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Abstract: In this paper, we introduced and studied the (¢, s)-Oresme and (¢, s)-Oresme-Lucas
sequences, which were generalizations of the classical Oresme and Oresme-Lucas numbers. We
presented the recurrence relations, generating functions, and Binet formulas for these sequences.
Furthermore, we derived various algebraic identities, including those of Tagiuri, d’Ocagne, Catalan,
Cassini, Ruggles, and Honsberger. A matrix representation for these sequences was also established,
and we defined the associated (¢, s)-Oresme matrix sequence, exploring its fundamental properties and
relations. Additionally, we provided the summation formulas for the first n terms of these sequences.
This work extended the existing theory of Oresme numbers and offered a unified framework for their
further investigation.
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1. Introduction

Fibonacci, Narayana, and similar numbers play roles in a wide range of mathematical fields,
including graph theory, computer algorithms, Pythagorean triples, Pascal’s triangle, geostatistics,
physics, economics, architecture, computer science, color image processing, genetics, music, and
visual arts. These remarkable sequences have inspired extensive research and discoveries in academic
literature. For centuries, the Fibonacci sequence has captivated mathematicians and scientists with its
elegance and unexpected appearances in a variety of contexts. When solving the rabbit issue,
Fibonacci could scarcely have predicted that this series of numbers would have such a profound
effect. In a similar vein, Narayana had no idea the calf problem would be so useful. Fibonacci,
Narayana, and related numbers are used in a variety of mathematical domains, including Pascal’s
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triangle, Pythagorean triples, computer algorithms, and graph theory. Moreover, they are found in a
wide range of fields, including computer science, geostatistics, physics, economics, architecture, color
image processing, genetics, music, and visual arts. These exceptional sequences have sparked
substantial investigation and discoveries in scholarly literature because of their wide range
of applications [1-3].

The classical Oresme sequence, O, = 5; forn =0, 1,2, ..., originates from the work of the French

mathematician and philosopher Nicole Oresme. Oresme wanted to determine the sum of the rational
numbers generated by the sequence terms {0,3, %, 3, a1, 2 =, ---» 2, ...}. The Horadam
paper [4] tells us that Oresme’s work was not published and that the characteristics of the series he
described are significant. Given that the ratios of parents and grandparents with various genotypes are
known, this sequence is thought to be interesting as an answer to a query requiring the computation of

ratios in later generations.

Numerous facets and viewpoints are examined in the study of the Oresme sequence and its
generalizations. The k-Oresme numbers, an extension of the Oresme numbers, were introduced in [5]
and their generalization and investigation is presented in [6], where identities and matrices associated
with these sequences are exhibit. The k-Oresme and k-Oresme-Lucas sequences were extended by
Ozkan and Akkus, who also provided some terminology for them. The relationships between the
terms of the k-Oresme and k-Oresme-Lucas sequences were then shown. They also assigned Binet
formulas, generating functions, Cassini identity, Catalan identity, and so on, to these sequences.
Additionally, they connected the k-Oresme and k-Oresme-Lucas sequences to Lucas and Pell-Lucas
numbers, Fibonacci numbers, and Pell numbers, respectively. Lastly, the Catalan transformations of
these sequences were provided, and to connect them to the terms of the sequence, Hankel
transformations were performed on them [7]. In order to define new Banach Coordinate
(BK)-sequence spaces via the domain of this operator over the spaces of null and convergent
sequences, a novel conservative matrix operator containing non-integer Oresme numbers was
introduced in [8]. Alpha, beta, and gamma-duals, Schauder bases, inclusion relations, and matrix
transformation classes related to these spaces were then investigated. Lastly, the Hausdorff measure of
noncompactness was used to describe compact operators on these new sequence spaces. In [9], for
some families of Toeplitz-Hessenberg matrices with Oresme numbers as their entries, their
determinants were taken into consideration. These determinant formulas were reformulated as
identities using multinomial coefficients and sums of products of Oresme numbers. Specifically, they
used Toeplitz-Hessenberg determinants to connect Oresme numbers to the Fibonacci and Pell
sequences. Spreafico and Catarino [10] investigated the generalized Oresme numbers, using the
algebraic characteristics of the Fibonacci fundamental system connected to this sequence. They
provided a clear explanation of the closed relationship between the generalized Oresme numbers and
the Fibonacci fundamental system sequences. Furthermore, the generalized Cassini identity and
combinatorial identities for the generalized Oresme numbers were studied using the matrix approach.
The analytic representation was finally established, and the generalized Cassini identity was given
both analytically and combinatorially. Cerda-Morales [11] investigated the issue of generalizing
Oresme numbers, using a novel number sequence known as Oresme polynomials. Additionally, he
discovered the identities of these numbers, including the universal bilinear index-reduction formula,
by applying the matrix methods for Oresme polynomials. Additionally, some relations for the
derivatives of these polynomials in the form of convolution were proved, along with Oresme
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polynomials that are natural extensions of the k-Oresme numbers. In [12], instead of preserving the
linear recurrence relation of Fibonacci, researchers introduce a new flexibility by employing two
different coefficients depending on parity, thereby unifying many well-known sequences under a
single framework. In [13], the Cauchy convolution for investigating the Oresme numbers was
presented. In contrast to the classical Fibonacci recurrence with fixed coefficients, the Yayenie [14]
approach introduces a new flexibility by employing two different coefficients depending on parity,
thereby unifying many well-known sequences such as Fibonacci, Pell, and k-Fibonacci under a single
framework. Caldarola et al. [15], instead of presenting a standard geometric construction based on
Fibonacci numbers, introduces a family of octagons approximating the regular octagon, thereby
giving rise to Carboncettus octagons and associated binary words. Ozimamoglu [16] defined the
concept of d-Oresme polynomials, which is a generalization of the classical Oresme polynomials. He
introduced the infinite d-Oresme polynomials matrix, which is a Riordan matrix. Halic1 and
Sayin [17] studied the geometric interpretation of Oresme sequences through vector representations.
They obtained several geometric results, including area, volume, angle, and Heron-type formulas,
highlighting the relationship between Oresme sequences and vector geometry.

