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Abstract: Let R be an Artin algebra, modR be the category of finitely generated right R-
modules, and let F be a sub-bifunctor of Ext1
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1. Introduction

Through this paper, R denotes an Artin algebra. The finitistic dimension of R, written as fin.dimR,
is defined as the supremum of the projective dimension run over all finitely generated right R-modules
whose projective dimension is finite. One of the important open problems in the representation theory
of Artin algebras is whether fin.dim(R) < ∞ always holds, which is referred to as the finitistic
dimension conjecture. Although the general statement remains open, several special cases of this
conjecture have been verified, such as monomial algebras [1], algebras of the representation
dimension no more than 3 [2] and Igusa-Todorov algebras [3].

Denote by modR the category consisting of all finitely generated right R-modules. The extension
dimension of modR, denoted by ext.dim(R), was introduced by Dao and Takahashi [4] as follows:

ext.dim(R) := inf{n ≥ 0 | ∃ M ∈ modR such that modR = [M]n+1},

where [M]n denotes the full subcategory of modR whose objects are those that can be built from M
using only finite direct sums, direct summands, and extensions taken at most n times. Observe that if
an Artin algebra R satisfies ext.dim(R) = 0, then its finitistic dimension is necessarily finite. Moreover,
Zheng et al. [5] used the extension dimension to reformulate the finitistic dimension conjecture
as follows:

fin.dim(R) < ∞ ⇐⇒ ext.dim(ΩsP<∞(R)) ≤ 1, for some s ≥ 0, (1.1)
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where Ω stands for the syzygy operator, and P<∞(R) denotes the full subcategory of modR formed by
those modules whose projective dimension is finite.

A significant work to the study of the finitistic dimension conjecture came from Igusa and
Todorov [2], who introduced two numerical invariants ϕ, ψ : modR → N. These functions have since
become important tools for investigating the finitistic dimension
conjecture. Let ϕ-dim(R) and ψ-dim(R) denote the supremum of the values taken by ϕ and ψ

over modR, respectively. [6, Remark 2.15] yields the inequalities: fin.dim(R) ≤ ϕ-dim(R) ≤ ψ-dim(R).
In recent years, relative homological algebra has developed rapidly within the representation

theory of Artin algebras, with particular attention devoted to homological properties associated with a
sub-bifunctor F of Ext1

R(−,−); for further details, see [7–9]. Auslander and Solberg [10] introduced
the F-finitistic dimension of an Artin algebra R, denoted by fin.dimF(R). Subsequently, Lanzilotta and
Mendoza [11] defined the Igusa-Todorov dimensions of R relative to F, denoted by
ϕ-dimF(R) and ψ-dimF(R), and they proved an important inequality:

fin.dimF(R) ≤ ϕ-dimF(R) ≤ ψ-dimF(R) ≤ gl.dimF(R). (1.2)

Moreover, for any F-cotilting R-module T and ring Γ = EndR(T ), [7, Lemma 6.2] yields the
following equivalence:

fin.dimF(R) < ∞ ⇐⇒ fin.dim(Γop) < ∞. (1.3)

Therefore, if fin.dimF(R) < ∞, then by (1.3), the finitistic dimension conjecture holds for Γop.
Motivated by (1.1) and (1.3), we find that the finiteness of fin.dimF(R) can estimate the upper

bound of ext.dim(Γop). In order to determine the finiteness of fin.dimF(R), we introduce the relative
version of the extension dimension of modR, written ext.dimF(R). As will be shown in Theorem 4.2,
this notion provides a deeper understanding on the behavior of the finitistic dimension conjecture. We
are then motivated by (1.2) to establish the relationships among the F-finitistic dimension and the
aforementioned F-homological dimensions, which provides a new perspective to determine the
finiteness of finitistic dimension.

For any finite generated R-module M, let Thickn+1
modR(M) denote the full subcategory of modR whose

objects are finitely built from M, see Definition 3.4. Our first main result is stated below; its precise
expression can be found in Proposition 3.7 and Corollary 3.8.

Theorem 1.1. Consider the following statements:
(1) gl.dimF(R) < ∞;
(2) ext.dimF(R) < ∞;
(3) modR = Thickn+1

modR(M) holds for some M ∈ modR and n ≥ 0.
Then the implications (1)⇒ (2)⇔ (3) hold.

