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Abstract: The central objective of this paper was to investigate the structure of n-Lie (my,...,m,)-
derivations on triangular rings from two distinct perspectives: the faithful bimodule property and the
maximal left ideal quotient ring. Under certain assumptions, we established that every 2-Lie (m;, m,)-
derivation decomposes into the sum of an inner derivation, an extremal biderivation, and a bilinear
central mapping. Furthermore, using mathematical induction, we proved that for n > 3, each n-Lie
(my, ...,m,)-derivation can be expressed as the sum of an extremal n-derivation and an n-linear central
mapping. Notably, our analysis revealed that these structural forms remain invariant regardless of
whether we adopt the faithful bimodule approach or the maximal left ideal quotient ring framework.
As significant corollaries, we obtained explicit structural descriptions of n-Lie (my, ..., m,)-derivations
on upper triangular rings and nest algebras. Additionally, our investigation yielded several interesting
extensions and generalizations of existing results in this domain.
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1. Introduction

The study of derivations on rings originated in the 1940s from the Galois theory of rings, but it is
widely recognized that derivations as a formal object in ring theory truly began with Posner’s work [1]
in the 1950s. A mapping 6 : A — A satisfying 6(xy) = 5(x)y + x6(y) is called a derivation, while a Lie
derivation satisfies o([x, y]) = [d(x), y]+[x, 6(y)] for all x,y € A, where [x, y] = xy—yx. Every derivation
is a Lie derivation, but the converse does not hold [2—4]. As research progressed, Lie n-derivations
emerged as a natural generalization. A mapping ¢ : A — A is a Lie n-derivation if

SKy(x1, ) = D Ky(xi, 030, X,
i=1

where K, is defined recursively by K;(x;) = x; and K(xy,...,x5) = [Ke1(x1,...,Xx51), xg] for all
X15..., X, € Aand n € Z*, with Z* denoting the set of positive integers, is termed its corresponding
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type. Lie 2-derivations, Lie 3-derivations, and, more generally, Lie n-derivations are collectively referred
to as Lie-type derivations.

Triangular rings, introduced by Cheung [2, 5], form an important class including upper triangular
matrix rings and nest algebras. Existing studies on Lie-type mappings over triangular rings primarily
adopt one of two perspectives: faithful bimodule structure [2, 5, 6] or Utumi’s maximal left ideal
quotient ring [7]. From the faithful bimodule perspective, Wang [3] characterized Lie-type derivations,
Benkovic¢ [8] studied biderivations, Liang et al. [9] investigated Lie biderivations, and Jabeen [10]
extended these results to n-Lie derivations. From the maximal left ideal quotient ring perspective,
Wang [11], Eremita [12, 13], Alghazzawi et al. [14], and Liang and Guo [16] obtained decomposition
theorems for various Lie-type mappings.

A common thread in all these works is that all components share the ”same type” of Lie-type
derivation: for an n-linear map B : A X --- X A — A, each component acts as a Lie m-derivation
with identical m. This uniformity, while simplifying analysis, leaves a natural question unanswered:
what happens if different components carry “distinct” Lie derivation indices? This conjecture not only
inspired the core theme of this paper but also opens new research avenues for multilinear mappings.

To formalize this, we introduce the central notion of this paper:

Definition 1.1. An n-linear map B : A X --- X A — A (n copies) is an n-Lie (my, - - - ,m,)-derivation if
it is a Lie m;-derivation in the i-th component, where each m; > 2.

This definition unifies several known classes:

1) When n = 1 and m; > 2 is an arbitrary integer, the concept reduces to a Lie-type derivation [3,4].
2) When n = 2 and m; = m, = 2, it becomes a Lie biderivation [9, 14].
3) When n = 2 and m; = m, € Z*, it corresponds to a bi-Lie m-derivation [15].

4) When n > 2 is an arbitrary integer and m; = m; = 2 for some i, j € {1,2,--- ,n}, it gives an n-Lie
derivation [10].
5) when n > 2 is an arbitrary integer and m; = m; € Z* for some i, j € {1,2,--- , n}, it aligns with the

n-Lie-type derivations studied by the first author and collaborators [16].

However, in all previous cases, the parameters m;, ..., m, are either all equal or restricted to specific
values. To the best of our knowledge, no prior work has examined multilinear mappings in which each
component is allowed to be a different Lie-type derivation. This is the heterogeneous component case,
where m, my, ..., m, are not necessarily equal. This observation naturally raises the following question:

Question 1.2. How can the structure of n-Lie (m,m,,...,m,)-derivations on triangular rings be
characterized from the perspectives of faithful bimodules and maximal left quotient rings? Specifically,
under the respective assumptions involving bimodules and maximal left quotient rings, what conditions
allow an n-Lie (m;, m,, ..., m,)-derivation on a triangular ring to be expressed as the sum of an extremal
n-derivation and an n-linear central mapping?

The present paper provides a positive answer to Question 1.2 and, in doing so, reveals several
unexpected phenomena.
The novelty of this work is threefold:

1) It introduces and systematically investigates the heterogeneous component case. A search of
databases such as Web of Science confirms that this scenario remains completely unexplored.
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2) It employs both the faithful bimodule and maximal left ideal quotient ring perspectives, yielding
complementary results (Theorems 3.1, 3.14, 4.1, and 5.1). Notably, our analysis reveals that these
structural forms remain invariant regardless of whether we adopt the faithful bimodule approach or
the maximal left ideal quotient ring framework.

3) Most strikingly, the main conclusions exhibit an essential divergence between the bilinear case
(n = 2) and the multilinear case (n > 3). Specifically, when n = 2, every 2-Lie (m;, m;)-derivation
decomposes as

o(w, h) = [w, [h,6(E, E\)]] + Ag[w, h] + o(w, h),

consisting of an inner derivation component, an extremal biderivation component, and a central
bilinear mapping; when n > 3, every n-Lie (my, ..., m,)-derivation simplifies to

0 =K+ 0,

where « is an extremal n-derivation and o is an n-linear central map. The inner derivation term
disappears entirely.

This dimensional dichotomy is, to our knowledge, a new observation in the theory of Lie-type
multilinear mappings on triangular rings. It shows that the case n = 2 does not provide a suitable basis
for inductive reasoning on n; instead, the structure for n > 3 is significantly more rigid. Consequently,
in subsequent proofs we treat the cases n = 2 and n > 3 separately.

As significant corollaries, we obtain explicit structural descriptions of n-Lie (m;, ..., m,)-derivations
on upper triangular rings and nest algebras. These results generalize and unify several existing studies,
including those on Lie biderivations [9], bi-Lie m-derivations [15], n-Lie derivations [10], and n-Lie
m-derivations [16], while extending them to the heterogeneous setting.

This article is organized as follows. Section 2 presents preliminaries on triangular rings from both
the faithful bimodule and maximal left ideal quotient ring perspectives. Section 3 investigates the
structure of n-Lie (m, ..., m,)-derivations via faithful bimodules. Section 4 explores the quotient ring
perspective and highlights differences from Section 3. Section 5 gives corollaries for upper triangular
matrix algebras and nest algebras. Section 6 proposes an open problem for future research.

2. Basic definitions and preliminaries

This section presents foundational aspects of triangular ring theory and examines the structural roles
of bimodules and maximal left rings of quotients.

Let U be an associative ring with identity element / and a nontrivial idempotent E;. The
complementary element E, := [ — E; consequently constitutes another nontrivial idempotent. The
Peirce decomposition yields the canonical direct sum decomposition of U, namely,

U=EUE ®EUE,® E;UE,

with E,UE,; = {0}. Under the given decomposition, the component E;UE, naturally inherits the
structure of a (E\UE,, E;UE,)-bimodule.

A ring U is triangular if and only if there exist unital rings A and B, together with a unital (A, B)-
bimodule M, such that U is isomorphic to the formal triangular matrix ring:

el B[
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equipped with standard matrix addition and multiplication operations [2,5, 6].
We shall now establish the theoretical prerequisites for our investigation through two complementary
perspectives: faithful bimodules and quotient rings of maximal left ideals.

2.1. Faithful bimodule

The structural framework requires the bimodule E;UE; to exhibit faithfulness with respect to the
corner rings E;UE| and E;UE,. This condition manifests through the following injectivity properties:

1) Left injectivity: For any x € E\UE,, the relation xE\UE, = {0} necessarily implies x = 0.
2) Right injectivity: For any x € E;UE,, the relation E\UE,x = {0} necessarily implies x = 0.

The class of triangular rings naturally encompasses several fundamental operator algebra categories,
including: upper matrix algebras and nest algebras (see [5] for details).
The central subspace of a ring U, denoted by Z(U/), admits the following fundamental description:

ZUWU)={a+blam =mb, a € EYUE,,b € E;UE,,Y m € E;UE,}

with the aid of [2, 5].
For any x € U with the standard Peirce decomposition x = ExE; + E\xE, + E,xE, € U, we
construct the following canonical projections:

(1) g\ UE,; - (Ll - El(LlEl, X = E])CEl;
(1) mg,ue, : U = EXxUE,, x+— E)xE;.

A standard argument demonstrates that the restricted map (7g,g,) | Z(U) (resp., (Tp,uE,) | Z(U))
yields a central subalgebra of Z(E\UE,) (resp., Z(E,UE,)). There exists a unique algebra isomorphism
72 g e, (Z(U)) — mpqe,(Z(U)) satisfying the bimodule compatibility:

am = mtv(a), a € ngqye,(Z(U)), Ym e E\UE,.

To facilitate the subsequent investigation of n-Lie (my, - - - , m,)-derivations under faithful bimodule
conditions, we introduce the following bimodule homomorphism.
Definition 2.1. A linear transformation 7 : E;UE, —» E\UE, is called a (E\UE,, E;UE,)-bimodule
homomorphism if it respects both left and right module structures:

b((E1x E)(E 1 x2E)) = Eyx E\D(E 1 x2E>) and H((E1x1 E2)(Eyxo Er)) = H(E X1 Ex)Eyxy By

for all x;,x, € Y.

A bimodule homomorphism 7 : E;UE, — E\UE, is said to have a standard form if it satisfies
the relation
I)(E]XEz) = a*Elez + E]XEzb*

for all x € U, where a* € Z(E\UE,) and b* € Z(E>,;UE,).
At this position, we introduce the definition of a ring being n-torsion free.

Definition 2.2. The ring U is said to be n-torsion free (n € Z") if the mapping x > nx is injective. That
is, for x € U, nx = 0 implies x = 0.

Electronic Research Archive Volume 34, Issue 7, 4812-4845.
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2.2. The maximal left ring of quotients

Leveraging Utumi’s maximal left quotient rings [7], we establish an alternative representation of
triangular rings. For a unital ring U, let

(1) Q(U) denote its maximal left quotient ring;
(i) C(U) = Z(Q,,(U)) be the extended centroid of Q,,;(U).

Building on [11, 13], the extended centroid C(U) of Q,,;(U) satisfies:
C((Ll) = {k =c+de E]Qm[(W)El (&) EQle(ﬂ)EglkElyEz = ElyEzk, Vy € (l/l} .

The mapping 7 between C(U)E; and C(U)E, establishes a ring isomorphism, characterized by the
commutation relation

AE, - E1xE, = E1xE, - T(/lE]), Yx € 7/{, A€ C((Ll)

This isomorphism preserves the algebraic structure while respecting the bilateral module actions.
For arbitrary subsets K and L of Q,,,(U), we consider their relative commutant:

CK,L)={q € Klgx =xq, Yx e L}.

As shown in [13, Proposition 2.5], the extended centroid C() coincides precisely with C(Q,,(U), U),
capturing all elements of the maximal left quotient ring that commute with U.

The foundational works [11, 13], combined with our current notation system, provide the complete
theoretical framework supporting these results. While we omit detailed proofs here, these references
contain rigorous demonstrations of all necessary propositions, which form the basis for our subsequent
analysis. The established results enable us to systematically examine the structural properties of the
triangular ring and its quotient constructions.

