the energy
functionals always have compactness. Thus, Theorem 1.1 is quite new in the setting of the nonlocal
case under consideration.

The paper is organized as follows. In Section 2, we present the functional framework related to (1.1)
together with basic properties of the operator A ,, and then we recall some preliminaries about Morse
theory and critical groups. In Section 3, we give the proof of Theorem 1.1 and some further remarks.

2. Preliminaries

In this section we will give the preliminaries for the variational settings related to (1.1) and some
abstract results in Morse theory.

2.1. Variational framework

We first recall briefly the functional framework of (1.1) built by Cabré and Tan [1]. Denote the half
cylinder standing on Q by

C={(xy): xeQ, y>0}=Qx(0,+c0) c R*!

and its lateral boundary by
0.C = 0Q X (0, +00).

Consider the Sobolev space of functions with trace vanishing on 9,C :
Hj,(C) = {v € L*(C): v=00n0,C, f IVvPdxdy < oo}.
c
Then, Hé’ ;(C) is a Hilbert space with the scalar product

{(v,w) = vadexdy
o

and the norm 1

2
||v||:( f |Vv|2dxdy) )
C
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From [1, Lemmas 2.4 and 2.5], we get the following embedding results.

Proposition 2.1. The embedding from H&L(C) into L1(Q) is continuous for all g € [1, ZTNl] and is

N
12N

, N—l)' Moreover, there is ¢, > 0 such that

compact for all g € [

1/q 1/2
(f [v(x, O)|qu) <c¢, (f |Vv|2dxdy) forall ve H&L(C). 2.1
Q c

Denote by trg the trace operator on Q X {0} for functions in Hé’ (O):
trqv := v(-,0), for v e H(l),L(C).

Let V,(€2) be the space of all traces on € X {0} of functions in Hé’ 1 (C), that is,
Vo(Q) = {u =trqv: ve Hy,(C)}.
Then, by [1, Lemma 2.10], V((Q) can be characterized as

Vo(Q) = {u el*(Q): u= Z ajp; satisfies Z a? \//l—] < +oo} 2.2)

J=1 J=1

and the space H(])’ ;(C) can be characterized as (see the proof of [1, Lemma 2.10])

Hy,(C) = {V € 2(C): v(xy) = ) ajprexp(=1y), Y ;< +oo},
J=1 j=1

where the pair {1}, ¢;} jen are the eigenvalue and the corresponding eigenfunction of —A on Q with zero
boundary value on 0Q, as stated in (1.3).

For a given function u € V(Q2), its harmonic extension v to the cylinder C is the weak solution of
the problem

-Av=0 inC,
v=>0 on 0,C, (2.3)
V=u on £ x {0}.

The idea of the harmonic extension was introduced in the pioneering work of Caffarelli and

Silvestre [23], where the fractional Laplacian in the whole space was dealt with.
The definition and properties of the operator A, are stated as follows.

Proposition 2.2. [1] Foru = }¥7, ajp; € Vo(Q), there exists a unique harmonic extension v in C of
u such that v € Hé’ 1(C), and it is given by the expansion

v(x,y) = Z ajpi(x) exp(— \/ﬁ_jy), forall (x,y)€C. 2.4)

J=1

The operator Ayjy : Vo(2) = Vi(Q) is given by the Dirichlet-Neumann map

Ajpu = — , (2.5)
12 v Qx{0}
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where V() is the dual space of Vy(2) and where v is the unit outer normal vector to C at £ X {0}.
One has

Arpu = Z @ \A9), (2.6)
=1

and that Ay, o Ay, is equal to —A in Q with zero Dirichlet boundary values on 0€). The inverse Aj/lz

is the unique positive square root of the inverse Laplacian (—A)~" in Q with zero Dirichlet boundary
values on 0.

We consider the linear eigenvalue problem

A1/2M = uu in Q, (27)
u=20 on 0QQ.

By the definition of A/, a nontrivial function u € V() is an eigenfunction associated to the
eigenvalue y if, and only if, the harmonic extension v of u to the cylinder C satisfies

-Av=0 inC,
v=0 on 0;C, (2.8)
2 =pu  onQx{0}.

We have that { \//l_j, ¢;j}jen are the eigenvalues and the corresponding eigenfunctions of (2.7) (see [1,
Lemma 2.13 ]). Set

p; =+, and e;(x,y) = p;(x)exp(-u;y) forall jeN. (2.9)

Then, all the pairs {u}, e;} ja satisfy (2.8), and the eigenfunction sequence {e;} ;o forms an orthogonal
basis of H& 1 (C). The eigenvalue sequence {u;} e has the following variational characterizations:

f |Vv|2dxdy
~e

pi = min = f Ve, [*dxdy, (2.10)
veH}, O\(0) f w(x.0)Pdx V€
Q
and
|Vv|2dxdy
. C 2
= — = Ve |"dxdy, 2.11
Hi veeryl\I{lo} ) cl ¢jfdxdy 1D
[v(x, 0)|"dx
Q
where

P;={veHy,(C)|(ve)=0foralli=1,2,---,j—1}.

