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Abstract: This paper establishes interior Morrey regularity for stable solutions of the p-Laplace
equation −∆pu = h(u) in B1 ⊂ R

d, where h belongs to C1(R). The results cover the endpoint case
left unresolved by Cabré et al. Moreover, for positive nonlinearities h, a global Morrey estimate was
obtained for stable solutions of a Dirichlet problem on any smooth, bounded, strictly convex domain.
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1. Introduction

LetΩ ⊂ Rd be a smooth bounded domain with the dimension d ≥ 2 and let h be a C1−class function
mapping R to itself. For 1 < p < ∞, we consider the p-Laplace equation

−∆pu = −∇ · (|∇u|p−2
∇u) = h(u), (1.1)

in the domain Ω, and the associated Dirichlet boundary value problem
−∆pu = h(u) in Ω,

u > 0 in Ω,
u = 0 on ∂Ω.

(1.2)

A function u ∈ W1,p(Ω) is called an energy solution of (1.1) provided that h(u) ∈ L1
loc(Ω) and the

following integral identity holds:∫
Ω

|∇u|p−2 (∇u · ∇ϕ) dx =
∫
Ω

h(u)ϕ dx, for all ϕ ∈ C1
c (Ω).
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Additionally, when h(u) ∈ L∞(Ω), u is defined as a regular solution to (1.1). These solutions are
associated with the critical points of the energy functional

E(u) :=
∫
Ω

(
1
p
|∇u|p − H(u)

)
dx,

with H′(t) = h(t). A regular solution is called stable if∫
Ω∩{|∇u|>0}

{
|∇u|p−2

|∇ϕ|2 + (p − 2) |∇u|p−4 (∇u · ∇ϕ)2
}

dx ≥
∫
Ω

h′(u)ϕ2 dx, (1.3)

for any function ϕ in a suitable weighted Sobolev space (see [1, 2] for details).
The study of stable solutions has found extensive applications in physics and biology. When p = 2,

Eq (1.1) simplifies to the classical Laplace equation −∆u = h(u), for which a rich theory has been
developed; we refer to the monograph [3] by Dupaigne and some survey papers [4, 5].

A landmark result was obtained by Cabré et al. [6], who proved that stable solutions of −∆u = h(u)
are bounded (and thus smooth) in dimensions d ≤ 9. These are sharp, as the Joseph and Lundgren
example [7] shows that −2 ln |x| is a singular stable solution in B1 for d ≥ 10. In [6], the authors also
established the Morrey space estimate

∥u∥
M

q,2+ 4
q−2 (B1/2)

≤ C(d, q)∥u∥L1(B1), 1 ≤ q < τd, (1.4)

where the exponent τd is given by

τd =

∞ if d = 10,
2(d−2−2

√
d−1)

d−4−2
√

d−1
if d ≥ 11.

(1.5)

The endpoint case q = τd, left open in [6], was recently resolved by Peng et al. [8]. They proved that

∥u∥BMO(B1/2) ≤ C∥u∥L1(B1), if d = 10,

and
∥u∥

M
τd ,2+

4
τd−2 (B1/2)

≤ C(d)∥u∥L1(B1), if d ≥ 11.

For the p-Laplacian case, the regularity theory is more delicate. Cabré et al. [9] extended the
interior regularity results of [6] to the quasilinear setting. For low dimensions and nonnegative h, they
established the boundedness of regular stable solutions to (1.1). While in higher dimensions d satisfies

d >

5p, 1 < p < 2,
p + 4p

p−1 , p ≥ 2,
(1.6)

they proved that if u is the regular stable solution to (1.1) in B1 ⊂ R
d, then for any q ∈ (p, pd),

∥u∥
Mq,p+ p2

q−p (B1/2)
≤ C(d, p, q) ∥∇u∥Lp(B1) , (1.7)
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where the critical exponent pd is defined as

pd :=


p + p2

d−2(p−1)−p−2
√

(p−1)2+d−p
, 1 < p < 2,

p + p2

d−2−p−2
√

d−1
p−1

, p ≥ 2.
(1.8)

Moreover, if h is nonnegative, the right-hand side in (1.7) can be replaced by ∥u∥L1(B1). However, as
noted by Cabré et al. [9], the validity of (1.7) at the endpoint q = pd remains open.

In this paper we close this gap by establishing the endpoint regularity for stable solutions to (1.1).
We first prove the following theorem.

