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Abstract: As a typical form of symbolic data, interval-valued data provides an effective framework to
analyze large-scale datasets. Most existing interval regression studies focus on classical methods, while
research that incorporates heteroscedasticity within the Bayesian framework remains limited. This paper
extends the existing parametric method for interval-valued data to a Bayesian heteroscedastic framework,
and further develops the Bayesian Heteroscedastic Parametric Method (BHPM). By explicitly modeling
heteroscedasticity in the regression structure, we conduct Bayesian inference using Gibbs sampling
and the Metropolis–Hastings algorithm, thus enhancing the model’s interpretability and generalization
performance. Both simulation studies and real-data applications demonstrate that the extended BHPM
achieves superior performance over traditional methods.
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1. Introduction

With the widespread adoption of the Internet of Things and large-scale data collection technologies,
traditional single-value data can no longer fully reflect the uncertainty and variability of real observed
values. Interval-valued data, as a typical representation of symbolic data, retain the fluctuation range of
original observations in the form of upper and lower bounds, and are widely used in fields such as finan-
cial risk measurements and environmental quality assessments. For example, Liu et al. [1] developed a
hybrid ensemble model for interval-valued carbon price forecasting via multi-scale decomposition and
multi-model fusion. Wang et al. [2] proposed an interval-valued linear model, derived its least square
estimator and properties, and validated it via simulations and an application to latitude’s impact on
urban temperatures.

Regarding linear regression modeling for interval-valued data, scholars have now developed various
classical methods. Billard and Diday [3] introduced the center method (CM), which is a foundational
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framework for early interval regressions that constructs regression equations using interval midpoints as
single-valued features. Kong and Gao [4] proposed the Min-Max method (MM), which treats the upper
and lower bounds of intervals as independent variables to construct a dual regression system. Lima-Neto
et al. [5] proposed the center-range method (CRM), which further integrates interval midpoints and
ranges to characterize the position and dispersion of intervals, thus enhancing the model’s interpretability.
Subsequently, Hao and Guo [6], Xu and Qin [7], and other scholars conducted constrained optimization
and Bayesian extensions on this model. Souza et al. [8] proposed the parametrized method (PM), which
finds the optimal reference point through fitting, thereby breaking the limitation of fixed reference
points. Xu and Qin [9] further developed the Bayesian parametrized method (BPM) on this basis.
Duary et al. [10] utilized the PM in an interval-valued production model, thus optimizing the average
profit and verifying the model with numerical analyses. Additionally, there are many other studies on
interval-valued models; see [11–13] for details.

Although the numerous methods mentioned above have achieved remarkable progress in interval-
valued regression modeling, the ordinary least squares (OLS) estimation has multiple limitations when
dealing with interval data. The Bayesian estimation framework provides an effective solution to these
problems. By introducing a prior distribution and combining it with the likelihood function to obtain
posterior inference, it can not only quantify the parameter uncertainty but also mitigate the impact of
multicollinearity through a shrinkage prior. It should be noted that many researchers had explored
this problem. For example, Xu and Qin [7] first introduced the Bayesian method into the CRM.
Subsequently, Xu and Qin [14] further constructed a Bayesian framework based on Jeffreys’ prior,
thus solving the problem of prior specifications for interval-valued data. Ji et al. [15] extended the
Bayesian method to panel interval-valued data with fixed effects. Zhang et al. [16] developed a Bayesian
nonparametric interval regression model based on the asymmetric Laplace distribution and variational
inference. Goffard and Laub [17] applied approximate a Bayesian computation to fit and compare
insurance loss models with aggregated data. Additionally, several related studies have investigated
Bayesian approaches for statistical modeling and inference; see [18–20] for details.

Heteroscedasticity is a widely encountered phenomenon in regression modeling. When neglected,
it can severely compromise the validity of the model estimation and the accuracy of the predictive
performance. Traditional methods, such as weighted least squares [21] and generalized least squares [22],
are widely used to address heteroscedasticity in regressions. To better characterize varying the variance
structures, the joint mean–variance modeling approach has attracted increasing attention. Xu and
Zhang [23] considered the joint mean–variance modeling approach in the context of heteroscedasticity.
Additionally, plenty of scholars have further optimized and extended the joint mean-variance framework
in recent years [24, 25]. In the context of interval-valued data research, targeted heteroscedasticity
correction methods have also been proposed. Souza et al. [8] adopted the Box-Cox transformation
to alleviate heteroscedastic interference in interval range prediction. Zhong et al. [26] constructed a
constrained interval regression model and achieved an effective heteroscedasticity adjustment through
reasonable endpoint constraint settings. Nevertheless, current researches on estimating heteroscedastic
interval-valued regression models using Bayesian methods remains relatively scarce.

Drawing on the above research background, this paper extends the existing parametrized method
to a Bayesian heteroscedastic framework. Compared with classic interval-valued models [3–5], the
Bayesian Heteroscedastic Parametric Method (BHPM) utilizes a parametric transformation approach to
extract the optimal reference point of interval values; relative to the homoscedastic interval regression
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framework [9] developed by Xu and Qin, this method further addresses heteroscedasticity via a shared
log-linear heteroscedastic covariance matrix that characterizes the joint fluctuations of both interval
bounds. Compared with [23], the extended method considers interval-valued data, which can better
characterize the uncertainty in the real data. Moreover, grounded in the Bayesian framework [14], an
appropriate prior is constructed for the model parameters, and the Bayesian estimates of unknown
parameters are derived by combining Gibbs sampling and Metropolis-Hastings (MH) algorithms.

The remainder of this paper is organized as follows: in Section 2, we review the heteroscedastic model
and three current regression models for interval-valued data; Section 3 provides a detailed introduction
to the model structure of the BHPM, as well as its connections to other representative interval-valued
data regression models; Section 4 presents the basic theory to estimate unknown parameters in the
BHPM using Bayesian methods; Sections 5 and 6 report the estimation results based on synthetic and
real datasets, respectively; and finally, Section 7 presents the concluding remarks.

2. Current models review

2.1. Heteroscedasticity in classical and joint mean-variance modeling

For the i-th individual observation (i = 1, 2, . . . , n), the classical linear regression model is given by
the following:

Yi = XT
i β + εi, εi

ind.
∼ N(0, σ2), (2.1)

where Xi = [Xi1, . . . , Xip]T is a p × 1 covariate column vector, and β = [β1, β2, . . . , βp]T is the corre-
sponding p × 1 unknown regression coefficient vector.

Its core homoscedasticity assumption of constant conditional response variance Var(Yi | Xi) = σ2 is
often violated in empirical work by heteroscedasticity, namely systematic variation in Var(Yi | Xi) = σ2

i
with covariates, thus yielding inefficient OLS estimates, biased standard errors, and invalid inference.

Joint mean-variance models address this by simultaneously modeling the response’s conditional
mean and variance, thus offering greater flexibility and predictive performances under heteroscedasticity.
The standard parametric form [23] is as follows:

Yi ∼ N(µi, σ
2
i ),

µi = XT
i β,

log(σ2
i ) = ZT

i γ,

(2.2)

where µi is the conditional mean of Yi, σ2
i is the conditional variance (log link ensures non-negativity),

Zi is the covariate vector of the variance model (may fully overlap with Xi), and γ is the corresponding
unknown coefficient vector.

