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Abstract: This paper proposes an adaptive maneuvering control for a quadrotor unmanned aerial vehi-
cle with position constrained by geometric equations and unknown parameters. Based on the structural
characteristics of the quadrotors, the inner–outer-loop controller is designed for two cascaded subsys-
tems to solve the maneuvering problem of the position subsystem and the Euler angle tracking problem
of the attitude subsystem. Meanwhile, double dynamic filters are incorporated into the the inner-loop
control to eliminate the coefficient explosion problem of virtual signal differentiation. By treating the
coupling term as a perturbation, the semi-global practical stability of the closed-loop system is estab-
lished. Finally, the effectiveness of the obtained results are demonstrated by numerical simulations.
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1. Introduction

As typical aerial mobile robots, quadrotor unmanned aerial vehicles (UAVs) are widely used in na-
tional defense, exploration, and industrial transportation, owing to their compact size, high flexibility,
and strong durability. Among the various tasks involving UAVs, trajectory tracking for predefined
targets has garnered significant research interest worldwide. In UAV control research, the classical
methods are applicable to relatively simple flight tasks. By contrast, advanced control strategies, in-
cluding neural-dynamics-based control [1, 2], fixed-time control [3, 4], event-triggered control [5, 6],
prescribed performance control [7–9], sliding mode control [10–12], active disturbance rejection con-
trol [13, 14], exhibit prominent superiority in improving system stability and robustness. Furthermore,
the integration of UAV trajectory tracking with cooperative control [15–18] has achieved remarkable
performance in a variety of practical applications.

Unlike trajectory tracking, numerous practical applications require UAVs to follow a specified path.
To accommodate dynamic behaviors such as speed and acceleration, UAVs must be capable of adapting
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their motion state accordingly, which gives rise to the maneuvering problem [19, 20]. In essence,
the maneuvering problem is typically decomposed into two distinct tasks. The primary task involves
geometric constraints, requiring the UAV to reach and maintain the predefined path. The secondary
task pertains to dynamic behavior, encompassing time allocation, velocity, or acceleration management
along the path. The maneuvering control of UAVs, whose attitude subsystem is described by a rotation
matrix, has been explored in [21, 22]. It is worth noting that the rotation matrix, as a singularity-free
attitude representation form, suffers from computational redundancy in control design. By contrast,
Euler angles not only reduce dimensionality but also provide a more intuitive physical interpretation.
Consequently, this motivates the present work to formulate maneuvering control of UAVs based on
Euler angles to characterize the attitude equation.

As is well known, UAVs are typical underactuated and strongly coupled systems. Based on the
structural characteristics of quadrotors, hierarchical control methods have been proposed in several
studies [23–26]. The UAV system was transformed into two cascaded linear subsystems in [23], and
through a novel stability analysis, it was proved that the closed-loop system is locally exponentially
stable under the coupling effect of nonlinear interconnections. The trajectory tracking problem of
quadrotor aircraft subject to input saturation constraints was addressed in [25], where an inner–outer-
loop hybrid control approach based on nested saturation was proposed. The advantage of hierarchical
control lies in its clear system structure, and the incorporation of various constraints within the hierar-
chical subsystems can effectively achieve controller design. Nevertheless, the presence of the coupling
term between the rotational and translational subsystem renders controller design and stability analysis
highly intricate. In this paper, the adaptive maneuvering control problem of a UAV with geometric
constraints and unknown parameters is designed. Based on the hierarchical framework, the underac-
tuated quadrotor is transformed into a fully actuated system with explicit coupling terms. Rather than
arbitrarily neglecting the coupling term in practical engineering [27], this work adopts rational analysis
and appropriate treatment to obtain semi-global practical stability of the closed-loop system.

The main innovations of this paper are summarized as follows:

1) For UAV systems with unknown parameters and geometric constraints, based on vector back-
stepping, an adaptive static controller is designed in the outer-loop control to achieve the geometric
task of the position subsystem. Meanwhile, a filter-gradient-update law is designed to accomplish the
dynamic task.

2) Drawing on hierarchical control, the underactuated UAV system is transformed into a fully actu-
ated system with a coupling term, which can be treated as a disturbance term. Unlike the complicated
stability analysis in [23], appropriate parameters are selected, and Lyapunov analysis is adopted to
establish the semi-global practical stability of the closed-loop system.

3) To overcome the explosion of terms in the inner-loop control, double dynamic filters are chosen.
Compared with the command filter in [28], the double dynamic filters remove the the compensation
signals and the assumption of bounded filtering errors.

