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Abstract: In this paper, we study nonlinear partial differential systems that describe surfaces of
constant curvature. From the flatness condition of connection 1-forms, we present a classification of
Camassa-Holm-type systems of the form

U — Uy = F(x, tyu tty, ..., 0"u/07,v,vy, ..., 0"/[0)),
Vi = Ve = GOX, U, uy, ..., 0" U/ O, v, vy, ..., 0"V]0Y),

with m,n > 2 and F, G smooth functions, describing pseudospherical or spherical surfaces. We also
establish classification results for a special type of third-order system. Applications of these results
provide new examples of such systems, including the Song-Qu-Qiao system, the Xia-Qiao-Zhou system,
and the two-component modified Camassa-Holm system. Furthermore, we construct the nonlocal
symmetry for the Xia-Qiao-Zhou system from the gradients of the spectral parameter. By introducing
an appropriate pseudo-potential, we prolong the nonlocal symmetry to an enlarged system and calculate
the corresponding finite symmetry transformation. On this basis, we derive nontrivial solutions to the
Xia-Qiao-Zhou system.

Keywords: Camassa-Holm-type equation; pseudospherical surfaces; nonlocal symmetry; finite
symmetry transformation; bi-Hamiltonian structure

1. Introduction

The concept of differential equations that describe pseudospherical surfaces was first introduced
by Chern and Tenenblat [1], building on an earlier observation by Sasaki [2]. He noted that all
1 + 1-dimensional soliton equations solvable by the AKNS 2 X 2 inverse scattering method describe a
pseudospherical surface. A classical example is the sine-Gordon (SG) equation, originally discovered
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by Bour [3]. Subsequent works have significantly deepened the understanding of such equations, as
displayed in [4-7].

The study of differential equations describing pseudospherical or spherical surfaces holds consid-
erable theoretical and practical importance in mathematics and physics [8]. Such equations can be
analyzed using geometric methods, especially for their integrability conditions, which are linked to
sl(2, R)-valued or su(2)-valued linear problems, allowing the construction of solutions via the inverse
scattering method [9]. Moreover, generic solutions for these equations provide metrics on non-empty
open subsets of R? with Gaussian curvature K = —1 or K = 1.

In 2002, Ding and Tenenblat [10] extended the notion of differential equations describing pseudo-
spherical or spherical surfaces to differential systems that describe pseudospherical or spherical surfaces,
providing a general characterization of evolution systems that describe pseudospherical or spherical
surfaces. Specifically, they classified all differential systems of the form

{ut =~V + Hy(u,v)u, + Hip(u, v)vy + Hiz(u, v), (1)

Vi = Uy + Hoy(u, v)uy, + Hyp(u, v)v, + Hy(u, v),

which describe n-pseudospherical or n7-spherical surfaces. As applications, several significant equations
were derived, including the nonlinear Schrodinger (NLS) equation, the Heisenberg ferromagnet (HF)
model, and the Landau-Lifschitz equation.
In 2022, Kelmer and Tenenblat [11] established classification results for systems of partial differential
equations of the form
{u, =F(u,u.,v,v,), (12)

v = G(u, Uy, v, vy),

describing pseudospherical or spherical surfaces. These systems contain generalizations of a Pohlmeyer-
Lund-Regge-type system and the Konno-Oono coupled dispersionless system. More recently, the
same authors [12] characterized systems of partial differential equations describing pseudospherical or
spherical surfaces of the form

{ux, = F(u,uy,...,0"u/0,v,vy,...,0"v/[07), (13)

Ve = G, Uy, ..., 0"u/O v, vy, ..., 0"V]DY),

where n,m > 2 and F, G are smooth functions. Notable examples include the vector short-pulse and its
generalizations.
Kelmer [13] further investigated systems of third-order evolution equations of the form

(1.4)

Uy = F(x9 L, Uy Uyy Uyyy Uyxxs Vs Vs Vixs Vxxx)»
Vy = G(X, 1, Uy Uyy Uyyy Uxxxs Vs Vs Vs vxxx)a

describing pseudospherical or spherical surfaces. Applications of these results yield new families of
such systems, including the coupled Korteweg-de Vries (KdV) system, the modified KdV (mKdV)-type
systems, and the third-order NLS-type systems.

Over the past three decades, the Camassa-Holm (CH)-type equations have been among the most
widely studied integrable systems [14—16]. While significant progress has been made in understanding
CH-type equations that describe pseudospherical or spherical surfaces [17—19], much less is known
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about CH-type systems. Nevertheless, some references do exist concerning the classification of two-
component CH-type systems [20,21]. On the other hand, it has been established that the geometric
approach, used to determine whether a given differential equation describes pseudospherical or spherical
surfaces, can be extended to systems of differential equations. It is therefore of considerable interest to
investigate whether CH-type differential systems can describe pseudospherical or spherical surfaces,
and whether their integrability admits a geometric interpretation via an sl(2, R)-valued linear problem.
Inspired by these questions, this paper aims to classify systems of partial differential equations of the
following form:

U — Uy = F(x, tyu g, ..., 0"u/07,v,vy, ..., 0"v/[0), L5

V= Ve = GOX, LU, ty, ..., 0" U/, v, vy, ..., 0"V]DY), (13)

which describe pseudospherical or spherical surfaces, with m,n > 2, for F', G smooth functions. The
classification problem corresponds to determine the system (1.5) admitting 1-forms

w; = fadx+ fadt, 1<i<3, (1.6)

where coefficient functions f;; = fi;(x,t,u, uy,...,0"u/0¢, v, vy, ...,0"v/0}) satisfy a particular system
of equations.

In this paper, we show families of systems of partial differential equations contained in classification
theorems. For example:
(1) The Song-Qu-Qiao system [22-24]

Uy — Uyxt = [(l/l - Mxx)(uxvx — UV + Uvy — I/th)]x, (1 7)
Vi = Vi = [(V = Vi) @V — uv + uvy — uyv)],. '
(i1) The Xia-Qiao-Zhou system [25-27]
1 1
Uy — Uy = —[(I/t - uxx)(uv - uxvx)]x - —(M - uxx)(uvx - Mxv),
2 2
1 1 (1.8)
Vi = Vyxr = 5[(‘) - Vxx)(uv - Mxvx)]x + E(V - Vxx)(uvx - l/le).
(i11) The CH-type system [27]
U — Uy = _E(u - Mxx)(u - ux)(v + Vx)’
1 (1.9)
Vi = Vo = E(V = Vo) = u)(v + vy).
(iv) The two-component modified CH system
1
Uy — Uyxy = — [(5(”2 + VZ - M)ZC - V)Zc) + (MVX - Mxv)) (” - uxx)] - zux’
o (1.10)