The motivation behind introducing the (¢, s)-Oresme-type sequences lies in the need for a flexible
parametric framework that extends the classical Oresme structure. Unlike the classical case, the ratio f
allows us to control the exponential scaling behavior of the sequence, while preserving a linear growth
component. This dual structure, combining geometric decay/growth with linear amplification, makes
the sequence particularly suitable for modeling processes where proportional change and cumulative
effects coexist. The parameter s can be associated with a growth or contribution factor, while ¢ acts as
a normalization or damping parameter. Different choices of (z, s) allow the modeling of a wide range
of weighted structures and scaling behaviors.

In this paper we present a two-parameter generalization of Oresme-type numbers. So, the
(t, s)-Oresme and (z, s)-Oresme-Lucas sequences will be described here, along with a number of their
algebraic characteristics. Our objective is to investigate the generalized Oresme-type numbers, which
will include a matrix representation of the (¢, s)-Oresme and (z, s)-Oresme-Lucas sequences, as well as
several identities, including Binet’s formula and the generating function formula.

2. The (¢, s)-Oresme-type sequences

In this section, we formally introduce the (¢, s)-Oresme and (¢, s)-Oresme-Lucas sequences,
establishing their recursive definitions as second-order homogeneous linear equations with constant
coefficients depending on the parameters ¢ and s. From these definitions, the associated characteristic
equation is determined, allowing the explicit derivation of Binet-type formulas for these sequences.
Extensions to negative indices are also discussed, as well as particular cases in which the sequences
reduce to classical sequences and their connections with other Lucas-type sequences. The section
further analyzes the asymptotic behavior of the sequences, graphically illustrating regimes of
exponential decay and growth. Subsequently, the generating function is developed by two distinct
methods, culminating in the proof of several generalized classical identities, such as those of Tagiuri,
d’Ocagne, Catalan, and Cassini, all derived from the closed-form expression. Thus, the section
systematically constructs the complete analytical foundation of the sequences, laying the groundwork
for the matrix approach developed later.
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Oresme numbers are defined as a second-order recursive sequence satisfying the recurrence relation

1 1
= = — = 1 —=0,_ >2
00 Oa 01 2a On On 1 40n 2 (I’l = )’

and |
OLO = 2, 0L1 = 1, OLn = OLn_l - ZOLn_z, (fl > 2),

and when the initial terms change, the sequence is called Oresme-Lucas.