Notations: The partial differentiation is denoted as f x(x, y) = ∂ f /∂x, f x2
(x, y) = ∂2 f /∂x2. diag{·}

represents a diagonal matrix. For a matrix x, x−1 is the inverse matrix, |x| =
√∑

i, j x2
i j denotes the

Frobenius norm. For convenience, cos(·), sin(·), and tan(·) are abbreviated as C(·), S (·), and T(·), respec-
tively.
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2. Description of the problem

The UAV shown in Figure 1 is regarded as a rotating rigid body, where Og(xg, yg, zg) is the global
coordinate system, andOb(xb, yb, zb) represents the body reference frame, respectively. The wing length
is l, the mass of UAV is denoted by m, and g is the gravitational acceleration.
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Figure 1. Reference frames of a UAV.

According to the principles of flight dynamics and aerodynamics [29, 30], the altitude and attitude
motion of the UAV are described as follows:

Σk :

 ṙ = v,

mv̇ = uRe3 − mge3,

Σd :

 η̇ = H(η)ω,
Jω̇ = −S k(ω)Jω + τ,

(2.1)

where r = [x, y, z]T and v denote the position and velocity of the UAV accordingly in {Og}, the Euler
angle vector (roll angle, pitch angle, yaw angle) along xb, yb, zb-axis is η = [φ, θ, ψ]T , and e3 = [0, 0, 1]T

is the unit vector. ω is the angular rate, and J = diag{Jxx, Jyy, Jzz} represents the moment inertia
matrix. The operator S k(x) : R3 → R3×3 is defined as S k(x)y = x × y for x, y ∈ R3. u ∈ R and
τ = [τ1, τ2, τ3]T ∈ R3 are the control force and torque applied on the UAV, respectively.

The rotation matrix R(ψ, θ, φ) and attitude kinematic matrix H(η) in system (2.1) are given by

R(η) =


CθCψ S φS θCψ −CφS ψ CφS θCψ + S φS ψ

CθS ψ S φS θS ψ + CφCψ CφS θS ψ − S φCψ

−S θ S φCθ CφCθ

 ,H(η) =


1 S φTθ CφTθ

0 Cφ −S φ

0 S φ/Cθ Cφ/Cθ

 .
Considering the cascaded structure of the UAV, the system (2.1) can be regarded as an underactuated

translational subsystem Σk and a fully actuated rotational subsystem Σd. Quadrotor UAVs feature
superior flexibility and load-carrying capability, making them widely applicable in practical scenarios
such as cargo transportation and agricultural spraying. Nevertheless, inherent uncertainties and time-
varying characteristics of the payload mass necessitate the design of a dedicated controller to handle
unknown mass parameters. The objective of this paper is to develop an adaptive inner–outer-loop
controller to achieve the following objectives:

1) The desired path target set of the UAV can be characterized by such the constraint set

P =
{
r ∈ R3 : ∃ % ∈ R s.t. r(t) = rd(%(t))

}
,
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where rd(%) = [xd(%), yd(%), zd(%)]T is a continuous parameterization of the path variable %(t). Different
from trajectory tracking that imposes strict time constraints, the maneuvering control problem involves
a geometric framework consisting of a geometric task and a dynamic task. Specifically, these two tasks
refer respectively to the path r(t) of system and velocity signal %̇(t) of the path variable converging as
closely as possible to the expected path rd(%) and the expected speed assignment signal vs(%, t), that is,

lim
t→∞
|r(t) − rd(%(t))| ≤ σ1,

lim
t→∞
|%̇(t) − vs(%, t)| ≤ σ2,

(2.2)

where σ1, σ2 > 0.
2) The Euler angle η = [φ, θ, ψ]T tracks the desired angle ηd = [φd, θd, ψd]T .
3) All signals in the error system are bounded.
For this end, the following three assumptions are given as follows:
Assumption 1. There exist constants K j > 0, ( j = 1, 2) such that |r%

i

d (%)| ≤ K1 for i ∈ {0, 1, 2}, and
|v%

iti
s (%, t)| ≤ K2 for i ∈ {0, 1}.

Assumption 2. The desired yaw angle ψd and its derivatives ψ̇d, ψ̈d are all bounded.
Assumption 3. The pitch angle satisfies −π/2 < θ < π/2.
Remark 1. To ensure the smooth operation of the UAV, it is crucial to minimize drastic changes in

the Euler angles during flight. The inclusion of Assumption 3, as mentioned in [31, 32], is imperative
to ensure the reversibility of matrix H(η). Moreover, the desired roll angle φd and desired pitch angle
θd are provided by the attitude planner (see Eq (3.3)), whereas the user specifies the desired yaw angle
ψd.