1
Vi Vi = = [(E(uz + V2=l =) + (v, ~ uw)) (v vxx)] - 2v,.

X

In the study of integrable equations, nonlocal symmetries mean infinitesimal symmetries nontrivially
depending on potentials or pseudo-potentials [28—-30]. Nonlocal symmetries with pseudo-potentials
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were calculated for the CH equation [31], the modified CH equation [32, 33], the 2-component CH
equation, 2-component generalization of the modified CH equation [34], etc. Inspired by these works,
we want to explore nonlocal symmetries of the Xia-Qiao-Zhou system (1.8), which is an isospectral
flow of a linear spectral problem and admits a bi-Hamiltonian structure. Thus, its spectral parameter is
treated as a conserved quantity. For any Hamiltonian system, the Hamiltonian operator maps gradients
of conserved quantities into its infinitesimal symmetry. Therefore, applying the Hamiltonian operator to
the gradients of the spectral parameter produces nonlocal infinitesimal symmetries depending on the
eigenfunctions of linear spectral problems. By means of this approach proposed in [30], we calculate the
nonlocal symmetry for the Xia-Qiao-Zhou system (1.8) and prolong it to an enlarged system (consisting
of this system, its linear problem, and equations defining an auxiliary pseudo-potential), from which we
generate a finite symmetry transformation for the enlarged system. For further applications, we derive
nontrivial solutions for the system (1.8).

The remainder of this paper is organized as follows. In Section 2, we give a brief review in some basic
results concerning the systems of partial differential equations related to pseudospherical or spherical
surfaces, in terms of linear problems associated to sl(2, R)-valued connection 1-form w;. The main
results for classification will be shown in Section 3, Theorems 3.4-3.7, with explicit examples such as
the Song-Qu-Qiao system, the Xia-Qiao-Zhou system, and the two-component modified CH system.
The nonlocal symmetry and nontrivial solutions for the Xia-Qiao-Zhou system are presented in Section 4.
The last section is left for conclusions.

2. Preliminaries

In 1979, Wadati et al. [35] studied the inverse scattering problem

Fap  Hapg(x, 1) )
V.=XV, X-= , 2.1
( Hapr(et)  —FGp @D
and the time evolution of the eigenfunctions
A(n.q,r)  B(p,q,7) )
V,=TV, T= , 2.2
f ( COng.r) ~AG1.q.7) 22

with V = (v;,v)! and v; = v;(x, ). By imposing the compatibility condition V,; = V,, and assuming
that the eigenvalue 7 is invariant, we obtain zero curvature representation [36]

X, -T,+XT-TX =0, (2.3)
which leads to the system for the functions A(n, ¢, r), B(n,q,r), and C(n, q, r)

A, + HrB-¢qC) =0,
Hg, — B, — 2FB — 2HgA = 0, 2.4)
Hr, - C, +2FC + 2HrA = 0,

Using exterior calculus, the inverse scattering problem (2.1) and (2.2) is reformulated as a completely
integrable linear system
dv =QYV, (2.5)
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where Q is a traceless 2 X 2 matrix given by the sl(2, R)-valued 1-form

1 _
Q== ( @@ “’3), (2.6)
w1 + w3 —W)
with the associated 1-forms w; defined by

w; =H@r+q)dx+ (B+C)dt,

wy =2F dx + 2A dt, (2.7)

w3 =H(r—q)dx+ (C - B)dt.
The integrability condition for (2.5) is

dQ-QANQ=0, (2.8)

which is equivalent to the following relations:

da)1 = w3 A Wy, d(,t)z = w N\ w3, da)3 = wi N\ wy. (29)

In solving (2.4) or (2.8) for the functions F, H, A, B, and C, it is generally necessary to satisfy an
additional partial differential equation.

Suppose § is a two-dimensional Riemannian manifold endowed with a coframe {w;, w,} dual to an
orthogonal frame {e;, e;}. The metric on S can be expressed as g = w% + w%. The first two equations
in (2.9) are the structure equations determining the connection form ws := wj,, while the last equation
in (2.9), known as the Gauss equation, implies that the Gaussian curvature of S is -1, meaning S is a
pseudospherical surface.

Definition 2.1. A system of partial differential equations for scalar functions u(x, t) and v(x, t) is said

to describe pseudospherical surfaces (6 = 1) or spherical surfaces (6 = —1) if it is equivalent to the
structure equations of a surface with Gaussian curvature K = =1 or K = 1, say,
dw; = w3 A wy, dwry = w; Aws, dws= 0w A wy, (2.10)

where {w;, w,, w3} are I-forms w; = fidx + fodt, 1 < i <3, with w; A wy # 0, and the coefficient
functions fj, j = 1,2 depend on x, t, u(x,t), v(x, 1) and its derivatives with respect to x and t.

Remark 2.2. The 2 x 2 matrix Q is not unique for linear problem (2.5), and the integrability condition
(2.8) is invariant under the gauge transformation [2]

Q- Q =dAA™ + AQA™, (2.11)

with A being a 2 X 2 matrix satisfying detA = 1. In fact, choosing

V2 (-i 1
A= - ( | —i) , (2.12)
we have the su(2)-valued I-form
_ 1 iw3 w) — ia)z
Q= 2 (wl +iw, —iws |’ 2.13)
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Remark 2.3. Note that the local isomorphism between S L(2,R) and S O(2, 1) provides the Lie algebra
isomorphism so(2, 1) = sl(2,R), and the local isomorphism between S O(3) and S U(2) provides the Lie
algebra isomorphism s0(3) = su(2) [11]. Hence, we find so(2, 1) (resp. s0(3))-valued 1-form

_ 0 w1 W)
Q=|6w; 0 (w3, (2.14)
6(1)2 —W3 0
withd =1 (resp. 6 = —1).