Moreover, u; is simple, each u; has a finite multiplicity, and u; /' co. We may denote by 0 < y; <
My < -+ <pu;<--- the strictly increasing eigenvalue sequence of A, ,. For each yu;, we set

H(uj) = ker(Ayp — py), H (1)) = Sy, Hui), H (1)) = S5, H ().

Then,
Hy,(C) = H (u)) ® H(u;) ® H* (1). (2.12)
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Proposition 2.3. The following variational inequalities hold:

f VP dxdy < pj f v(x,0)*dx forall ve H (u)),
C Q

fleIzdxdy = ,ujf [v(x, O)Ide, forall v e H(u;),
o Q

flelzdxdy > [ f v(x,0)dx. forall ve H"(u)).
C Q

We say that a function u € Vy(Q) is a weak solution of (1.1) if the function v € H&L(C) with

trqv = v(-,0) = u weakly solves the extended problem

-Av=0 in C,
v=0 on 0;C,
% = f(xa V('a O)) on Q x {O}a

that is, the function v satisfies the variational formula

f VvWedxdy = f f(x,v(x,0)¢(x,0)dx forall ¢ € H&L(C).
o Q

In general, under the assumption (A) and Proposition 2.1, the functional
1
o) = 3 fleIzdxdy - f F(x,v(x,0))dx, ve Hé’L(C)
c Q

is well-defined on Hé, ,(C) and is of class C* with derivatives given by

(D'(v), ) = f VyvWVadxdy — f f(x,v(x,0)d(x,0)dx,
C Q

(@', ) = fc VoVidxdy — fg I (x, v(x, 0)é(x, 0)g(x, 0)dx,

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

for all v, ¢,y € Hé, ;(C). Therefore, critical points of @ are exactly weak solutions of (2.13), and then

the traces of critical points of @ are exactly weak solutions of (1.1).
Due to Proposition 2.1, we have the following result of bounded compactness.

Proposition 2.4. Assume that (A) holds. Then, any bounded sequence {v,} C H&L(C) satisfying

@’ (v,) = 0 as n — oo has a convergent subsequence.

2.2. Preliminaries about Morse theory

In this subsection, we collect some results on Morse theory [21,22] for a C? functional ® defined

on a Hilbert space E.
Let ® € C*(E,R). Denote for c € R

'=(veE: ®v)<c}, K. ={veE: ®®W)=0, dW) =c}.
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The functional © is said to satisfy the Palais-Smale condition at the level ¢ € R if any sequence
{v,} C E satisfying ®(v,) — ¢ and ®’(v,) — 0 as n — oo has a convergent subsequence. O is said to
satisfy the Palais-Smale condition if ® satisfies the Palais-Smale condition at each ¢ € R.

Let vy € E be an isolated critical point of ® with ®(vy) = ¢ € R, and U be a neighborhood of v,
such that U N K. = {vo}. The group C,(®,vy) := H (P N U, O N U \ {vo}),q € Z, is called the g-th
critical group of @ at vy, where H.(A, B) denotes a singular relative homology group of the pair (A, B)
with coeflicient filed F.

Let K ={ve E:®()=0}. Assume that ®(K) is bounded from below by a € R and ® satisfies
the Palais-Smale condition at all ¢ < a. The group C (P, ) := H,(E,®“),q € Z, is called the g-th
critical group of @ at infinity [24].

Assume that @ satisfies the Palais-Smale condition and % is a finite set. The Morse type numbers
of the topological pair (E, @) are defined by M, := ) 4 dim C (P, v), and the Betti numbers of the
topological pair (E, ®“) are defined by g, := dim C,(®, o0). If all M, and S, are finite and only finitely
many of them are nonzero, then the relationship between the Morse type numbers M, and the Betti
numbers S, is expressed by the following Morse inequalities [21,22]

q q
Z(—l)q_jM.,- > Z(—l)q_-’ﬂj (Morse inequality), (2.18)
=0 j=0
D o=1)M, = Y (~1)'B, (Morse equality). (2.19)
q=0 q=0

It follows from (2.18) that M, > B, for all ¢ € Z. If K = 0, then g, = O for all ¢ € Z. Thus, if
By, # 0 for some g, € Z, then ® must have a critical point v* with C, (®,v*) £ 0. If K = {v*}, then
Cy (D, 00) = Cy(D,v") for all g € Z. Thus, if Cy(D, 0) 2 C,(D, V") for some g € Z, then ® must have a
new critical point. Therefore, the basic idea in applying Morse theory to find critical points of ® is to
compute critical groups both at infinity and at known critical points clearly and then to find unknown
critical points by applying the Eqs (2.18) and (2.19).