3. Controller design

In what follows, an adaptive maneuvering inner-outer-loop controller based on vector backstep-
ping is presented to achieve the goals of this paper. The UAV is a typical strongly coupled system,
and hierarchical control is commonly employed to address its position subsystem and attitude subsys-
tem. The key of hierarchical control lies in the introduction of virtual control, which transforms the
underactuated subsystem into a fully actuated subsystem with coupling term for processing.

The following subsections describe the design process of the inner–outer-loop controllers.

3.1. Outer-loop control

For the position dynamics equation Σk in (2.1), it can be naturally rendered to the following form:

r̈ = µ = kuR(ψ, θ, φ)e3 − ge3, (3.1)

where k = 1/m is an unknown parameter, and the estimation error is defined as k̃ = k − k̂. Introducing
a formal virtual translational control vector µd as

µd = uk̂Rd(ψ, θd, φd)e3 − ge3, (3.2)

which is used to extract the thrust u and the desired attitude angles θd, φd. Note that µd = [µdx, µdy, µdz]T

is to be given later, and ψ is the available yaw angle that can be fed back instantly. By inversely solving
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(3.2), the desired thrust force and desired Euler angles can be computed as

u =
1

k̂

√
µ2

dx + µ2
dy + (µdz + g)2,

φd = arcsin(
1
k̂
(µdxS ψ − µdyCψ)

u
),

θd = arctan(
µdxCψ + µdyS ψ

µdz + g
).

(3.3)

By comparing the expression of µ in (3.1) with µd in (3.2), one obtains

µ − µd = u(kRe3 − k̂Rde3)

= u(k̃Re3 + k̂(Re3 − Rde3))
= uk̃Re3 + ∆,

(3.4)

where ∆ represents the interconnection term between the translation and rotation dynamics, which is
given by

∆ = 2uk̂


h2Cψ + h3S ψ h1Cψ

h2S ψ − h3Cψ h1S ψ

h5 h4


(

S φ̃/2

S θ̃/2

)
,

the bounded continuous functions hi(·), (i = 1, · · · , 5) are the component of product of S (·) and C(·),
which can be found in Appendix A.

Utilizing the vector backstepping, the design steps of the controller can be outlined as follows.
Step 1. For the position subsystem Σk, error transformations and speed assignment error are defined

as
r̃ = r − rd(%),
ṽ = v − α1,

ωs(%̇, %, t) = vs(%, t) − %̇,
(3.5)

where rd(%) = [xd, yd, zd]T is the desired position signal, and α1 is the virtual control.
Choose the Lyapunov function as V1 = r̃T r̃/2, based on (2.1) and (3.5), so that the virtual control

law is designed as
α1 = −c1r̃ + r%dvs (3.6)

with c1 > 0. Then the derivative of V1 turns to

V̇1 = −c1r̃T r̃ + r̃T ṽ + r̃T r%dws.

Step 2. Invoking (3.4), the derivative of velocity error ṽ in (3.5) is

˙̃v = µd + uk̃Re3 + ∆ + c1 ˙̃r − α%1%̇ − α
t
1, (3.7)

where ˙̃r = ṽ − c1r̃ + r%dωs, α
%
1 = r%

2

d vs + r%dv%s , αt
1 = r%dvt

s.
Choose a Lyapunov function as

Vr = V1 +
1
2

ṽT ṽ +
1

2λγ
w2

s +
1

2p
k̃2 (3.8)
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with p, λ, γ > 0. Based on (3.7), the derivative of Vr can be organized as

V̇r = − c1r̃T r̃ + ṽT (r̃ + µd + uk̃Re3 + ∆ + c1ṽ − c2
1r̃ − α%1vs − α

t
1)

+
1
λγ

wsẇs + (r̃T r%d + c1ṽT r%d + ṽTα
%
1)ws −

1
p

k̃ ˙̂k;
(3.9)

then, the virtual controller and adaptive law are obtained as

µd = −(c1 + c2)ṽ − (1 − c2
1)r̃ + α

%
1vs + αt

1, (3.10)
˙̂k = −p(k̂ − ṽT uRe3), (3.11)

where c2 > 0. Recalling the expression of ∆ in Appendix A, the term ṽT ∆ in (3.9) becomes