Currently, numerous systems of partial differential equations are known to describe pseudospherical
or spherical surfaces. A classical example of a differential system that describes pseudospherical surface
1s the defocusing NLS ~ equation [10]

U+ vy — 2> + vy =0,
(2.15)

—V 4 Uy — 2 +V)u =0,
with associated 1-forms
w; =2udx —2Q2nu + v,) dt,
wy; = —2vdx +2(2nv — u,) dt, (2.16)
ws = 2ndx = 2Q20% + u* +Vv*) dt,
where 17 € R is a spectral parameter. Indeed, the system (2.15) is equivalent to the structure equations (2.10)
with 6 = 1.
On the other hand, a well-known example of a differential system describing spherical surfaces is the
focusing NLS* equation [10]

(2.17)

U+ v + 2> + vy =0,
—V 4 Uy + 2 +Vu =0,

with associated 1-forms
wi =2vdx —2(2nv — u,) dt,

wy = 2ndx = 22n° — u* — V¥ dt, (2.18)
w3 = 2udx +2Q2nu + v,) dt,
where 17 € R is a spectral parameter. In fact, the system (2.17) is equivalent to the structure equations (2.10)
with 6 = —1.
Hereafter, for the convenience of discussion, we adopt the notation

ou *u »u o"u
Uy =—, U=, U3 ==, ..., Uy= ,
PTax T ok T ax3 " Oxm (2.19)
v 0%y v oy
Vi=E—, V=7, V3= 7=, ..., V= .
PTaxT P ax T ax oo
3. Classification results and examples
The present section will concentrate on the classification of the system of type
U —upy = F(x,t,u Uy, oo Uy Vi Vi ey Vi), G.1)
Vt_vz’[:G(.x,t,u,ul,...,um,v,VI,...,Vn), .
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with m,n > 2, which describes pseudospherical or spherical surfaces. To this end, we assume the
coeflicient functions f;; depend on (x, ¢, u,uy, ..., Uy, v,vi,...,Vv,) and the following generic condition:

(F,

Un

+G, )F; +G)#0, 3.2)

up to a subset of measure zero. This condition is not particularly restrictive and ensures that the
system (3.1) depends on u,, and v,. In other words, up to a change of variables, the system (3.1) cannot
be reduced to one of lower order.

Motivated by the concept of a differential system describing n-pseudospherical or n-spherical surfaces,
as introduced by Ding and Tenenblat [10], we further assume that at least one of the functions f;;, for
i =1,2,3, satisfies f;; = n € R. Observe that the structure equations (2.10) remain invariant under the
transformation

W) > wy, W) > wy, W3 —ws. (3.3)

Consequently, the case fj; = n can be transformed into the case f,; = n. Although both cases yield the
same systems describing pseudospherical or spherical surfaces, their associated linear problems may
be different.

3.1. Classification theorems

In this subsection, the main classification results are summarized successively in Theorems 3.4-3.7.
These theorems rely on Lemma 3.1 below, which establishes existence conditions for the functions f;;, F,
and G, guaranteeing the corresponding equation that can describe pseudospherical or spherical surfaces.

Lemma 3.1. The necessary and sufficient conditions for a system of partial differential equations (3.1)

to describe a pseudospherical surface (6 = 1) or spherical surface (6 = —1), with coefficient functions
fij = fiijx t,u,ug, .o U, v, V1, L, V), are given by
ﬁl,u + ﬁl,uz = O’ fil,v + ﬁl,vz = O, 1<i< 3, (34)
ﬁl,uk :ﬁl,v, :Oa fiz,u,,, :fi2,v,, :O’ k: 1’3’4"'9m’ l: 1’334’-'-511’ (35)
2 2 2

fllu fllv fZlu fZlv fllu fllv
’ Yo+ ’ o+ 1 #0, 3.6
f21,u f21,v ﬁl,u ﬁl,v f31,u f31,v ( )
—fire = fuul = f11,G + Dy fio = farfoo + fr2fo1 =0, 3.7
—fios = forul = 215G + Dy foo = fi1f32 + fiof31 = 0, (3.8)
—f1 = Biul = 1,G + Dy f3o =6 fi1foo + 0 f12fo1 = 0, (3.9)
Sfirf2 = fizfar # 0. (3.10)

Proof. Let u(x,t) and v(x,t) be smooth solutions to system (3.1). Then, from (2.19), we obtain

du Ndx = —Fdx A dt + du, A dx, dup A dt = updx A dt, 0<k<m-1,

3.11
dv ANdx = —-Gdx A dt + dvy A dx, dv; Adt = vidx A dt, 0<l<n-1. ( )
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Since the coefficient functions f;j depend on (x,t,u,uy, ..., Uy, v, vi,...,V,), the exterior derivatives of
the 1-forms w; are

m—1 n—1
dw; =| fou = frs = FraF = f10G + D et o + ) Vier fiow | dx A dt
k=0 =0

+ (fitu + fitw) dus Adx + Z St dug A dx + (firy + firn,) dva Adx (3.12)

k=1
le#2
# > Fr @ AdX + fo, dity Adt + fo, dvy A dt.
2
Requiring that the 1-forms w,, w,, and ws satisfy the structure equations (2.10), and setting the
coefficients of all independent 2-forms to zero, we deduce conditions (3.4) and (3.5) along with

m—1 n—1

Siox = fie = fird = [, G+ Z U1 f12, T Z Visrfizw — fifae + f32f21 =0, (3.13)
k=0 =0
m—1 n—1

Joox = fiog = forul = f21,G + Z Ups1 f22, + Z Visrfoow, — fiifsz + fizfz1 =0, (3.14)
k=0 =0

m—1 n—1
Fox = [y = [k = [£1,G + Z Uer1 f3,, + Z Vier f320 — 0fi1for + 0 f12fo1 = 0. (3.15)
=0 1=0

Expressing these in terms of total derivatives with respect to x, we get Egs (3.7)—(3.9). The constraint (3.6)
is necessary to determine F and G uniquely from Eqs (3.13)—(3.15). Moreover, condition (3.10) ensures
the existence of a metric defined on an open subset of R?.

The converse follows by direct computation. m|

Corollary 3.2. Under the conditions of Lemma 3.1, the coefficient functions f;, fori = 1,2,3, are
differentiable in the variables (x,t,u — u,,v — v;) and satisfy fii, = —fau, # 0and fi, = —fiu., # 0.

Corollary 3.3. For the system (3.1) describing pseudospherical surfaces (6 = 1) or spherical surfaces
(6 = —1) with coefficient functions f;; satisfying (3.4)—(3.10), it is necessary that

F =F, + Fu, + F3v,,
(3.16)
G =Gy + Gy, + Gy,
where F,, G,, for p = 1,2,3, are smooth functions of the variables (x,t,u,uy, ..., Un_1,V, Vi, ..., Vy_1).