According to [11], a subcategory X of modR is called a generator if add(X) = X and add(R) ⊆ X. A
morphism f : X → M with X ∈ X is called an X-precover of M if for every X′ ∈ X, the map
HomR(X′, f ) : HomR(X′, X) → HomR(X′,M) is surjective. An X-precover f : X → M is called an
X-cover if every endomorphism α : X → X satisfying f ◦ α = f is an isomorphism. X is called
precovering if every M ∈ mod- R admits an X-precover. For any A, C ∈ modR, X defines an additive
sub-bifunctor F := FX of Ext1

R(−,−) as follows:

FX(C, A) =
{
[η] ∈ Ext1

R(C, A) | η is short exact sequence and HomR(−, η) |X is exact
}
,
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where [η] denotes the equivalence class of the sequence η. Now, we write ΩF for the F-syzygy
operator (see Definition 2.2), and let P<∞F (R) denote the subcategory of modR whose objects are
modules having finite F-projective dimensions. The remainder of this paper is devoted to studying the
finiteness conditions for these relative homological dimensions. A more detailed discussion is given
in Theorem 4.2 and Corollary 4.5.

Theorem 1.2. LetX be a generator and precovering in modR, F := FX. Then, the following statements
are equivalent:

(1) fin.dimF(R) < ∞;
(2) ext.dimF(Ωn

F(P<∞F (R))) ≤ 1 holds for some n ≥ 0.

Corollary 1.3. Let X be a generator and precovering in modR, F := FX. Assume that Db
F(R) ≃

Db(S ). If either S is a Gorenstein ring or idF(X) < ∞, then the following conclusions hold:
(1) fin.dim(S ) ≤ ϕ-dim(S ) ≤ ψ-dim(S ) < ∞;
(2) fin.dimF(R) ≤ ϕ-dimF(R) ≤ ψ-dimF(R) < ∞;
(3) there exist non-negative integer n and m such that

ext.dimF(Ωn
FP

<∞(R)) ≤ 1, ext.dim(ΩmP<∞(S )) ≤ 1.

This paper is structured as follows. In Section 2, we collect necessary definitions and known facts.
Section 3 focuses on establishing Theorem 1.1. Section 4 investigates the relationships for the
finiteness of these relative homological dimensions.

2. Preliminaries

This section serves two purposes. First, we recall several definitions that will be needed later.
Second, we introduce the relative extension dimension for module categories, which generalizes the
ordinary extension dimension from [4] to the relative version.

2.1. Conventions

Throughout this paper, all algebras are Artin algebras, and all modules are assumed to be finitely
generated unless stated otherwise, and all subcategories of modR are full, additive, and closed under
isomorphisms. For every object U ∈ modR, we write add(U) for the subcategory whose objects are
precisely the direct summands of finite direct sums of U. Throughout, Ωn(−) denote the nth syzygy
functor, and F be a sub-bifunctor of Ext1

R(−,−). We shall always assume that F has enough projectives
and injectives (see Definition 2.1).

2.2. Relative homological dimensions

In this paper, we assume that F := FX, where X is a generator and precovering in modR. A short
exact sequence

η : 0 −→ A −→ B −→ C → 0

is called F-exact if [η] ∈ F(C, A). Notice that, if X is the class of projective
(resp. Gorenstein projective) R-modules, then FX = Ext1

R(−,−) (resp. FX = Gext1
R(−,−)).
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Definition 2.1. ( [10, Section 1])
(1) A module P ∈ modR is said to be F-projective if for exact sequence 0 → A → B → C → 0,

the sequence
0→ HomR(P, A)→ HomR(P, B)→ HomR(P,C)→ 0

is exact. The notion of an F-injective module is defined dually. In this paper, we
let P(F) and I(F) denote the class of F-projective and F-injective modules, respectively.

(2) The additive subfunctor F is said to have enough projectives if, for any module M ∈ modR, there
is an F-exact sequence in modR

0→ X → P→ A→ 0

with P ∈ P(F). The concept of having enough injectives is defined dually.

Definition 2.2. ( [10, Section 3]) Consider an F-exact sequence of the form

· · · → Pn
dn
−→ Pn−1

dn−1
−−−→ · · · → P0

d0
−→ X → 0,

where each Pi (for i ≥ 0) is F-projective. If all homomorphisms Pi → Im(di) are P(F)-covers, then we
call the kernel of di the ith F-syzygy module of X, and we denote it byΩi

F(X). We denote byΩn
F(modR)

the full subcategory of modR formed by all n-th F-syzygy modules of all objects in modR. By duality,
one similarly defines the notion of an F-cosyzygy object and the associated subcategory.