Let the origin 0 be an isolated critical point of ® € C*(E, R) such that ®"(0) is a Fredholm operator.
Let Vo = ker ®”(0) and Wy = Vi = Wy @ W, where ®”(0) is positive definite on W and is negative
definite on Wy, respectively. Then the nullity n(0) := dim V; of O is finite [21]. If the Morse index
m(0) := dim W of @ at 0 is finite, then we have the following basic facts [21,22].

(1) If 0 is nondegenerate, i.e., n(0) = 0, then Cy,(®,0) = 6, )F.
(i1) If O is degenerate, i.e., n(0) > 0, then C,(®,0) = 0 for g ¢ [m(0), m(0) + n(0)] [25].

Recall that @ is said to have a local linking structure at O with respect to the direct sum decomposition
E = E~ @ E* if there exists r > 0 such that

(2.20)

O() >0 forve E"with 0 < ||| <r;
d(v) <0 forve E” with ||| <r.

The concept of local linking of a differential functional at a saddle point was introduced in [26] and
was extended in [27]. The following result was from [28, 29].
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Proposition 2.5. [28,29] Let 0 be an isolated critical point of ® € C*(E,R) with Morse index m(0)
and nullity n(0). Assume that ® has a local linking structure at O with respect to the orthogonal
decomposition E = E-® E* and j = dimE~ < oco. IfE= = W  or E- = Wy &V, then

Cy(®,0) =6, F, Vqgel (2.21)
3. Proof of Theorem 1.1

In this section we prove Theorem 1.1. We rewrite the functional ® as follows:
D) = % fc \Vv[*dxdy — %m fQ v(x, 0)°dx — fQ G(x,v(x,0))dx, v e Hy,(C), (3.1
where G(x, 1) = fot g(x, s)ds. It follows from (G1) and Proposition 2.1 that
[ 160t omidx < el [ Igtr vt 00 O)dx < el V6 € O G2)

Here and in the sequel, ¢, denotes the embedding constant of H(l)’ L (C) = LIY(Q)forallg € [1, %) (see
Proposition 2.1). Define the C? functional G : H&L(C) — Ras

GWwv) = — f G(x,v(x,0)dx.
Q
Then, by (3.2), G verifies

IG Wl < Cer, GO) = o(IVIP) (as [IV]] = o). (3.3)

Corresponding to the eigenvalue u,, we split H(l)’ 1 (C) as

Hy,(C) = H () ® H(ue) ® H' (1) = H(ue) & [Hue)]" .

We denote
Mo = dim H (u;), ne := dim H(u,).

We regard m., and n., as the Morse index and the nullity of @ at infinity [24]. For v € H&L(C), we
write v =z+w = z+w~ +w", where z € H(u,), w* € H*(u,). In the sequel we use this decomposition
frequently, and we always use z to denote the component of v € HOI’ 1 (C) onto H(u,).

Since the C? functional @ defined by (3.1) does not have the global compactness, we cannot apply
Morse theory directly to @. We will penalize the functional ® by a smooth functional defined on H (i)
so that the penalized functional possesses the global compactness and Morse theory can be employed
to deal with our problem. This penalizing technique was built in [30] and had been used in [31, 32]
for semilinear elliptic resonant problems and in [33] for fractional Laplacian problem. We use this
technique in the square root of the Laplacian problems.

Define for p > 0 the C? functionT,, : R — R by

_ W4
no={g " 12 G4

Electronic Research Archive Volume 34, Issue 7, 4947-4967.



4955

Define the penalized functional as
O,(v) = D(v) + Fp(||z||2), v=z+w, w=w +w", z€ H(u),w* € H ().
For every p > 0 fixed, ®, € C*(H,,(C), R), with derivatives
(@ (v), ¢) = (D), p) + 20, (Izl"){z. #), Vv, ¢ € Hy,(C).

(@, ¢) = (D", ¢) + AT, (12’ )z, p )z, ¥z
20, (I2P)We 62), Y v, .4 € Hy , (O),

(3.5)

(3.6)

(3.7

where i, and ¢, denote the component of ¢ and ¢ onto H(u,), respectively. From the definition of @,
we see that for given p > 0, if v, = z, + w, is a critical point of @, with z, satisfying lz.|I* < p, then v,

is a critical point of ®. It follows from (3.6) and (3.7) that forany v =z + w € H(l)’ (O,

(@, (v), w) = (D' (v), w), (D) (V)w, w) =(D"(v)w,w) forallwe H (u) ® H" ().