Designed for point-valued data, these models cannot be directly applied to interval-valued observa-
tions without discarding critical boundary information or generating incoherent predictions. Thus, we
extend this joint framework to interval-valued data.

2.2. Regression modeling for interval-valued data

Interval-valued data, where each observation is represented as a closed interval [yl
i, y

u
i ] with yl

i ≤ yu
i ,

have garnered significant attention in symbolic data analyses. To model the relationship between
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interval-valued responses and predictors, several parametric approaches have been proposed.
In this paper, we focus on three classical parametric interval-valued regression models: the MM,

CRM, and PM. Let YI = (Y I
1, . . . ,Y

I
n)T denote the interval-valued response variable, where Y I

i =

[yl
i, y

u
i ]. Additionally, the predictor matrix is interval-valued, denoted as XI = (XI

1, . . . ,X
I
p), where

XI
j = (XI

1 j, . . . , X
I
n j)

T and XI
i j = [xl

i j, x
u
i j]. An interval can be equivalently represented by its center and

range as follows:

yc
i =

yl
i + yu

i

2
, yr

i =
yu

i − yl
i

2
, xc

i j =
xl

i j + xu
i j

2
, xr

i j =
xu

i j − xl
i j

2
, (2.3)

then we denote the center and range vectors for the response and predictors as Yc,Xc and Yr,Xr,
respectively.

2.2.1. Min–Max method

The MM [4] directly constructs separate linear regression models for the lower and upper bounds of
the intervals as follows:

Yl = Xlβl + εl, Yu = Xuβu + εu, (2.4)

where Yl = (yl
1, . . . , y

l
n)T , Yu = (yu

1, . . . , y
u
n)T , and Xl and Xu are the design matrices formed by the lower

and upper bounds of the predictors, respectively. The coefficient vectors βl and βu are independently
estimated. Although other estimation approaches are available, we focus on the OLS method for
illustration, thus yielding the following estimates:

β̂
l
= ((Xl)T Xl)−1(Xl)T Yl, β̂

u
= ((Xu)T Xu)−1(Xu)T Yu. (2.5)

The prediction is directly performed on the bounds as follows:

Ŷ l = X̃lβ̂
l
, Ŷu = X̃uβ̂

u
. (2.6)

2.2.2. Center and Range method

The CRM [5] decomposes the interval-valued regression into two independent classical linear models
for the center and range as follows:

Yc = Xcβc + εc, Yr = Xrβr + εr, (2.7)

where βc = (βc
0, β

c
1, . . . , β

c
p)T and βr = (βr

0, β
r
1, . . . , β

r
p)T are the vectors of regression coefficients for

the center and range models, respectively. The error terms are assumed to follow εc ∼ N(0, σ2
cIn),

εr ∼ N(0, σ2
rIn), and are mutually independent. The OLS estimates of the parameters are given by the

following:
β̂

c
= ((Xc)T Xc)−1(Xc)T Yc, β̂

r
= ((Xr)T Xr)−1(Xr)T Yr. (2.8)

For a new interval-valued predictor observation X̃I = ([x̃l
1, x̃

u
1], . . . , [x̃l

p, x̃
u
p]), the corresponding interval

response prediction is obtained by the following:

Ŷc = X̃cβ̂
c
, Ŷr = X̃rβ̂

r
, (2.9)
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Ŷ l = Ŷc − Ŷr, Ŷu = Ŷc + Ŷr, (2.10)

where X̃c and X̃r are the vectors of center and range for the new predictor intervals, respectively.
While the CRM is straightforward and interpretable, the predicted range may be negative, thus

leading to logically invalid predicted intervals (i.e., Ŷ l > Ŷu). The most common ad-hoc remedy is to
truncate any negative predicted range to zero.

2.2.3. The Parametrized method

The conventional MM and CRM methods rely on fixed summary statistics (e.g., center and range)
that may not adapt to the underlying structure of interval-valued data. A more flexible alternative is
the PM [8], which represents each interval-valued predictor via a data-driven reference point obtained
through a convex combination of its lower and upper bounds [7]. For the j-th predictor interval [xl

i j, x
u
i j],

the reference point for the i-th observation is defined as follows:

pi j(λ j) = (1 − λ j)xl
i j + λ jxu

i j, λ j ∈ [0, 1], (2.11)

where λ j is a data-driven parameter to be estimated, which determines the relative weight assigned to
the lower and upper bounds of the j-th predictor. Then, the PM constructs separate linear models for the
lower and upper bounds of the interval response using the same set of parameterized predictor points
for both bounds. Substituting the reference point definition directly into the model specification yields
the following:

yl
i =

p∑
j=1

βl
j pi j(λ j) + εl

i =

p∑
j=1

βl
j

[
(1 − λ j)xl

i j + λ jxu
i j

]
+ εl

i,

yu
i =

p∑
j=1

βu
j pi j(λ j) + εu

i =

p∑
j=1

βu
j

[
(1 − λ j)xl

i j + λ jxu
i j

]
+ εu

i ,

(2.12)

where βl
j and βu

j are the regression coefficients for the j-th covariate in the lower and upper bound
models, respectively, and the errors εl

i and εu
i are assumed to have mean zero and finite variances.

For notational and computational simplicity, we introduce a reparameterization by defining following:

αl
j = β

l
j(1 − λ j), ωl

j = β
l
jλ j, αu

j = β
u
j(1 − λ j), ωu

j = β
u
jλ j. (2.13)

This transforms the PM into an equivalent and more interpretable form:

yl
i =

p∑
j=1

(
αl

jx
l
i j + ω

l
jx

u
i j

)
+ εl

i, yu
i =

p∑
j=1

(
αu

j x
l
i j + ω

u
j x

u
i j

)
+ εu

i . (2.14)

This reparameterization reveals that the PM effectively models the response bounds as linear combina-
tions of all predictor bounds, with coefficients implicitly constrained by the shared λ j parameters. These
parameters are typically estimated by optimizing a goodness-of-fit criterion, thus allowing the method
to adaptively extract the most informative linear combination of predictor bounds for each variable.

Remark 1 (Particular cases of PM). The PM unifies the mean structures of classical interval regression
models. Specifically, the PM degenerates to the CM when the reference-point weights are fixed at
λl

j = λ
u
j = 0.5 for all predictors j. Similarly, setting λl

j = 0 and λu
j = 1 reduces the PM to the MM.
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Alternatively, the PM reduces to the CRM by imposing specific linear constraints on the parameters αb
j

and ωb
j (b ∈ {l, u}). This is achieved by setting the lower-bound coefficients as αl

j =
βc

j+β
r
j

2 and ωl
j =

βc
j−β

r
j

2 ,

and the upper-bound coefficients as αu
j =

βc
j−β

r
j

2 and ωu
j =

βc
j+β

r
j

2 .

Building upon these foundations, this paper focuses on their heteroscedastic extensions: Het-
eroscedastic Min-Max Method (HMM), Heteroscedastic Center and Range Method (HCRM), Het-
eroscedastic Parametrized Method (HPM), and introduces the extended BHPM.