Proposition 2.3. [11,13] Let U be a unital ring. The maximal left ring of quotients Q,,,(U) satisfies
the following properties:

1) U is a subring of the Utumi left quotient ring Q,,,(U) with the same I;

2) For any dense left ideal X of U and a left U-module homomorphism o : X — U, there exists
q € Q. ,(U) such that o is of the form o(x) = xq for x € X;

3) Z(U) C C(U). Furthermore, Z(U)E, C C(U)E, and Z(U)E, C C(U)E,.

Proposition 2.4. [11, Proposition 2.6] Let U be a triangular ring. Then E\U is a dense left ideal of
U and for each q € Q,(U), the following hold:

1) EYUE,q = 0 implies E,q = 0O;
2) gEYUE, = 0 implies gE, = 0.

3. Main result: Faithful module
This section focuses on investigating the structure of n-Lie (my, m,, - - - , m,)-derivations under the
assumption of faithful bimodules.

The principal conclusions of this part are summarized as follows.
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Theorem 3.1. Let U be a t-torsion-free triangular ring, and let 6 : U X --- X U — U (n copies) be an
n-linear mapping acting as an n-Lie (my, my, . ..,my)-derivation, where t € {m; — 1 | 1 <i < n}. Under
the following hypotheses:

1) mg e, (Z(U)) = Z(E\UE)) and ﬂEzﬂEz(Z(ﬂ)) = Z(E,;UE).

2) At least one of the rings E\UE | and E;UE, is noncommutative.

3) Each bimodule homomorphism w : E\UE, — E\UE, is of the standard form.
4) If ya = 0, where y € Z(EYUE) and 0 # a € EYUE,, theny = (.

Then

(i) when n = 2, every 2-Lie (m;, my)-derivation § : U X U — U is of the form
o(w, h) = [w, [h, 6(Ey, ED)]] + Ao[w, h] + o(w, h)

forallw,h € U, where g € Z(U) and o : U X U — Z(U) is a central bilinear mapping;
(ii) when n > 3, every n-Lie (my,m,, ..., m,)-derivation 6 : U X --- X U — U (n copies) is of the
form 6 = k + o, where k is an extremal n-derivation such that

K(xl’ .. "xn) = Kn+l(xl’- . ’xn’é(El’ .. -’El))

forall xy, x,,...,x, € U, and o is an n-linear central mapping on U.

Interestingly, our study reveals distinct structural features between 2-Lie (m,, m,)-derivations
(corresponding to n = 2) and n-Lie (m;, m,, - - - ,m,)-derivations (for n > 3) under the same conditions.
As aresult, the case n = 2 does not provide a suitable basis for inductive reasoning on n. However,
further analysis shows that the structure of 3-Lie (m,, m,, m3)-derivations establishes the necessary
theoretical foundation for induction on n. Thus, in subsequent proofs, we divide the investigation into
two parts: 2-Lie (m;, m;)-derivations (corresponding to n = 2) and n-Lie (m, m,, - - - , m,)-derivations
(for n > 3).

Following the outlined approach, we first examine the case n = 2, which establishes the structure of
2-Lie (m;, m,)-derivations.

3.1. 2-Lie (my, my)-derivations (i.e., n = 2)

In this subsection, we investigate the structure of 2-Lie (m;, m;)-derivations, where m; and m, are
arbitrary integers greater than or equal to 2. This lower bound condition aligns precisely with the
requirements for the Lie multiplication operation.

Proposition 3.2. Let U be a t-torsion-free triangular ring, and let 6 : U XU — U be a bilinear mapping
acting as a 2-Lie (m;, my)-derivation, where t € {m; — 1,m, — 1}. We have the following hypotheses:

1) mg e, (Z(U) = Z(E\UE)) and rtg,q e, (Z(U)) = Z(E;UE,).

2) At least one of the rings E\UE | and E;UE, is noncommutative.

3) Aach bimodule homomorphism w : E\UE, — E\UE) is of the standard form.
4) If ya =0, wherey € Z(E\YUE,), 0 # a € E;UE, theny = 0.

Electronic Research Archive Volume 34, Issue 7, 4812-4845.
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Then every 2-Lie (m, my)-derivation 6 : U X U — U is of the form
6(Wa h) = [W’ [h9 6(El9 El)]] + /IO[W’ h] + O-(W’ h)

forallw,h € U, where g € Z(U) and o : U X U — Z(U) is a central bilinear mapping.
Lemma 3.3. 6 has the following properties:

1) 6(0,2) =6(z,0) =0 forall z € U;

2) 6(1,z) = E\0(I,2)E| + Ex0(1,2)E> € Z(U) and 6(z,1) = E\6(z, DE,| + E>0(z, DE, € Z(U) for all
ze€U;

3) E\0(E1, EVEy = —E\6(Ey, E1)Ey = —E(6(EY, Ey)E; = E\6(E, E)Es.

Proof. In what follows, we provide proofs for each of the three groups of conclusions.
1) By the definition of a 2-Lie (m;, m;)-derivation, it follows that with respect to its first component,
a 2-Lie (m;, m;)-derivation is a Lie m;-derivation. Consequently, we obtain

6(0,2) = 6(K, (0,---,0),2)

my
= K (0,-++,0, 600,2) ,0,---,0)
i=1

i-th component

=0

for all z € U. Similarly, we can show that 6(z,0) = O for all z € U.
2) It follows from the relation K, (z, Es, - ,E>) = EzE, and the concept of 2-Lie (m,, m,)-

derivation ¢ that
0=06(0,2)

= 0(Kn, (I, x, Ea, - -+ , E3),2)
= Kml(é(la Z)a X, EZ’ R E2)
= El [6(15 Z)a X]EZ

for all x, z € U, which implies
E1[6(17Z)sx]E2 = 0 (31)

forall x,z € U.
We set x = E, in Eq (3.1), obtaining E,6(1, z)E, = 0. Substituting x = E;wE, into Eq (3.1) again yields

E1(5(1, Z)E1WE2 — EIWEzé(I, Z)E2 = O,

which implies 6(/,z) € Z(U) for all z € U.

Using analogous computational methods and proof techniques, we establish the validity of 6(z, 1) =
E\0(z, DE| + E>0(z, DE, € Z(U) for all z € U.

3) In view of the fact £y + E, = I, and taking z = E, and z = E; in E10(1, 7)E, = 0 respectively, we get

E\6(E, EV)E, = —E\6(Ey, EV)E; and E\6(Ey, Ey)Ey = —E6(Es, Eb)Es, (3.2)
respectively. Similarly, according to the relation E,6(z, I)E, = 0 for all z € U, we have

E\0(E\,E))E;, = —E6(E), Ey)E, and E(0(Ey, EN)E, = —E10(Es, E)E,. (3.3)
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By combining Eqs (3.2) and (3.3), we get

E\6(Ey, E\)E;, = —E\6(E>, E\)E; = —E\6(Ey, E2)E; = Ei6(Es, E))E.

O
Lemma 3.4. With notations as above, we have
1) 6(E\wE\, E\hEy) = —0(E |hE>, E\WE/) = yoE\WE \hE>;
2) 6(E1WE2, EzhEz) = —(S(EzhEz, E1WE2) = ’}/QE1WE2]’IE2
for allw,h € U and some yy € Z(U).
Proof. With the help of the concept of 2-Lie (m,, m,)-derivations ¢, we get
(5(E1WE1, E]]’lEz)
= 0(E\wE;, sz(ElhEZ’ Ey, -+, Ey))
= K, 0(E\WE\, E\hE)),E>, -+ , E>)
my
+ Z K, (E\hEy, Es, -+ By, 6(E\WE |, Ey), Es, -+, E>)
- —_————
i=2 i-th component
= E\0(E\WE\, E\hEy)Es + (my — 1)(E\hE26(E\WE,, E>) — 6(E\WE\, E;)E hE)»)
for any w, h € U. In abbreviated form,
O(E\WE, E\hE>) = E\0(E\WE/, E\hE))E, + (my — 1)(E hEy6(E\WE,, E>) (3.4)

- 5(E1WE1, EQ)ElhEz)

By multiplying the left-hand side of Eq (3.4) by E; and the right-hand side by E,, and invoking the
(my — 1)-torsion-free property of the algebra U, we conclude that statement EhE,0(E\wE, E;)E, =
E15(E1WE1, Ez)Ell’lEz hOldS, which 1mphes that

Ey0(E\WE|, E))Ey + E\6(E\WE, E))E, € Z(U) (3.5)

for any w € U. An application of Lemma 3.3 then yields E\o(E\WE, E, + E;)E; = 0 forany w € U.
Hence
Ebo(E\wEL, EV)E; + E\0(E\WE, EV)E € Z(U) (3.6)

for any w € U by Eq (3.5). By operating on both sides of Eq (3.4) with E; through multiplication, we obtain
E|S(E\wE,, E\hE>)E; = 0.
Similarly, one can obtain E,0(E\wE, E1hE,)E, = 0, and then
S(E\WE,, E\hE,) = E\6(E\wWE,, E\hE,)E, (3.7)
for any w, h € U.
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Since ¢ is a Lie m,-derivation with respect to the first component, we deduce that

0 = (S(O,ElhEz)
= 0Ky, (E\WE |, E|,Ey, -+ ,Ey), E\hE>)
= K, (0(E\WE\, E\hE»),E\,E,,- -+ ,Ey) + K, (E\WE,,6(E}, E\hE)), Ey, - -+ , Ey)

mi
+ Z Kn (E\WE\,E\,Ey, -+ ,Ey,0(Es, E\hEy), Ey, -+ - , E,)
~—_——

i=3 i-th component

= — E\0(E\wE|, E\hEy))E, + E\WE6(E,, E\hE»)E,
for any w, h € U. Consequently, we obtain
E\6(E\wE\, E\hEy)E, = E\wE\0(E, E\hE))E, (3.8)
for any w, h € U. Combining Eq (3.7) with Eq (3.8) gives
O(E\WE/, E\hEy) = E\wE\6(E|, E|hE,)E, (3.9)
for any w, h € YU. Similarly, we can show the following relations:

Ey6(Ey, E\WwE)E, + E\6(Ey, E\WwE\)E,, E,0(E, E\WE)E, + E10(E, EywE)E, € Z(U) and
O(E\hEy, E\WE/) = E\WE\6(E \hE,, E)E;
Ey6(E;wEy, EV)E, + E10(ExwEy, EV)E |, Ex0(EowWEsS, EX)E, + E16(E;wE, EX)E € Z(U) and
O(EywE,, E\hEy) = E\0(E,, E1hEy)EywEy;
Ey6(Ey, E;wEY))E, + E(6(Ey, E;wER)E |, Ey0(E,, EaWEY)E, + E10(E,, E;wE))E) € Z(U) and

5(E1hE2, EzWEz) = Elé(ElhEz, Ez)EzWEz
(3.10)
for any w,h € U.