Theorem 1.1. Let h ∈ C1(R), 1 < p < ∞, and let the dimension d satisfy (1.6). If u is a stable regular
solution to

−∆pu = h(u),

in the unit ball B1, then
∥∇u∥Mp,γ(B1/2) ≤ C(p, d) ∥∇u∥Lp(B1) , (1.9)

where γ is defined as

γ :=

d − 2p + 2 − 2
√

p2 − 3p + 1 + d, 1 < p < 2,

d − 2 − 2
√

d−1
p−1 , p ≥ 2.

(1.10)

Furthermore, the right-hand side of (1.9) can be replaced by ∥u∥L1(B1) when h ≥ 0.

We remark here, combining (1.10) with (1.8), one can check that γ = p2

pd−p . Via Theorem 1.1, our
main result is the following.

Theorem 1.2. Under the same assumptions as in Theorem 1.1, with pd as in (1.8), we have that

∥u∥
M

pd ,p+
p2

pd−p (B1/2)
≤ C(p, d) ∥∇u∥Lp(B1) . (1.11)

Furthermore, the right-hand side of (1.11) can be replaced by ∥u∥L1(B1) when h ≥ 0.

Finally, we obtain a global estimate for positive nonlinearities on strictly convex domains.

Theorem 1.3. Consider a smooth, bounded, strictly convex domain Ω ⊂ Rd and a positive stable
regular solution u of Dirichlet problem (1.2), with h ∈ C1(R) positive. If the dimension d
satisfies (1.6), then

∥u∥
M

pd ,p+
p2

pd−p (Ω)
≤ C(d, p,Ω) ∥u∥L1(Ω) . (1.12)

For the reader’s convenience, we recall the definitions of the Morrey and BMO spaces used in this
paper. Let Ω ⊂ Rd be an open set. For 1 ≤ q < ∞ and 0 ≤ γ ≤ d, the Morrey space Mq,λ(Ω) is defined
as the set of all functions g ∈ Lq

loc(Ω) such that

∥g∥Mq,γ(Ω) := sup
x0∈Ω, ρ>0

(
ργ−d

∫
Ω∩Bρ(x0)

|g|q dx
) 1

q

< ∞.
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The space BMO(Ω) consists of functions u ∈ L1
loc(Ω) for which

∥u∥BMO(Ω) := sup
B⊂Ω

1
|B|

∫
B
|u − uB| dx < ∞,

where the supremum is taken over all balls B ⊂ Ω, and uB := 1
|B|

∫
B

u dx. As usual, functions in BMO
are defined up to additive constants.

The rest of this paper is organized into two main sections. Section 2 is dedicated to presenting
a fundamental lemma, which serves as an essential tool for establishing our main results. Section 3
contains the proofs of Theorems 1.1 and 1.2; as an application of these results together with a boundary
estimate, we then obtain Theorem 1.3. Section 4 is a concluding section. We use Br(x0) to note a ball
centered at x0 and radius r, and simplify to Br when x0 = 0. Throughout the paper, C denotes a positive
constant depending at most on d, p, etc., which may vary from line to line.

2. The key lemma

This section aims to establish the following decay estimate. The proof is based on the approach of
Peng et al. [8, Lemma 1.7], with the key idea lying in the appropriate choice of a test function.

Lemma 2.1 (Decay estimate). Assume d satisfies (1.6). If u is a stable regular solution of −∆pu = h(u)
in B2t(y) with y ∈ Rd, t > 0, and h ∈ C1(R), then(r

t

)−ω ∫
Br(y)
|∇u|p dx ≤ C(p, d)

∫
Bt(y)\Bt/2(y)

|∇u|p dx, for all r ≤
t
2
, (2.1)

where ω := d − γ and γ is as in (1.10).

To prove Lemma 2.1, we need the following result from Cabré et al [9, Lemma 2.5].

Lemma 2.2 ([9]). Suppose that u is a regular stable solution of −∆pu = h(u) in B1 ⊂ R
d, with h ∈

C1(R). Then for any ξ ∈ C0,1
c (B1), the following inequality holds,∫

B1

2 |∇u|p (x · ∇ξ) ξ dx −
∫

B1

p(x · ∇u) |∇u|p−2
∇u · ∇(ξ2) dx +

∫
B1

(d − p) |∇u|p ξ2 dx

≤

∫
B1

(x · ∇u)2
{
|∇u|p−2

|∇ξ|2 + (p − 2) |∇u|p−4 (∇ξ · ∇u)2
}

dx.
(2.2)

Proof of Lemma 2.1. We need only prove(r
t

)−ω ∫
Br(y)
|∇u|p dx ≤ C(p, d)