Definition 2.1. For the ¢, s positive integers, the (¢, s)-Oresme sequence O\ is defined recursively by

0, n=0,

len

(t,s) _ s —_
Qe =4 2, n=1, 2.1
25 (1.9 _ 52 (1)
TsDn—l - i_z n-2° nz 2.
The equation in (2.1) is the second order linear difference equation, and its characteristic equation
is as follows

6% =256 + s = 0. (2.2)

This equation has real roots 6; = 6, = 7. It means that the following relations hold for the numbers
01 and 65:
2

2
(51+52:7s, 51—5220, 6152:1‘_2.

The (¢, 5)-Oresme numbers are

o,5,2(5)2,3(5)3,4(5)“,5(5)5,...,n(f)",...
1t t t t t t

Definition 2.2. For the (z, s) positive integers, the (¢, s)-Oresme-Lucas sequence Dﬂff’s) is defined
recursively by

oLl =1 1, n=1, 2.3)

2 )(I,S) _ i )(I,S)
)

The equation in (2.3) is the second order linear difference equation and has the same characteristic
equation given in (2.2), with real roots 6; = 6, = 7. So, the (7, s)-Oresme-Lucas numbers are

t s 2 s 3 s 4 s 5 s n—1
GGG G
N t t t t t

Two particular cases of the previous definitions are:
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e If =2 and s = 1, the classical Oresme and Oresme-Lucas sequences are obtained

1 1
O0pi2=0,-—=0,_1, Op= 0, 0,= E

2

4
and

1
0Ln+2 = OLn - ZOLn_l, OL() = 2, 0L1 = 1

The sequences (¢, s)-Oresme and (¢, s)-Oresme-Lucas can be extended to negative subscripts
by defining
2t

(t,8) _ (t,5) (t,5)
D—” - ?D—rﬁl ;D—n+2’ (24)
y 2t , 1 ,
0" = ?953(_’;;11 - Emﬁf;jz. (2.5)

As a consequence of the Definitions 2.1 and 2.2, we obtain the following results.
Lemma 2.3. The (t, s)-Oresme and (t, s)-Oresme-Lucas sequences satisfy the following properties:

2
o) = 2" qwn 8 s
2n t2 2n-2 t4 2n—4°

2s? st
(t,s) _ (,5) (t,8)
DZ}’H] - t_QDZn—l - szn—y

2s° st
(t,s) _ (t,5) (t,5)
D£2n - t—253532n_2 - ?Dgzn—m
22 ,ooost
(,5) (,5) (t,5)
Dﬁztnu 2 DBQIn—l F)Dﬁztn—%
Proof. By (2.1), we obtain
o _ oy 8 g 26
m = 7 -1 " t_2 2n-2° (2.6)
2s s2
(t,s) _ (t,5) (t,5)
Dln—l - TDZn—Z - t_292n—3’ 2.7)
2s 5?2
(ts) _ (t,5) (t,5)
DZn—Z - TDZn—3 - t_ZDZn—4’ (2.8)
Gauss-Jordan elimination is used to obtain the first item of the lemma using Eqs (2.6)—(2.8). The other
proofs can be done similarly. O

The O and 029 values for the first three ¢ natural numbers are given below:

oY =10,1,2,3,4,5,....n,...},

O =10, 5516 3 3o b
¢ S0V 210,55 2 o g
e OO0 = (1, 1,1,1,1,1,---,1,...},
¢ D¢V =213 5 g o)
¢ DU = (3,1, 5,5, 55 5r s g}
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Remark 2.4. Let B(k,n) denote the generalized balancing numbers and C(k,n) the generalized
balancing-Lucas numbers [18], D,(f’s) the (7, s)-Oresme numbers, and the DES’S) (, s)-Oresme-Lucas
numbers. Then, the following identities hold.

B(l,n)- OF" =n,
€(1,n) - OV = p,
B(1,n) - 0LBY = 3,
€(1,n) - O3 =3,

Remark 2.5. Let 8" denote the bi-periodic balancing numbers and BL™P) the bi-periodic balancing-
Lucas numbers [19], Dﬁf’s) the (¢, s)-Oresme numbers, and DES’” the (¢, s)-Oresme-Lucas numbers.
Then the following identities hold.

11
° %;3’3) — Dgll,l)’
55
o B Y. 0t =3

Remark 2.6. Let B,(x,y) denote generalized balancing numbers and €, (x, y) generalized balancing-
Lucas numbers [20], Dﬁf’s) (¢, 5)-Oresme numbers, and Dﬂﬁf’” (1, s)-Oresme-Lucas numbers. Then the
following identities hold.