3. The Bayesian heteroscedastic parametrized method

Interval-valued data frequently exhibit heteroscedasticity, whereby the dispersion of the lower and
upper boundaries systematically varies with the predictor levels—for instance, higher price levels in
financial data are often accompanied by larger daily ranges. The parametrized representation offers a
natural extension to variance modeling, as it allows the lower and upper bounds of predictors to exert
distinct influences on conditional dispersion. Moreover, a unified Bayesian framework supports coherent
uncertainty quantifications while ensuring the mathematical consistency of the predicted intervals.
Motivated by these considerations, the extended BHPM embeds a joint mean-variance structure within
the PM, thereby enabling the simultaneous capture of interval uncertainty and variance heterogeneity.
In particular, the BHPM fully exploits interval information by automatically recovering data-driven
reference-point weights.

Consider n observations with an interval-valued response variable YI = {[yl
i, y

u
i ]}ni=1 and p interval-

valued predictor variables {XI
j}

p
j=1, where each predictor observation is given by [xl

i j, x
u
i j] for i = 1, . . . , n.

Assume the errors are independent and normally distributed as follows:

yl
i ∼ N(µl

i, (σ
l
i)

2), yu
i ∼ N(µu

i , (σ
u
i )2). (3.1)

Following the interval parametrization approach in Section 2.2.3, for each predictor j = 1, . . . , p, we
introduce a value λl

j ∈ [0, 1] that identifies a reference point inside the interval [xl
i j, x

u
i j]. This reference

point is expressed as follows:
pi j(λl

j) = (1 − λl
j)xl

i j + λ
l
jx

u
i j. (3.2)

We model the conditional mean of the lower bound using the following reference point:

µl
i =

p∑
j=1

β̃l
j pi j(λl

j), (3.3)

where β̃l
j denotes the regression coefficient associated with the reference point for predictor j.

Substituting Eq (3.2) into Eq (3.3) immediately yields the equivalent representation:

µl
i =

p∑
j=1

β̃l
j
[
(1 − λl

j)xl
i j + λ

l
jx

u
i j
]
. (3.4)

By grouping the coefficients and the parameters λl
j, we define the new coefficients as follows:

αl
j = β̃

l
j(1 − λ

l
j), ωl

j = β̃
l
jλ

l
j. (3.5)
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Inserting Eq (3.5) into Eq (3.4) produces the following linear form in the original predictor bounds:

µl
i =

p∑
j=1

(αl
jx

l
i j + ω

l
jx

u
i j). (3.6)

Solving Eq (3.5) for the parametrization weight (provided αl
j + ω

l
j , 0) gives the following:

λl
j =

ωl
j

αl
j + ω

l
j

. (3.7)

An analogous derivation for the upper bound yields

µu
i =

p∑
j=1

(αu
j x

l
i j + ω

u
j x

u
i j), (3.8)

and the corresponding weight

λu
j =

ωu
j

αu
j + ω

u
j
. (3.9)

In matrix notation, both conditional-mean models share the common design matrix Xlu ∈ Rn×2p

constructed from the lower and upper bounds of all predictors:

Xlu = (Xlu
1 , . . . ,X

lu
n ) =


xl

11 xu
11 · · · xl

1p xu
1p

xl
21 xu

21 · · · xl
2p xu

2p
...

...
. . .

...
...

xl
n1 xu

n1 · · · xl
np xu

np

 . (3.10)

Consequently, the observation models become the following:

yl = Xluηl + εl, yu = Xluηu + εu, (3.11)

where yl = (yl
1, . . . , y

l
n)T , yu = (yu

1, . . . , y
u
n)T , ηl = (αl

1, ω
l
1, . . . , α

l
p, ω

l
p)T , ηu = (αu

1, ω
u
1, . . . , α

u
p, ω

u
p)T , and

εl, εu are the respective error vectors. Therefore, the parametrization weights λl
j and λu

j are directly
recovered from the fitted coefficients, thereby automatically selecting the data-driven reference points
that best explain each response bound.

Furthermore, if we have variance heterogeneity, it is convenient to assume an explicit variance
modeling related to some explanatory variables. In this paper, we consider the scenario where the upper
and lower bound data are independent; thus, the variances of the two bounds are separately modeled.
Based on Eq (3.1), the variance model is as follows:

log((σl
i)

2) =
q∑

k=1

ξl
kz

l
ik + ψ

l
kz

u
ik, (3.12)

log((σu
i )2) =

q∑
k=1

ξu
k zl

ik + ψ
u
kzu

ik, (3.13)
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These point-valued vectors are defined as Zlu
i = (zl

i1, z
u
i1, . . . , z

l
iq, z

u
iq)T , and Zlu = (Zlu

1 , . . . ,Z
lu
n )T ∈

Rn×2q denotes the matrix of point-valued covariates. Here, some components of Zlu
i may partially overlap

with those of Xlu. Consequently,

Σl = diag
(
(σl

1)2, . . . , (σl
n)2

)
= diag

(
exp(Zluγl)

)
, (3.14)

Σu = diag
(
(σu

1)2, . . . , (σu
n)2

)
= diag

(
exp(Zluγu)

)
, (3.15)

where Σl and Σu are the n × n conditional variance-covariance matrices of εl and εu, respectively,
γl = (ξl

1, ψ
l
1, . . . , ξ

l
q, ψ

l
q)T , and γu = (ξu

1, ψ
u
1, . . . , ξ

u
q, ψ

u
q)T .

This joint mean-variance structure with parameterized predictors offers high flexibility, with con-
straints recovering the CM, MM, and CRM models.

Therefore, in this paper, we consider the following BHPM model:

yb
i ∼ N(µb

i , (σ
b
i )2),

µb
i = Xlu

i η
b,

log
(
(σb

i )2
)
= (Zlu

i )Tγb,

b ∈ {l, u}.

(3.16)

The BHPM extends the classical parametrized representation of interval-valued data into a unified
joint mean-variance framework. Unlike the CM (which discards dispersion information by collapsing
intervals to midpoints) and the CRM (which models centers and ranges separately without addressing
heteroscedasticity), the BHPM enables the lower and upper bounds of each predictor to exert distinct,
data-driven effects on both the conditional means and log-variances of the response bounds. This
structure fully exploits interval information, automatically recovers optimal reference-point weights,
and supports rigorous Bayesian posterior inference.

4. Bayesian analysis

4.1. Posterior distributions

We adopt a Bayesian inferential framework to achieve parameter estimation and rigorous uncertainty
quantification for the proposed BHPM. Accordingly, we first specify conditionally prior distributions
for all unknown parameters and derive the explicit likelihood function under the normal heteroscedastic
error assumption. From the model Eq (3.16),

yb = Xluηb + εb, b ∈ {l, u}, (4.1)

where εb ∼ N(0,Σb) and Σb = diag(exp(Zluγb)), we obtain the following likelihood function:

L(ηb,γb | yb,Xlu,Zlu) ∝ |Σb|−
1
2 exp

{
−

1
2

(yb − Xluηb)T (Σb)−1(yb − Xluηb)
}
. (4.2)

where ∝ denotes proportionality, thus signifying that the two sides only differ by a constant factor
independent of the model parameters.