Now we investigate the compactness property of the penalized functional @,,.
Lemma 3.1. Assume (G1). Then, for every p > 0, @, satisfies the Palais-Smale condition.

Proof. Let p > 0 be fixed. Let {v,} C Hj,(C) be such that

(@) (va), ) = o(llll), n — eo, ¢ € Hy,(C).

Write v, = z, + w, = 2, + w, + w;. Taking ¢ = w} —w; in (3.9) and using (3.2), we obtain

o(D)lwall = (D (), W — wy)
z(—W)MW+FZ—QWW
Me+1 Me-1

- ‘ f g(x, v, (x, 0)(w, (x,0) — w, (x,0))dx
Q

> nllwall* = Ceillw,ll,

where

n::min{l— He ,ﬂ—l}.
Mer1 He-1

Hence, {w,} is bounded. Taking ¢ = z, in (3.9), we have by (3.6) that
o(Dllzall = (D, (vn), 20} = — f (%, vu(x, 00)z(x, 0)dx + 21 (IIzall*)l|zal .
Q

It follows that
2||Zn||2r;3(||zn”2) < (o(1) + ¢ O)l|zall.

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

Thus, {z,} is bounded. Therefore, {v,} is bounded in Hé’ ;(C). By Proposition 2.4, {v,} has a convergent

subsequence in H(l), ;(C). The proof is complete.

Electronic Research Archive Volume 34, Issue 7, 4947-4967.



4956

Remark 3.2. Since only (3.9) is used for proving the Palais-Smale condition, it follows that K, := {v €
Hé’ L(C) 2 @ (v) =0}, the critical point set of ®,, is compact for any fixed p > 0.

Remark 3.3. Denote K = {v € H&L(C) : @'(v) = 0}. From the argument for proving Lemma 3.1, we

see that there is a uniform bound for the orthogonal projection w on [H(u,)|" of v € K orv € Ko
Indeed, under (G1), it holds that

—

w|| <M = %,forall veKorveXK, v=z+w. (3.13)
It is seen that M is independent of p > 0.
Lemma 3.4. Assume (G1). Then, for every p > 0 fixed,
Cy (D, 0) =0,, F, qeL. (3.14)
Proof. Letp > 0be fixed. Forv=z+w"+w™ € H&L(C), by (G1) and Proposition 2.1, we have
(@), w™) < =qllw I + ¢, Clw.
Hence, there is R > 0 such that for any v € H&L(C) with |[w7|| > R,
(@,(v),w) <0. (3.15)
This implies that @, has no critical points outside the cylinder
Mg :={ve Hy,(©) : Iwll <R},
and the negative gradient —®,(v) points outward of Mg on I M. For v € M, we have that

D,(1) = D)+ (2l

1 _
> Sl + To(llzl?) — 3 (1 + %) Iw7IP = Cer(R + 1wl + llzll)
1

— N =

_ 1 _
> Sl 1P+ TlAP) = Ceallw | + Il = 5 (1 + %)1@ ~CciR
1

— 00 as |[[w* +z|| > .

It follows that
a = inf ®,(Mg) > —o0. (3.16)

Fix a < a, then CDZ - H&L(C) \ Mg. By Lemma 3.1, @, satisfies the Palais-Smale condition, hence, (Dz
is a strong deformation retract of Hé’ 1 (C) \ Mg. The continuous map

70,11 x Hy,(C) = Hy,(C), n(t,v)=w + (1 —0(z+w")

defines a deformation from (H&L(C),H&L(C) \ Mg) to (H (ug), H (u;) \ Mg). Moreover, the

deformation
wo, if |w7|| £ R,

{.v) = %(m@-r)nw—n), if w7l > R,
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is a strong deformation retract of the pair from (H ™ (u), H (7)) \ Mg) to (H™ () " Mg, H= (ie) NOMR).
Hence,
Cq((Dp’ 00) = Hq(Hé,L(C)v (DZ)

= H,(H},(C),H} ,(C)\ Mg)
= Hy(H (o), H (ne) \ M)
= H,(H (t1¢) N Mg, H (7)) N OMg)
= O0gme .

The proof is complete.

Now we turn our attention to the functional @, at zero under (F0O). Recalling (2.12), corresponding
to the eigenvalue p,,,, H& ;(C) can be split as

H;,(C) = H™ (i) ® H(pt) ® H* (1.