Proof. Differentiating Eqs (3.7)—(3.9) twice with respect to u,, and v,, and making use of condition (3.6),
we conclude that F and G must be linear in u,, and v,,. O

The following theorems provide a classification of the system (3.1) in terms of four arbitrary smooth
functions satisfying certain generic conditions. The results are presented separately for pseudospherical
or spherical surfaces, with complete proofs provided for each case.
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Theorem 3.4. A system of partial differential equations of the form (3.1), satisfying (3.2), describes

pseudospherical surfaces (6 = 1) or spherical surfaces (6 = —1) with coefficient functions f;;
satisfying (3.4)—(3.10) and with f>1 = n € R if and only if it can be written as
Uy _ uz,t _ i hv _gV _gt + D)CL_ hM + 77N (3 17)
vi)] \v )~ W\-h, g.)\-h +D.N-5gM+6nL) '

where g = g(x,t,u,uy,v,v;), h = h(x, t, u, uy,v,v,) are smooth functions such that W := g,h, — g,h, # 0,
L = Lx,t,u,uy,...,Up_1,VsVi,..., Voo1), and M = M(x,t,u,uy, ..., Uu_2,V,V1,...,V,_2) are smooth
functions satisfying gM — nL # 0 and the generic condition

(L,  +N; (L. +N; )#0, (3.18)

Um-1 Um—1 Vn-1

with
1
N := -
8
Moreover, the coefficient functions f;; are given by

(DM + hL). (3.19)

fi=g, fia=1L,
1 =n, f2 =M, (3.20)
f31 = h, f32 = N.

Proof. By Corollary 3.2, the functions fi, and f3, depend on the variables (x,t,u — u,,v — v,). Ac-
cording to Lemma 3.1, the coefficient functions f;; satisfy (3.4)—(3.10), and each f;, depends on
(G, t Uy Uy oy U,V V1, .., Vy) for @ = 1,2, 3. Condition (3.6) simplifies to

W= fll,uf31,v - fll,vf31,u * 0. (321)

Under this condition, Eqs (3.7) and (3.9) can be expressed in matrix form as

(F) _ 1 ( Sy _fll,v)( —fire + Difio = fsifa + 152 ) (3.22)
G| W\-fiu  Siu )\=f1e+ Difo = 6firfor + 0nfia) '

Furthermore, Eq (3.8) becomes
Dy fn = fitfs2 + fizfs1 = 0. (3.23)

Differentiating Eq (3.23) with respect to u,, and v, yields

Fo20m = S22, =0, (3.24)
which implies that f», depends only on (x,t,u,uy,...,Uy_2,V,V1,...,V,2). Since fi; # 0, it follows
Jfrom Eq (3.23) that

1
fr = f—(Dxfzz + fizf31)- (3.25)
11

Let g = fi1, h = f31, L = fio, M = f», and N = f3;. Then condition (3.10) is equivalent to gM —nL + 0,
and the generic condition (3.2) reduces to (3.18).
The converse follows by direct computation. O
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Theorem 3.5. A system of partial differential equations of the form (3.1), satisfying (3.2), describes

pseudospherical surfaces (6 = 1) or spherical surfaces (6 = —1) with coefficient functions f;;
satisfying (3.4)—(3.10) and with f3; = n € R if and only if it can be written as
U U 1 hv —8v _gt+DxL_nN+hM
- == , (3.26)
Vi Vo w\-h, g, )\-h+DN—-gM+nL
where g = g(x,t,u,uy,v,v), h = h(x,t,u,u,v,v,) are smooth functions such that W :=
gh, —gh, # 0, L = L(x,t,u,uy,...,Up_1,V,V1,...,V,_1) IS a smooth function, and M =
M(x,t,u,uy,...,Uy2,V,V1,...,V,_2) IS a non-constant smooth function satisfying the generic condition
(Lim—l + N’fm—l)(Lgn—l + N‘%n—l) i 0’ (3'27)
with |
N := —(6D .M + hL). (3.28)
8
Moreover, the coefficient functions f; are given by
fii=g fiz =1L,
fi=h,  fn=N, (3.29)

‘]%l:n’ ,ﬁ’)ZZM

Proof. It follows from Corollary 3.2 that the functions fi, and f>, depend on the variables (x,t,u —
U,V — V). By Lemma 3.1, the coefficient functions f;; satisfy (3.4)—(3.10), and each f;, depends on
(X, t,uy Uy ey Uy 1,V V1, ..., V) fori = 1,2,3. Condition (3.6) becomes

W = firufary — fuinforu # 0. (3.30)

Under this condition, Eqs (3.7) and (3.8) are equivalent to

(F) _ 1 ( fory _fll,v) (_fll,t + Dy fio = nfn + f21f32) 3.31)
G| W\-fuu firu )\~fors + Difor = firfo + nf12) '

Furthermore, Eq (3.9) simplifies to

D, fx — 6fi1for + 6 f12fo1 = 0. (3.32)

Differentiating Eq (3.32) with respect to u,, and v, gives

féZ,um_| = f32,vn_| = O' (333)

Thus, the function f3, does not depend on u,,_\ and v,_;. In addition, since fi, # 0, it follows from (3.32)
that

1
S = E(5Dxf32 + fiafa1)- (3.34)

Let g = fi1, h = fo1, L = fia, N = fo, and M = f3,. From condition (3.10), we derive DM = 0,
implying that M cannot be a constant. Finally, the generic condition (3.2) reduces to (3.27).
The converse follows by direct computation. O
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Motivated by the Song-Qu-Qiao system [23], the following two theorems address third-order systems
of partial differential equations of the form

{ut — Uy, = Ay(u,uy, v, vi)uz + Bi(u, uy, up, v, vy, v2), (3.395)

V= Vo, = Ap(u, up, v, vi)vs + By(u, uy, uz, v, vy, v2),

where A,(u, uy,v,vi) # 0, B,(u,ui,ur,v,v1,v2), p = 1,2 are smooth functions. These results will
determine whether such systems describe pseudospherical or spherical surfaces, under the assumption
that the coefficient functions f;; do not depend explicitly on the independent variables x and ¢. As in
previous classifications, two cases are considered: f>; = n and f3; = 1. Note that in both cases, the
third-order coeflicients must be the same, namely, A; = A,.