Definition 2.3. ( [7, Sections 2 and 6]) For a module M ∈ modR, its F-projective dimension, written
pdF(M), is defined as follows. If there exists a non-negative integer m together with an
F-exact sequence

0→ Pm −→ · · · −→ P1 −→ P0 −→ M → 0,

where Pi ∈ P(F) for i ≥ 0, then pdF(M) is the smallest such m. If no such integer exists, we set
pdF(M) := ∞. The F-global dimension of R is defined as

gl.dimF(R) := sup{pdF(M) | M ∈ modR}.

The F-finitistic dimension of R is defined as

fin.dimF(R) := sup{pdF(M) | pdF(M) < ∞,M ∈ modR}.

Definition 2.4. ( [11, Definition 2.6]) For any M ∈ modR, let [M] denote the isomorphism class of M
in modR. Let KF(R) denote the quotient of the free Abelian group generated by {[M] | M ∈ modR}
modulo the relations:

(i) [A] − [B] − [C] whenever A � B ⊕C;
(ii) [P] for any P ∈ P(F).

Write ⟨M⟩ for the Z-submodule of KF(R) that is generated by all indecomposable summands of M
which are not F-projective. The relative Igusa-Todorov dimensions of M are then defined as follows:

ϕ-dimF(M) : = inf{k ∈ Z | Ωi
F(⟨M⟩) � Ωi+1

F (⟨M⟩) for all i ≥ k},

ψ-dimF(M) : = ϕ-dimF(M) + sup{pdF(X) | pdF(X) < ∞ and X is summand of Ωϕ-dimF (M)
F (M)}.

The relative Igusa-Todorov dimensions of R is defined as the supremum of all modules in modR. If F :=
Ext1

R(−,−), then set ϕ-dim(R) := ϕ-dimF(R), ψ-dim(R) := ψ-dimF(R), which are defined in [2].
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Lemma 2.5. ( [11, Theorem 2.13]) For any F-exact sequence 0 → X → Y → Z → 0 with pdF(Z) <
∞, one has that pdF(Z) ≤ ψ-dimF(X ⊕ Y) + 1.

Definition 2.6. Let X, Y be subcategories of modR.
(1) We define X ∗ Y to be the subcategory consisting of those objects M ∈ modR for which there

exists an F-exact sequence
0 −→ X −→ M −→ Y −→ 0

with X ∈ X and Y ∈ Y. This subcategory X ∗ Y is called the F-extension of X and Y.
(2) Set |X|0 = {0} and |X|1 = add(X). For n ≥ 2, we define inductively |X|n := add(|X|n−1 ∗ |X|1).
(3) The F-extension dimension of a subcategory X is defined to be

ext.dimF(X) := inf{n ≥ 0 | X ⊆ |N|n+1 for some N ∈ modR},

or ∞ if no such integer n exists. In the special case X = modR, we simply write ext.dimF(R) :=
ext.dimF(modR).

(4) The F-extension dimension of X with respect to Y is defined by

Y-ext.dimF(X) := inf{n ≥ 0 | X ⊆ |Y|n+1}.

Remark 2.7. (1) By Definition 2.6, we have

ext.dimF(R) = inf{(addM)-ext.dimF(modR) | M ∈ modR}.

Moreover, if F := Ext1
R(−,−), then we set |X|n := [X]n defined in [4], for any subcategory X

of modR. Since all F-exact sequences are exact, |modR|n ⊆ [modR]n for any
n ≥ 0. Hence, ext.dim(R) ≤ ext.dimF(R).

(2) Let X be a subcategory of modR. As a consequence of [4, Proposition 2.2] (adapted to the
relative version), we have that

add(|X|n ∗ |X|m) = add(|X|m ∗ |X|n) = |X|n+m, ∀ n,m ≥ 0.

(3) Both P(F) and I(F) are closed under extensions as well as under taking direct summands of
finite direct sums. In this case, one has that

ext.dimF(P(F)) = ext.dimF(I(F)) = 0.

Moreover, according to [7, Corollary 3.14], the subcategories P(F) and I(F) are of finite type. Thus,
there exist M, N ∈ modR such that P(F) = |M|1 and I(F) = |N|1. It follows that

P(F) = |P(F)|n, I(F) = |I(F)|n, ∀ n ≥ 1.

As a result, P(F)-ext.dimF(modR) = I(F)-ext.dimF(modR) is either∞ or 0.