¢ 8,3, =9,

o C,(1,4) 028 =3

We will analyze the graphs of the (%, s)-Oresme and (z, 5)-Oresme-Lucas sequences with respect to
t and s values. If the (f) value is equal to or less than 1, the graphs of the (¢, s)-Oresme and (¢, s)-
Oresme-Lucas sequences will be as follows (see Figures 1 and 2):

O (t=1, s=1) Oresme (t=2, s=1) Oresme O (=3, s=1) Oresme

Figure 1. (z, 5)-Oresme sequence, (f) <1.
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25

20 §

:

2 3 4 5 B T 8 9 10

1
O (=1, 5=1) Oresme-Lucas © (=2, 5=1) Oresme-Lucas O (=3, 5=1) Oresme-Lucas

Figure 2. (7, s)-Oresme-Lucas sequence, (%) <1.

If the (f) value is greater than 1, the graphs of the (¢, s)-Oresme and (¢, s)-Oresme-Lucas sequences
will be as follows (see Figures 3 and 4):

100.000.000.000 f
10.000.000.000 ’

1.000.000 000
100.000.000
10.000.000
1.000.000
100.000
10.000
1.000
100
10

1
0 1 2 3 4 5 [ T 8 9 10

O (=1,5=2) Oresme O (t=1, 5=3) Oresme O (t=2, 5=3) Oresme

Figure 3. (7, 5)-Oresme sequence, (f) > 1.

0 1 2 3 4 5 6 7 8 9 10

QO (=1, 5=2) Oresme-Lucas O (=1, s=3) Oresme-Lucas O (=2, s=3) Oresme-Lucas

Figure 4. (7, s)-Oresme-Lucas sequence, (f) > 1.
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The explicit formula
O(I,s) - (E)n
8 t

n
can be viewed as a linearly weighted geometric progression. The factor (f) represents exponential
scaling, while the term n introduces a linear amplification effect. When ¢ < 1, this combination
produces a non-monotonic behavior: the sequence initially increases, attains a maximum, and then

decays exponentially. Analytically, this follows from the function f(x) = xr* (with r = ), which
. . . . . n .

reaches its maximum at x = —1/Inr. From a combinatorial perspective, (“;‘) represents the weight of

a structure of size n, where each component contributes a factor 3. The additional factor n corresponds

n
to selecting (marking) one component, so that n(f) gives the total weight of structures with one
distinguished element. This is consistent with the generating function identity

" rx
Z n(rx)" = —(1 o

n>0

which reflects the standard marking principle in analytic combinatorial.

2.1. Generating function for the (t, s)-Oresme-type sequences

Generating functions serve as an effective tool for examining linear homogeneous recurrence
relations. While they are commonly paired with recurrences featuring constant coefficients, this
discussion will consistently employ them to explore linear recurrences with variable coefficients.
Here, we investigate the generating functions associated with the (¢, s)-Oresme-type sequences.

Theorem 2.7. The generating function of the (t, s)-Oresme and the (t, s)-Oresme-Lucas sequences are
given by

(o9

t
> oty = = (2.9)

gy 2 —2tsx + s2x2’

and

o0 30
P —t°sx
QLI x" = . 2.10
; " s —2t82x + $3x2 ( )

Proof. The generating function is represented in power series by

Z QU = QA0 + OUx! + OUIx? 4.0+ O 4.
n=0

By multiplying through this series by —%x and j—sz, respectively, we obtain

25 < : 25 © 25 ©
—=x )OI = 222 N Ot = _ 2 ) Oy
t t t "
n=0 n=0 n=1

and
2 had 2 X 2 X
S Y 0 = 5N o = 2N gl
2 2 2 n2
n=0 n=0 n=2
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Therefore, we have

2s 5 - 2s

(1 = Zxt 5| ) Ol (x) = OF + Ofx + =0 x

t 12 4 ¢
n=

= 2s 5
(t,5) (1,5) (1.5)
£ (Dn e e B
n=2
Simplifying this with the basic rules and properties of algebra, we obtain

Z D(t’s) n _ 1sx
i 2 —2tsx + s2x2’

as required. The other proof can be done similarly. O

2.2. Binet’s formula for the (t, s)-Oresme-type sequences

According to Koshy [21], the Fibonacci numbers are among the brightest points within a wide
range of integer sequences. We may hypothesize that this sequence is studied because of its abundance
of interesting features; additionally, practically all of these properties can be obtained using Binet’s
formula. An expansion of Binet’s formula for the (z, s)-Oresme-type sequences will be stated and
derived as follows. We may hypothesize that one of the reasons this sequence is examined is because
it has so many interesting properties. Additionally, almost all of these features may be obtained using
Binet’s formula. We shall present and derive an extension of Binet’s formula for the (z, 5)-Oresme-type
sequences.