Assuming prior independence among parameters, p(ηl, ηu,γl,γu) = p(ηl)p(ηu)p(γl)p(γu), the priors
are specified as ηl ∼ N(µηl ,Σηl), ηu ∼ N(µηu ,Σηu), γl ∼ N(µγl ,Σγl), and γu ∼ N(µγu ,Σγu).
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Theorem 1 (Conditional posterior distribution of ηb). For model (3.16), the conditional posterior
p(ηb | γb, yb,Xlu,Zlu) follows a normal distribution N(µ∗

ηb ,Σ
∗

ηb), where

Σ∗
ηb =

(
Σ−1
ηb + (Xlu)T (Σb)−1Xlu

)−1
, µ∗

ηb = Σ
∗

ηb

(
Σ−1
ηb µηb + (Xlu)T (Σb)−1yb

)
. (4.3)

Proof. By Bayes’ theorem, the conditional posterior distribution of ηb satisfies the core formula as follows:

p(ηb | γb, yb,Xlu,Zlu) ∝ p(yb | ηb,γb,Xlu,Zlu) · p(ηb), (4.4)

where p(yb | ·) is the likelihood function defined in Eq (4.2), and p(ηb) is the independent normal prior
of ηb.

Given γb, the covariance matrix Σb = diag(exp(Zluγb)) is known and fixed. Let (Σb)−1/2 denote
the inverse Cholesky factor of Σb. Multiplying both sides of Eq (4.1) by (Σb)−1/2 yields the following
transformed homoscedastic model:

(Σb)−1/2yb ∼ N
(
(Σb)−1/2Xluηb, I

)
.

The corresponding likelihood kernel (simplified from Eq (4.2)) is as follows:

p(yb | ηb,γb, ·) ∝ exp
{
−

1
2

(
(Σb)−1/2yb − (Σb)−1/2Xluηb

)T (
(Σb)−1/2yb − (Σb)−1/2Xluηb

)}
.

By expanding the quadratic form inside the exponent, we get the following simplified likelihood kernel:

p(yb | ηb,γb, ·) ∝ exp
{
−

1
2

(ηb)T (Xlu)T (Σb)−1Xluηb + (ηb)T (Xlu)T (Σb)−1yb

}
.

The kernel of the normal prior for ηb is as follows:

p(ηb) ∝ exp
{
−

1
2

(ηb − µηb)TΣ−1
ηb (ηb − µηb)

}
.

By substituting the likelihood kernel and prior kernel into the Bayes’ formula Eq (4.4), the unnor-
malized posterior kernel is the product of the two:

p(ηb | γb, ·) ∝ exp
{
−

1
2

(ηb)T
[
(Xlu)T (Σb)−1Xlu + Σ−1

ηb

]
ηb + (ηb)T

[
(Xlu)T (Σb)−1yb + Σ−1

ηb µηb

]}
.

Note that the exponent of a normal distribution N(µ,Σ) has the following canonical form:

−
1
2
θTΣ−1θ + θTΣ−1µ + constant,

where Σ−1 is the precision matrix, and µ is the mean vector.
Define the posterior precision matrix

Σ∗−1
ηb = (Xlu)T (Σb)−1Xlu + Σ−1

ηb ,
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and the corresponding posterior mean

µ∗
ηb = Σ

∗

ηb

(
Σ−1
ηb µηb + (Xlu)T (Σb)−1yb

)
,

with Σ∗
ηb =

(
Σ∗−1
ηb

)−1
.

Completing the square in the exponent of the posterior kernel confirms that the conditional posterior
of ηb follows a normal distribution as follows:

ηb | γb, yb,Xlu,Zlu ∼ N
(
µ∗
ηb ,Σ

∗

ηb

)
,

with the mean and covariance matrix as defined above. □

Theorem 2 (Conditional posterior distribution of γb). For model (3.16), the conditional posterior
p(γb | ηb, yb,Xlu,Zlu) is proportional to the following:

|Σb|−
1
2 exp

(
−

1
2

(eb)T (Σb)−1eb

)
exp

(
−

1
2

(γb − µγb)TΣ−1
γb (γb − µγb)

)
,

where eb = yb − Xluηb.

Proof. By Bayes’ theorem, the conditional posterior distribution of γb satisfies the following core formula:

p(γb | ηb, yb,Xlu,Zlu) ∝ p(yb | ηb,γb,Xlu,Zlu) · p(γb), (4.5)

where p(yb | ·) is the likelihood function defined in Eq (4.2), and p(γb) is the independent normal prior
of γb.

Given ηb, the residuals eb = yb − Xluηb are fixed and known (directly derived from Eq (4.1)). By
substituting the residuals into the likelihood function Eq (4.2), the likelihood kernel simplifies to
the following:

p(yb | ηb,γb, ·) ∝ |Σb|−
1
2 exp

(
−

1
2

(eb)T (Σb)−1eb

)
,

where Σb = diag(exp(Zluγb)) is fully determined by γb.
The kernel of the normal prior for γb is as follows:

p(γb) ∝ exp
(
−

1
2

(γb − µγb)TΣ−1
γb (γb − µγb)

)
.

By substituting the likelihood kernel and prior kernel into the Bayes’ formula Eq (4.5), we obtain the
unnormalized conditional posterior kernel as follows:

p(γb | ηb, yb,Xlu,Zlu) ∝ |Σb|−
1
2 exp

(
−

1
2

(eb)T (Σb)−1eb

)
exp

(
−

1
2

(γb − µγb)TΣ−1
γb (γb − µγb)

)
,

which exactly matches the form stated in the proposition. Note that this posterior is non-conjugate due
to the non-linear dependence of Σb on γb via the logarithmic link, and thus requires numerical sampling
methods (e.g., Metropolis-Hastings algorithm) for posterior inference. □
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4.2. Gibbs-MH sampling procedure

Given the observed data yb, design matrix Xlu, and covariate matrix Zlu, the posterior distribution for
the model parameters (ηb,γb) is as follows:

p(ηb,γb | yb,Xlu,Zlu) ∝ L(ηb,γb | yb,Xlu,Zlu) × p(ηb)p(γb), b ∈ {l, u},

where we can sample from the joint posterior distribution by Gibbs sampling along the following process.
Iterative Sampling Procedure

Step 1. Initialization: Set initial values ηb(0), γb(0).

Step 2. For each iteration t = 1, 2, . . . ,T , perform the following steps:

(a) Update ηb(t) (conditioned on γb(t−1)):

ηb(t) | γb(t−1), yb ∼ N
(
µ∗
ηb ,Σ

∗

ηb

)
,

where

Σ∗
ηb =

(
Σ−1
ηb + (Xlu)T (Σb(t−1))−1Xlu

)−1
, (4.6)

µ∗
ηb = Σ

∗

ηb

(
Σ−1
ηb µηb + (Xlu)T (Σb(t−1))−1yb

)
, (4.7)

Σb(t−1) = diag
(
exp(Zluγb(t−1))

)
. (4.8)

The sampling of ηb is done using a normal distribution in each iteration, where the current
γb(t−1) is used to update ηb(t).

(b) Update γb(t) (conditioned on ηb(t)):
Given the current value ηb(t), the posterior distribution for γb(t) is as follows:

p(γb | ηb(t), yb) ∝ |Σb|−
1
2 exp

{
−

1
2

(yb − Xluηb(t))T (Σb)−1(yb − Xluηb(t))
}
× p(γb).