ṽT ∆ = ṽ1∆1 + ṽ2∆2 + ṽ3∆3

≤ 2ṽ1k̂u((h2Cψ + h3S ψ)|S φ̃/2| + h1Cψ|S θ̃/2|)

+ 2ṽ2k̂u((h2S ψ − h3Cψ)|S φ̃/2| + h1S ψ|S θ̃/2|) + 2ṽ3k̂u(h4|S φ̃/2| + h5|S θ̃/2|)

≤ ṽ1k̂u((h2Cψ + h3S ψ)φ̃ + h1Cψθ̃) + ṽ2k̂u((h2S ψ − h3Cψ)φ̃ + h1S ψθ̃) + ṽ3k̂u[h4φ̃ + h5θ̃]

≤
1

4d
k̂2u2|ṽ|2(h2

1 + h2
2 + h2

3 + h2
4 + h2

5) + d(3|θ̃|2 + 5|φ̃|2)

≤
3

4d
k̂2u2|ṽ|2 + 5d|η̃|2,

(3.12)

where d > 0, η̃ = η − ηd is the Euler angle error. The mathematical relationships h2
2 + h2

3 + h2
5 ≤ 1 and

h2
1 + h2

4 ≤ 2 are applied in (3.12). Incorporating (3.10)–(3.12) into (3.9) gives

V̇r ≤ − c1|r̃|2 − (c2 −
3k̂2

4d
u2)|ṽ|2 + 5d|η̃|2 −

1
2

k̃2 +
1
2

k2 +
1
λγ

wsẇs

+ (r̃T r%d + c1ṽT r%d + ṽTα
%
1)ws.

(3.13)

Remark 2. Borrowing from [23], the underactuated position subsystem is transformed into a fully
actuated subsystem with a coupled term via the introduction of a virtual control vector. This technique
can be extended to other underactuated systems, such as nonholonomic mobile robots and unmanned
surface vehicles. For the desired rotation matrix Rd, timely feedback of the yaw angle is employed
instead of the desired yaw angle, to better characterize the actual flight situation.

Remark 3. To facilitate practical controller design in engineering applications, the coupling term
∆ is commonly neglected, as reported in [27]. The existence of the coupling term ∆ makes achieving
pure feedback linearization for the translation subsystem challenging, and obtaining global stability is
also difficult. The asymptotic stability of the whole error system is established in [23] by assuming that
the coupling term satisfies the linear growth condition and adopting the cascade system theory.

3.2. Inner-loop control

In this part, the Euler angle tracking task of the attitude equation Σd is accomplished through the
design of a torque controller.

Electronic Research Archive Volume 34, Issue 7, 4913–4930.
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Step 3. The error transformations can be defined as

η̃ = η − α2d = η − α2 − b1,

ω̃ = ω − α3d = ω − α3 − b2,
(3.14)

where α2 = ηd = [φd, θd, ψd]T , and the filter errors are b1 = α2d − α2, b2 = α3d − α3. Notice that the
differentiation of φd and θd in (3.3), which are composed of inverse trigonometric functions, is very
complex. To avoid taking derivatives of α2, α3, inspired by [28], a novel double dynamic surface filter
is employed, respectively, replacing α2, α3 with α2d, α3d, that is,

ζ̇i1 = κi(−ζi1 + ζi2),
ζ̇i2 = κi(−ζi2 + αi),
αid = ζi1, i = 2, 3,

(3.15)

where κi, (i = 2, 3) are time constants.
Defining the Lyapunov function V3 = η̃T η̃/2, along (2.1) and (3.14), we can arrive at

V̇3 = η̃T (H(η)(ω̃ + α3 + b2) − α̇2d). (3.16)

Choosing the virtual control as
α3 = H−1(η)(−c3η̃ + α̇2d), (3.17)

where c3 > 0, (3.16) turns into

V̇3 = −c3η̃
T η̃ + η̃T (H(η)(ω̃ + b2)).

Step 4. Choose a Lyapunov function as

Vω = V3 +
1
2
ω̃T ω̃, (3.18)

whose derivative satisfies

V̇ω = −c3η̃
T η̃ + η̃T H(η)b2 + ω̃T (J−1(−S k(ω)Jω + τ) − α̇3d + HT (η)η̃). (3.19)

The final torque control law is synthesized as

τ = J(−c4ω̃ + α̇3d − HT (η)η̃) + S k(ω)Jω (3.20)

with c4 > 0, which implies that (3.19) can be written as

V̇ω = −c3|η̃|
2 − c4|ω̃|

2 + η̃T H(η)b2. (3.21)

To clearly illustrate the design procedure of the inner–outer-loop controller, the structural block
diagram is presented in Figure 2. The bounded tracking signals φd and θd generated by the outer loop
are fed back to the inner loop, and the translational dynamics equation Σk depends on the rotation matrix
R(ψ, θ, φ) defined by the inner loop. Meanwhile, in the design process of the inner-loop controller, the
incorporation of a double dynamic surface filter circumvents complex derivative operations.
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Figure 2. Block diagram of hierarchical control.