We define a map D EIWEZ e EqulEQ by b(Ell’lEz) = E15(E1,E1hE2)E2 forall h € U. We
now prove that the mapping d is a bimodule homomorphism as a left E;UE;-module and also right

E>;UE,-module. In fact, since ¢ is a Lie m,-derivation with respect to the second component, it follows
from Eq (3.10) that

d(EwE, hE,)
= E8(E,, E\wE 1 hE»)E,
= E\0(E, K,(E\WE\, E\hE», E;, - -+ , E)))E,
= E\(K,(6(E1, E\WEY), E{hEy, Es, - -+, E2) + Ky, (E\WE1, 6(E 1, E1hE)), En, -+ -, E3)

ny

+ 3 Ku(E\WEy, E\REy, By, -+, Ey, §(E1, Ey) B, -+, E2)E,
. —_————
i=3 i-th component

= E15(E1, EIWEI)ElhEz - ElhEzd(El, EIWEI)EZ + E1WE15(E1, ElhEz)Ez
+ (my — 2)(EywE\hE>O(E, E2)Ey — E\6(Ey, EX)EywE/hE)»)

= E]WE]&(E],ElhEz)EQ

= E1WE1b(E1hE2)
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and
d(E hEywEs)
= E8(E,, EthE,;wES)E,
= E\0(Ey, K,(E\hEy, E;WES By, - -+ E)))E,
= E\(K,(6(E1, E\hE)), EyWEy, Es, - -+, Ed) + Ky (E1hES, 6(Ey, ExWE)), En, -+ -, E3)

my

+ 3 Kn(E\hEy, E;WEy, By, -+, Ey, 8(E1, Ey) B, E2)Ey
- ————
i=3 i-th component

= EI(S(El, Eﬂ’lEz)EzWEz + ElhEzd(El, EzWEz)EZ - E15(E1, EzWEz)ElhEz
+ (my — 2)(E1hEywEYS(Ey, E)Ey — E10(E), Ey)E hEywE)

= E16(E1, E]hEz)EzWEQ

= b(Eﬂ’lEz)EzWEz

for any w, h € U. Thus d is a bimodule homomorphism. From assumption 3) in Proposition 3.2, we
know b is of the standard form, which implies that

D(ElhEz) = Elé(El,ElhEz)Ez = Cl*ElhEz + ElhEzb*

forall h € U, where a* € Z(E\UE,), b* € Z(E;UE)). It follows from the assumption 1) in Proposition
3.2 that a* € g, g, (Z(U)), b* € mp,q,(Z(U)). Thus we can write

D(ElhEz) = a*ElhEz + ElhEzb* = (a* + T_l(b*))ElhEz = ’)/QElhEz (311)

forall h € U, where yo = a* + 7 '(b*) € Z(E\UE}) = mg,qe,(Z(U)).
Similarly, we can construct a mapping s : E;UE, — E\UE, defined by s(E|hE,) = E|6(E hE,, E\)E;
for any & € U. It is obvious that there exists 5y € g, /g, (Z(U)) such that

S(E]hEQ) ZﬁoElhEQ (312)

forall h € U.

From assumption 2) in Proposition 3.2, we may assume £, U E; is a noncommutative algebra, thus it is
easy to verity that [E,gE,, EywE;] # 0 for any g, w € U. Since ¢ is a Lie m; (resp., m,)-derivation with
respect to first (resp., second) component, it follows from Eqgs (3.5), (3.9) and (3.10), and Lemma 3.3, that

O(Km,(E\8E\,E\,Ey, -+ , Er), Ky, (E\WE |, E\hEy, E>, - - - , E»))
= K,,,(6(K,,(E\8E\,E\,Ey, -+ -, Ey), E\WE}), E\hEy, E>, - -+ , E)
+ K, (E18E ), 0(K, (E\E 1, EN,Es, -+ Ey), E\hE)), Es, -+, E>)

my
+ D K (EWEL, EVBEs, -+, 8Ky (E\QE1, E1, Es, -, E»), Ea), -+ , E2)
i=3

i-th component

=E\wE\g0(E\, E\hEy) — E\wE6(E\gE\, E\hE>)
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and

O(Knm (E\8E1, ELL En, - -+, Ed), Ky (E\WE L, E\hE>, Es, - -+, E))
= K, (0(E18E L, Ky, (E\WE, E1hEy, Es, - -+, E)), Ey, Ea, -+ L E))

+ K (E\8E1, 0(E1, Ky (EY\WE, E\hES, Es, -+ - Ed), B, - -+, E))
=— E\6(E1gEL, K, (EYWEY, E1hEy, Ey, - -+, E2))E,

+ E\gE\0(E), Ky, (E\WE |, E\hEy, Ey, -+ - , E)))E,
= — E1K,,(6(E1E1, E\WE\), E\hEy, Ey, - -+, E5)E)

— E1K,,(EYyWE1, 6(E1gE, E\hE>), Es, -+ -, Eb)E)

+ E1gE K, (0(E 1, E\WE)), E\hEy, Es, -+ -, Eb)E

+ E\gE 1K, (E\WE, 6(E 1, E\hE), E, - -+, ER)E,
= E\hEyo(E\gE, E\wE)) — 6(E1gE,, E\WE)E\hE)

- E\wE\E\gE\6(E, E\hEL)E, + E\gE\WE |6(E,, E\hE>)E,

for all 4 € U. Hence, we have

[ElhEZa(S(ElgEl’ E\wE))] = [E1WE1,ElgEl]E15(E1,E1hE2)E2 (3.13)

forall h e U.

By analogous computational approaches and methods, and in conjunction with Eq (3.10), it follows that

0 =6(Kn,(E18E1, E1hEs, Ey, - -+, E2), Ky, (EY\WE, EY, Es, -+ -, E?))
= K, (6(Kiny (E\8E1, EYhEy, Ey, - -+, Ep), E\WE}), E1, B, - -+, E3)
+ Ko, (E\WE1,0(K, (E1E1, E\hEs, By, - -+ L Er), E), Eo, - -+, E))
= — E\6(Ki, (E\8E L, E\hEy, Es, - -+, Ed), E\WE))E;
+ E\wE6(K, (Er\8E1, E\hEy, Ey, - -+, Er), E\)E)
= - Ele1(5(E18E1,E1WE1),E1hEz,E2,"‘ ,E»)E,
— E\K (E\8E, 6(E1hEy, E\WE)), Es, - -+, E))E
+ E\wE Ky, (6(EV\8E L, EY), E\hEy, Es, - -+ E))Ey
+ E\wE K, (EV\QE1, 0(E1hEy, Ey), B, - -+, E2)E)
= [E1hEy, 6(E1gE, E\WE)] + E\WEgE |6(E 1hEy, EV)E; — E\QE\6(E\hE;, E\WE))E,
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for any h € U; on the other hand, we have

O(Kpy (E\gE\, E\hEy, By, - -+, Ey), K, (E\WE |, E\, Ey, -+ - , E3))
=K, (0(E1gE\, K\, (E\WE |, E\,Ey,--- ,Ey), E\hEy, By, - - - | E3))
+ Kml(ElgElaé(ElhEZ,sz(EIWEI’El,EZa L Ep)), B, ,Ez)

m
+ ZKml(ElgEl,ElhEz,Ez,'“ s 0(Ep, K, (EYWE 1, E1, En, - -+ L E3)), -+, E3)
i=3
= 0(E18E1, Ky, (E\WEY, E1, Es, - -+, E3)E1hE)
— E\hEy6(EgE, Ky, (E\WE, E1, By, - -+, Ep)E)
+ E1gE\0(E\hE>, K,y (E\WE |, E\,Ey, -+ - , E))E,
+ (my — 2)(E1gE\hELYO(Es, Ky (EYWEY, EyL B, - -+ E))
— 0(Es, Ky, (E\WE, E1, By, - -+, E3))E1gE hE))
= E\gE\wWE|6(E\hEs, EV)E; — E\gE16(E\hEy, E\WE})E,

i-th component

By combining the two preceding equations, we derive
[E\hE,, 0(E\gE, E\wEY)] = —[E\WE\, E\gE|]E16(E\hE>, E1)E, (3.14)
for any h € U. Combining (3.13) with (3.14) gives

0 = [E\wE\, E\gE\(E\6(Ey, E1hE))E) + E16(E\hE,, EV)E))

= [E\wE1, E\gE1(yo + Bo)E1hE>

= [E\wE\, E\gE]E\hEn(yo + Bo)

= (yo + Bo)lE\WE\, E\gE(|E\hE).
It follows from the faithfulness of the left E,UE,-module E,UE; that (yy + Bo)[E\wWE, E|gE] = 0.
From assumption 4) in Proposition 3.2 and [E\gE;, E\zwE|] # 0, we get yo + Bo = 0, thus
O(E,, E\hE») = —0(E\hE,, E) = voE1hE,, which implies that
S(E\WE1, E\hE>) = —=8(E\hE,, E\wE/) = yoE\WE; E\hE,.

Using similar calculation techniques and in combination with Eq (3.10), we find that conclusion (2)
holds. O

Lemma 3.5. With notations as above, we have

]) 6(E1WE1, EzhEz) = E](S(E1WE1, EzhEz)El + Ezé(E]WE], EzhEz)Ez - E1WE1(5(E1, E])EQ]’LEZ
and E16(E1WE1, EzhEz)El + Ez(S(E]WE], EzhEz)Ez c .Z(q/[),

2) 5(E2WE2, Ell’lEl) = Elé(E2WE2, ElhEl)El + E25(E2WE2, ElhEl)Ez - ElhElé(Ez, Ez)EzWEz
and E,6(E;wE,, E\hE))E, + Ex0(ExwEs, E\hE)E, € Z(U)

forall w,h € U.
Proof. Since ¢ is a Lie m;-derivation with respect to the first component, it follows that
0=0(Ku (E\,E\WE,Ey, -+, E;), E>hE))
= K, (0(E\, E;hEy), E\WE |, Ey, - -+ ,Ey) + Ky (E1, 0(EYWE 1, EXhE)), Ey, - -+, E))
= —E\WE\0(E,, ExhE))Ey + E\8(E\WE,, E-hEy)E,
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for all w, h € U, which implies that
Elé(EIWEl, Ezl’lEz)Ez = EIWE15(E1, EzhEz)Ez (315)
forallw,h e U.
Since ¢ is a Lie m,-derivation with respect to the second component, it follow that
0=0(E\, K,(E1, ExhES Ey, - -+ L Ey))

= K,,,(6(Ey, E1), ExhEs By, - -+ Ep) + Ky, (E1, 0(Ey, EXhE)), Ey, - -+ E»)

= E\0(E\, E\)E>hE, + E\6(Ey, ExhEy)E,
for all h € U, which implies that

E\6(Ey, E\)EXhEy = —E6(Ey, ExhEb)E, (3.16)
for all h € U. Combining Eq (3.15) with Eq (3.16) gives
E]é(E]WE], E2hE2)E2 = —E1WE16(E1, E] )EzhEz (317)

forallw,h e U.
Since the mapping d is a Lie m;-derivation with respect to the first component and a Lie m,-derivation
with respect to the second component, it follows from Eqgs (3.5), (3.9), and (3.10) that

0 =06(K, (E\WE, E1, Es, -+ -, E2), Ky, (E2hE, E\8Es, En, - - -, E)))
= Ky, (6(E\WE, K, (ExhEy, E\8Ey, B, -+ -, ), By, Eay -, E))
+ K(E\WE\, 6(Ey, K,(ExhEs, E\gEy, By, - -+, Ed)), Esy - -+, E))
= — E\6(E\WE\, K\, (ExhEs, E\gES By, - -+, E2))E)
+ E\WE\6(E1, K, (ExhEs, E\Es, En, -+, E3))E,
= E\gE,0(E\WE |, E>hE,) — 0(E\WE,, E;hEy)E 1 8E, + E10(E\WE |, E\gE>)E>hE,
+ E\WWE\|6(E|, E;hE>)E gE) — E\WE gE>0(E,, E;hE))E> — E\WE\0(E4, E\gE,)E>hE,
= E1gEX6(E\WE,, ExhEs)Es — E10(E\WE, ExhER)E 1 gE,
for any w, h, g € U. Thus
E>6(E\wWE\, E;hE»)Es + E\60(E\WE/, E;hEY)E € Z(U) (3.18)
for any w, h € U. Therefore, according to Eqs (3.17) and (3.18), we conclude that the conclusion (1)
holds.
Conclusion (2) of this lemma can be obtained by a similar method. O
Lemma 3.6. For any w,h € U, we have 6(E\wE,, E\hE;) = 0.
Proof. Since ¢ is a Lie m,-derivation with respect to the second component, it follows that
O(E\WE,, E\hE,) = S(E\WE,, K, (E\hEy, Es, -+ -, E)))
= K, (6(E1WEy, E1hE)), Es, - -+, E3)

1y
+ 3 Ky (EthEy, En, -+ Ex, 0(E\WEy, Ey), Es, -+ , Ey)
i=2 i-th component

= E\0(E\WE,, E\hE)Es + (my — 1)(EVhE6(EywEs, E>)
— 0(E\WE,, E»)E 1 hE»)
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for any w, h € U. By multiplying both sides of the above equation by E;, we obtain
Eld(E1WE2, ElhEz)El = 0.