For any A, C ∈ modR and i ≥ 0, let Exti
F(C,−) and Exti

F(−, A) denote the right-derived functors
of HomR(C,−) and HomR(−, A); for details see [7].
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Definition 2.8. ( [7, Section 3]) A module M ∈ modR is called F-tilting provided that the following
conditions are satisfied:

(T1) pdF(M) < ∞;
(T2) Exti

F(M,M) = 0 for each i ≥ 1;
(T3) For any X ∈ P(F), there exists a finite F-exact sequence

0→ X → M0 → M1 → · · · → Mn → 0,

where each Mi belongs to add(M) for 0 ≤ i ≤ n. The F-cotilting module is defined dually. Notice
that, for any F-tilting module T , add(T ) is a generator and precovering in modR.

Given a subcategory X ⊆ modR and m ≥ 0, set

⊥mX := {M ∈ modR | Exti
F(M, X) = 0 for all X ∈ X and all i > m},

X⊥m := {M ∈ modR | Exti
F(X,M) = 0 for all X ∈ X and all i > m}.

Remark 2.9. For any F-cotilting module T and subcategory XT :=⊥0 T , according
to [7, Theorem 3.2], both XT and X⊥0

T are closed under F-extensions as well as under taking direct
summands of finite sums. Consequently,

ext.dimF(XT ) = ext.dimF(X⊥0
T ) = 0.

3. The finiteness of relative extension dimension

In this section, we retain the assumption that F ⊆ Ext1
R(−,−) is an additive sub-bifunctor. Our aim

is to investigate the conditions under which the F-extension dimension is finite.

3.1. Relative extension dimensions with respect to subcategories

Lemma 3.1. For any subcategories X,Y, andU of modR, if X ⊆ Y, then the following hold:
(1) ext.dimF(X) ≤ ext.dimF(Y);
(2)U-ext.dimF(X) ≤ U-ext.dimF(Y);
(3) Y-ext.dimF(U) ≤ X-ext.dimF(U).

Proof. The proof follows directly from Definition 2.6. □

Proposition 3.2. For any subcategory X of modR and positive integer m, the following hold:
(1) (⊥mX)-ext.dimF(modR) < ∞ if and only if modR = ⊥mX;
(2) (X⊥m)-ext.dimF(modR) < ∞ if and only if modR = X⊥m .

Proof. We only need to prove (1), and (2) is similarly verifiable. First, if modR = ⊥mX, then

⊥mX-ext.dimF(modR) = 0.

Next, we prove ⊥mX-ext.dimF(modR) < ∞ implies that modR = ⊥mX. Suppose modR ⊋⊥m X. On the
one hand, ⊥mX ⊆ |⊥mX|n holds for any n ≥ 1. On the other hand, for any Y ∈ |⊥mX|1, there exist finitely
many modules Mi and positive integers ti such that

Y ⊕ Y
′

� ⊕n
i=1M(ti)

i , Ext>m
F (Mi, X) = 0, ∀ X ∈ X.
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Thus, Ext>m
F (Y, X) = 0 for all X ∈ X and all Y ∈ |⊥mX|1. Hence, by Lemma 3.1, ⊥mX = |⊥mX|n hold for

all n ≥ 1. Since ⊥mX , modR, |⊥mX|n ⊊ modR hold for all n ≥ 1, which is to say
that ⊥mX-ext.dimF(modR) = ∞. □

For any n ≥ 0, let Tn(F) denote the subcategory of F-tilting modules with finite F-projective
dimension no more than n, Cn(F) denotes the subcategory of F-cotilting modules with finite F-injective
dimension no more than n. According to Proposition 3.2, we obtain the following result.

Corollary 3.3. (1) If there exists a subcategory X of modR such that ⊥n+1X ⊊ modR for some positive
integer n, then

P(F)-ext.dimF(modR) = Tn-ext.dimF(modR) = ∞.

(2) If there exists a subcategoryX of modR such thatX⊥n+1 ⊊ modR for some positive integer n, then

I(F)-ext.dimF(modR) = Cn-ext.dimF(modR) = ∞.

Proof. It follows from Definition 2.8 that

P(F) ⊆ Tn(F) ⊆⊥n+1 X,

I(F) ⊆ Cn(F) ⊆ X⊥n+1 .