We denote my = dim H (u,,) and ny = dim H(w,,). Since f;(x,0) = u,,, my and n, are the Morse index
and the nullity of ® at 0, and so are @, for p > 0. We rewrite ® as

1 1
D) = 3 f |Vv|2dxdy—§,um f [v(x, 0)[*dx — f Fo(x,v(x,0))dx, v € Hy,(C), (3.17)
C Q Q

where Fy(x, 1) = F(x,1) = 1,1,
Lemma 3.5. Assume (F0). Then, for any fixed p > 0, C;(®,,0) = 6,,,,F.

Proof. Let p > 0 be fixed. Then, by definition, we see that ®,(v) = ®(v) for all v € H&L(C) with
llzIl < +/o. Since ® satisfies the bounded Palais-Smale condition, the critical group C,(®, 0) is well-
defined and C,(®,,0) = C,(®D,0). We only need to compute C,(®,0). To this purpose, we show that
® has a local linking structure at 0 with respect to Hé’ (©) = [H (un)] & [H(uw) ® H ()] for some
re (0, \//3> (see (2.20) for definition).

(i) Since f(x,0) = 0, f,(x,0) = u,,, we have that Fo(x,t) = o(|t/*)(t — 0) for all x € Q. Then, by
Propositions 2.1 and 2.3, for r € (0, y/p) small and for v € H™(u,,) with ]| < . it holds that

D) < %(1 - ”—’”) IV + o(IVP) < O. (3.18)
u

m—1

(ii) For v € H(u,,)® H* (u,,), we write v = ¢+, where ¢ € H(u,,), ¥ € H"(u,,). By Proposition 2.3,
we have

1 m
o) = = (1 - 'u—) lwl” - fFo(x, v(x, 0))dx. (3.19)
2 m+1 Q
For |v(x, 0)| < 6, we have by (FO) that
f Fo(x,v(x,0))dx < 0. (3.20)
{Iv(x,0)|<6}
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For |v(x,0)| > 9, we have that [(x,0)| > %Iv(x, 0)|. It follows from (A) and Proposition 2.1 that for

some g € (2, %) and Cs > 0,

f [Fo(x, v(x, 0)ldx < Collyll?. (3.21)
v(c0)l>0)

It follows from (3.19)—(3.21) that

Hm

m+1

1
o(v) 2 7 (1 - ) 11> = Collgll”. (3.22)

Since g > 2, it follows from (3.22) that for 0 < r < 4/p small enough,
dwv) >0, Vv=¢+ywithy #0, 0<|||<r (3.23)

Since H(yu) is finite dimensional, we can choose 0 < r < 4/p small enough such that ||¢|| < ||| < r
implies |¢(x, 0)] < ¢ for all x € Q. Then, by (FO) we have

Fo(x, ¢(x,0)) <0 uniformly in x € Q, YO0 < |l¢|| < r.

Thus,
O(p) = - f Fo(x,¢(x,0))dx >0, YO <|lg|l <r
Q

Let ¢. € H(u,,) be such that 0 < ||¢.|| < r and ®(¢.) = 0. Then, |p.(x,0)| < ¢ for all x € Q and
Fo(x, .(x,0)) = F(x, ¢.(x,0)) — %,umqﬁf(x, 0) =0, uniformly in x € Q.
Since F;(x,t) = f(x,t) and Fy(:, t) arrives at its maximum O in [-6, d] at ¢, = ¢.(-,0), it holds that
f(x, ¢.(x,0)) = wp.(x,0) uniformly in x € Q.

As ¢. € H(u,,), going back to (2.13) and (2.8), we see that ¢, is a nontrivial solution of (2.13) and
¢.(-,0) is a nontrivial solution of (1.1). We conclude that for 0 < r < /o small such that for all
v =¢ + ¢ with ||v|| < r, when ¢ = 0 and ¢ # 0, it must be

D) = D(¢p) = — f Fo(x, ¢(x,0))dx > 0. (3.24)
Q

Otherwise, for any € € (0, r), there exists ¢. € H(u,,) such that 0 < ||¢.|| < €, D(p.) = 0, and ¢.(-,0) is
a nontrivial solution of (1.1). It contradicts the isolation of the trivial solution. It follows from (3.23)
and (3.24) that

®(v) >0, forall ve H(u,) ®H" (u,) with0 < || < r.