∫
Bt(y)\Br(y)

|∇u|p dx, for all r ≤
t
2
. (2.3)

Indeed, taking r = t
2 in (2.3) gives(

1
2

)−ω ∫
Bt/2(y)

|∇u|p dx ≤ C(p, d)
∫

Bt(y)\Bt/2(y)
|∇u|p dx. (2.4)
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If t
4 ≤ r < t

2 , then Br(y) ⊂ Bt/2(y) and 1
4 ≤

r
t ≤

1
2 . By (2.4),(r

t

)−ω ∫
Br(y)
|∇u|p dx ≤ (

1
4

)−ω
∫

Bt/2(y)
|∇u|p dx ≤ C(p, d)

∫
Bt(y)\Bt/2(y)

|∇u|p dx. (2.5)

If 0 < r < t
4 , apply (2.3) with r and t

2 . Since Bt/2(y) \ Br(y) ⊂ Bt/2(y),(
r

t/2

)−ω ∫
Br(y)
|∇u|p dx ≤ C(p, d)

∫
Bt/2(y)\Br(y)

|∇u|p dx ≤ C(p, d)
∫

Bt/2(y)
|∇u|p dx.

Together with (2.4), this yields(r
t

)−ω ∫
Br(y)
|∇u|p dx ≤ C(p, d)

∫
Bt(y)\Bt/2(y)

|∇u|p dx.

Combining this and (2.5) establishes (2.1).
To prove (2.3), we can set t = 1 and y = 0 by scaling and translation. Indeed, suppose u solves

−∆pu = h(u) in B2t(y); then, v(x) = u(tx + y) solves −∆pv = tph(v) in B2. Moreover, (2.3) for u is
equivalent to the same estimate for v with t = 1 and y = 0.

Let 0 < r < 1
2 , and set

ξ =

r−
ω
2 , x ∈ Br,

|x|−
ω
2 φ(x), x ∈ B1\Br.

Here φ ∈ C∞c (B1) satisfies
φ = 1 in B3/4 and |∇φ| ≤ 5χB1\B3/4 . (2.6)

It is easy to see ξ ∈ C0,1
c (B1). Moreover, by the definition of ξ in Br, one gets ∇ξ = 0 in Br. While in

B1\Br, we compute
∇ξ = −

ω

2
|x|−

ω
2 −2xφ + |x|−

ω
2∇φ, (2.7)

∇(ξ2) = −ω|x|−ω−2xφ2 + 2|x|−ωφ∇φ, (2.8)

|∇ξ|2 =
ω2

4
|x|−ω−2φ2 − ω|x|−ω−2φ(x · ∇φ) + |x|−ω|∇φ|2, (2.9)

and

(∇ξ · ∇u)2 =
ω2

4
|x|−ω−4φ2(x · ∇u)2 − ω|x|−ω−2φ(x · ∇u)(∇φ · ∇u) + |x|−ω(∇φ · ∇u)2. (2.10)

Now we substitute the above equations into (2.2), then the three items in the left side of (2.2) can
be calculated as follows.

Using (2.7) in the first item of the left side of (2.2), we have∫
B1

2|∇u|p(x · ∇ξ)ξdx =
∫

B1\Br

2|∇u|p(x · ∇ξ)ξdx

=

∫
B1\Br

2|∇u|p(x · (−
ω

2
|x|−

ω
2 −2xφ + |x|−

ω
2∇φ))|x|−

ω
2 φdx

= −ω

∫
B1\Br

|∇u|p|x|−ωφ2dx + 2
∫

B1\Br

|∇u|p|x|−ω(x · ∇φ)φdx.

(2.11)
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Applying (2.8) to the second item of the left side of (2.2), we get

− p
∫

B1

x · ∇u|∇u|p−2(∇u · ∇(ξ2))dx

= −p
∫

B1\Br

(x · ∇u)|∇u|p−2(∇u · (−ω|x|−ω−2xφ2 + 2|x|−ωφ∇φ))dx

= pω
∫

B1\Br

|∇u|p−2φ2|x|−ω−2(x · ∇u)2dx − 2p
∫

B1\Br

(x · ∇u)|∇u|p−2|x|−ωφ(∇u · ∇φ)dx.