Since this posterior distribution is complex, we use the Metropolis-Hastings algorithm for
sampling. The specific steps are as follows:
• Proposal distribution: A normal distribution N(γb(t−1), σ2

γV−1
γb ) is used as the proposal

distribution([27,28]), where Vγb is a pre-specified or adaptively tuned covariance
matrix, σ2

γ is a scalar adjustment parameter, and σ2
γ is a scalar adjustment parameter

chosen such that the average acceptance rate is about between 0.25 and 0.45 ( [29]).
• Acceptance probability: For the current candidate γb∗, the acceptance probability α

is calculated as follows:

α = min
{

1,
p(γb∗ | ηb(t), yb)

p(γb(t−1) | ηb(t), yb)

}
.

This acceptance probability compares the posterior density ratio between the current
candidate γb∗ and the previous value γb(t−1). If the ratio is greater than 1, then the
candidate γb∗ is accepted. Otherwise, the acceptance is based on this ratio. If accepted,
then set γb(t) = γb∗. If rejected, then keep γb(t) = γb(t−1).

Step 3. Repeat Step 2: Repeat the process from Step 2 for T iterations, continuously updating ηb(t)

and γb(t). This iterative procedure allows the parameters to gradually converge to their posterior
distribution.
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4.3. Bayesian inference

MCMC samples {θ(t) = (ηl(t),γl(t), ηu(t),γu(t)) : t = B + 1, . . . ,T } (after discarding burn-in period of
length B and optional thinning) are generated from the joint posterior via the above hybrid algorithm.
The Bayesian point estimates are the following posterior means:

η̂l =
1

T − B

T∑
t=B+1

ηl(t), η̂u =
1

T − B

T∑
t=B+1

ηu(t), (4.9)

γ̂l =
1

T − B

T∑
t=B+1

γl(t), γ̂u =
1

T − B

T∑
t=B+1

γu(t). (4.10)

As is shown by Geyer [30], these posterior means are consistent estimators of the corresponding posterior
mean vector as T goes to infinity.

The posterior covariance matrix is estimated by the sample covariance of the retained draws as follows:

Ĉov(θ | yl, yu,Xlu,Zlu) =
1

T − B − 1

T∑
t=B+1

(
θ(t) − θ̂

) (
θ(t) − θ̂

)T
.

The posterior standard deviations are the square roots of the diagonal elements.
With the obtained point estimates of η and γ, the predicted lower and upper bounds of the response

variable can be directly calculated via the BHPM model specified in Eq (3.16). For any sample unit i to
be predicted, the point predictions of the lower and upper bounds (i.e., the estimated conditional means
of the response bounds) are given by the following:

ŷl
i = Xlu

i η̂
l, (4.11)

ŷu
i = Xlu

i η̂
u, (4.12)

where Xlu
i is the row vector of mean-model covariates that correspond to sample i, which is consistent

with the covariate structure used in the model fitting.

5. Simulation study

This section presents a simulation study to validate the effectiveness of the Bayesian method in
estimating the parameters of the BHPM, and compares the BHPM with the HPM, HMM, and HCRM.
All simulations are implemented using the R statistical software environment. Section 5.1 designs
three different prior scenarios for the parameter estimation. Section 5.2 presents the results of the
model comparison.

5.1. Parameter estimation of the BHPM

In this section, the model structure is identified yb = Xluηb + εb according to Eq (4.1). When p = 3,
the parameter settings for data generation are as follows:

1) First, we generate xc
i j ∼ U[5, 10], xr

i j ∼ U[4, 7](i = 1, 2, . . . , n).

2) Then, we calculate xl
i j = xc

i j − xr
i j and xu

i j = xc
i j + xr

i j, respectively.
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3) Set the regression parameters ηl = (6, 3, 3, 2, 4, 6)T and ηu = (2, 3, 4, 6, 6, 9)T .

4) The structure of the variance model is log((σb
i )2) = (Zlu

i )Tγb. Set the variance parameters γl =

(0.2,−0.1, 0.1,−0.2)T and γu = (0.3,−0.2, 0.2,−0.3)T to attain heteroscedasticity.

5) Specifically, we construct Zlu
i by extracting the interval bounds of the first two covariates from Xlu

i .
Formally, we define the 4 × 1 vector as follows: Zlu

i = (xl
i1, x

u
i1, x

l
i2, x

u
i2)T .

To investigate the sensitivity of a Bayesian estimation to the prior distributions, three scenarios of
prior distributions for the unknown parameters in the upper-bound and lower-bound models are set in
Table 1. Specifically, Type I represents the case with no prior information, Type II represents the case
with good prior information, and Type III represents the case with imprecise prior information. For
example, Figure 1 displays a scatter plot of interval-valued symbolic data of variable X1, with only 50
data points presented.

Table 1. Prior settings of parameters.
Model Type Parameters

Upper bound
I µηu = (0, 0, 0, 0, 0, 0)T Σηu = I6 γu = (0, 0, 0, 0)T Σγu = I4

II µηu = (2, 3, 4, 6, 6, 9)T Σηu = I6 γu = (0.3,−0.2, 0.2,−0.3)T Σγu = I4

III µηu = 3× (2, 3, 4, 6, 6, 9)T Σηu = I6 γu = 3 × (0.3,−0.2, 0.2,−0.3)T Σγu = I4

Lower bound
I µηl = (0, 0, 0, 0, 0, 0)T Σηl = I6 γl = (0, 0, 0, 0)T Σγl = I4

II µηl = (6, 3, 3, 2, 4, 6)T Σηl = I6 γl = (0.2,−0.1, 0.1,−0.2)T Σγl = I4

III µηl = 3× (6, 3, 3, 2, 4, 6)T Σηl = I6 γl = 3 × (0.2,−0.1, 0.1,−0.2)T Σγl = I4

Figure 1. Scatter plot of interval-valued symbolic data with p = 1 (Black points: interval
endpoints driven by λ; Red points: interval centers).
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Under three different prior scenarios, we employ a hybrid algorithm that combines joint Gibbs
sampling and the MH algorithm (in Section 4.2) to estimate the unknown parameters. In the simulation,
we conduct experiments with sample sizes n = 100 and n = 200. For each prior scenario, the
computations are repeated 100 times. Figure 2 presents the convergence plots of partial parameters in
the upper bound model. Accordingly, we run the algorithm for 5000 iterations in each computation,
with a burn-in period of 3000 iterations. Tables 2 and 3 present the Bayesian estimation results for the
unknown parameters of the upper-bound and lower-bound models under different prior distributions,
respectively. Here, Bias denotes the difference between the estimated value and the true value averaged
over 100 replications, the standard deviation (SD) represents the average estimate of the posterior
standard error, and the root mean square error (RMS) is the root mean square error of the Bayesian
estimates across 100 replications.

Figure 2. Iterative convergence plots of partial parameters in the upper-bound model with
n = 100.

.