Theorem 3.6. A third-order system of partial differential equations of the form (3.35) describes
pseudospherical surfaces (6 = 1) or spherical surfaces (6 = —1) with coefficient functions f;;
satisfying (3.4)—(3.10) and with f,;, = n € R ifand only if Ay = A, := A(u,u,,v,v), and the system
takes the form

U; _ I/tg’t _A usz _ DxA ghv_hgv —A Z3] +i thxLl —gvaNl
vi) i) s w \-gh, + hg, vi]  W\-h,D,L; + g,D,N;
A+ M ((R* -6¢%),\  n ((6gLy = hN)),,
2w \(6g? - hD.) W \(hNy = 6gL)w, )’

where g, h are smooth functions of (u — uy,v — v,) such that W := g,h, — g,h, # 0, L;, Ny, and M are
smooth functions of (u, uy, v, vy) satisfying L, # %(M + nA), and

(gNl - hLl)u2v1 = (gNl - hLl)uwz' (337)

(3.36)

Moreover, system (3.36) is the integrability condition of the linear problem

O, =Xop, ¢, =T¢, (3.38)
with ¢ = (u,v)!, where
_1 n g—]’l _1 M —A(g—]’l)+L1—N1
_2(g+h —n)’ T_Z(—A(g+h)+L1+N1 -M (3-39)
ifo =1, and
1 in g+ih 1 iM -A(g+ih)+ L + N
X=3 (—g +ih  —in ) =3 (A(g —ih) — Ly + iN, —iM (3.40)
ifo=-1.

Proof. Assume the system of partial differential equations of the form (3.35) describes pseudospherical
surfaces (6 = 1) or spherical surfaces (6 = —1) with f;; = n. According to Theorem 3.4 withm = n =3,
the system is expressed as

2
Z(LukukH + kaka) —hM + UN
Uy U\ _ L (h -g k=0
N Bl T il ¢ ) , 3.41)
2, Iy u
' ' > Nugttis + Nyvir) = 5gM + 6171
k=0
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where the functions g = g(u — uy,v — ), h = h(u — uy,v — v), L = L(u,uy,u,v,vi,v), N =
N(u,uy, up,v,vi,v2), and M = M(u,uy,v,vy) are smooth and satisfy the following conditions: W :=
guhy — gy, # 0, gM —nL # 0, and (L, + N; )(L, + N;) # 0. Furthermore, the functions L and M are

constrained by
1

D (Mt + My viir) + hL = Ng = 0. (3.42)
k=0

Comparing the coefficient of us and v; in (3.35) and (3.41), we obtain

1 (h, -g\(L, L, (A O
w (_hu 8u )(Nu2 N,,) \0 Ay (3.43)
which implies
L, L, _ (8« 8v A 0
(Nuz sz) B (hu hv O A2 ) (3.44)

Taking the mixed derivatives of L and N with respect to u, and v,, we find
Zum (A1 —A2) =0, hy,, (A1 — Az) = 0. (3.45)

Now, there are two cases to consider: either Ay = A, or A; # A,. we claim that A; = A, must hold.
Suppose, for contradiction, that A, # A,, then g,,,, = h,,,, = 0, and hence

g=g1u—u)+gv—ry), h=hu-u)+h(-mn). (3.46)
From Eq (3.44), we deduce

L=—(gi1(u—u)A; + g(v—v2)As + Li(u,u;,v,vy)),

(3.47)
N = =(hi(u — u)Ay + ho(v — v2)Az + Ni(u, uy, v, vy)).
By taking the mixed derivatives of Eq (3.42) with respect to u, and v,, we conclude
(A1 — Ap)(High — Hygt) = 0. (3.48)

Since W := g,h, — g,h, # 0, it follows that h g}, — h},g} # 0, which leads to a contradiction. Thus, the
case Ay # A, does not occur.
Therefore, we must have A, = Ay = A(u, uy,v,vy). Moreover, from Eqs (3.42) and (3.44), we derive

L=-Ag+Li(u,u,v,vi), N=-Ag+ N(u,u,v,vy), (3.49)

M,u; + Muluz + M,v, + Mv1V2 + hl, — Ngl =0. (3.50)

Differentiating Eq (3.50) with respect to u, and v, and applying the compatibility condition M,,,, =
M, ., we get Eq (3.37). The condition gM —nL # 0 gives L, # %(M + nA). Finally, the system (3.41)
reduces to (3.36). O
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Theorem 3.7. A third-order system of partial differential equations of the form (3.35) describes
pseudospherical surfaces (6 = 1) or spherical surfaces (6 = —1) with coefficient functions f;;
satisfying (3.4)—(3.10) and with f5; = n € R if and only if A| = A, := A(u,uy,v,v,), and the system
takes the form

ur) _ (i) _ 4 (43) _ D,A [ gh,—hg, | Al . 1 ( DLy — g,D:N
Vi Vot B V3 w _ghu + hgu V1 w _hquLl + gquNl
nA+ M ( (h*+ g%, _ 1 (=(ANy + gLy)y,

2w _(hz + gz)u w (th + ng)Ll2 ’

(3.51)

where g, h are smooth functions of (u — uy,v — v,) such that W := g,h, — g,h, # 0 and L, N, and M
are smooth functions of (u, uy, v, vy) with M non-constant, satisfying

0D.M + hlL, - gN; = 0. (3.52)
Moreover, system (3.51) is the integrability condition of the linear problem
o =Xo, ¢ =T0, (3.53)

with ¢ = (u,v)!, where

1 h g-n _ 1 -Ah+ N, —-Ag+L - M
X‘E(g+n —h)’ T‘i(—Ag+L1+M Ah— N, (3-54)
ifo =1, and
1 . . 1/ —i . 3 .
_1 lh. g+'ln’ 7L zAh+zZ\{1 Afg+L1‘+1M (3.55)
2\-g+in —ih 2\Ag—-L,+iM iAh — iN;
ifo=-1.

The proof follows the same steps as in the proof of Theorem 3.6 and is therefore omitted.

3.2. Examples

In this subsection, we provide several examples of systems of partial differential equations
describing pseudospherical or spherical surfaces of type (3.1). We include well-known examples such
as the Song-Qu-Qiao system [22-24], the Xia-Qiao-Zhou system [25, 26], and the two-component
modified CH system.

Example 3.8. The Song-Qu-Qiao system introduced in [23]

(3.56)

{ut — Uy = [(u—up)(uvy —uv +uvy — uyv)ly,

V= Vo, = [(v—vo)(uyvy — uv + uvy — u1v)l,
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describes pseudospherical surfaces, with coefficient functions
fiu=n [(u —up)e " + (v - vz)e’(”’l)x] ,
1
12 = - n-1 +(v—=—w)e + — [+ u)e +(v—v)e .
Jiz =nQ [(u ur)e"™ 1V + ( ) ‘(’7‘1”‘] 5 [( YemDx 4 ( ) —(n—l)x]
n
1 =n,
fo= s+ 0
22 — 2772 D)
fir=-1 [(u — up)e N — (v — vz)e‘(”‘l)x] :
1
=T - T (v = v)e — 5o |(ut+ue —(v=ve :
f2=-10 [(u uy)e ¥ — ( ) —<'7‘1>X] 5 [( )elDx _ ¢ ) —(n—l)x]
n

Moreover, system (3.56) is the integrability condition of the linear problem

b, = 1 n 2n(u — up)eDx
x 2 277(" _ vz)e—(r]—l)x —n s
¢, = I 2_7172 +0 [277Q(M —uy) + ,l](u + ul)] e—Dx
) D)
2 [217Q(v — V) + 2y - Vl)] o~ -Dx Lo

where 1 # 0 is a real parameter, ¢ = (¢1, $»)’, and Q = uyvy — uv + uv; — u;v.