Remark 4. To avoid the derivation of virtual control signals, the double dynamic surface filter
(3.15) is employed. Compared with the command filter in [28], the advantage of the double dynamic
surface filter is to remove compensation signals and the general boundedness assumption of filter er-
rors. In the subsequent stability analysis, the semi-global practical stability of the closed-loop system
is obtained via appropriate error transformation and Lyapunov stability analysis, avoiding the use of
singular perturbation theory to analyze the equilibrium point of the boundary layer system.

4. Stability analysis

In this section, an exhaustive stability analysis of the UAV system with the proposed inner-outer-
loop controller is carried out. Define

zi1 = ζi1 − αi,

zi2 = ζi2 − αi,
(4.1)

for i = 2, 3, where zi = [zi1, zi2]T . Based on (3.15), one has

żi1 = κi(zi2 − zi1) − α̇i,

żi2 = − κ2zi2 − α̇i,
(4.2)

which can be organized into a compact form:

żi = −

(
κi −κi

0 κi

) (
zi1

zi2

)
−

(
1
1

)
α̇i := −B1zi − B2α̇i, i = 2, 3. (4.3)

For the filter error subsystem, choose the Lyapunov function Vz = zT
2 z2/2+ zT

3 z3/2, whose derivative
can be presented as

V̇z ≤ −

3∑
i=2

(
1
2
κizT

i zi + (zi1 + zi2)α̇i). (4.4)

Electronic Research Archive Volume 34, Issue 7, 4913–4930.
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Considering (3.13), (3.21), and (4.4), the dynamic of the whole Lyapunov function V = Vr + Vω + Vz is

V̇ ≤ − c1|r̃|2 − (c2 −
3k̂2

4d
u2)|ṽ|2 + ẇs(

1
λγ

ws + r̃T r%d + c1ṽT r%d + ṽTα
%
1) − (c3 − 5d)|η̃|2

− c4|ω̃|
2 + η̃T H(η)z3 −

3∑
i=2

(
1
2
κizT

i zi + (zi1 + zi2)α̇i) −
1
2

k̃2 +
1
2

k2.

(4.5)

Define the set of the states χ = (r̃T , ṽT , η̃T , ω̃T ,ws, k̃, zT
2 , z

T
3 )T . Noting the fact |µd| =

√
µ2

dx + µ2
dy + µ2

dz,
and using (3.3), (3.10), and Assumption 1, we can find that

(uk̂)2 = µ2
dx + µ2

dy + (µdz + g)2

≤ 2|µd|
2 + 2g2

≤ 8[(c1 + c2)2|ṽ|2 + (1 − c2
1)2|r̃|2 + (α%1vs)2 + (αt

1)2] + 2g2

≤ 8[(c1 + c2)2|ṽ|2 + (1 − c2
1)2|r̃|2 + (2K1K2

2)2 + (K1K2)2] + 2g2

≤ daV + db,

(4.6)

where da = 16 max{(c1 +c2)2, (1−c2
1)2}, db = 32(K1K2

2)2 +8(K1K2)2 +2g2. Thus, the second term of the
inequality (4.5) becomes (c2−3(daV+db)/4d)|ṽ|2. Let it satisfy c2−3(daV+db)/4d−2/d1 ≥ (1−ε)c2 > 0
with 0 < ε < 1, d1 > 0, to obtain

V(χ) ≤ v0 =
4dεc2 − 3db

3da
, (4.7)

where c2 > 3db/4dε. For the Lyapunov function V , one has

a1|χ|
2 ≤ V(χ) ≤ a2|χ|

2, (4.8)

where a1 = 0.5 min{1, 1/p, 1/(λµ)}, a2 = 0.5 max{1, 1/p, 1/(λµ)}. For constant v0 > 0, define r0 =
√

v0/a2, based on the definition of V , the initial value satisfies

|χ(0)| ≤ r0 =

√
4dεc2 − 3db

3daa2
. (4.9)

Consider the ball B(0, r0) = {χ : |χ(0)| ≤ r0} as a compact set, where the constants ei j, (i = 2, 3, j =

1, · · · , 7) can always be found to satisfy the following inequality:

|α̇i| ≤ ei1|r̃| + ei2|ṽ| + ei3|η̃| + ei4|ω̃| + ei5|z| + ei6|ws| + ei7.