Based on the Bias, SD, and RMS values, the Bayesian method yields highly precise parameter
estimates under all prior scenarios. The following conclusions can be drawn from the tables: (i) as
the sample size n increases from 100 to 200, the estimation accuracy of parameters shows a clear
improvement in most cases (e.g., under the Type I prior, the SD of γu

1 in the upper bound model
decreases from 0.1292 to 0.0814, and the RMS decreases from 0.1298 to 0.0814); (ii) the Bayesian
estimation results exhibit little sensitivity to prior specifications, with no strong dependence on the
choice of prior distributions; and (iii) the RMS of all parameters are less than 0.15, and the SD of
the heteroscedasticity parameters γ are less than 0.15. The estimation bias tends to decrease with an
increasing sample size in most circumstances, which verifies the rationality and effectiveness of the
extended method. Overall, the simulation results confirm the effectiveness of the Bayesian method to
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Table 2. Parameter estimation of the upper bound model.
Type Par. n = 100 n = 200

Bias SD RMS Bias SD RMS

I

ηu
1 -0.0075 0.0390 0.0397 -0.0040 0.0245 0.0248
ηu

2 -0.0065 0.0406 0.0411 -0.0045 0.0288 0.0291
ηu

3 -0.0030 0.0354 0.0355 0.0001 0.0243 0.0243
ηu

4 -0.0012 0.0346 0.0347 0.0002 0.0216 0.0216
ηu

5 0.0022 0.0311 0.0312 0.0037 0.0221 0.0224
ηu

6 0.0016 0.0319 0.0319 -0.0031 0.0212 0.0215
γu

1 0.0130 0.1292 0.1298 -0.0029 0.0814 0.0814
γu

2 0.0125 0.1309 0.1315 0.0107 0.0773 0.0781
γu

3 0.0018 0.0953 0.0954 0.0045 0.0637 0.0639
γu

4 -0.0104 0.0984 0.0989 -0.0088 0.0629 0.0636

II

ηu
1 0.0011 0.0356 0.0356 0.0022 0.0239 0.0240
ηu

2 -0.0018 0.0363 0.0364 -0.0019 0.0258 0.0259
ηu

3 -0.0013 0.0337 0.0337 -0.0007 0.0254 0.0254
ηu

4 -0.0009 0.0354 0.0354 0.0001 0.0244 0.0244
ηu

5 -0.0010 0.0280 0.0280 -0.0026 0.0222 0.0223
ηu

6 0.0028 0.0319 0.0320 0.0034 0.0215 0.0218
γu

1 0.0066 0.1125 0.1127 -0.0087 0.0881 0.0886
γu

2 0.0128 0.1224 0.1231 -0.0120 0.0790 0.0799
γu

3 0.0005 0.0898 0.0898 -0.0090 0.0636 0.0642
γu

4 -0.0098 0.0930 0.0936 0.0087 0.0605 0.0611

III

ηu
1 0.0016 0.0383 0.0384 0.0002 0.0224 0.0224
ηu

2 0.0037 0.0350 0.0352 0.0021 0.0285 0.0286
ηu

3 0.0030 0.0406 0.0407 0.0075 0.0276 0.0286
ηu

4 -0.0066 0.0334 0.0340 -0.0032 0.0250 0.0252
ηu

5 -0.0027 0.0324 0.0325 -0.0019 0.0212 0.0213
ηu

6 0.0080 0.0357 0.0366 0.0030 0.0228 0.0230
γu

1 0.0019 0.1334 0.1334 0.0003 0.0661 0.0661
γu

2 0.0233 0.1208 0.1230 0.0013 0.0812 0.0812
γu

3 -0.0064 0.0959 0.0962 0.0095 0.0538 0.0546
γu

4 0.0010 0.0967 0.0967 -0.0112 0.0561 0.0572
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Table 3. Parameter estimation of the lower bound model.

Type Par.
n = 100 n = 200

Bias SD RMS Bias SD RMS

I

ηl
1 -0.0087 0.0420 0.0429 -0.0025 0.0263 0.0264
ηl

2 -0.0007 0.0389 0.0389 -0.0065 0.0297 0.0304
ηl

3 -0.0043 0.0460 0.0462 -0.0012 0.0267 0.0267
ηl

4 0.0047 0.0372 0.0374 0.0016 0.0212 0.0213
ηl

5 0.0018 0.0377 0.0377 -0.0001 0.0251 0.0251
ηl

6 -0.0056 0.0352 0.0356 0.0008 0.0235 0.0235
γl

1 0.0239 0.1129 0.1154 -0.0006 0.0788 0.0788
γl

2 -0.0011 0.0987 0.0987 0.0114 0.0715 0.0724
γl

3 -0.0195 0.0874 0.0896 0.0107 0.0592 0.0602
γl

4 0.0116 0.0870 0.0878 -0.0148 0.0593 0.0611

II

ηl
1 -0.0018 0.0422 0.0422 -0.0008 0.0296 0.0296
ηl

2 -0.0042 0.0414 0.0416 0.0043 0.0280 0.0284
ηl

3 -0.0030 0.0451 0.0452 -0.0033 0.0310 0.0312
ηl

4 -0.0016 0.0359 0.0359 -0.0018 0.0244 0.0244
ηl

5 -0.0002 0.0348 0.0348 -0.0019 0.0248 0.0249
ηl

6 0.0037 0.0328 0.0330 0.0036 0.0234 0.0237
γl

1 0.0152 0.1035 0.1046 0.0038 0.0732 0.0733
γl

2 -0.0068 0.1207 0.1209 -0.0064 0.0868 0.0871
γl

3 -0.0182 0.0919 0.0936 -0.0031 0.0602 0.0603
γl

4 0.0136 0.0924 0.0934 0.0021 0.0584 0.0585

III

ηl
1 0.0137 0.0447 0.0468 0.0066 0.0278 0.0286
ηl

2 0.0125 0.0468 0.0484 0.0046 0.0267 0.0271
ηl

3 0.0067 0.0378 0.0384 0.0015 0.0335 0.0335
ηl

4 -0.0099 0.0332 0.0347 -0.0024 0.0233 0.0235
ηl

5 -0.0024 0.0346 0.0346 -0.0041 0.0242 0.0245
ηl

6 0.0075 0.0338 0.0346 0.0047 0.0238 0.0242
γl

1 -0.0103 0.1155 0.1159 0.0047 0.0728 0.0730
γl

2 -0.0178 0.1203 0.1216 -0.0029 0.0756 0.0756
γl

3 0.0131 0.0815 0.0825 0.0006 0.0586 0.0586
γl

4 -0.0138 0.0814 0.0826 -0.0033 0.0607 0.0608
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estimate the unknown parameters of the BHPM.

5.2. Model comparison

In this subsection, we conduct two synthetic simulation experiments based on the PM and CRM
models. According to the types of interval-valued symbolic data generated in the simulation process
and the magnitude of the dataset variance, we design four sets of simulation studies with sample sizes
n = 100, 200, and p = 3.

Simulation 1 (Configurations based on PM). Two configurations, C1 and C2, are generated by the
following steps (i = 1, 2, . . . , n; j = 1, 2, 3):

1) First, we generate xl
i j ∼ U[2, 4], xu

i j ∼ U[8, 10].

2) We set the regression coefficients as fixed constant vectors throughout the simulation:αl = (6, 3, 4)T ,
ωl = (3, 2, 6)T , αu = (2, 4, 6)T , and ωu = (3, 6, 9)T .

3) The response variables yl
i and yu

i are calculated by the following:

yl
i = xl

iα
l + xu

iω
l + ϵ l

i ,

yu
i = xl

iα
u + xu

iω
u + ϵu

i ,

where ϵb
i ∼ N(0, (σb

i )2), and log
(
(σb

i )2
)
= Zlu

i γ
b.