Following the same approach, multiplying through by E; leads to E,6(E\wE,, E\hE>)E, = 0. By
combining the preceding two relations, we derive

6(E1WE2, ElhEz) = E15(E1WE2, E]l’lEz)Ez

for any w,h € U.

Let us fix an element 4 € U. Then we define the mapping 3 : E,UE, — E\UE, by 3(E\wE;) =
E\0(E\wE,, E\hE,)E, for all w € U. We now prove that 3 is a bimodule homomorphism as a left E;UE,
and also right E;UE,. In fact, from Lemma 3.4, we know that 6(E,gE, E1hE,), 6(E,gE,, E\hE,) €
E\UE, for all g, h € U, and then since ¢ is a Lie m,-derivation with respect to the first component, it
follows that

(E1gE\WE>)
= 0(K, (E\gE\, E\WE>, E>, - -+ ,E»), E\hE))
= K,,,(6(E\gE\, E\hEy), E\WE», E», - -+ | E))
+ K (E\8E1, 6(E\WE,, E\hE)), Ey, - -+ | E»)

my
+ D K (E\Ey, E\WEs, Es, -+ , E, 6(Es, E\BE,), Es, -+ , Ey)
- —_—
i=3 i-th component
= 6(E1gE1,E1hE2)E1WE2 — E1WE26(E1gE1,E1hE2) + ElgElé(E1WE2, E]hEz)Ez
+ (m; — 2)(E1gE\WEL0(E,, E\hE,) — 6(E,, E\hEy)E \gE\WE>)
= EgE\0(E\wE,, E\hE))E,
= E1gE3(E\wE>)
and
I(EWWELEE,)
= 0(K,, (E\WE», EsgEs, Es, - -+ L E)), E 1 hE))
= K, (0(E\WE,, E\hEy), ErgEs By, - -+ L Ey)
+ Ky (E\WE», 0(ExgE,, E\hE,), Ey, - -+, E))

mi
+ 3 K (E\WEp, EgEy, By, Ey, 8(Ey, EthEy), By, -+ , Ey)
N %/_/
i=3 i-th component
= E\6(E\WE,, E\hE>)E gE,
= 3(E\wE)EygE,,

for all w, g € U. Thus 3 is a bimodule homomorphism. From assumption 3) in Proposition 3.2, we know
3 1s of the standard form, which implies that

(EV\WE) = yiEywE,

for all w € U, where y, € Z(E\UE)) = ng e, (Z(U)).

Electronic Research Archive Volume 34, Issue 7, 4812-4845.



4826

Hypothesis (ii) of Proposition 3.2 establishes the noncommutativity of the algebra E,UE,, and
consequently, there exist elements E;sE, E1gE, € E\UE, for some s, ¢ € U for which the commutator
[E\sEy, E\gE;] # 0. Since 0 satisfies the Lie m,-derivation condition for the second coordinate. It
necessarily follows that

O(E\gE\E\WE,, E;sE|E\hE>)
= (K (E\WEy, E\E1, By, -+ -, E2), Ky, (E\hEs, E1SELL By, - -+, E))
= K, (0(Kin, (E\WE», E1gEY, Es, - -+, Ed), E\hE), E\SE, B, - -+, E))
+ K, (EVhE>, 6(K, (E\WE>, E\E1, Es, - -+, E»), E1SEY), Ey, - -+, E»)

my
+ D K (EVhEs, E\SEy, Ea, -+ , By, (K, (E\WEs, EigE\, Es, -+ , E2), E), En, -+ , E)
i=3

i-th component

= — E\sE\0(K,,,(E\WwE,, E\gE\,E>,- -+ ,E»), E\hEy)E,
+ E1hEy0(Ky (E\WES, E\gE L Es, -+ - ,Ey), EysE))
— 0(Kn (E\WE>, E\gE1, Es, -+ - , E), E1sEV)E 1 hE,
+ (my — 2)6(K,n, (E\WE,, E\gE\, E>, - -+ , E), E))E | SEhE),
— E\sE\hEXO(K,y (EyWEy, E\E, B, -+ -, E)), E3))
= — EisE\K,, (6(E\WEy, E\hEy), E\E, Es, - -+ , Ey)E,
= E\sE\gE60(E\wWE,, E\hE;)

for all h € U. It simplifies to
6(E1gE]E1WE2,E1SE1E1hE2) = E]SElgE]d(E1WE2,E1hE2) (319)

forall h e U.
On the other hand, we have

O(E\gE\E\WE,, E\sE\E\hE>)
= 6(Km1(E1WE2’ E\gE |, Ey,--- ,Ez),sz(ElhEz, E\sE\, E,, -+, Ey))

= K,,,(6(E\wWEy, K, (E\hEy, E\SE|, Ey, - -+ ,E»)), E\gE 1, Ey, - -+ , E)
+ K, (E\WE>, 0(E\8E 1, Ky (E\hEs, E\SE | Ey, -+ ,Eb)), Ey, - -+, E))

m
+ D K (E\WE», E\gE), Es, -+ , Ea,8(Es, Ky, (ErhEs, E\SEy, Es, -+ E)), En, -+ , E)
i=3

i-th component
= — E\gE\6(E\WE), K, (E1hEy, E\SE L Ey, - -+, E2))ES
+ E\WE,8(E\gE 1, K,,(E1hEy, E 1 SE L Ey, - -+ L Ey))
— 0(E\gE\, K,(E\hEy, E\SE\, Ey, - -+ , E7)E\WE),
+ (my — 2)0(Ey, Ky, (E1hEy, E\SE\, Ey, - -+ , E5))E 1 gE\WE,
— E\gE\WE0(E,, K,,,(E1hEy, E 1 SE|, Ey, - -+, Ey))
= — E\gEK,,(6(E\wWEy, E1hE>), E1sEy, E, - -+, E2)Es
= E\gE\sE\6(E\wE,, E\hE,)
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for all h € U. Thus, the expression reduces to
5(E1gE1E1WE2, EISElElhEz) = ElgElsElé(EIWEz, Ell’lEz) (320)

forall h € U.
Combining Eq (3.19) with Eq (3.20) and formula 3(E\wE;) = yE\wE; gives

0 =[E\gE), E\sE\10(E\WE,, E\hE>) = wi[E\gE:, E\sE ] E\WE,,

which implies y;[E gE1, E1sE;] = 0 from the faithfulness of the left £, YU E,-module E\UE,, where
Yk € Z(EYUE)) = mg, g, (Z(U)). From assumption 4) in Proposition 3.2 and [EgE, E\sE] # 0, we
get v, = 0, thus 0(E\wE,, E\hE;) = 0 for any h,k € U. O

Lemma 3.7. For any w,h € U, we have

]) (S(E1WE1, ElhEl) = T_l(Ezé(El\/VEl, ElhEl)Ez) + ’)/()[E1WE1, ElhEl] + EI(S(ElhEl, E1WE1)E2
+ E26(E1WE1, ElhEl)Ez, where E16(E1WE1, ElhEl)E2 = ElhEIWElé(El, El)Ez
= E]WElhElé(El, E])EQ.
2) 6(E2WE2, EzhEz) = E](S(EzWEz, EzhEz)E] + E](s(EZWEz, EzhEz)Ez + T(E]é(EzWEQ, EQhEQ)E])
+ T(’)’())[EQWEz, EzhEz], where E15(E2WE2, EzhEz)Ez = E15(E1, El)E2WE2E2hE2
= E15(E1, El)E2hE2WE2.

Proof. Since 6 is a Lie m,-derivation with respect to the second component, it follows that
0 = 6(E\WE1, Ky, (E\hE}, E, - - - , E2))
= K, (6(E\WE1, E\hE)), Ey, -+, Ep) + Ky (E\WE 1, 6(E 1 hE |, Ep), Es, - -+, Er) (3.21)
= E15(E1WE1, ElhEl)Ez + ElhElé(Elel, Ez)Eg

for all w,h € YU. From Lemma 3.3, we have 6(E\wE,I) € E\YUE, + E;UE, for any w € U, which
implies E,0(E\WE, E;)E, = —E|0(E\wWE, E|)E, for any w € U. Hence it is obvious that

E\6(E\wE,, E\hE\)E, = E\hE\6(E\WE, E\)E, (3.22)
for any w, h € U. Similarly, we can prove that
E\6(E\wE\, E\hE\)E, = E\wE\6(E\, E\hE\)E, (3.23)
for any w, h € U. Combining Eq (3.22) with Eq (3.23) gives
E\S(E\WE\, E\hE|)E, = E\hE\WE,6(E,, E|)E, = E\wE\hE,5(E,, E))E, (3.24)

for any w,h € U.
Since ¢ is a Lie m,-derivation for the second component, we have
0 =0(E\WE\, K,,(E\hE |, E28E>, E\SEy, Ey, - -+, E))
= Kin,(6(E\WE, E\hE}), EsgEy, E\SEy, Es, - -+, Ep)

+ K, (E\hE |, 6(E\WE|, E2gE»), E SEy, Es, - -+, E»)
+ K, (E\hE |, E2gEs, 0(E\WE, E\SE), Es, - -+ , E>)
K, (6(E\WE\, E\hE}), E2gEs, E\SEy, Es, - -+, E»)
— E\sEb[ErgEs, E26(EVWEY, EV\hE))E)]
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for all w, h, g, s € U. In view of the fact that E;UE, as a right E;UE,-module is faithful, we know that
E>6(E\wE,, E\hE\)E; € Z(E;UE)) = e, (Z(U)) (3.25)

for any w, h € U.

Since ¢ is a Lie m-derivation with respect to the first component, it follows from Eqs (3.9)—(3.10)
and Lemma 3.4 that

0 = (K, (E\WE\, E1, Ea, -+ , E5), Kyy,(E\hE\, E{SE2, Es, - - - , E3))

= Ky, (8(E\WE\, Ky, (E\hE}, E\SE3, Es, -+ ,E»)), E1, Es, -+ , E3)
+ Ky (E\WE\, 0(Ey, Kyp,(E\hE}, E\SE, Ey, -+ , E5)), Ea, -+ , E5)

= — E\6(E\WE1, Ky,(E\hE}, E\SE3, Es, -+ , E2))E,
+ E\WE8(Ey, Kp,(E\hE\, E{SE>, Es, -+ - , E»))E>

= E\SE>0(E\WE,, E\hE,) — 8(E\WE, E\hE\)E, sE» — E\hE,8(E\wE,, E|sE»)E,
+ E\WE hE,8(E,, E;SE>)E»

= [E,sE», 0(EywE,, E\hE))] + [E\WE,, E\hE\18(E,, E1 sE»)E;

for all w, h, s € U. Hence, from Lemma 3.4 and Eq (3.25), we have

E]é(E]WE], E]hE])E] SEZ - T_I(Ezé(E1WE1, ElhEl)Ez)El SE2
=[E\WE\, E\hE| ]y E sE)
=yolE\wWE\, E\hE|E\sE,.