Thus, (4.5) can be transformed into

V̇ ≤ − (c1 −
2
d1

)|r̃|2 − (1 − ε)c2|ṽ|2 − (c3 − 5d −
1
2
|H(η)|2 −

2
d1

)|η̃|2 − (c4 −
2
d1

)|ω̃|2

+ ws(
1
λγ

ẇs + r̃T r%d + c1ṽT r%d + ṽTα
%
1 +

2
d1

ws) − (
1
2
κ2 − q2 −

2
d1

)|z2|
2

− (
1
2
κ3 − q3 −

2
d1
−

1
2

)|z3|
2 −

1
2

k̃2 +
1
2

k2 +
2
d1
,

(4.10)
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which employed

|(zi1 + zi2)α̇i| ≤ qi|zi|
2 +

1
d1

(|r̃|2 + |ṽ|2 + |η̃|2 + |z|2 + |ω̃|2 + |ws|
2 + 1), i = 2, 3,

where d1 > 0, qi = d1
∑7

j=1 e2
i j/4. Accordingly, the filter-gradient-update law is set as

ẇs = −λws − λγ(r̃T r%d + c1ṽT r%d + ṽTα
%
1 +

2
d1

ws). (4.11)

Further, the inequality (4.10) turns to

V̇ ≤ − (c1 −
2
d1

)|r̃|2 − (1 − ε)c2|ṽ|2 −
1
γ

w2
s − (c4 −

2
d1

)|ω̃|2 − (c3 − 5d −
1
2
|H|2 −

2
d1

)|η̃|2

− (
1
2
κ2 − q2 −

2
d1

)|z2|
2 − (

1
2
κ3 − q3 −

2
d1
−

1
2

)|z3|
2 −

1
2

k̃2 +
1
2

k2 +
2
d1

≤ − cV + δ.

(4.12)

Let c1 = c11 + c12, c3 = c31 + c32, c4 = c41 + c42, κ2 = κ21 + κ22, κ3 = κ31 + κ32, where c = min{2c11, 2(1−
ε)c2, 2λ, 2c31, 2c41, κ21, κ31, 2p}, c̄ = 2 min{c12 − 2/d1, c32 − 5d − |H|2/2 − 2/d1, c42 − 2/d1, κ22/2 − q2 −

2/d1, κ23/2 − q3 − 2/d1 − 1/2}, δ = k2/2 + 2/d1. To make c > 0, c̄ > 0, it needs

c11 > 0, c12 >
2
d1
, c2 > 0, c31 > 0, c32 > 5d +

1
2
|H|2 +

2
d1
, c41 > 0,

c42 >
2
d1
, κ21 > 0, κ22 > 2q2 +

4
d1
, κ31 > 0, κ32 > 2q3 +

4
d1

+ 1.
(4.13)

Up to now, the closed-loop dynamics system is expressed as

˙̃r = − c1r̃ + ṽ + r%dωs,

˙̃v = − c2ṽ − r̃ + uk̃Re3 + ∆ + c1r%dws + α
%
1ws,

˙̃k =p(k̂ − ṽT uRe3),

ẇs = − λws − λγ(r̃T r%d + c1ṽT r%d + ṽTα
%
1 +

2
d1

ws),

˙̃η = − c3η̃ + H(η)(ω̃ + b2),
˙̃ω = − c4ω̃ − HT (η)η̃,
żi = − B1zi − B2α̇i, i = 2, 3.

(4.14)

Based on the aforementioned analysis, the main results of this paper can be summarized as the
following theorem.

Theorem 1. For the UAV system described by (2.1), under Assumptions 1–3, with the virtual
control law in (3.6), (3.10), and (3.17), the control law designed in (3.3), (3.20), filter-gradient-update
law in (4.11), and adaptive law given in (3.11), satisfying parameter requirements (4.13), the closed-
loop system (4.14) has the following performances:

1) The system (4.14) is semi-globally uniformly practically asymptotically stable;
2) The maneuvering problem and the Euler angle tracking problem are solved;
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3) All the signals in the error system (4.14) are bounded.
Proof: Invoking (4.8) and (4.12), one has

a1|χ|
2 ≤V(χ) ≤ a2|χ|

2,

V̇(χ) ≤ − cV + δ,
(4.15)

where c = min{2c11, 2(1 − ε)c2, 2λ, 2c31, 2c41, κ21, κ31, 2p}, δ = k2/2 + 2/d1. From [33], we can draw
a conclusion that the error system (4.14) is semi-globally uniformly practically asymptotically stable.
Further, based on the Grönwall inequality, one has