4) We set the heteroscedasticity parameters as fixed constant vectors:

γl = (0.2, −0.1, 0.1, −0.2),
γu = (0.3, −0.2, 0.2, −0.3).

5) For the configuration C1, we use the heteroscedasticity parameters γl and γu defined in Step 4. For
the configuration C2, we scale the parameters to 3γl and 3γu to vary the dataset variance.

6) We generate a total of n samples. Then, we choose 4n/5 data as a training set and the remaining
n/5 data as a test set.

Simulation 2 (Configurations based on CRM). Two configurations, C3 and C4, are generated by
the following steps (i = 1, 2, . . . , n; j = 1, 2, 3):

1) First, we generate xc
i j ∼ U[5, 10], xr

i j ∼ U[4, 7].

2) We set the regression coefficients as fixed constant vectors throughout the simulation: βc = (3, 5, 7)T

and βr = (2, 1.5, 1)T .

3) The response variables yc
i and yr

i are calculated by the following:

yc
i = β

c
1xc

i1 + β
c
2xc

i2 + β
c
3xc

i3 + ϵ
c
i ,

yr
i = β

r
1xr

i1 + β
r
2xr

i2 + β
r
3xr

i3 + ϵ
r
i ,

where ϵ s
i ∼ N(0, (σs

i )
2), and log

(
(σs

i )
2
)
= Zlu

i γ
s (s ∈ {c, r}).
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4) We set the heteroscedasticity parameters as fixed constant vectors:

γc = (0.3, −0.2, 0.2, −0.3),
γu = (0.2, −0.1, 0.1, −0.2).

5) For the configuration C3, we use the heteroscedasticity parameters γc and γr defined in Step 4.
For the configuration C4, we scale the parameters to 3γc and 3γr to vary the dataset variance.

6) A set of n samples are generated. We choose 4n/5 data as a training set and the remaining n/5
data as a test set.

We define the generated interval-valued dependent variable Y I by the samples {[yl
i, y

u
i ]}ni=1, where

yl
i = yc

i − yr
i and yu

i = yc
i + yr

i . Similarly, we define the first interval-valued independent variable {XI
j}

3
j=1

by the samples [xl
i j, x

u
i j] for i = 1, 2, . . . , n, where xl

i j = xc
i j − xr

i j and xu
i j = xc

i j + xr
i j. The detailed settings

of the four configurations are presented in Table 4.

Table 4. Interval-valued data configurations C1–C4 (i = 1, . . . , n, j = 1, 2, 3).

C1 xl
i j ∼ U[2, 4] xu

i j ∼ U[8, 10] γl = (0.2,−0.1, 0.1,−0.2)T γu = (0.3,−0.2, 0.2,−0.3)T

C2 xl
i j ∼ U[2, 4] xu

i j ∼ U[8, 10] γl = 3 × (0.2,−0.1, 0.1,−0.2)T γu = 3 × (0.3,−0.2, 0.2,−0.3)T

C3 xc
i j ∼ U[5, 10] xr

i j ∼ U[4, 7] γc = (0.3,−0.2, 0.2,−0.3)T γr = (0.2,−0.1, 0.1,−0.2)T

C4 xc
i j ∼ U[5, 10] xr

i j ∼ U[4, 7] γc = 3 × (0.3,−0.2, 0.2,−0.3)T γr = 3 × (0.2,−0.1, 0.1,−0.2)T

For comparison, we conduct a comparative analysis of the four models: BHPM, HPM, HMM, and
HCRM. More concretely, we first construct the models using training datasets, then employ the fitted
models to predict new interval-valued data on the test sets, and finally compute the corresponding
evaluation measurements, including RMS EL, RMS EU , RMS EH, and RI. The definitions of these
measurements are as follows:

1) Following Lima-Neto et al. [5], we separately compute the RMS errors for the lower and upper
bounds (RMS EL and RMS EU):

RMS EL =

√√
1
n

n∑
i=1

(yl
i − ŷl

i)2, RMS EU =

√√
1
n

n∑
i=1

(yu
i − ŷu

i )2, respectively,

where yl
i and yu

i are the observed lower and upper bounds, respectively, and ŷl
i and ŷu

i are their
corresponding predictions.

2) The RMS EH measurement, introduced by Carvalho et al. [31], captures the overall prediction
accuracy by considering both the center and range of each interval:

RMS EH =

√√
1
n

n∑
i=1

(
|yc

i − ŷc
i | + |y

r
i − ŷr

i |
)2
.
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3) The rate of interval agreement (RI), introduced by Hu and He [32], assesses how well the predicted
intervals overlap with the observed ones:

RI =
1
n

n∑
i=1

w(yI
i ∩ ŷI

i )
w(yI

i ∪ ŷI
i )
,

where w(·) represents the interval width. The RI ranges from 0 to 1, with values closer to 1
indicating better agreement.

Similar to Section 5.1, each setting is replicated 100 times. After specifying no prior information,
we estimated the unknown parameters in the BHPM via the Bayesian approach with 5000 iterations,
where the burn-in period was set to 3000. For the other three models, we adopted the Weighted Least
Squares [21] (WLS) method for the parameter estimation. The average values of the model performance
measurements across the four experimental groups were recorded in Tables 5 and 6.

Table 5 presents the performance comparison of the four methods (BHPM, HPM, HMM, and HCRM)
across four evaluation measurements under simulated data based on the PM mechanism. The results
demonstrate that the BHPM significantly outperforms the other models under most experimental settings.
For instance, in the C1 experiment with n = 100, the RI values of the BHPM, HPM, HMM, and HCRM
are 0.9913, 0.9913, 0.7842, and 0.9333, respectively. When γb changes in the C2 experiment with
n = 100, the RI value of the BHPM reaches 0.9989, which is higher than those of the HPM (0.9988),
HMM (0.7830), and HCRM (0.9348). Regardless of the variation in γb across experimental settings, the
BHPM consistently outperforms the other models. As the sample size increases, the prediction accuracy
of the four models generally improves, while the BHPM consistently maintains its optimal performance.

Table 6 compares the four methods under the CRM data generation mechanism. The results indicate
that the HCRM has a slight overall advantage in this scenario, while the BHPM performs very closely
behind it. For example, in the C3 experiment with n = 100, the RI values of the HCRM and BHPM
are 0.9301 and 0.9290, respectively. In the C4 experiment with n = 200, the RI values of the HCRM
and BHPM are 0.8063 and 0.8079, respectively, showing nearly identical performance. Both models
significantly outperform the HPM and HMM in this scenario.

Collectively, the results from both tables highlight that the BHPM exhibits a definitive advantage under
the PM data generation mechanism. Under the CRM mechanism, although the BHPM is marginally
inferior to the HCRM, the performance gap is minimal. Taking the RI as an example, we further compare
the differences among the four methods using box plots, as illustrated in Figures 3 and 4.