(2.12)

Moreover, by the definition of ξ, the last item of the left side of (2.2) can be written as

(d − p)
∫

B1

|∇u|pξ2dx = (d − p)
∫

B1\Br

|∇u|p|x|−ωφ2dx + (d − p)
∫

Br

|∇u|pr−ωdx. (2.13)

Meanwhile, the two items on the right side of (2.2) can be calculated in the following way.
Using (2.9) in the first item of the right side of (2.2), we obtain∫

B1

(x · ∇u)2|∇u|p−2|∇ξ|2dx

=

∫
B1\Br

(x · ∇u)2|∇u|p−2(
ω2

4
|x|−ω−2φ2 − ω|x|−ω−2(x · ∇φ)φ + |x|−ω|∇φ|2)dx

=
ω2

4

∫
B1\Br

|x|−ω−2|∇u|p−2φ2(x · ∇u)2dx

+

∫
B1\Br

(x · ∇u)2|∇u|p−2(|x|−ω|∇φ|2 − ω|x|−ω−2φ(x · ∇φ))dx.

(2.14)

Applying (2.10) to the second item of the right side of (2.2), we have

(p − 2)
∫

B1

(x · ∇u)2|∇u|p−4(∇ξ · ∇u)2dx

=
ω2

4
(p − 2)

∫
B1\Br

(x · ∇u)4|∇u|p−4φ2|x|−ω−4dx

+ (p − 2)
∫

B1\Br

(x · ∇u)2|∇u|p−4(−ωφ|x|−ω−2(x · ∇u)(∇φ · ∇u) + |x|−ω(∇φ · ∇u)2)dx.

(2.15)

Substituting (2.11)–(2.15) into (2.2), and moving terms, including ∇φ, to the right hand side yields

(d − p − ω)
∫

B1\Br

|∇u|p|x|−ωφ2dx + (pω −
ω2

4
)
∫

B1\Br

|x|−ω−2|∇u|p−2φ2(x · ∇u)2dx

−
ω2

4
(p − 2)

∫
B1\Br

|x|−ω−4|∇u|p−4φ2(x · ∇u)4dx + (d − p)r−ω
∫

Br

|∇u|pdx

≤ −2
∫

B1\Br

|∇u|p|x|−ω(x · ∇φ)φdx + 2p
∫

B1\Br

(x · ∇u)|∇u|p−2|x|−ωφ(∇u · ∇φ)dx

+ (p − 2)
∫

B1\Br

(x · ∇u)2|∇u|p−4(−ωφ|x|−ω−2(x · ∇u)(∇φ · ∇u) + |x|−ω(∇φ · ∇u)2)dx

+

∫
B1\Br

(x · ∇u)2|∇u|p−2(|x|−ω|∇φ|2 − ω|x|−ω−2φ(x · ∇φ))dx.

(2.16)
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Denote the left and the right side of (2.16) by I and II, respectively.
By (2.6), |∇φ| = 0 in B 3

4
and |∇φ| ≤ 5 in B1; also |x · ∇u| ≤ |x||∇u|. Hence,

II ≤ C(p, d)
∫

B1\B3/4

|∇u|pdx. (2.17)

According to the condition (1.6), we estimate I from below in two cases.
Case 1: 1 < p < 2 (with d > 5p). Since −ω

2

4 (p − 2) > 0,

I ≥ (d − p − ω)
∫

B1\Br

|∇u|p|x|−ωφ2dx + (d − p)r−ω
∫

Br

|∇u|pdx

+ (pω −
ω2

4
)
∫

B1\Br

|x|−ω−2|∇u|p−2φ2(x · ∇u)2dx.
(2.18)

From the definition of ω, we have ω > 4p, and pω− ω
2

4 = ω(p− ω4 ) < 0. Using |x|−ω−2|∇u|p−2|x · ∇u|2 ≤
|∇u|p|x|−ω, we merge the first and third integrals on the right-hand side of (2.18),

I ≥ (d − p + ω(p − 1) −
ω2

4
)
∫

B1\Br

|∇u|p|x|−ωφ2dx + (d − p)r−ω
∫

Br

|∇u|pdx. (2.19)

Since ω = 2p − 2 + 2
√

p2 − 3p + 1 + d, one checks that d − p + ω(p − 1) − ω
2

4 = 0. Thus,

I ≥ (d − p)r−ω
∫

Br

|∇u|pdx.

Combining this with (2.16) and (2.17) gives

r−ω
∫

Br

|∇u|pdx ≤ C(p, d)
∫

B1\B3/4

|∇u|pdx

≤ C(p, d)
∫

B1\Br

|∇u|pdx.