V(χ(t)) ≤ V(χ(0))e−ct +
δ

c
. (4.16)

By choosing d1, c big enough, the right-hand side of (4.16) is small, and combining (4.8), the
maneuvering problem (2.2) is naturally achieved:

lim
t→∞
|r − rd(%)| ≤

√
2δ
c ,

lim
t→∞
|vs(%, t) − %̇| ≤

√
2λγδ

c .

Obviously, the signal χ is bounded, and due to the signals, η̃ is bounded, which implies that the
Euler angle can track the desired signal.

According to Assumption 1, (3.3), (3.5), (3.6), and (3.10), the signals r, α1, v, µd, u are bounded.
Recalling Assumption 2 and (3.3), the desired angles φd, θd, ψd are bounded, which, equivalent to the
fact that the tracking error ηd is bounded, η is bounded. The filter error signals z2, z3 in χ are bounded.
For matrix H(η) and its inverse matrix H−1(η), the Frobenius norms meet |H(η)| =

√
1 + 2 sec2 θ,

|H−1(η)| =
√

3; further, from (3.14), (3.17), and (3.20), the signals α3, ω, τ are also bounded.
Remark 5. In [28, 34], the existence and uniqueness of the isolated equilibrium of command filter

is assumed for stability analysis based on singular perturbation theory. Specifically, the equations

ζi1 = αi, ζi2 = 0, (4.17)

should have a unique isolated solution. In nonlinear systems, it is difficult to check this assumption,
and thus, in this section, the equilibrium point problem of (4.17) is avoided by introducing the trans-
formation (4.1).

5. Simulation

The effectiveness of the proposed controller is validated via quadrotor UAV simulations in this
section. The desired path signal is given as rd(%) = [xd(%), yd(%), zd(%)]T = [cos(0.1%), 2 sin(0.1%), 1 +

2 arctan(0.2%)]T , where % is an independent parametrization variable, and the desired speed signal of
the path variable is set to

vs(%, t) =
0.2 sin(0.05t)√

(x%d(%))2 + (y%d(%))2 + (z%d(%))2
.

The parameters of UAV are m = 2, g = 9.8, Jxx = Jyy = Jzz = 0.005. The initial values are r(0) =

[0, 0, 0.5]T , v(0) = [0, 0, 0]T , η(0) = [0, 0, 0]T , ω(0) = [0, 0, 0]T , k̂(0) = 0.8, %(0) = 0,ws(0) = 0. The
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control design parameters are c1 = 0.25, c2 = 0.8, c3 = 0.6, c4 = 0.4, d1 = 5, and the parameters of the
gradient-update law are chosen as λ = 0.5, γ = 0.4. The adaptive gain is p = 0.05. In the filters, the
initial values are selected as ζ21(0) = ζ22(0) = ζ31(0) = ζ41(0) = [0, 0, 0]T , and the time constants are
set as κ2 = κ3 = 20.
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Figure 3. Speed signal and adaptive law.
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Figure 4. Control and torque.

As depicted in Figure 3, the velocity signal %̇ of the path variable converges to the desired veloc-
ity signal vs, verifying that the dynamic task of the maneuvering task is satisfied. The corresponding
estimation results for the unknown mass parameter 1/k = m = 2 are presented in Figure 3. As illus-
trated in the last two subplots, the proposed adaptive law achieves accurate parameter identification.
The squared estimation error |k̃|2 exhibits a fast transient response: After an initial bounded peak, the
error is rapidly suppressed and settles to a near-zero steady state with negligible residual oscillations,
confirming both the transient performance and rapid convergence of the parameter estimation.

As shown in Figure 4, the response curves of the four control signals of the UAV are presented,
including the lift force u and the torques τ1, τ2, τ3. The lift force u exhibits a bounded transient re-
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sponse, undergoing a brief oscillatory adjustment before converging smoothly to a steady-state value.
The torques remain uniformly bounded with small magnitudes throughout the simulation, their initial
transients decaying rapidly to near-zero steady-state values.