Example 3.9. The Xia-Qiao-Zhou system proposed in [26]

1 1
u— oy = =[(u—u)Wwy —uvy)le — E(u — up)(uvy — uyv),

2

1 1 (3.57)
Vi = vau = SI0=va)wy — )]s+ S0 = vo)uvy — )
describes pseudospherical surfaces, with coefficient functions
1
Ju = 577[(14 — ) — (v—m)],
1 1
Ji2= ZU(MV — vl —u) —(v-wm)l + %[(u —up) — v+l
f21 = _1’
I 1
Joo === = sy — vy +uvy —uyv),
n 2
1
= —ETI[(M — i)+ (v—)l,
1 1
fro = =gy — )l — 1) + (v =v2)] = Z[(u —up) + (v+v)l
Moreover, system (3.57) is the integrability condition of the linear problem
1 -1 n(u — up)
¢x == ¢’
2 -nv-w) 1 358
b= 1 —,]—12 —%(uv—ulvl + uvy — uyv) %n(uv—ulvl)(u—u2)+ %(u—ul) (3-58)
2 —%n(uv—ulvl)(v—vz)—%(v+v1) ,7—12 + %(uv—ulvl +uvy — uv) ’
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where n # 0 is a real parameter and ¢ = (¢;, ¢»)".
Example 3.10. The CH-type system [27]
1
=ty = =5 (U= w)(u = u)(v + i),

1 (3.59)
Vi— Vo = E(V —vo)(u—up)(v+vy)

describes pseudospherical surfaces, with coefficient functions
1 1
St =snl(v=w) = (u — up)], Sz = =[O+ v) = (u—wu)],
2 2n
I 1
S =1 fo ==+ sW—u)v+wn),
2

1 1
fi= —577[(” —up) +(v—w)l, f= —2—[(14 —up)+ @ +v)l.
n

Moreover, system (3.59) is the integrability condition of the linear problem

1 1 nv —vy)
¢x - E[ ]¢’

—n(u — uy) -1
4 = l(n%+%(u—u1)(v+vl) %(V+V1) ]
2 ~lw-w) — — 3= u)@+v))

where n # 0 is a real parameter and ¢ = (¢y, ¢»)".

Example 3.11. The two-component modified CH system

1
U — Uy, = — [(E(u2 +7 — u% — vf) + (uvy — ulv)) (u— uz)] —2u,,

; * (3.60)
Vi— V= — [(E(uz +v2 —ud =V + (uv; — ulv)) (v— vz)] -2

X

describes spherical surfaces, with coefficient functions

fii=—-(v—w), fiz==R(v—v))+v+uy,
=1, fo=R-1,

f31 =u—uy, 2o =R(u—u) —u+vy.

Moreover, system (3.60) is the integrability condition of the linear problem

1 I —n+im
$x =3 . . |9
n+im —i

1 i(R-1) —R(n—im) +v+u; +i(vi — u)
P=3 R(n +im) — v — uy + i(vy — 1) —i(R-1) ’
_ T o _ _ _ 12,2 2 2
where ¢ = (1, ¢2)", m=u—uy,n =v—vy, and R = —5(u” +v= —uy — v{) —uvy + uyv.
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Example 3.12. The following system [27]

1 1
U — Up; = 5[(u —up)(uvy —uv)l — 5(” — up)(uv — uvy),
(3.61)

1 1
V= Vo = 5[(v —v)(uvy —uv)l + E(V = vo)(uy — uyvy)

describes pseudospherical surfaces, with coefficient functions
1
S = —577[(” —up) — (v—w)l,

1 1
fiz = _Zn(uvl —uV)[(u—u)—(v—)] - 2—[(u —u)—(+vl,
n

=1,

I 1
fo ==+ 5—u)(v+wv),
n- 2

1
S = —577 (0 — up) + (v — )],

1 1
f = _ZTI(MVI —uV)[(u—u) + (v —v)] - 2—[(u —u)+ (@ +v)l
n

Moreover, system (3.61) is the integrability condition of the linear problem

1 1 nv —mv)
#=3 [—n(u —w) -1 )7
1 ,]Lz"‘ 2 —up)(v +vy) vy —wv)(v — ) + l(V"‘Vl)
"= 5[—%17(14\/1 — ) = uz) = (= uy) — = 3 =) +vy) ’

where n # 0 is a real parameter and ¢ = (¢y, ¢»)".
Example 3.13. The system

=ty = [} = ) = )], + (4 = 1) = ) — %(u —up)(u — u)(v +vy),
(3.62)

1
v =2, = [ = w0 = va)le = (U =) = v2) + S0 =)t = ) +v1)
describes pseudospherical surfaces, with coefficient functions
1
Ju = —577[(” —up) — (v—=w)],
1 1
fio = —znui — uH)[(u—uz) = (v =v2)] = == —uy) = (v +v)],
2 2n
Sar=1,

1 1
S = ? + 5(” —u))(v+vy),
1
= —577 [((u —ux) + (v — )],

1 1
S = —EU(M% — 1)U —w) + (v — )] - 2—[(14 —up) +@+vl
n
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Moreover, system (3.62) is the integrability condition of the linear problem

p 1 1 nv—mv)
2lewmwy -1 )T
1 =+ %(M —u)(v+vy) 77(”% — )V —v) + (v +vy)
¢t =3 ! !
2[_77(1/5%_”2)(”_”2)_%(u_ul) —,71—2—% u—u)v+v)

where n # 0 is a real parameter and ¢ = (¢;, ¢»)".

Remark 3.14. When v = u, the Song-Qu-Qiao system (3.56) reduces to the modified CH equation [37-40]
m, = buy — [m® — up)ly, m=u—u, (3.63)

where b is an arbitrary constant. The Xia-Qiao-Zhou system (3.57) and system (3.62) reduce to the
modified CH equation (3.63) when v = —2u. Systems (3.59) and (3.60) also reduce to the same modified
CH equation (3.63) when v = u.