By the fact that E\UE, as a left E{UE-module is faithful, we obtain
E\6(E\wE\, E\hE\)E, = T_l(E25(E1WE1, E\hE\)E>) + yolE\WE|, E|hE|]

for all w, h € U. Therefore, according to Eqs (3.24) and (3.25), we conclude that (1) holds.
The second equality conclusion (2) can be obtained in an analogous manner. O

Proof of Theorem 3.1.
We define amap o : U X U — Z(U) by

ow,h) = T (E,0(E\WE|, E\hE|)E,) + Ey6(E\WE,, E\hE/)E,
+ E\0(EowE,, EXhEL)E | + T(E16(EawE,, EXhES)E))
+ E\0(E\WE |, E;hEL)E| + EX6(E\WE, E;hES)E,
+ E\0(EowE,, E\hE))E| + EZ6(E;WE,, E\hE))E,

forallw = EwE, + E\zwE, + E;wE, and h = ElhEl + ElhEz + EzhEz, withw,h € U. Itis easy to
verify that o(w, h) € Z(U). Let Ay = yo + 7(y0) € Z(U).
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According to Lemmas 3.4-3.7, we have

o(w,h) = 6(E\wE| + E\wE, + E;wE,, E\hE| + E\hE, + E>hE»)
= 0(E\wE,, E{hE\) + 6(E\WE/, E\hE,) + 6(E\WE/, E;hE5)
+ 6(E\WE,, E{hE/) + 6(E\WE,, E{hE,) + §(E\wE,, E>;hE>)
+ 6(EywEy, E{hE) + 8(E,wE,, E1hE,) + 8(E,wE,, E>hE»)
= E\wE\hE\6(E\, E\)E, — E\wE\6(E\, E\)E,hE,
— E\hE\0(E, E\)E;wE, + E(0(E, E\)E;wEyhE,
+ vl E\WE|, E\hE|] + yoE\WE1hE; — yoE\hE\WE,
+ YoE\WEyhE; — yoE1hEswEs + T(yo)[EaWEs, EXhE,]
+ T_I(E25(E1WE1 + E\hE))E,) + E;6(E\wE |, E\hE))E,
+ E\6(E;wE», E;hES)E, + T(E16(EywE,, E>hES)EY)
+ E\6(E\WE, E;hEL)E,| + Ex0(E\WE,, E;hES)Es + E16(EywEy, E1hEY)E,
+ E>6(E,wE,, E\hE))E,
= [w, [h, 8(E1, E)]] + Ao[w, h] + o(w, h)

forallw = E\wE, + E\wE> + E;wE», h= ElhEl + ElhEz + E2hE2 eU.

3.2. The case: n >3

This subsection presents the structure of n-Lie (my, - - - , m,)-derivations via mathematical induction
on n, namely, Proposition 3.14, which corresponds to conclusion (2) of Theorem 3.1. The analysis
is divided into two phases. Initially, we examine the case of 3-Lie (m;, m,, m,)-derivations, namely,
Proposition 3.8. Subsequently, this result serves as the inductive basis for deriving the general form
of n-Lie (my, - - - , m,)-derivations. Importantly, the hypotheses applied here align with those used for
2-Lie (my, my)-derivations, ensuring a coherent theoretical approach throughout the study.

Proposition 3.8. Let U = E\UE, + E\UE, + E;UE, be a t-torsion-free triangular ring, where
te{m—11i=1,2,3}. Let 6 : U XU XU — U be a 3-Lie (m, my, m3)-derivation. Assume that the
following conditions are satisfied:

1) mgue,(Z(U)) = Z(E\UE)) and np,ue,(Z(U)) = Z(E;UE)).

2) At least one of the rings E\UE, and E;UE, is noncommutative.

3) Each bimodule homomorphism V) : E\XUE, — E\UE, is of the standard form.
4) If yE\xE, = 0, where y € Z(E,UE,), 0 # x € U, theny = 0.

Then every 3-Lie (my, my, m3)-derivation 6 : U X U X U — U is of the form 6 = k + o, where k is an
extremal 3-derivation such that k(xi, X, xX3) = [x1, [x2, [x3,0(E1, E1, E\)]]] for all x,, x,, x3 € U and o
is a 3-linear central mapping on U.

Lemma 3.9. 6 has the following properties:

1) 6(0, x1, x3) = 6(x1,0, xp) = 6(x1, x2,0) = 0 for all x;,x, € U;

2) For every x € {I, E\, E,}, we have 5(x,y1,y2) = E10(x,y1,2)E1 + E20(x,y1,y2)E> € Z(U),
0y, X, y2) = E10(y1, X, y2)E1 + E26(y1, X, y2)Ey € Z(U), and  6(y1,y2,x) = E16(y1,y2, X)E; +
E20(y1,¥2, X)Ey € Z(U) for all yy,y, € U;

Electronic Research Archive Volume 34, Issue 7, 4812-4845.



4830

3) 6()(?1,)62,E1X3E2),(5(X1,E1X2E2,X3),6(E1X1E2,.XQ,X3) € E{LIEzfor all X1, X2, X3 € (L[,'

4) E\6(E 21E\, 20, 23)Ey = E\21E(0(E|, 22, 23)Es, E\6(21, E\22E1, 23)Er = E122E6(21, Ey, 23)E>, and
E6(z1,22, E\z3E\)Es = E\23E16(21, 22, EVE) forall 1, 22,73 € U;

5) E\0(Erz1Ey,20,723)Er = E\6(E2, 22, 23)Exzi Eo, E10(21, Ex2oEs, 23)Er = E16(21, E,23)Ex20E», and
E6(z1, 22, E2z3E)Ey = E(6(21,21, EV)EXz3Es for all 7y, 22,23 € U.

Proof. 1) Since ¢ is a 3-Lie m;-derivation with respect to the first component, we obtain
6(05 X1, x2) = 6(Km1 (05 T, 0)9 X1, x2)

= > K (0,+++,0,80,%1,%,),0, -+, 0)
i=1 S——

i-th component

=0

for all x, x, € YU. Similarly, we can show that (x;, 0, x,) = 5(xy, x2,0) = 0 for all x, x, € U.
2) By the relation U, (x, E,, - - - , E;) = E\xE, for any x € U, it follows that

0=0(0, x1, x2)
= 5(Km1 (I’ E27 ) E2)a X1, XZ)

mi
= Kml(d(l’ X1, XZ)’ E2’ ) EZ) + Z Kml(la EZ’ ) E23 6(E2’ X1, x2)9 EZ’ ) EZ)
i=2 i-th component

= Km1 (5(1’ X1, -XZ), EZ’ ) EZ)
=E6(1, x1,x2)E>

for all x, x, € U, which implies
E15(1, xl.xz)Ez =0 (326)

for all x;,x, € Y.
For all x;, x5, x3 € U, we obtain

O = 5(0, X1, )CQ)
= 0Ky, (I, Eyx3Ey, Ey, - -+, En), X1, X2)
= K, (6(1, x1,x2), E\x3E2, Ey -+ -, Ep) + Ky (I, 0(E\ X3E, X1, X2), Ey - -+, E»)

mi
+ Z Ky (I,E\x3Es, -+, Ey,0(Ey, X1, X2), X2, -+ , X2)
i=3 i-th component

= K, (61, x1,x2), E\x3E2, Ey -+ - | E)
= E0(1, x1, x2)E\x3E, — E123E20(1, X1, X2)E».

Hence 5([, X1, X2) = Elé([, X1, Xz)El + Ezé([, X1, Xz)Ez S .Z((L{) by Eq (326)
Similarly, we can prove the remaining cases.
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3) For any x1, x5, x3 € U, we have

0(x1, x2, E1x3E»)
= 0(x1, X2, Kypy (E1X3E2, Es, - -+ L E)))
= K, (0(x1, X2, E1 X3X2), X2, + , X2)

m3
+ Z K, (Eix3Ey, By, - -+ Es, 0(x1, X0, Er), E, -+ -, E)
——— —

i=2 i-th component

= E16(x1, X2, E1x3E2)Ey + (m3 — 1)(E1x3E20(x1, X2, Ep) — 6(x1, X2, E2)E 1 X3E)),
which implies
0(x1, X2, E1z3E») € EYUE, and E 6(x, X2, E>)E| + Ex0(x1, X2, E2)E> € Z(U) (3.27)

for any xi, x», x3 € U by the fact that U is (m3 — 1)"-torsion free. Therefore, from Eqs (3.26) and (3.27),
we get
E\6(x1, X2, ENE| + Ex6(x1, X2, E1)E, € Z(U)

for all x, x, € U.
Analogously, we can prove the remaining cases.
4) By the concept of 3-Lie (m,, m,, m3)-derivations 9, it follows that

0=0(Ky, (E1x1E\,E\,Es, -+, Es), X2, X3)
= K, (0(E1x1E, X2, x3), E, Ey, -+, Er) + Ky (E\ X1 E1, 0(E, X2, X3), By - -+, E»)
= — E0(E1x1Ey, x2, x3)Ey + E1x 1 E10(EY, X2, X3)E>

for any xy, x5, x3 € U, which implies
E\0(E\x1Ey, X2, x3)Ey = E1x1E16(E1, X2, X3)E

for any x, xp, x3 € U.
Analogously, we can prove the remaining cases.
5) By the concept of 3-Lie (m,, m,, m3)-derivations 9, it follows that

0 =0(Ky, (Exx1E, E,y -+ - L Ey), X2, X3)
= K, (6(Exx1Ey, X2, x3), Ep, -+ -, E) + Ky (Exx 1 Ey, 6(Ey, X2, X3), Ep, -+, E)
= E\0(Exx 1 Ey, X2, x3)Ey — E10(E>, X2, X3)Exx1 Es

for any x1, x5, x3 € U, which implies
E\0(Exx 1 Ey, X2, X3)Ey = E10(E>, X2, x3)Exx1 B

for any x, xp, x3 € U.
Analogously, we can prove the remaining cases. O
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Remark 3.10. In view of part (3) of Lemma 3.9, we get
E\6(Ey, E1, ENE + E26(E, Ey, ENES € Z(U).

We define a mapping « : U X U X U — U by k(xy, X2, x3) = [x1, [x2, [x3,(E1, Ey, E1)]]] for all
X1, X2, X3 € U. Clearly, « is an extremal 3-derivation of Y. Note that «(Ey, Ey, Ey) = E16(Ey, E1, E))E,.
Now set § — k = o, o is a 3-Lie (my, m,, m3)-derivation such that o(E |, E1, E;) € Z(U), and Lemma
3.9 holds for o.

We will show that o(x1, x,, x3) € Z(U) by following claims for all x;, x,, x3 € U.

Lemma 3.11. Foranyr,s € E\YUE,| ) E;UE, and x € U, we have
o(r,s, E1xEy) = o(r, E1xE,, s) = o (E1xE,, 1, 5) = 0.

Proof. In view of Lemma 3.9, we know that o(r, s, E1xE;) € E\UE, for any r, s € E\YUE, | E;UE,
and x € U. Thus we defineamap d : E,UE, — E;UE, by d(E|xE;) = 0(E, Ey, E1xE,) forall x € U.
Then dis a (E\UE,, E;UE,)-bimodule homomorphism. In fact, it follows from Lemma 3.9 that

D(E1x1 ENE 1 x2Er(Eyx3 Er))
=0(Ey, Ey, E1x E1x Er 3 E)
= E10(E1, Er, Ky (E1x1 By, E1 By 3By, By, -+ - L E))
= K, (0(E1, E1, Ey EY), Eyxo By En, By, -+ -, ED)

+ Ky (E1x1Ey, 0(Ey, Er By B Ey), B, -+ E)

m3
+ Z Km3(E1x1E1’ E\xyEyxsEy, Ey -+ By, 6(EL EL E)), By, -+ L ED)
i=3 i-th component
= K, (E1x1E1, 0(Ey, Er, Ey o Exxs Er), En, - -+, En)
= E\xiE\0(Ey, Ey, By Eyxs ER)E
= E\xiE\0(Ey, Er, Ky(Ev 0 By, EdXxsEs s, - - - E)))E
= E\x1E\ Ky (0(E1, By, Ev\ o Ed), Exxs By By, -+ ER)E)
= E\xiE\0(Ey, Ey, EyxEr)Erxs By
= E\xi E\d(E1x:E)Eyx; By

for all x, x,, x3 € U. By assumptions 3) and 1) in Proposition 3.8, we get d(E | xE;) = a"E1xE;, +
E\xE;b*, where a* € Z(E,UE)) = no(Z(UN)) and b* € Z(E,UE,) = np(Z(U)). Thus we can write

b(E]XEz) = a*Eleg + E].XEQb* = (a* + T_l(b*))El)CEz = ’)/OE1XE2 (328)
for all x € U, where yy = a* + 7 1(b*) € Z(E\UE)) = no(Z(U)).
From assumption 2) in Proposition 3.8, we may assume E;UE, is a noncommutative algebra, thus

it is easy to verity that [ExE, E;x;E{] # 0 for some xi,x, € U. Then, by the concept of 3-Lie

Electronic Research Archive Volume 34, Issue 7, 4812-4845.