Theorem 2.8. The Binet’s formulas of the (t, s)-Oresme and (t, s)-Oresme-Lucas numbers are

o) = n(;) @.11)
s n—1
0L = (;) . (2.12)

Proof. The (¢, s)-Oresme and (¢, s)-Oresme-Lucas sequence’s characteristic equation is (2.2), and its
real roots are 6; = 6, = §. Then, the sequences O = (i + un)(3)", for n > 0, and with n, u
real numbers are solutions of equation [4] . Let us determine the constants r and u, considering that
Dg’s) =0 and D(l”s) = 2, and we obtain the linear system,

n=0,
S_S
=t

We find u = 1 and n = 0. So, we have that
D(t,s) - (f)n '
" t

Similarly,
s n—1
e = (2) .
t

O
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Theorem 2.9. The following equations are satisfied.

° DS,S) = mets)
t n >
(1.5) (ts) _ &) _ (,5)
o U,70L " =0," = 1215382" ,
o 2000 = (D¢,

n+l

11253 (15 o s) _ {9}
o HEEOIYOY = (O1),

o O+ 000 = (2) (nxt),
° D(t,s) — (m_—m) D%’S)DE:’S)
mn ’

m+n
o OLLY = 102HIDLN,
o O = (2=2) O 0%,
o OgY) = 10200 0eY)
Proof. The proof is carried out using Theorem 2.8. O

Remark 2.10. Some well-known equalities for the number sequences have also been calculated for the
(t, 5)-Oresme and (t, s)-Oresme-Lucas numbers. The proofs of these equations are omitted. Df,”s) and
0L are nth (¢, s)-Oresme and (¢, s)-Oresme-Lucas numbers such that n > 1 is an integer, respectively.
Then, the following equalities hold:

Tagiuri’s Identity:

D(I,S) D(f,s) D(I,S)D(t,s) = (nk k k2 s\
n—k ~ ~'m n_(n_m_); ’

m+k

0¢8 0e) — DL DL = 0.

mtk
d’Ocagne’s Identity:
000 90 _ 9EIDE) = (- — 1) (;)m+ ,
021 0e) — 0LV DL = 0.
Catalan’s Identity:

n+k

2
Ot _ oo — (_p2) (2 "
n—k n no ¢ >

00" — peiI el = (.

n+k

Cassini’s Identity:

2n
S
D(LS)DS,_SI) _ DS’S)DS’S) =(-1) (;) ,

n+l1

0¢8N 0e" — 0l De! = 0.

n+1

Ruggles’s Identity:

n-m+1

s n—1
D,(,:)l D,(f’_sy)n + Df,’l’s)i)([’s) = (2mn —2m? - n) (;) ,

020 O 4+ LI (1 + (5)2] (;)3 .

n—-m+1
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Honsberger’s Identity:

D(I,S) D(t,s) + D([’S)D(t’s) _ [t ( ) N s\
1 n p = Emn—n +;(mn+m)] p ,

n+l

£m$292§”+£x%”99“”:[1+(§fﬂff“*f

n+l1 t

We leave it to the reader to find the values of equations such as Vajda’s Identity, Melham’s Identity,
and Gelin-Cesaro’s Identity.

2.3. Matrix representation for the (t, s)-Oresme-type sequences

A significant connection between matrices and Fibonacci numbers was shown by Gould’s work [22]
on the O matrix. An interesting tendency is revealed by this work. The power of the matrix approach
was used to establish new identities and properties of Fibonacci numbers. We will give the matrix
representation of the (7, s)-Oresme-type sequence.