4. Nonlocal symmetry

In this section, we derive a nonlocal symmetry for the Xia-Qiao-Zhou system introduced in
Example 3.9 by applying the Hamiltonian operator to the gradients of the spectral parameter. With
an appropriate pseudo-potential, we prolong a reduced nonlocal symmetry to an enlarged system,
thereby generating a finite symmetry transformation. As a result, we obtain nontrivial solutions for the
Xia-Qiao-Zhou system.

The Xia-Qiao-Zhou system (3.57) can be written in the form

1 1
m; = —[m@uv — uvy)] — Em(uvl - uv),

2

1 1
n, = E[n(uv —uv)le + En(uvl —upv), “.1
m=u—uy, H=V-—V,.
This system admits the bi-Hamiltonian structure [27]
57‘(2 5'7’{2 r 57‘{1 57_{1 !
T
, = D=2, =2] = - =, 4.2
(s, 1) 1((Sm on ) \'om’ on (4.2)
where D, and D, are two compatible Hamiltonian operators
> 0 -1 > 0,md;'md, —md;'m 9,md;'nd, + md;'n 43)
- ”? 0 ’ - 00\ mo, +nd'm  9.nd;'nd, —no'n ’ '
and . .
H, = 3 f(uv +uvy)dx, H, = 1 f(uzv] + ufvl — 2uuv)ndx. 4.4)
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Its linear problem (3.58) is formulated as

11
¢\ _ (P (-2 amm

(¢2)x - M(¢2)’ M = [—%77” 1 ] (4.52)
(¢1) _ N(¢1)’ N = —a inmﬂ + 2171(” — Uy) ’ (45b)
9/, ¢2 —innﬁ - %7(\/ +v,) a

where a = 1/21* + 1/4(uv — u;vy + uvy — uv), B = uv — uvy, and n # 0 is the spectral parameter.
Moreover, the adjoint problem of (4.5a) and (4.5b) reads
(#1.92) =~ (1. 92) M, (4.62)
(51’$2)t = - (51,?52) N. (4.6b)

Remark 4.1. If (¢1, $,)" is a solution to the linear problem (4.5a) and (4.5b), then (¢, —¢1) is a solution
to the adjoint problem (4.6a) and (4.6b).

Let us first compute the gradients of the spectral parameter n with respect to m and n, denoted by
(R (5n17)T. From (4.5a), the directional derivatives of ¢ and ¢, in the direction m + eAm are given by

(ab;[Am]) _[ -3 %nm](¢;[Am]J+( 0 %nAm+%m<Am,5mﬂ>](¢l), 47

golam)) — \=dgn L N\@ylam1)  \=Ln(Am, 8,n) 0 ¢
where the pairing (Am, 6,,17) is defined as (Am, 6,,n7) = f Am(6,,n)dx. Left-multiplying both sides of
(4.7) by (51,?52) and integrating over x, we get

.\ (¢1Am] fA =y T2 2m)(¢ilAm]
9 d = ’ d
f (¢’1 ¢2) ((/)’Z[Am])x x (¢1 ¢2) (_ Ion L Jgglam) x

— 5 %nAm+%m(Am,6mn> b1 4 (4.8)
+f(¢1,¢2) —%n(Am,émm 0 (¢2) X.

Integrating the left-hand side of (4.8) by parts under the assumption that boundary terms vanish, and
using (4.6a), we find

S 0 %nAm + %m(Am, Smt) | (1
, dx =0, 4.9
f(¢l ¢2) (—%n(Am, Om1) 0 (¢2) ! 2
which is equivalent to
f nAm: §>dx — (Am, 6,1) f n1$2 — mradx = 0. (4.10)

Since Am is arbitrary, the variational derivative of n with respect to m is

g1 '
[ np1¢2 — mgpodx

Omn = (4.11)
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Similarly, the variational derivative of n with respect to n is

g1

O = — — — .
[ ng12 — me1¢rdx

(4.12)

The presence of a common constant denominator in 6,,17 and d,77 1s inessential for our purpose and is
omitted. Hence, the gradients of the spectral parameter 7 simplify to

Sm #
[ ")oc((p”ﬁi). (4.13)
5n77 _¢ 1¢2
According to the general theory of Hamiltonian systems [41,42], applying Hamiltonian operator D
to the gradients of the spectral parameter 7 leads to

(Q'"] 5 [ b1 ) (%mmx —m)(p11 — $a) + SPm(ng s + mprdy) 1)
= 1 — = — —— — - . .
Q" ~$162) laswaen \ 30 + 1) @161 — $26h2) + 377 n(nd1da + mpapy)
It follows from the relations m = u — u, and n = v — v, that
Q"=(1-P)p1gr=Q" -, Q" =(1-P)p1=Q" - Q" (4.15)
Therefore, we set
Qu = ¢]¢2, QV = ¢]¢2. (416)

Proposition 4.2. Let (¢1,¢,)" be determined by linear problem (4.5a) and (4.5b) and (51,52) be
determined by adjoint problem (4.6a) and (4.6b), then (Q",Q", Q™ Q") defined by (4.14) and (4.16) is
a nonlocal symmetry of the Xia-Qiao-Zhou system (4.1).

Following Remark 4.1, the substitution ($1$2) = (¢2, —¢1) in (4.14) and (4.16) yields a reduced
nonlocal symmetry of the system (4.1).

Corollary 4.3. Let (¢, ¢,)" be determined by (4.5a) and (4.5b), then (w*, ", w™, w") is a nonlocal
symmetry of the Xia-Qiao-Zhou system (4.1), where

W Qu _ ¢%

o = - = 4 . 4.17)
w"| Q" n(m, — m)gi¢a + sn*m(me3 — ng?)

W) QG G gy 0+ M1 + S — 1)

Suppose that linear problem (4.5a) and (4.5b) is invariant (up to the first degree of &) under the
infinitesimal transformation

U u+ew, Vi v+ ew’, me m+ W™, 4.18)
nen+ e, d1 > ¢ + ewy, by > P + Ewy, '
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where w", w’, W™, and w" are given by Eq (4.17). Then w; and w, are determined by solving the
linearized equations

(a)l] dMlu + ew",v + ew’,m + ew™,n + ew"™; n|
B de

+ Mlu,v,m,n;n] , (4.19a)
=0 \ ¢

(%)

o) )
+ Nlu,v,m,n;n] . (4.19b)
=0 \¢

(%)

a)gx

[le dN[u + ew",v + ew’,m + ew",n + ew"; nl
B de

CL)Q[

To solve them, we introduce a new pseudo-potential p satisfying

Px= —%nzmcb%, (4.20a)
1
= —5¢1¢2 + = (V +v)PT — =P (v — uyv)mes, (4.20b)

from which a solution to (4.19a) and (4.19b) is

[wl) _ {¢1P +n91P1:P2 + 31PT 0, @21)

$op + NP1 $adax + 3nP1P3 .