4833

(my, mp, m3)-derivations o, it follows from Lemma 3.9 that

0=0(Ky (Exx1E, Er By, -0 Ed), Ky (E1 0By, EL By, -+ ED), E1XGED)
= K (0(E1x1Ey, Ky (E1 0 ELL B B, -+ ED), E1Ey), ErL By -+ L ED)
+ K (E\ E1, 0(E Ky (E1 0B En, -+ ER), EvXGES), By, -+, ED)
= —Ei0(E1xEy, K, (E\0E L EL By, -+ ED), ErxsE)E,
+ E1xi1E10(Ey, Koy (E\ B By, -+ Ed), Ey i ER)E
= = K, (0(E1x1Ey, E\xoE, E1xE), By En, -+ L E))
= Kin,(E\2E , 0(E 1 EyL E EvGES), EL By, - - E)
+ E1x1E1 Ky, (0(Ey, E\ By EvGES), Er B, -+ - L E))
+ E1x E1 Ky (E\ By, 0(ELL By, E1E), By, -+ - L Ed)
= E\0(E1x Ey, E\xEy, E1 i ER)Ey + By E10(Ey, E1\ By, E1xGE)E)
+ EixiE\xaE0(EyL Er EvxsEy) — EyoE1o(Ex Ey E EvxsEy)E,
= [E\qE1, By E]o(EyL Er By ES)

for all xy, x5, x3 € U, which implies that
[E\xi1E, E\oEr]o(EyL By EvxGEy) = [Ejx By, EyxaEyoE1xE, =0
for all xy, x,, x3 € U. Consequently, because the left E,UE;-module E;UE, is faithful, we obtain
[Evx1Ey, EvxEr]yo = 0.
From assumption 4) in Proposition 3.8, we get y, = 0 and hence
o(E\,E|,E|1xE;) =0 (3.29)

forall x € U.
For any s € EyUE; | J E;UE, and x € U, it follows from Eq (3.29) and Lemma 3.9 that
0= O'(El,sz(El, s,E>, -+, Ey), E\xE>)
=K,,(c(E\, E1, E\xE)), s,E», -+, E»)
+sz(Elao-(EbS’El-XEZ)’EZa'" ’EZ) (330)
= E\0(Ey, s, E\xEy)E,
=o(Ey, s, E\xE»).
In addition, it follows from Eq (3.30) and Lemma 3.9 that
0=0(Ky (Ei,1,Ey,- -, E>), 5, E1xE>)
= Kml(O-(El’ S, E1XE2)9 r, E29 e 9E2)
+ Kml (Elao-(ra S, EIXEZ)a E2a e ’E2)
= E]O'(I", S, E])CEQ)EQ
=o(r, s, E1xE>)

forany r,s € E\YUE, | J E;UE, and x € U.
In addition, we can prove the remaining cases in an analogous manner. O
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Lemma 3.12. For anyr,s,t € E\XUE, | ) E;UE,, we have o(r, s,t) € Z(U).

Proof. In view of Lemma 3.9 and o(E}, E1, E;) = 0, we have
Eio(E\x\E\, E\xE1, E\x3E\)Ey = E\x E\xE1x3E0(E, Ey, EV)E, =0,

E\0(Exx Ey, Eyxo By, Exx3Er)Ey = —E 0 (Ey, E, E ) Eyx 1 Eyxo Esxz Ey = 0,

and
E\0(EyxiEy, E\xoEy E\x3E))Ey = —E 1 xE\x3E\0(E\, Ey, E\)Eyx E; =0

for all X1,X2, X3 € U.
For any x1, x5, x3, x € U, it follows from Lemmas 3.9 and 3.11 that

0=0(Ky (Exx1Ey, ErL By, -+ Ed), Ky (E1 By, EvXES, En, -+ - Es), E1EY)
= K (0(E1x1Ey, Ky (E1 0 Ey, EvXED, By, -+, Ep), E\XGEY), EL B, - - - E)
+ K (E\ 1 E1, 0(Ey, Ky (E10E, E1XES, B, - -+ Ed), E1xEy), B, - -+, E))
= — E\0(E1xEy, Ky (E\2Ey, E\XEy, By - -+ Er), EY X3 EY)En
+ E1x E10(E1, Ky (E1 2By, E1XEs, B, - -+ Ed), E1 i EE,
= = Kn,(0(E1x1Ey, Eyxo By, E1xEY), E\XEs, Es, - - - E)
= [E\xEy, 0 (E1x Ey, Eyxo By, Ejx EY)),

which implies that
o(E\xE1, E\x,E, E\x3E)) € Z(U)

for any xy, x5, x3 € U. The other cases can be obtained in an analogous manner. O
Lemma 3.13. For any x, x;, x, € U, we have o(x, E\x\E», E\x, E;) = 0.

Proof. From Lemma 3.9, we have o(E |, E1 x| E», E\x, Ey) € EYUE, for any x1, x, € U. Then we fix
x; € U and define a map R : E\XUE, —» E\UE, by R(E\x,E,) = o(Ey, E\x1E,, E\x;E,) for any
X, € U. We now show that R is a bimodule homomorphism. Indeed,

REYVE1x2E):Ey) = 0(Ey, Erx Ey, Eyy1Erxo Exy Es)
= E\0(Ey, E1x Ea, Ky (E\y1 E1 02, ExyaEn, En, -+ -, ED))
= Kin,(0(Ey, Eyx Ep, Exy B\ Er), EayoEs sy - -+ E)
= E\0(Ey, Eyx By, Exy E1 0 Er) s By
= E\0(E1, Eyx Ey, Koy (Exy1E, E1 By, By, -+ ER))Ey B
= E\ Ky, (Exy1Ey, 0(Ey, Evx By, Ey o Ed), B, -+, EX)Edy B
= E\\E\0(Ey, Eyx Ey, B\ Er))Er o By
= E\ EYR(E1xE)Exy By

for any y;,y,x, € U. In view of assumption (1) and (3) in Proposition 3.8, we get R(E|\x,E;) =
aoE\x,E,, where oy € Z(E\UE,) = n4(Z(U)). From the assumption (2) in Proposition 3.8, we
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assume E;UE, is a noncommutative algebra, thus [E,y,E}, E1y,E;] # 0 for some y,,y, € U. It follows
from Lemmas 3.9 and 3.11 that

0 =0 (Ky (Ev, ENELLEs, -+ Er), Ky (Eyx E, Eyy2ErL En, -+, Ed), E1 0 E)
= Kin, (0(E1, Ky (Ey X1 Eay ExY2ENL B, -+ - L ED), E\ o ED), ExyiEy, -+ -, Ed)
+ Ko (Ev, 0(E\Y1E, Ky (B 6 By E2 B Eny oo ER), By Ey), Esy -+ L ED)
=—EyE0(E, Ky,(E1x1Ey, Ex2ELL By, -+ E), E1 o )
+ E\o(Eyy,1Er, K, (E1 X1 Ey, Exy2EL By, - -+ E)), E1 X0 E)E,
= — E\E 1Ky, (0(Ey, Evxi By, E\ 0 Ed), E\2 By, En, -+ EQ)E)
+ E1 K, (0(E\Y\Ey, By B, By Er), ExELL En, - - -, E)
= E\ ExnE10(Ey, Evxi By, E\oEQ)Ey — Exy E\o(Ery 1 Ey, E1x By, E1xEb)E,
= [ExiEr, 2 Er]Jo(Ey, Erx B, E1xoEr)

for all xy, x, € U, which implies that
(ExyiEy, Exy2Elo(Ey, Eix Eq, EvxoEy) = [Exy Ey, Evy2Er]lagE 1 xE, =0

for all x;,x, € U. Hence, the faithfulness of E\UE, as a left E{UE,-module implies that
[E\yiEy, E1y2E ]ag = 0. From assumption (4) in Proposition 3.8, we get @y = 0 and hence

o(E\,E\x 1 Ey, E1xE;) =0 (3.31)

for all x;,x, € U.
Forany r € E\UE, | E;UE, and x, x, € U, it follows from Eq (3.31) that

0= O'(Km](El,l”, Ey -+ Ey), E\x1Es, E\xoE»)
= Km.(El,O'(i’,E1X1E2,E1X2E2),E2,"‘ ,E>)

(3.32)
= E\0(r, E\x\Ey, E\ 2 Eb)E,
=o(r,E\x\Es, E1xE5).
Then, we fix x;,x, € U and define a map | : EUE, — EUE, by

f(E\xEy) = o(E\xEy, E\x Ey, E\x;E>) for any x € U. We now prove that f is a bimodule
homomorphism. In fact,

T(Eyi EDE1XE)(Exya Ed)) = o (Exy E1xExy Es, Evx Ea, E1 o E))
= E10 (K (E\y1 E\XE>, Exy2 B, En, - -+, Ep), Ey X1 Ea, Ey X2 Er)E,
= K (0(ExV E1xE), E1x1 By, E1 o), EoyrEp, En, - -+, E»)
= E\0(E\y1E1xEs, Eyx\Ey, E1 2 Er)Eayr B
= E10 (K (E\V1Ey, E1XEd, En, -+ - Ed), Erx B, E1 o ER)Esyo By
= E\ Ky (E\Y\Ey, 0(E\xXEs, E\ X1 Eny E\ o Ed), By - -+, E2)Eono By
= Exn E10(E1xEy, E1x1Ey, E1x ) Eryo B
= By Eif(E1xEp)Exys By
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for any yy, y,, x € U. In view of assumption (1) and (3) in Proposition 3.8, there exist 8y € Z(E,UE,) =
7TA(.Z((L[)) such that O'(EIXEz, E1X1E2,E1X2E2) = ﬁoEl)CEz for any x € U. By Lemma 3.4 and Eq
(3.32), we have

0 =0 (Ky (E\XEy, EY1Ey, En, - -+ Ed), Ky (E1 X1 B, EN2EL By -+ ED), E1 o E))
= Kin (0(E1xEp, Kin, (E1x1Ey, Ex)2EL B, - - Ed), EyxoEn), ExYEy, -+ L ED)
= — EgnE10(E\xEy, K, (B X1 Es, E2 B, B, -+, E), E1 0 )
= — ExnE 1K, (0(E1XEs, By Es, By Er), Exo B B, -+ EQ)Es
= Exy\ExnE10(E\XEy, E1x Er, E1 0 ER)E
= Exy\Exn2E\BoE 1 XE,

for any x, y;,y, € U. From the faithfulness of the left E;UE,-module E,UE, and the assumption (4)
in Proposition 3.8, we get 5, = 0. Hence

O'(Elez,ElxlEz,E1X2E2) =0 (333)
for all x, x1, x, € U. Combining Eq (3.32) with Eq (3.33) gives
o(x, E1x1Es, E1x2E>) = 0

for all x, x;, x, € U. |

We now present the proof of Proposition 3.8.
Proof of Proposition 3.8

According to Lemmas 3.11-3.13, we have o(x, X2, x3) € Z(U). Then, together with Remark 3.10,
this yields Proposition 3.8.