Case 2: p ≥ 2 (with d > p + 4p
p−1 ). Here −ω

2

4 (p − 2) ≤ 0. Using |x · ∇u| ≤ |x||∇u|, we have

|x|−ω−4|∇u|p−4|x · ∇u|4 ≤ |x|−ω−2|∇u|p−2|x · ∇u|2,

and then

I ≥ (d − p − ω)
∫

B1\Br

|∇u|p|x|−ωφ2dx + (d − p)r−ω
∫

Br

|∇u|pdx

+ (pω −
ω2

4
(p − 1))

∫
B1\Br

|x|−ω−2|∇u|p−2φ2(x · ∇u)2dx.
(2.20)

From ω = 2 + 2
√

d−1
p−1 > 2 + 2

√
p−1+ 4p

p−1

p−1 =
4p
p−1 , we get p < ω(p−1)

4 , and hence pω − ω
2

4 (p − 1) < 0. It is

easy to check |x|−ω−2|∇u|p−2|x · ∇u|2 ≤ |∇u|p|x|−ω, and then we can merge the first and the third integrals
on the right-hand side of (2.20),

I ≥ (d − p + ω(p − 1) −
ω2

4
(p − 1))

∫
B1\Br

|∇u|p|x|−ωφ2dx + (d − p)r−ω
∫

Br

|∇u|pdx. (2.21)
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Since ω = 2 + 2
√

d−1
p−1 , we have d − p + ω(p − 1) − ω

2

4 (p − 1) = 0. So

I ≥ (d − p)r−ω
∫

Br

|∇u|pdx. (2.22)

Combining this with (2.16) and (2.17) gives

r−ω
∫

Br

|∇u|pdx ≤ C(p, d)
∫

B1\B3/4

|∇u|pdx

≤ C(p, d)
∫

B1\Br

|∇u|pdx.

Combining the discussions of the two cases above, we have completed the proof of (2.3), thus
concluding the proof of Lemma 2.1. □

3. Proof of theorems

3.1. Proof of Theorem 1.1

For any y ∈ B1/2 and r > 1/8, we have

rγ−d
∫

Br(y)∩B1/2

|∇u|pdx = r−ω
∫

Br(y)∩B1/2

|∇u|pdx

≤ C(p, d)
∫

B1/2

|∇u|pdx

≤ C(p, d)∥∇u∥pLp(B1).

For 0 < r < 1/8, Lemma 2.1 (with t = 1/4 and translation) yields

rγ−d
∫

Br(y)∩B1/2

|∇u|pdx ≤ r−ω
∫

Br(y)
|∇u|pdx

≤ C(p, d)
∫

B 1
4

(y)
|∇u|pdx

≤ C(p, d)∥∇u∥pLp(B1).

Combining the two cases, we obtain for every y ∈ B1/2 and r > 0 that

rγ−d
∫

Br(y)∩B1/2

|∇u|pdx ≤ C(p, d)∥∇u∥pLp(B1). (3.1)

Taking the supremum over y ∈ B1/2 and r > 0 on (3.1) yields (1.9). If h ≥ 0, applying a properly
rescaled version of [9, Theorem 1.1] together with a covering argument allows us to replace the term
∥∇u∥Lp(B1) in (1.9) by ∥u∥L1(B1). □
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3.2. Proof of Theorem 1.2

We now establish that p and γ satisfy 1 < p < γ < d under the stated assumptions. The inequality
γ < d is immediate from (1.10). To see that γ > p, we proceed as follows.

If 1 < p < 2 (with d > 5p), then γ > 5p − 2p + 2 − 2
√

p2 − 3p + 1 + 5p = p.

If p ≥ 2 (with d > p + 4p
p−1 ), then γ > p + 4p

p−1 − 2 − 2

√
p+ 4p

p−1−1

p−1 = p.
Thus, in all cases we have 1 < p < γ < d. Additionally, note that

pd = p +
p2

γ − p
=
γp
γ − p

and p +
p2

pd − p
= γ.

By the local version of the Morrey embedding theorem, see Cabré and Charro [10, section 4],

∥u∥Mpd ,γ(B1/2) ≤ C(p, d)∥∇u∥Mp,γ(B1/2).

With this and (1.9), (1.11) is proved. The case h is nonnegative and can be dealt with the same as in
Theorem 1.1. □

3.3. Proof of Theorem 1.3

To prove this, we need the following boundary estimate.

Lemma 3.1 (Proposition 3.1 in [1]). Let Ω ⊂ Rd be a smooth bounded strictly convex domain, h ∈
C1(R) be positive, and p ∈ (1,∞). If u is a positive regular solution to (1.2), then there exist positive
constants δ and C depending only on Ω,

||u||L∞(Ω\Kδ) ≤ C||u||L1(Ω), (3.2)

where Kδ := {x ∈ Ω : dist(x, ∂Ω) ≥ δ}.