6. Real data analysis

It has been well-documented that the prevalence of respiratory illnesses, cardiovascular diseases,
and stroke-related hospitalizations has significantly risen in China in recent years, which has drawn
widespread public attention in the severe adverse health impacts of ambient air pollution. This subsection
describes the air quality dataset used in the empirical analysis. The dataset employed in this study
is obtained from official air quality monitoring records released by the Ministry of Ecology and
Environment (formerly the Ministry of Environmental Protection, MEP) of the People’s Republic
of China. The study focuses on Shanghai, thereby covering the period from 2014.4.1 to 2021.3.24.
We aggregate daily monitoring data into biweekly interval observations. Each biweekly interval is
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Figure 3. The box plots of RI calculated from the HCRM, HMM, and BHPM methods with
different data set configurations (C1–C4) when n = 100 and p = 3.

Electronic Research Archive Volume 34, Issue 7, 4698–4724.



4719

Figure 4. The box plots of RI calculated from the HCRM, HMM, and BHPM methods with
different data set configurations (C1–C4) when n = 200 and p = 3.

constructed using the minimum and maximum values of the corresponding daily indicators within
the 15-day period, thus yielding a total of 170 interval-valued observations. The dataset contains
interval data for seven variables: the response variable Y representing air quality index (AQI), and
the explanatory variables X1, X2, . . . , X6 which correspond to PM2.5, PM10, SO2, NO2, CO, and O3,
respectively. Partial data are presented in Table 7.

Figure 5. Scatter plot of residuals for air dataset.

Prior to estimating the proposed model, we perform the following specification tests. The ugmented
Dickey-Fuller (ADF) stationarity test is conducted for all variables, thus confirming that all time series
are stationary. Variance Inflation Factor (VIF) tests are further performed on the explanatory variables
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Table 7. Partial interval-valued air quality dataset for Shanghai.

NO. AQI PM2.5 PM10 SO2 NO2 CO O3

1 [50, 182] [18, 140] [28, 157] [9, 30] [27, 87] [0.37, 1.5] [15, 101]

2 [41, 102] [16, 73] [21, 101] [7, 32] [22, 73] [0.51, 1.05] [43, 105]

3 [57, 116] [30, 83] [43, 112] [6, 23] [23, 58] [0.53, 1.14] [53, 115]

4 [45, 189] [22, 144] [37, 239] [7, 34] [19, 68] [0.47, 1.06] [55, 122]

5 [39, 139] [21, 94] [34, 139] [7, 21] [20, 56] [0.52, 0.92] [57, 131]

6 [36, 130] [16, 97] [21, 122] [6, 24] [23, 58] [0.55, 1.18] [53, 118]

7 [41, 169] [24, 127] [34, 176] [8, 30] [20, 55] [0.56, 1.24] [40, 110]

8 [33, 133] [14, 101] [32, 117] [5, 18] [10, 40] [0.45, 0.99] [33, 96]

9 [37, 115] [20, 73] [29, 104] [7, 17] [17, 43] [0.52, 1.08] [41, 125]

10 [37, 101] [19, 68] [22, 92] [8, 21] [26, 50] [0.55, 1.08] [46, 102]
...

...
...

...
...

...
...

...

170 [37, 92] [19, 62] [33, 94] [4, 7] [30, 52] [0.48, 0.8] [37, 85]

to assess multicollinearity. All VIF values are well below the conventional threshold of 10, thus
confirming the absence of significant multicollinearity among the predictors. The Breusch–Pagan test
for heteroscedasticity was separately applied to the upper bound and lower bound models. The test
statistics are BPu = 35.743 and BPl = 23.358, both with p < 0.05. Furthermore, the residual analysis
presented in Figure 5 confirms the presence of clear heteroscedasticity. Considering the potential
heteroscedasticity in the air dataset, we separately establish models using the BHPM, HPM, HMM, and
HCRM. All data are divided into training and test sets with an 8:2 proportion. Each model is repeatedly
fitted 50 times to obtain the final results. Table 8 presents the comparison results of different methods
in terms of the measurements RMS EL, RMS EU , RMS EH, and RI. Overall, the BHPM achieves better
fitting performance than the other models. For instance, in terms of the RI, the average value of the
BHPM is 0.8584, which is larger than those of the other methods (0.8560 for the HPM, 0.8562 for
the HMM, and 0.8575 for the HCRM). The results of the linear regression equation established by the
BHPM model are shown as follows:

ŷl = 0.0020 + 0.3121xl
1 + 0.0217xu

1 + 0.2719xl
2 + 0.0142xu

2 + 0.0499xl
3 + 0.0696xu

3

+ 0.0789xl
4 + 0.0700xu

4 + 0.0024xl
5 + 0.0014xu

5 + 0.1222xl
6 + 0.0737xu

6 (6.1)

ŷu = 0.0070 + 0.0335xl
1 + 0.9968xu

1 − 0.0682xl
2 + 0.1704xu

2 − 0.0167xl
3 − 0.0929xu

3

+ 0.0776xl
4 + 0.0731xu

4 + 0.0044xl
5 + 0.0110xu

5 + 0.0020xl
6 + 0.1305xu

6 (6.2)

Based on regression Eqs (6.1) and (6.2), AQI is primarily influenced by PM2.5 and PM10. In the
lower bound model, the coefficients of PM2.5 and PM10 are 0.3121 and 0.2719, respectively, thus
dominating the lower bound of AQI. In the upper bound model, the coefficient of PM2.5 reaches 0.9968,
which is significantly larger than other variables, thus indicating its dominant role in shaping the
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upper bound of AQI. Although the coefficients are theoretically positive, several negative values are
observed. A correlation analysis confirms certain negative correlations among explanatory variables,
which, combined with interval-level pollutant peak asynchrony, explain these negative coefficients.

Table 8. Comparison of different methods in air dataset (standard deviations in parentheses).

RMSEL RMSEU RMSEH RI

BHPM
5.7825 8.4877 12.7244 0.8584
(0.5944) (1.3708) (1.3545) (0.0192)

HPM
5.8183 8.6243 13.0237 0.8560
(0.6128) (1.4577) (1.3850) (0.0185)

HMM
5.8040 8.5206 12.9280 0.8562
(0.5668) (1.5534) (1.5632) (0.0180)

HCRM
5.8482 8.3577 12.7912 0.8575
(0.6336) (1.2886) (1.2347) (0.0174)

7. Conclusions

This paper proposed a novel Bayesian heteroscedastic parametrized method designed for interval-
valued data. The core innovation of the BHPM lies in integrating the reference point of the traditional
PM model with heteroscedasticity, thereby constructing a more robust regression model. Bayesian
estimates of the extended BHPM were subsequently derived via the combination of Gibbs sampling and
MH algorithms. Compared with conventional interval-valued regression approaches, the BHPM not
only introduces heteroscedastic structures but also enhances model interpretability and a generalization
capability through the Bayesian inference framework.

The results from both simulation studies and real data application demonstrated the superiority of
the BHPM in linear interval regression. The simulation results indicated that the BHPM remains the
optimal choice to analyze linear relationships in the interval-valued data. The analysis of real dataset
further validated the effectiveness and practical applicability.

For future research, we will extend the scope of the BHPM in two key directions. First, we will
generalize the current linear model to partially linear or nonlinear models to better capture the complex
nonlinear relationships in interval-valued data. Second, to meet the growing demand for panel interval
data analysis, we will incorporate fixed effects (e.g., time-specific effects) into the Bayesian framework
for the parameter estimation. This extension will enable the BHPM to be widely applied in empirical
fields such as economics and finance.
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