Here, we present the main result of this subsection, namely, Proposition 3.14. Meanwhile, using
Proposition 3.8 as the inductive basis, we prove Proposition 3.14 by mathematical induction.

Proposition 3.14. Let U = E\UE, + E\YUE, + E;UE; be a t-torsion-free triangular ring, where
te{mi—1|i=1,---,n},andletd: UXUX--- XU — U (n copies) be an n-Lie (my,--- ,m,)-
derivation. Assume that:

1) ma(Z(U)) = Z(E\UE,) and np(Z(U)) = Z(ELUE).

2) At least one of the rings E\UE, and E;UE, is noncommutative.

3) Each bimodule homomorphism V) : E\XUE, — E\UE, is of the standard form.
4) If yE\xE, =0, where y € Z(EYUE), 0 # x € U, theny = 0.

Then every n-Lie (my,--- ,my,)-derivation 6 : U X U X --- X U — U (n copies) is of the form
1) = K + o, where K is an extremal  n-derivation such that
K(X1, X0, , X)) = [x1, [x0, -+, X0, O(ELL, Eqy -+ L ED] -+ 1] for all xi,x5,--+ ,x, € U and o is an
n-linear central mapping on U.

Proof. We employ mathematical induction on the index #n to establish the theorem. The validity of our
claim for the case n = 3 follows immediately from Proposition 3.8. For the inductive step, we postulate
that the statement holds for dimension n — 1. Our subsequent argument will demonstrate the truth of the
proposition for index n, thereby completing the inductive proof.
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Fixing elements x4, - - - , x, € YU, we define a 3-linear mapping 0y, ... », : U X U XU — U as follows
(dependent on elements x4, - - , X, € U):

Oy, (X1, X2, X3) = 6(X1, X2, X3, , Xp) (3.34)

for any xi, xp, x3 € U. It is obvious that 6,, ... ,, (x1, X2, x3) 1s a 3-Lie (m,, m,, m3)-derivation, and hence
by Proposition 3.8,

5(XI, X2, X3, 00, Xn) = 6)(4,-“ ,xn(xb X2, -x3)
= [x1, [x2, [x3, 0y o, (E1, Evy ED + 0y 1, (X1, X2, X3) (3.35)

= [xlv [x2’ [X3,5(E1,E1,E1,X4,-- : ’xn)]]] + 0-(x1,x2,X3,X4,"‘ ’-xn)

for any xi,x,,x3 € U, where 6y,.. . (E,E\,E)) € EYUE, + Z(U) coming from Eq (3.27),
O x,. x, (X1, X2, X3) 1 a 3-additive central mapping, and o-(x1, X2, X3, X4, "+ , Xp) = Oy, x, (X1, X2, X3).

In addition, with the help of an induction assumption for n — 1, it is clear that 6(E, x5, X3, -+ , X,,) 18
an (n — 1)-Lie (m,, - -+ ,m,_;)-derivation for any x; € U such thati € {2,--- ,n}, which implies that

5(E1’ X2y X3, X4y ® 0t ,Xn) = [XZ’ [.X3, [X4, T [Xn, 6(E1a e 9E1)] o ]]] + O-(Ela X, X3, Xg,y 00 * ,xn)
for any x,,--- ,x, € U, where 6(E,,- - , E;) € EYUE, + Z(U). Particularly,

O(E\,E\,Ey, x4, , %) = [EV, [Ey, [x4, - S [X0,0(E, -+ S ED] - ]+ 0(E ELEr Xg, 004 Xp)
= [x4, [xs, s [0, 0(EL, -+ S ED] -+ 1] + 0(Ey, Ey, Epy X, 00, X)

(3.36)
for any xy4, -, x, € U, where 8(Ey,--- , Ey) € E\XUE, + Z(U). It should be noted that in the above Eq
(3.25), we use the conclusion: For any x € U and ¢t € E\UE,, then the relation [x, ] € E,UE, always
holds. It follows from Eqgs (3.35) and (3.36) that

6(.X1,X2,X3,"' ’xn) = [-x17[-x2a"' ,[Xn,é(El,"' 7E1)]]] +0-(XI,"' ’xn)

for any xy, -+, x, € YU. Therefore the result for n is also established. Hence the theorem holds.

Here, we present the proof of Theorem 3.1.
Proof of Theorem 3.1

Note that the conclusion of Theorem 3.1 is divided into two parts: the case n = 2, which corresponds
to 2-Lie (m;, m,)-derivations, and the case n > 3, which corresponds to n-Lie (m;, - - - , m;)-derivations.
For these two cases, we provide corresponding answers in Propositions 3.2 and 3.14, respectively.
Therefore, Theorem 3.1 holds.

4. Main result: The maximal left ring of quotients

In Section 3, we investigated the structure of n-Lie (my,...,m,)-derivations on triangular rings
from the perspective of faithful bimodules. In this section, we work within the framework of Utumi’s
maximal quotient rings and characterize, under suitable conditions, the structure of n-Lie (my,...,m,)-
derivations on triangular rings. The results obtained in this section complement those in Section 3,
together providing a complete structural characterization of such mappings.

The main results are formulated as follows:
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Theorem 4.1. Let U be a t-torsion-free triangular ring, and let 6 : U X --- X U — U (n copies) be an
n-linear mapping acting as an n-Lie (my,my, - -+ ,my)-derivation, where t € {m; — 1 | 1 <i < n}. We
have the following hypotheses:

1) C(E\Qu(U)E, E\UE,) = C(U)E, and C(E2Qu(U)E,, E;UE) = C(U)E,.
2) Either E\XUC(U)E, or E;UC(U)E, does not contain nonzero central ideals.

Then

(i) when n =2, every 2-Lie (my, my)-derivation 6 : U X U — U is of the form
6(W’ h) = [Wa [h’ 5(E1’ El)]] + /IO[Wa h] + O-(Wa h)

forall w,h € U, where g € Z(U) and o : U X U — Z(U) is a central bilinear mapping;

(ii) when n > 3, every n-Lie (m;,my, - -- ,m,)-derivation 6 : U X --- X U — U (n copies) is of the
form
0 =K+ 0,
where k is an extremal n-derivation such that k(xy,- -+ ,x,) = K, 1(x1, -+, X, 0(Eq, -+ - , Ey)) for
all xy, xp,-++ ,x, € U and o is an n-linear central mapping on U.

The aforementioned theorem encompasses two distinct cases: 2-Lie (m;, m;)-derivations (when
n = 2) and n-Lie (my,...,m,)-derivations (when n > 3), which correspond to the conclusions of
Propositions 4.2 and 4.3, respectively.

We now proceed to investigate the case n = 2, which corresponds to 2-Lie (m;, m,)-derivations. The
central result of this subsection is the following structure proposition:

Proposition 4.2. Let U be a t-torsion-free triangular ring, and let § : U X U — U be a 2-linear
mapping acting as a 2-Lie (my, my)-derivation, where t € {m; — 1 | 1 <i < 2}. We have the following
hypotheses:

1) C(E\Qu(U)E,, E\UE,) = C(UE, and C(E2Q(U)E,, E;UE) = C(U)E,.
2) Either E\XUC(U)E, or E;UC(U)E, does not contain nonzero central ideals.

Then every 2-Lie (m, my)-derivation 6 : U X U — U is of the form
6(W7 h) = [Wa [h9 6(El9 El)]] + /IO[W7 h] + O-(Wa h)

forall w,h € U, where 1o € Z(U) and o : U X U — Z(U) is a central bilinear mapping.

Proposition 4.2 investigates the structure of bi-Lie (m,, m,)-derivations on triangular rings from the
perspective of maximal left ideal quotient rings. The proof is similar to that of Proposition 3.2, but with
some notable differences, which we will highlight in what follows.

Proof. A careful computation shows that Lemmas 3.3, 3.5, and 3.7 remain valid for Proposition 4.2. The
differences are concentrated in Lemmas 3.4 and 3.6. Accordingly, we present the relevant conclusions
in the form of claims.

Claim 1. With notations as above, we have

1) 6(E\WE\, E\hE>) = —6(E\hE,, E\WE}) = yoE\WE | hE>;
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2) 6(E]WE2,E2hE2) = —(5(E2hE2, E]WEz) = ’}/QE1WE2hE2

for all w, h € U and some y, € C(U).

Indeed, a detailed calculation confirms that the first 32 lines of the proof of Lemma 3.4 are necessary
and valid for the proof of conclusion (1) in Lemma 4.3. Therefore, as in Lemma 3.4, we define a
mapping d, by the same reasoning, and obtain that d is a left &/-module homomorphism. By virtue
of conclusion (3) in Proposition 2.1, there exists g € Q,,,(U) such that d(x) = xg for all x € E;U. In
particular, d(E;) = E1q = 0, which implies ¢ = E,q. Consequently, d(x) = xE,qE, for all x € E;U.

For any r € E;UE,, following the proof of Lemma 3.4, we see that the map d satisfies d(xr) = f(x)r
for all x € E{U. Hence, XE2VE2qE2 = XEquerz. It follows that €7/((E2}"E2qE2 - Equerz) =0 for
all r € U. Applying conclusion (3) of Proposition 2.1 again, we obtain E,rE,qE, = E>qE,rE; for all
r € E;UE,. Thus E>gE; € C(E,Q,,(U)E,, E;UE>), and therefore E,qE, € C(U)E,.

Set A = 7 (E,qE,). By conclusion (3) of Proposition 2.1, we have AE,xE, = xE,qE, for all
x € E\U. Hence Y(E,, E\xE;) = AE|xE, for all x € E;U. Consequently,

0 = yY(P.(E\,E\xXE\,Es, - ,E»), E1YE))
= P,(Y(E\, E\yE,), E\xE\,E,,- - ,E>) + Py(e,y(E\xE}, E\yE,), E,, - - , E»)
= —E\xE\y(E,, E\yE))E, + E\ Y(E\xE\, E\yE»)E,

for all x,y € U. From the above equation, we deduce that

l,ﬁ(El)CEl,ElyEz) = El)CEl lﬁ(E],ElyEz)Ez = /lEl)CE]yEz.

Similarly, there exists u € C(U)E; such that y(Ex, E|) = uE,xE, for all x € U.
We now prove that A = —u. A detailed computation running from line 57 from the end to line 6 from
the end of the proof of Lemma 3.4, together with Proposition 2, yields

(/1 + ,u)[EqulEl, El(L[El] =0.
This leads to

[((A+wWEUC(U)E,, E\UC(T)E, ] = 0.

Hence (4 + )EyUC(U)E, is a central ideal of E\UC(U)E,. Without loss of generality, we assume
that E;UC(U)E, contains no nonzero central ideals. Consequently, u = —A, which proves conclusion
(1). A similar argument establishes conclusion (2).

Claim 2. For any w, h € U, we have 6(E\wE,, E\hE,) = 0.

Indeed, based on the proof of Lemma 3.6 and following the treatment of the left Z/-module
homomorphism z and the right U/-module homomorphism z as in Lemma 4.3, we obtain the desired
conclusion.

To sum up, combining Lemmas 3.3, 3.5, and 3.7 with Claims 1 and 2, and employing the method
used in the “proof of Theorem 3.1,” we obtain Proposition 4.2. O

We now turn to the case n > 3, namely, the study of the structure of n-Lie (m;, - - - , m,)-derivations on
triangular rings with respect to the quotient ring of maximal left ideals. The main results are as follows:
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Proposition 4.3. Let U be a t-torsion-free triangular ring, and let 5 : U X - -- X U — U be an n-linear
mapping acting as an n-Lie (m,my, - -- ,m,)-derivation, wheret € {m; — 1 | 1 < i < n}. We have the
following hypotheses:

1) C(E\Qu(U)E,, E\UE,) = C(UE, and C(E2Q(U)E,, E;UE) = C(U)E,.
2) Either E\XUC(U)E, or E;UC(U)E, does not contain nonzero central ideals.