Therefore, ® has a local linking structure at O with respect to

H;,(C) = [H™ ()] & [H(pt) & H* ()]

It follows from Proposition 2.5 that C,(®, 0) = 6, F. Then, Cy(®,,0) = 6, F.
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Lemma 3.6. For any given v > 0 small, there is b, > 0 such that
meas {x € Q : |z(x,0)| = b.|lz|l} > |Q| -7, Vze€ H(u) \ {0}. (3.25)

Proof. We follow the arguments in [34] with modifications. By (2.4), for any z € H(u,), z(-,0) is an
eigenfunction of —A corresponding to A;. Denote S = {z € H(u,) : ||z(-, 0)ll.~y = 1}. Since H(u,) is
finite dimensional, all norms on H(u,) are equivalent; to prove (3.25), it is equivalent to prove

meas{x € Q: z(x,0)| < b} <1, Vz€S8. (3.26)
We first show for every z € S, there exists b.(z) > 0 such that
¢ € H(ue), lIg(-, 0) — z(-, 0)l|~) < br(z) = meas{x € Q : |¢(x,0)] < b.(2)} < T. (3.27)

Suppose that there exists z, € S such that for each n € N, there exists ¢, € H(u,) such that

1 1
l$ (-, 0) = zo(-, )|z < 5, meas {x € Q:gu(x,0) < —} > T. (3.28)
n 2n
Since . .
{xe Q:p,.(x,0)] < 2—} C {x € Q :z0(x,0)| < —}, VY neN,
n n

it follows from (3.28) that
1
meas {x € Q:|zo(x,0)] < —} >1, YneN.
n

Then, meas{x € Q : zo(x,0) = 0} > 7 > 0 as n — oo. It contradicts the unique continuity property of
the eigenfunctions of —A.

We next consider the covering of {B;_;(2)}.cs of S. Since H(u,) is finite dimensional, by the
compactness of S, there is a finite refinement {By, ;) (z)}._, of {By, ;)(2)};es such that S C {By, ., ()},
Take b, = min{b.(z;) : i = 1,---, j}. Then, for any z € S € H(u,), it holds that z € B, (,,(z;) for some i.
Hence, as a consequence of this and (3.27), we get

meas{x € Q : |z(x,0)| < b;} <meas{x € Q: |z(x,0)| < b.(z)} < 7.

This proves (3.26), and the proof is complete.

Lemma 3.7. Let ‘W be a compact subset of L1(Q) for g > 1. For any given T > 0, there is b, > 0
such that
meas{x € Q: |p(x)| > b} <1, YVpeW. (3.29)

Proof. We first show that for each ¢ € L(Q)), there exist (¢, 7) > 0 and b(¢, 7) > 0 such that
Y e L1(Q) with || — @llre) < (¢, 7) = meas{x € Q: |y(x)| > b(¢,7)} < T. (3.30)

Suppose that ¢y € L(L2), such that for any n € N, there exists ¢, € L7(Q2) such that

1
i, — Pollra) < - and meas{x € Q : |¢,(x)| > n} > 1. (3.31)
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Then, we deduce
¢, — ¢o in LY(Q), n — oo, (3.32)

and

f |p,7dx > f |p,l%7dx > e, Y neN., (3.33)
Q {xeQ:|py,|>n}

Since (3.32) and (3.33) contradict each other, (3.30) is proved.

Now we consider the number families {n(¢, 7)} and {b(¢, 7)} for ¢ € W, where n(¢, ) and b(¢, T) are
given by (3.30). Consider the covering {Bn((pﬁ)(gb) cpeW } of W, where B, (¢) is the ball in L(Q)
centered at ¢ with radial 17(¢, 7). By the compactness of ‘W, there is a finite refinement { B, -(¢))}}_,
of {By4.0)(#)}gew such that W C U!_, By, (¢;). Take

b, = max{b(¢;,7):i=1,---,1}.
Then, for any ¢ € ‘W, it holds that ¢ € B, (¢;) for some i. Hence, by (3.30) we have
meas{x € Q : |¢(x)| > b} < meas{x € Q : |p(x)| > b(¢;, T)} < T.

This proves (3.29) and the proof is complete.

The ideas and arguments for proving the following Lemmas 3.6 and 3.7 are essentially from [34,
Lemma 3.2] with necessary modifications to fit the needs in dealing with the square root of the
Laplacian problem. We include the details of the arguments for the sake of completeness and for
the convenience of readers [33].