Let γ be as in (1.10) and let Kδ be as in Lemma 3.1.
For arbitrary y ∈ Ω and r > 0, we decompose

rγ−d
∫
Ω∩Br(y)

|u|pd dx = rγ−d
∫

(Ω\Kδ)∩Br(y)
|u|pd dx︸                        ︷︷                        ︸

=:Φ1(y,r)

+ rγ−d
∫

Kδ∩Br(y)
|u|pd dx︸                   ︷︷                   ︸

=:Φ2(y,r)

.
(3.3)

Achieving (1.12) reduces to showing for every y ∈ Ω and r > 0,

Φi(y, r) ≤ C∥u∥pd

L1(Ω), i = 1, 2, (3.4)

with C depending on p, d,Ω (and additionally on δ for Φ2).
Now we treat the case p ≥ 2 (with d > p + 4p

p−1 ).
Estimate for Φ1. From (1.10) and the condition p ≥ 2, it follows that 2 < γ < d. Consequently,

rγ−d|(Ω \ Kδ) ∩ Br(y)| ≤

rγ−d|Br(y)| ≤ C(p, d), r ≤ 1,

rγ−d|Ω \ Kδ| ≤ |Ω|, r > 1.
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Combining this with Lemma 3.1 yields

Φ1(y, r) ≤ rγ−d|(Ω \ Kδ) ∩ Br(y)| ∥u∥pd
L∞(Ω\Kδ)

≤ C(p, d,Ω)∥u∥pd

L1(Ω),

which proves (3.4) for Φ1.
Estimate for Φ2. If y ∈ Ω \ Kδ and r < dist(y,Kδ), then Φ2(y, r) = 0. If y ∈ Ω \ Kδ and r ≥ dist(y,Kδ),
let ȳ ∈ Kδ be the closest point; then B(y, r) ⊂ B(ȳ, 2r) and Φ2(y, r) ≤ C(p, d)Φ2(ȳ, 2r). Since Kδ is
compact, one can cover Kδ by finitely many balls {B(xi, δ/9)}Ni=1 with xi ∈ Kδ. Then for y ∈ Kδ and
r ≥ δ/8,

Φ2(y, r) ≤
(
δ

8

)γ−d ∫
Kδ
|u|pd dx

≤ C(p, d)
N∑

i=1

(
δ

9

)γ−d ∫
Kδ∩Bδ/9(xi)

|u|pd dx

= C(p, d)
N∑

i=1

Φ2

(
xi,
δ

9

)
,

where N depends on Ω and δ.
Thus to prove (3.4) for Φ2 reduces for any y ∈ Kδ, 0 < r < δ/8 that

Φ2(y, r) ≤ C(p, d, δ,Ω)∥u∥pd

L1(Ω). (3.5)

Indeed for such y ∈ Kδ and 0 < r < δ/8, since u is a regular stable solution in Bδ(y) ⊂ Ω, by
Theorem 1.2 with a scaling argument, we have

∥u∥Mpd ,γ(Bδ/8(y)) ≤ C(p, d, δ)∥u∥L1(Bδ/2(y)).

And then

Φ2(y, r) = rγ−d
∫

Kδ∩Br(y)
|u|pd dx

≤ rγ−d
∫

Br(y)
|u|pd dx

≤ C(p, d, δ)∥u∥pd

L1(Ω),

which gives (3.5). So (3.4) for Φ2 is proved. Substituting (3.4) into (3.3), we arrive at

rγ−d
∫
Ω∩Br(y)

|u|pd dx ≤ C(p, d,Ω)∥u∥pd

L1(Ω). (3.6)

Taking supremum over y ∈ Ω and r > 0 on (3.6) yields (1.12).
The case 1 < p < 2 (with d > 5p) is analogous since γ > p > 1. We omit the details. Theorem 1.3

follows by combining the two cases discussed above. □

4. Conclusions

In this paper, we have obtained the endpoint Morrey regularity for stable solutions of the p-Laplace
equation −∆pu = h(u). Our main result, Theorem 1.2, establishes the Morrey estimate for u itself at
the endpoint exponent q = pd, which was left open by Cabré, et al. [9]. According to the remark after
Theorem 1.6 in [9], when p ≥ 2 and d > p + 4p

p−1 , the result is almost optimal.
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