Then every n-Lie (my,mo, - - - ,my,)-derivation 6 : U X --- X U — U (n copies) is of the form 6 = k + o,
where k is an extremal n-derivation such that k(xy, xp, -+ , X,) = Kye1(x1, X2, -+ , X5, 0(Ey, -+ , EY)) for
all xy, x3,-++ ,x, € U and o is an n-linear central mapping on U.

To establish Proposition 4.3, we first analyze the structure of the 3-Lie (m;, m,, m3)-derivations,
which forms the induction basis for the proof of Proposition 4.3 by mathematical induction. The main
content is outlined as follows:

Proposition 4.4. Let U = E\UE, + E\YUE, + E;UE, be a t-torsion-free triangular ring with a
nontrivial idempotent E| and set 6 : U X U X U — U as an 3-Lie (m,, m,, m3)-derivation, where
te{m;—1]|1<i<3}. Assume that

(i) C(E\@Qu(TUNE |, E\UE,) = C(U)E, and C(E,Qu(U)E>, E;UE,) = C(U)E);
(ii) E\YUC(U)E, or E;UC(U)E, does not contain nonzero central ideals.

Then ¢ is of the form 6 = k + o, where k is an extremal 3-derivation such that

K(z1,22,23) = 21, [22, [23, 0(EY, Ey, EV)]]]

forall 21,725,723 € U and o is a 3-linear central mapping on U.

Proof. Through careful verification, it can be seen that the proof of Proposition 4.4 is highly similar to
that of Proposition 3.8. Lemma 3.9, Remark 3.10, and Lemma 3.12 remain valid in the triangular ring
under the quotient ring of maximal left ideals. Furthermore, it suffices to adjust the parts involving left
U-module homomorphisms and right Z/-module homomorphisms in Lemmas 3.11 and 3.13 according
to the treatment of Claims 1 and 2 in the proof of Proposition 4.2. In this way, these two lemmas also
hold in the triangular ring under the quotient ring of maximal left ideals. Consequently, Proposition 4.4
is established. O

Proof of Proposition 4.3
By virtue of Proposition 4.3, we know that the 3-Lie derivation ¢ is of the form 6 = k + o, where « is
an extremal 3-derivation such that

k(z1,22,23) = [21, [22, [23, 0(EY, E1, EV)]]]

for all z1, 25,23 € U and o is a 3-linear central mapping on U. This result forms the basis for proving
subsequent conclusions by mathematical induction. Accordingly, through careful verification, the proof
of Proposition 3.14 remains valid for the argument based on Proposition 4.3. Therefore, Proposition 4.3
is established.

Based on Propositions 4.2 and 4.3, we now present the proof of Theorem 4.1.
Proof of Theoremn 4.1

From the above discussion, it follows that the conclusions of Propositions 4.2 and 4.3 correspond to
conclusions (1) and (2) of Theorem 4.1, respectively. Hence, Theorem 4.1 is established.
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5. Applications

From both the perspective of faithful bimodules and the quotient rings of maximal left ideals,
investigating the structure of n-Lie (my,--- ,m,)-derivations on triangular rings holds significant
theoretical applications. This paper elaborates on its contributions from two aspects: first, the diverse
mapping structures encompassed by n-Lie (my,---,m,)-derivations, and second, the canonical
examples of triangular rings, such as upper triangular rings and nest algebras defined on Hilbert spaces.

We begin by presenting the novel results derived from our main theorem. In the context of faithful
bimodules, we characterize the structure of n-Lie (m;, - - - , m,)-derivations on triangular rings, as stated
in Theorem 3.1. Its essence is synthesized from Proposition 3.2 (concerning 2-Lie (m;, m,)-derivations)
and Proposition 3.14 (concerning n (n > 3)-Lie (my, - - - , m,)-derivations). Consequently, the following
two theorems are immediately obtained, each delineating the structure of 2-Lie m-derivations and
n-Lie m-derivations, respectively. These correspond to special cases of n-Lie (my, - - - , m,)-derivations—
specifically, 2-Lie m-derivations arise when n = 2 and m; = m,, while n-Lie m-derivations emerge for
arbitrary integers n > 2 under the condition m; = - - - = m,,.

Theorem 5.1. Let U be an (m — 1)-torsion-free triangular ring, and let 6 : U X --- XU — U (n copies)
be an n-linear mapping acting as an n-Lie m-derivation. We have the following hypotheses:

1) 75 (ZOU)) = Z(EVUED) and mpu(Z(U)) = Z(ESUED).

2) At least one of the algebras E\UE | and E;UE, is noncommutative.

3) Each bimodule homomorphism w : E\UE, — E\UE, is of the standard form.
4) If ya =0, where y € Z(E\UE), 0 # a € E\UE, theny = Q.

Then
(i) when n = 2, every 2-Lie m-derivation 6 : U X U — U is of the form
5(W9 h) = [W’ [h’ 6(El9 El )]] + /IO[W’ h] + O-(Wa h)

forall w,h € U, where g € Z(U) and o : U X U — Z(U) is a central bilinear mapping;

(ii) when n > 3, every n-Lie m-derivation 6 : U X --- X U — U (n copies) is of the form § = k + T,
where k is an extremal n-derivation such that k(x1, X2, -+ , X,) = K, .1(x1, X2, - -+ , X, 0(E1, -+ , E}))
forall xy,x,,- -+ ,x, € U and o is an n-linear central mapping on U.

The conclusions (1) and (ii) in Theorem 5.1 precisely align with the study of 2-Lie m-derivations [15]
and n-Lie m-derivations [16] on triangular rings conducted by Liang and coauthors [15, 16] using
the quotient rings of maximal left ideals. This complements the previous gap in characterizing such
derivations via the faithful bimodule structure. Moreover, Theorem 3.1 extends the results of Liang et
al. [9] concerning Lie biderivations and the structure of n-Lie derivations investigated by Jabeen [10].

Theorem 4.1 serves as another key result in this paper, examining the structure of n-Lie
(my,my,--- ,m,)-derivations on triangular rings from the perspective of quotient rings of maximal left
ideals. Under appropriate conditions, we prove that every n-Lie (m,my,--- ,m,)-derivation
decomposes into the sum of an extremal n-derivation and an n-linear central mapping. This generalizes
several noteworthy findings, including Jabeen’s characterization of bi-Lie derivations [10], Liang and
Zhao’s work on bi-Lie n-derivations [15], and Liang and Guo’s results on n-Lie m-derivations [16].
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It is worth noting that, whether approached via faithful bimodules or quotient rings of maximal left
ideals, the structure of n-Lie (m, m,, - - - ,m,,)-derivations we characterize remains consistent (Theorem 3.1
corresponds to the faithful bimodule setting, while Theorem 4.1 pertains to the quotient ring framework).
Nevertheless, these intriguing results do not overshadow the intrinsic algebraic structure of triangular
rings. As canonical examples of triangular rings—upper triangular matrix rings and nest algebras defined
on Hilbert spaces—play a fundamental role, we further derive the following two corollaries.

By virtue of [16, Corollary 3.8.] and [15, Corollary 3.1.], the triangular matrix ring 7,,,(R)(m > 3)
fulfills hypotheses (1) and (2) of Theorem 4.1, and consequently the subsequent corollary is obtained in
a natural manner.

Corollary 5.2. Let T,,(R) be an upper triangular matrix ring with m > 3, where R be an unital ring. If
an n-linear mapping 6 : T,,(R) X T,,(R) X - - - X T),(R) — T,,(R) (n copies) be an n-Lie (my,my, - -+ ,m,)-
derivation of T,,(R).

(i) If n = 2, then it has the form ¢ = + 6 +y, where 6 : T,,(R) X --- X T,,(R) — T,,(R) is an inner
biderivation, { : T,,(R) X T,,(R) — T,(R) is an extremal biderivation, and vy is a bilinear central

mapping.

(ii) If n > 3, then ¢ = 6 + vy, where 6 is an extremal n-derivation such that 6(xi, xp,--- ,m,) =
Koo (x1,x0,+++ , x5, 0(Ey, -+ ,EY)) for all x\,x3,--- ,x, € T,(R) and vy is an n-linear central
mapping.

For the algebra of nest algebras T'(/V), we obtain the following results:

Corollary 5.3. Let N be a nest of a Hilbert space H with dim(‘H) > 3. If an n-linear mapping
0:T,(R)XTu(R)x--XTu(R) — T,(R) (n copies) be an n-Lie (m,m,, - - - ,m,)-derivation of nest
algebras T(N):

(i) If n = 2, then it has the form ¢ = {+5+7y, where 6 : TIN)XT(N) — T(N) is an inner biderivation,
(:TIN)XT(N) — T(N) is an extremal biderivation, and vy is a bilinear central mapping.

(ii) If n > 3, then ¢ = 6 + 7y, where 6 is an extremal n-derivation such that 6(xy, Xy, -+ ,X,) =
Koo (x1, %2, , X, 0(Ey, -+, EY)) forall xi, x5, -, x, € U and y is an n-linear central map.

Within the paradigms of [10,15,16], conclusions [15, Corollary 3.1, Corollary 3.2], [16, Corollary 3.8,
Corollary 3.9] and [10, Corollary 3.3, Corollary 3.4] constitute specialized manifestations of Corollaries
5.2 and 5.3.

6. Topics for further research

The main work of this paper investigates the structure of n-Lie (m, my, - - - , m,)-derivations from
the perspectives of faithful bimodules and maximal left ideal quotient rings. Under relatively general
conditions in each context, the following conclusions were obtained: When n = 2, every biderivation can
be decomposed into the sum of an inner biderivation, an extremal biderivation, and a bicentral mapping;
when n > 3, every n-Lie (m;,m,,--- ,m,)-derivation can be expressed as the sum of an extremal
n-derivation and an n-linear mapping. From the perspective of Peirce decomposition, triangular rings
admit a natural generalization, namely, a unital associative ring G with a nontrivial idempotent e¢; and
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the identity element /. It is clear that the element e, = I — ¢; is also a nontrivial idempotent of G.
Consequently, according to Peirce decomposition, the unital ring G admits the decomposition

G = e Ge| D e Ge, ® erGe @ erGe,.

In recent years, numerous scholars have examined various mapping structures on such unital rings G
under the condition
e1xe1Ge, = {0} = e;Ge xe; implies e xe; = 0,
ey xe,Ger = {0} = e;Gey xe, implies e xe, = 0,

including Lie triple derivations [17], nonadditive commuting mappings [18], and nonlinear generalized
Lie n-derivations [19]. Particularly noteworthy are the Jordan biderivations studied by Bahmani et
al. [20] and the biderivations investigated by Du and Wang [21]. Building upon [20,21] and Theorem
3.1, we naturally pose an open question:

Question 6.1. How can we characterize the structure of n-Lie (m;, - - - , m,)-derivations on unital rings
with nontrivial idempotents G?

This constitutes an intriguing open problem. Its resolution would not only advance the field but
also, using the present study as a foundation, generate a series of meaningful follow-up questions for
further research.

7. Conclusions

In this paper, we have explored the structure of n-Lie (m, ..., m,)-derivations on triangular rings
from two different viewpoints: the faithful bimodule property and the quotient ring of a maximal left
ideal. Under certain conditions, we show that every 2-Lie (m,, m,)-derivation can be decomposed into
the sum of an inner derivation, an extremal biderivation, and a bilinear central map. Moreover, using
mathematical induction, we prove that for n > 3, any n-Lie (my, ..., m,)-derivation can be expressed as
the sum of an extremal n-derivation and an n-linear central mapping. Remarkably, our findings indicate
that these structural decompositions remain unchanged regardless of whether the faithful bimodule
approach or the maximal left ideal quotient ring framework is employed. As important consequences,
we derive explicit structural characterizations of n-Lie (my, . .., m,)-derivations on upper triangular rings
and nest algebras. Furthermore, our study provides several interesting extensions and generalizations of
previously known results in this field.
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