Lemma 3.8. Assume (G1) and (G2). Then,

lim f lg:(x, v(x, O)IY dx = 0. (3.34)
Q

v=z+wek |[v|| >0

Proof. Forv = z+w € K with z € H(u;) and w € [H(u)]". By Remark 3.3, we have that
lwl| <M forallve K, (3.35)
where M is defined by (3.13). By Proposition 2.1 and (3.35), the trace set ‘W of the set
fw: v=z+weX, zeH(u).we [Hul")
is compact in L'(Q). For all v € K,
IVl = 00 & izl| = co. (3.36)

By (2.4), it is seen that
|zl]c0 = 0 & |z(x,0)] — oo, a.e. in Q. (3.37)

For any given € > 0, by (G2), |g;(x, 1)|" is bounded and there exists R > 0 such that

lg:(x, HIY < ﬁ uniformly in x € Q and for all || > R. (3.38)
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Denote A = sup, ycaxr 18/(% HIN. Take T = 5% and leta, > 0 and b, > 0 be the corresponding constants
given in Lemmas 3.6 and 3.7. For z € H(u,) \ {0} and w(-,0) € W, set

Q ={xeQ:|z(x, 0 <adlll}, Q. ={xeQ:wkx0)> b}

By Lemma 3.6, Lemma 3.7, and (G2), we have

f lg:(x, v(x, 0)Ndx < A meas(Q2,) < g, (3.39)
Q.

f lg:(x, v(x, 0)[Vdx < A meas(Q,,) < g (3.40)
Q,
For z € H(ug) \ {0} and w(-,0) € W,

1z(x,0)| = a.llzll, Iw(x,0)| <b,, forall xe Q\ Q,UQ,). (3.41)

Letv = z + w € K be such that
V]| = oo. (3.42)

Then, by (3.41), (3.37), and (3.36), there is R; > O such that for all v € K with ||[v|| > Ry, it holds that

[v(x, 0)] = |z(x,0) + w(x,0)] > R, forall xe€ Q\ (Q,UQ,). (3.43)
By (3.38) we have
f lg:(x, v(x, 0)[Ndx < E. (3.44)
a\@ua,) 3

It follows from (3.39), (3.40), and (3.44) that

€

flgz(X, v(x, 0))Vdx = f lg.(x, v(x,0)[Vdx < 8yt
Q 0UQ, UQ\(©Q,U0,)) 3 3 3

This proves (3.34).

Now we investigate the Morse indices information of a critical point v € K of ® with large
component z on H(uy).

Lemma 3.9. Assume (G1) and (G2). There exists 8 > 0 such that for any v = z+ w € K with ||z]| = S,
the Morse index m(v) and the nullity n(v) of ® at v satisfy

Neo < m(v) <mv) +n(v) < My + Ne. (3.45)

Proof. For any v,¢ € Hy,(C), we have

(@ (), J) = fc VoPdxdy — fg 16(x, 0)Pdlx - fg G(ev(x, O)lp(x, 0)Pdx.  (3.46)
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By (G2), g,(-,v(-,0)) € LN(Q). Therefore, for any ¢ € Hé,L(C), we have

N

fg 18:(x, v(x, 0))lg(x, 0)Pdx - < ( fg Igz(x,V(x,O))lNdX) ( fg |¢(x,0)|N21-V‘dX)

( f lg:(x, v(x, 0))INdX)N o, OII* o (3.47)
Q LV-1(Q)

A

IA

c; ( fg lg.(x, v(x, 0)>|Ndx) lpII*,

where c, is the embedding constant of Hé’ [(C) & L%(Q). Letv = z+w € K. By Remark 3.3 and
Lemma 3.8, we have that

lim (f lg/(x, v(x, O))INdx) =0.
v=z+we¥K ||v|| o0 Q

Therefore, there exists § > 0 such that for any critical point v € K with ||z|]| > 3, it holds that
1
Yo
( f 18:(x, v(x, O dx) < —, (3.48)
Q 2C*
where the constant 77 is given by (3.11). For all v € K with ||z]| > 8, we have by (3.47) and (3.48) that

(@ (V). ¢) > (1 - ;%) g2 - fg 12,(x. v(x, 0) |, 0)2dx > g||¢||2, ¥ ¢ € H*(up) \ {0},

(@ (W, ) < (1 - M"—f) 1P + fg 18,(x, v(x, )l Cx, 0)Pdx < —gnwnz, Ve H (up) \ {0},

-1
Therefore, the Morse index m(v) and the nullity n(v) of @ at v € K verify (3.45). The proof is complete.

By (3.8) and the same arguments as above, we have the following result for ®@,,.

Lemma 3.10. Assume (G1) and (G2). There exists B > 0, independent of p > 0, such that for any
critical point v = z + w of ®, with ||z|| > B, the Morse index m(v) and the nullity n(v) of ®, at v satisfy

Mo < m(V) < m(v) +n(v) < My + Heo. (3.49)

Remark 3.11. From Lemma 3.10, one sees that for p > 8, if ®, has a critical point v, = z. + w, with
Morse index m(v.) and nullity n(v,) satisfying either m(v.) < me, or m(v,) + n(v,) > me, + Ne, then it
must be ||z,|]> < B* < p, and then v, is a critical point of ®. From this we abstract an idea of controlling
norm by Morse indices.