(2%)

Furthermore, assuming the system (4.20a) and (4.20b) remains invariant under the infinitesimal trans-
formation (4.18) along with p — p + ew”, we have

W’ = p* + ndiaps. (4.22)

Consider an enlarged system consisting of (4.1), (4.5a), (4.5b), (4.20a) and (4.20b). The nonlocal
symmetry (0", 0", @™, ") in Corollary 4.3 can be prolonged to this system, which allows us to obtain a
nonlocal symmetry of the enlarged system in terms of an evolutionary vector field

0 0 0 0 0
- ¢%6_u + ¢%5 + (¢% - Um¢1¢2) o T (¢§ - 77”l¢1¢2) o (P2 + 77¢1¢2Px) Py

+ n(mx - m)¢1¢2 +

1 0
AN m(m¢2 - n¢1)] -t

1 0
5 nn. +n)pi1¢, + 57 *n(me; — "¢1)] o (4.23)

+ (¢1p + n1d1a + n¢1¢2) (¢2P + n1dada + 5n¢1¢§)

¢, s

or equivalently in a non-evolutionary vector field form

=- 77¢1¢2— - (¢1 + TI¢1¢2M1) 9 + (¢ 77¢1¢2V1) 62 + (¢ W¢1¢2) 0

o L0 1 9
+ (43 - 77V¢1¢2) a P o [ nmgid + S1'm(mg; — ndﬁ)] - (4.24)

+|mign + Enzn(mqﬁ - ng1) a— + (th + 3n9] ¢2) 9] (¢2P + n¢1¢2) 36,

Electronic Research Archive Volume 34, Issue 7, 4777-4802.



4797

The vector field V acts as the generator of the one-parameter symmetry group for the enlarged
system (4.1), (4.5a), (4.5b), (4.20a), and (4.20b). The finite symmetry transformation

(Sc, f,i,v,m,n, 51, 52, [7) = exp(eV)(x, t,u,v,m,n, 1, 2, p) (4.25)

is explicitly formulated as

PR Sk ./ LU (4.26a)
1-¢ep
- l—ep—enp¢p l—ep B £
T ey T A ey enbidn) T ep—eninds (4260
- 1 —ep —eng1¢> 1 —-¢p e
T B TRy S A ey (269
_ _ 2
i = 2m(1 ep 8n¢1¢i) - - , (426d)
(1 —ep — eng1)[2(1 — ep) — en?(mp; — ng))1 + 2P ng >
B 2n(1 — (s‘p)2
- , 426
. (1 —ep — eng12)[2(1 — ep) — en?(mp3 — nd?)] + 27’} > (4.262)
~ ol ~ b2 - P
1 = . b= . p= . (4.26)
U —epU-ep-endidn  A-ep)(—ep—endida) I-ep

Proposition 4.4. The enlarged system (4.1), (4.5a), (4.5b), (4.20a), and (4.20b) is invariant under the
finite symmetry transformation (4.25). More precisely, if (x,t,u,v,m,n, ¢, >, p) is a solution of this
enlarged system, then (X, 1, i, V, i, it, ¢y, ¢, P) defined by (4.26a)—(4.26f) is also a solution.

Using the finite symmetry transformation (4.25), we now construct nontrivial solutions for the
system (4.1). Starting from a trivial solution (u, v, m,n) = (uy, 1, up, 1) of the system (4.1), where u is a
constant satisfying

1 — iy > 0, 4.27)
the corresponding special solutions to (4.5a), (4.5b), (4.20a), and (4.20b) are taken as

L+k & (1 +k)?

¢1:€, ¢2: —€-, p=-

ek, 4.28
nuo 2ku0 ¢ ( )

with k = /1 — 7%y and z = x + (3 — k*)t/25*. By substituting them into (4.26a)—(4.26f), we find the
following nontrivial solution of the system (4.1), shown in Figures 1 and 2:

X=x+In|l =kl —1In|l + k6], f=t,

_ 2K+ )i o 1+ k(k+20) + (1 +k6)

T+ ko) ' 201 —k)(1+ko) (4.29)
_ 2u(1-k) o 2(1 + kO)?

TR+ + ko) T A —k+ 1+ ko]
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where

K G-k (1 — k)
tanh E(X'i' 2772 )+ln T% s 8>O,

)
Il

(4.30)

G- k2>r) L [COU R
2kt

2n?

[
coth 3 (x +

(a) (b)
Figure 1. The exact solution: € =0.5,7 =0, uy = 1,7 = 0.8, and k = 0.6.

5. Conclusions

In this paper, we study system of partial differential equations with the type

{ut — Uy = F(x, tu,uy, ..., 0"/, v, vy, ..., 0"v/0Y), 5.1)

11 111 71 71
Vi =V = GX, tu, ty, ..., 0" U/, v, vy, ..., 0"V/0Y).

Under certain assumptions on the coefficient functions of the connection 1-form associated with the
surfaces, we provide a classification of system (5.1) that describes pseudospherical or spherical surfaces.
In particular, the results yield a classification for the special third-order system

5.2)

{”t — Uyxr = A (M, Uy, V, Vx)uxxx + By (L{, Uy, Uxxs Vs Vs Vxx)a

Vi = Vixr = Az(l/t, Uy, V, Vx)vxxx + Bz(u, Uy, Uxxs Vs Vs vxx)-

As examples, we show that a series of systems belong to such a class, such as the Song-Qu-Qiao system,
the Xia-Qiao-Zhou system, and the two-component modified CH system. For the Xia-Qiao-Zhou
system (4.1), we construct a nonlocal symmetry from the gradients of the spectral parameter. By
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400

(a) (b)
Figure 2. The exact solution: € = =0.5,7=0,uy = 1,7 = 0.8, and k = 0.6.

introducing an appropriate pseudo-potential, we prolong the reduced nonlocal symmetry to an enlarged
system and thereby derive the corresponding finite symmetry transformation. On this basis, we calculate
nontrivial solutions for the system (4.1).

Systems of the CH-type have natural geometric correspondence, such as the multi-component CH
system [43]. It is worthwhile to see whether the argument used in this paper can be applied to more
general cases than (5.1). Therefore, we can find more CH-type systems that can be connected to
pseudospherical or spherical surfaces. Meanwhile, a separate challenge concerns the Song-Qu-Qiao
system, for which the nonlocal symmetry construction presented here is not applicable. This raises the
natural question of how to systematically derive nonlocal symmetries for the Song-Qu-Qiao system.
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