As shown in Figure 5, under the proposed bounded controller, the path output signal r = [x, y, z]T

of the UAV converges to the desired reference path rd = [xd, yd, zd]T . The position error |r̃|2 exhibits
a fast transient response and rapidly decays to near zero, verifying the successful completion of the
geometric task. The attitude tracking performance is presented in Figure 6. The desired roll angle is
specified as ψd = 0.1 cos(0.1t); the Euler angles η = [φ, θ, ψ]T accurately track their desired references
ηd = [φd, θd, ψd]T . The attitude tracking error |η̃|2 also decays rapidly to a negligible neighborhood of
zero, confirming that the attitude tracking objective is achieved simultaneously.
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Figure 5. Position and position error.
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Figure 6. Euler angles and attitude error.
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6. Conclusions

This paper focuses on the development of an adaptive maneuvering inner-outer-loop control for
a quadrotor UAV with filter techniques. For the position subsystem and attitude subsystem, inner–
loop and outer-loop controllers are designed separately to achieve maneuvering tasks and Euler angle
tracking tasks, respectively. By appropriately scaling the coupling terms, the semi-global practical
stability of the closed-loop system is obtained in stability analysis. Moreover, several relevant topics
remain under ongoing investigation, including cooperative maneuvering control and safety control for
multiple UAVs.
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Appendix A

The relationship between µ and µd is established in this appendix. In view of the definition of
R(ψ, θ, φ), the components of µ in (3.1) are

µx = ku(CφS θCψ + S φS ψ),
µy = ku(CφS θS ψ − S φCψ),
µz = kuCθCφ − g.

(A.1)

At the same time, the components of µd along x, y, z-axis in (3.2) are given as follows

µdx = k̂u(Cφd S θdCψ + S φd S ψ),

µdy = k̂u(Cφd S θd S ψ − S φdCψ),

µdz = k̂uCθdCφd − g.

(A.2)

Substituting the roll angle error and pitch angle error φ̃ = φ − φd, θ̃ = θ − θd into (A.1), yields

µx = ku(C(φd+φ̃)S (θd+θ̃)Cψ + S (φd+φ̃)S ψ),
µy = ku(C(φd+φ̃)S (θd+θ̃)S ψ − S (φd+φ̃)Cψ),
µz = kuC(φd+φ̃)C(θd+θ̃) − g.

(A.3)

Exploiting some useful relations between trigonometric functions, namely

S (a+b) = S a + 2S b
2
C(a+ b

2 ),

C(a+b) = Ca − 2S b
2
S (a+ b

2 ),

then some terms from (A.3) are transformed into

C(φd+φ̃)S (θd+θ̃) = (Cφd − 2S φ̃/2S (φd+φ̃/2))(S θd + 2S θ̃/2C(θd+θ̃/2))
= Cφd S θd + 2h1S θ̃/2 + 2h2S φ̃/2,

S (φd+φ̃) = S φd + 2h3S φ̃/2,

C(φd+φ̃)C(θd+θ̃) = (Cφd − 2S φ̃/2S (φd+φ̃/2))(Cθd − 2S θ̃/2S (θd+θ̃/2))
= CφdCθd + 2h4S θ̃/2 + 2h5S φ̃/2,

(A.4)

where the expressions of hi(·), (i = 1, · · · , 5) are

h1 = CφdC(θd+θ̃/2) − S φ̃/2S (φd+φ̃/2)C(θd+θ̃/2),

h2 = −S θd S (φd+φ̃/2) − S θ̃/2S (φd+φ̃/2)C(θd+θ̃/2),

h3 = C(φd+φ̃/2),

h4 = −Cφd S (θd+θ̃/2) + S φ̃/2S (φd+φ̃/2)S (θd+θ̃/2),

h5 = −Cθd S (φd+φ̃/2) + S θ̃/2S (φd+φ̃/2)S (θd+θ̃/2).
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Substituting (A.4) into (A.3), and comparing with (A.2), leads to

µx = µdx + uk̃Re3 + 2uk̂
[(

h2Cψ + h3S ψ

)
S φ̃/2 + h1CψS θ̃/2

]
µy = µdy + uk̃Re3 + 2uk̂

[(
h2S ψ − h3Cψ

)
S φ̃/2 + h1S ψS θ̃/2

]
µz = µdz + uk̃Re3 + 2uk̂

[
h4S θ̃/2 + h5S φ̃/2

]
,

which can be rewritten as
µ = µd + uk̃Re3 + ∆, (A.5)

where

∆ = 2uk̂


h2Cψ + h3S ψ h1Cψ

h2S ψ − h3Cψ h1S ψ

h5 h4


(

S φ̃/2

S θ̃/2

)
.
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