Now we are ready to complete the proof of Theorem 1.1.
Proof of Theorem 1.1. Let B > 0 be given in Lemma 3.10. We fix p > 1 + % and consider the
penalized functional

D, (v) = W) + T, (I, v =z+w e H(u)® [Hu)]" = Hy,(C). (3.50)
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By Lemma 3.1, @, satisfies the Palais-Smale condition. By Lemma 3.4,
Cy (P, 0) =6, F, geZ. (3.51)

By (F0), v = 0 is an isolated degenerate critical point of ®, with the Morse index m and the nullity ny,
and by Lemma 3.5,
Cy(D,,0) = 6,mF, ge€Z. (3.52)

Since m > € + 2, there are at least two eigenvalues between y,, and u,, and it follows that
my > Mo + N + 1. (3.53)

By the way of contradiction, we suppose that (1.1) has only the trivial solution. Then, for any nontrivial
critical point v = z + w of @, its component z onto H(u,) should verify

lzll> > p. (3.54)

We distinguish two cases in the following arguments.
Case 1: K, is a finite set. By the choice of p, we see from (3.54) that

Iz >p>1+8 = |zl >, forallveK,\{0}.
Thus, by Lemma 3.10, the Morse index m(v) and the nullity n(v) of ®, at each v € K,, \ {0} verify
Mo < m(v) < m(v) + n(v) < me + ne, forallv e %K, \ {0}. (3.55)
Therefore, by the Gromoll-Meyer theorem [25], we obtain that
Cy(®@,,v) =0, forallq ¢ [me,ms +ne] and for all v € K, \ {0}. (3.56)

It follows from (3.52), (3.53), and (3.56) that all Morse type numbers of @, read as

07 qe [Oamoo_ 1]7
finite integers, q € [Meo, Mo + N,
M, = (3.57)
0, q € Mo +neo + 1,my— 11U [my + 1, 00),
1, q = my.

By (3.51), all Betti numbers of ®, read as 5, = d,,... It follows from the (m. + n)-th inequality and
the (m + ne + 1)-th inequality that

Meo+Noo Moo +Neo
DMy = N (YR = (<1 (3.58)
J=Meo J=Mos

From (3.57) and (3.58), the m, + 1-th Morse inequality

m0+1 m0+1
DMy 2 Y (=1 (3.59)
=0 =0
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reads as . .
(D + (1M Y (1R = —12 0 (by (3.58)). (3.60)
J=Meo J=Mes

It is a contradiction. Therefore, (1.1) has at least one nontrivial solution.

Case 2: K, is an infinite set. In this case, Morse theory cannot be applied directly. We use the
Marino—Prodi perturbation method [35]. By Lemma 3.1 and Remark 3.2, 7_(p := K, \ {0} is compact.
Applying the version [36, Proposition 3.4] of the Marino-Prodi perturbation method [35] to %p, for
any given €, o € (0, 1), there exists a C? functional ¥, such that

”(Dp - le”C2 <E§€, (3.61)
D,(v) = P,(v), Y veH,(C)\ Nop(K,), (3.62)
DIV =), VveN(K,), (3.63)

all critical points of ¥, belong to Ng(%p), and they are nondegenerate and in a finite number, where
Ns(A) ={v e H(l),L(C) s dist(v,A) < 6}.

By (3.61), (3.62), and (3.63), ¥, has 0 as an isolated critical point, and Lemmas 3.4, 3.5, and 3.10
are valid for ¥,,. Applying to ¥, the arguments for Case 1, we get the conclusion.

We close this paper by giving further remarks.

Remark 3.12. In Theorem 1.1, we deal with only the case u, < p,, and there are at least two
eigenvalues of Ay, between y; and w,, which ensures my > me + ne + 1 (see (3.53)). One may
choose the penalized functional as

D,(v) = D(v) - Fp(||z||2), v=z+w, w=w +w", z€ H(u),w* € H ().

In this case, for any p > 0 fixed,
Cy(Dy, ) = 64 me+n F-

Therefore, one has the same conclusion as Theorem 1.1 for the case u,, < g with further condition
such that my < me, — 1.
If (FO) is replaced by

(FO1) fi(x,0) = w,,, and there exists 6 > 0 such that
!
1
F(x, 1) = f f(x,s)ds > E,umtz, forall x € Q, |t| <0,
0

then, the critical groups of ® at 0 will be Cy(®,0) = 6y umy+n,F. Thus, one has the same conclusion
under (G1), (G2), (FO1), and conditions on u, and w,, such that my + ng & [me — 1, M + ne + 1].

We refer to [33] for details where an analogous but different topic for the nonlocal problem involving
the fractional Laplacian was treated in the same way.
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