Definition 2.11. The basic matrix of the (7, s)-Oresme and (¢, s)-Oresme-Lucas sequences are
2 |
A=[22 } (2.13)
-£0

Based on the Cayley-Hamilton theorem, (¢, s)-Oresme and (¢, s)-Oresme-Lucas’s characteristic
polynomials are given as

-2 -1
p(A) =det(Al — A) = N
= A
2s s
D=2+ =, 2.14
P A+ (2.14)
Theorem 2.12. Let n > 0 be an integer. The following equality holds
R
a) @) oE9) = o o) 2 0"
n+2 n+l 2 1 2
(.5) (.5) [ ) (,5) 2 n
0| 2 oo | =] i g |1 2 |
,8 ,8 ,S ,8 t
Ol Yo | O O I -5
Proof. a) For the proof, we use induction on n. The equality holds for n = 1.
D(I,S) D(LS) 2 1] QD(M) _ ﬁD(I,S) D(M)
|: D(St,s) D(2t,s) _ts_z 0 = éD?t,s) _ éD(Zt,s) D?t,s) .
2 1 2 | 12 21 2
Now suppose that the equality is true for n > 1. Then, we can verify for n + 1 as follows
[ D%t,s; DEZI‘,S; :|An+1 B |: D%I,S; D%Z,X; :|AnA
1,8 t,s - t,s 1,8
O 9 07 9
[ O O ] [ ool ] [ O Oy ]
= ©.9) 9 52 = (CORNCON
Dn+2 Dn+l 7 0 Dn+3 Dn+2
Thus, the theorem can be proved easily. O
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b) Similarly, the proof is seen by induction on n. The matrix representations of the (¢, s)-Oresme-
Lucas sequence can be proved in a similar way.

2s

1
Remark 2.13. We get O = [ ts 0 ] , then

s
2

0" =

L) L)
[ Onit 5O (2.15)

s (l S) s .8
D 7 Dn— 1

where O is nth the (7, s)-Oresme number. Taking t = 2 and s = 1, we obtain that the Oresme
generating matrix is given by [23].

2.4. Sums of the (t, s)-Oresme-type sequences

In this section, we study term sums in the (¢, s)-Oresme and (¢, s)-Oresme-Lucas sequences.

Theorem 2.14. The sum of the first n term of the (t, s)-Oresme sequence is

n £ _9s) o) L (L)) Lo
2.9 = = Zt)? z++( Jei (2.16)
i=0 f t2
n st ns2) o) (1,5) 2
ZD({{”:(” 22)’:1) 2S2( )fznz +2s 017
i=0 2 “
Z D(th-f—)l — %4_ 2%) D(Zt;zsjl 2SE )j(ZtnS)l :_:+ ? (218)
Ter T

Proof. We have

2s 52
(,5) (,5) (,5)
D2 =—0 1 _ZDO >
t t
o) _ 25w 5t
07 = —90, t—ZDI ,
2s 52
(,5) (t,s) (,5)
0,7 =—907" - —2532 ,
t t
2s 52
(t,8) _ (t,) (t,5)
D” - TDn—l - t_ZDn—Z'

Taking the sum of the equalities above, we obtain

n 2 2s (1, v) s (t,5) s
ZD(z 8) _ ( )D (,2)53”_1 +
2
i=0 -2+
Other finite sum values can also be found using a similar method. O

We leave it to the reader to calculate the sum of the terms of the (¢, 5)-Oresme-Lucas sequence.
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3. The (7, s)-Oresme matrix sequences

In this section, we define the (z, s)-Oresme matrix sequence as a matrix counterpart of the scalar
sequence. We establish its recursive structure and explicit matrix representation. Fundamental
identities and product relations are derived using the closed formulas. The matrix approach yields
streamlined proofs of higher-index relations. Overall, this formulation reinforces the algebraic
structure of the theory.

Definition 3.1. For the ¢, s positive integers, the (¢, s)-Oresme matrix sequence %,(f"") is defined
recursively by

2
%;t,s) _ 2s x®9 _ s x®9)

= X0 - 56D n>?2, (3.1
S Sz S
with ¥ = (1 V) ang x00 = |22 7]
0 0 % 1 _% 0
From the recurrence relations in (2.1) and (3.1), we obtain, for n > 0,
D(LS) D(M)
%Ell’S) = ( 5% n+(lt s) 5% - (t S)) . (32)
—50Y —5 O

Theorem 3.2. For any integers m,n > 0 holds

(t,s)  _ 4s) ~n
%m+n+1 - xm+10 : (33)
Proof.
(#,5) (1,5) t ~s) t ~9)
:{(1,3) o' = ?m-{iZ ) Dzm+(l ))( ;Dn(ﬂil) ED”U ) )
m+1 s s s LS _s S) s »S
_I_ZDWHI _I_ZDm zD" tDn—l
t B3 ~ES) s (1) (~(29) t B3 ~ES) s (1) (~(29)
= ;D"Z+Z>D"JI)_ ??’"al?"« ) ED"?%Dn(r ) 7?'"51?"(71) )
s t,s ,8 s ,8 8 K t,s .8 § .8 ,S
_7Dm+lgn+1 + 1_3Dm D” _;Dm+1D” + 1_39’" Dn—l
(t,5) (t,8)
— Dm+n+2 Dm+n+1 — %(ZJ)
I R o () _ﬁD(l,‘Y) = mtn+1*
2~ m+n+1 2~ mtn
O
Corollary 3.3. X% = X0, forn > 0.
Theorem 3.4. For any integers m,n > 0 holds
(,5) n+r _ y(t.s) An
X o = X0, (3.4)
Proof.
(1,5) (t,8) t ~@,9) t ~(,9)
%(I,S) On+r _ ?n—(r+2) Dzn—rZrl ))( ;Dn+(r+l) ED?“;
—r+l - s 1,8 5 t,s s (s s s
" _t_Zanr+l _t_zbn—r _79”‘”’ _;Dn+r—1
t S (.5) s ~(t.5) &) 1) #,9) _ s \@9) (.5)
= ED”_(r"')an‘;H')l - ;?n—2+1)D?+r) EDn—(r+)ZDIH£r )_ ;gn—€+l)D?+r;l
s 1,5 1,8 5 t,s 1,5 s 1,8 1,8 57 1,8 t,s
1 n—r+1Dn+r+1 + FD"_"D"‘H’ T n—r+IDn+” + tTDn—rDrHr—l
(t,5) (1,5)
— D2n+2 D2n+1 — %(t,s) _ %(”S)O”
- _ﬁD(M) _ﬁD(M) T M2+l T Tkl Y
2~ 2n+1 2~ 2n
O
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Lemma 3.5. The matrix O satisfies the identity

52

t—zl.

02:?0—

(3.5)

Proof. The characteristic polynomial of the matrix O is given by Eq (2.14). By the Cayley-Hamilton
theorem, every square matrix satisfies its own characteristic polynomial. Therefore,

S2

2s
p(0)=02—70+t—21=0.

Rearranging the above expression, we obtain

2
0*==0-Z1
t t
O
Theorem 3.6. For any integer n > 0, the following identity holds:
n o) i 2\ n—i .
SIS oo
- 1 t t
i=0
Proof. From the Eq (3.5), we write
2s s\
0" =0 =|=0-=I| .
0 =(¥o-%i)
We can apply the binomial result for matrices:
A+ B)' = Z "aipri
oo\ .
Taking
2 2
A==0, B=-ZI,
t t
we obtain . .
Ozn:n n éOz_s_zln—l
\i)\ 1 2 ’
and we simplify . .
OZn: n n §1__2n710i
\i)\ 1 2 '
O
Theorem 3.7. _ ,
- n\(2s ' S2 " (t.5) (.5)
; (l)(?) (_I_Z) %i+l = %2n+1' (37)
Proof. From the Definition 3.1 and the Theorem 3.6, the proof is complete. O
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4. Conclusions

The (2, s)-Oresme and (¢, s)-Oresme-Lucas sequences are defined. A number of crucial sequence
features are examined, including Binet’s formula, the characteristic equation, and the generating
function. In particular, several different methods of the generating function are discussed. We obtain
the matrix representation of these numbers. Moreover, we introduce a matrix representation for the
sequences and define the associated (¢, s)-Oresme matrix sequence. This allows us to explore and
prove several important matrix properties and relations, providing a powerful tool for further analysis.
We also present formulas for the sums of the first n terms of these sequences. Numerous fields of
study, including architecture, nature, art, statistics, biology, economics, physics, and engineering,
have made extensive use of the sequences of numbers in recent years. The (¢, s)-Oresme and
(t, s)-Oresme-Lucas sequences are also useful for research in these areas. This study establishes the
theoretical foundation of these sequences; however, their connections to more complex mathematical
structures, such as quantum computing or fractal geometry, remain to be explored. Furthermore, these
sequences hold potential applications in population dynamics models, statistical modeling, and time
series analysis. Future research investigating the relationship of these sequences with quantum
computing or chaotic systems appears promising.
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