Hence, from Lemma 3.1, we obtain the following inequalities:

X⊥n+1-ext.dimF(modR) ≤ Cn-ext.dimF(modR) ≤ I(F)-ext.dimF(modR),
⊥n+1X-ext.dimF(modR) ≤ Tn-ext.dimF(modR) ≤ P(F)-ext.dimF(modR).

(3.1)

Finally, combining Proposition 3.2 and Inequalities (3.1), we complete the proof. □

3.2. Finiteness of F-extension dimensions

Similar to [12, Definition 2.8], we introduce the relative version of generation for module category
as following.

Definition 3.4. Let M ∈ modR, Thick0
modR(M) be the full subcategory consisting of objects

isomorphic to the zero module, and Thick1
modR(M) := add(M). For n ≥ 2, let Thickn

modR(M) denote the
full subcategory of modR consisting of M ∈ modR such that there exists an F-exact sequence

0→ A→ B→ C → 0,

where D1 ∈ Thick1
modR(M), D2 ∈ Thickn−1

modR(M), and M is a direct summand of D3 for {D1,D2,D3} =

{A, B,C}.

Remark 3.5. (1) If M ∈ modR, n ≥ 0, then |M|n ⊆ Thickn−1
modR(M) by definition.

(2) Let Pn(F) denote the subcategory of modules of F-projective dimension no more than n. It
follows from [7, Corollary 3.14] that P(F) is finite type for any sub-bifunctor F of
Ext1

R(−,−). Consequently, one can find an object G ∈ modR satisfying
Thick1

modR(G) = P0(F). Moreover, a straightforward argument yields the inclusion

Thickn+1
modR(G) ⊆ Pn(F), ∀ n ≥ 0.

Therefore, if there exists an F-projective module G together with some n ≥ 0 for which modR =
Thickn+1

modR(G), then gl.dimF(R) < ∞.
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Lemma 3.6. Let X,Y ∈ modR, n ≥ 0.
(1) If X ∈ |Y |n, then Ωi

F(X) ∈ |Ωi
F(Y)|n for any i ≥ 0.

(2) If X ∈ Thickn+1
modR(Y), then Ωn

F(X) ∈ |G ⊕ (⊕2n
i=0Ω

i
F(Y))|2n , where P(F) = add(G).

Proof. (1) First, it is easy to see that Ω1
F(X) ∈ |Ω1

F(Y)|1 whenever X ∈ |Y |1, and therefore Ωi
F(X) ∈

|Ωi
F(Y)|1 for any i ≥ 0. Now, we assume that X ∈ |Y |n+1. Then, there exists an F-exact sequence

0→ A→ X ⊕W → B→ 0,
0→ Ωi

F(A)→ Ωi
F(X) ⊕Ωi

F(W)→ Ωi
F(B)→ 0,

where A ∈ |Y |n, B ∈ |Y |1. By the induction hypothesis, we have

Ωi
F(A) ∈ |Ωi

F(Y)|n, Ωi
F(B) ∈ |Ωi

F(Y)|1.

Hence, Ωi
F(X) ∈ |Ωi

F(Y)|n for any i ≥ 0.
(2) We use induction on n. If n = 0, then the assertion is clear. Let n > 0. There is an F-

exact sequence
0→ A→ B→ C → 0,

such that D1,D2 ∈ Thickn
modR(Y) and M is a direct summand of D3, where {D1,D2,D3} = {A, B,C}.

The induction hypothesis implies that

Ωn−1
F (D1), Ωn−1

F (D2) ∈ |E|2n−1 ,

where E = G ⊕
⊕2n−2

i=0 Ω
i
F(Y). It follows from Definition 3.4 that (D1,D2,D3) has three cases, we

only consider one case, e.g., (D1,D2,D3) = (C, A, B); other cases are similar. Then, there is an F-
exact sequence

0→ Ωn−1
F (D2)→ Ωn−1

F (D3)→ Ωn−1
F (D1)→ 0.

Hence, Ωn−1
F (M) ∈ |E|2n , and by (1) we obtain that

Ωn
F(M) ∈ |Ω1

F(E)|2n ⊆ |E ⊕Ω1
F(E) ⊕Ω2

F(E)|2n = G ⊕ (⊕2n
i=0Ω

i
F(Y)).

This completes the proof. □

Proposition 3.7. The following conditions are equivalent:
(1) ext.dimF(R) < ∞;
(2) modR = Thickn+1

modR(M) holds for some M ∈ modR and n ≥ 0.

Proof. (1)⇒ (2) Assume that ext.dimF(modR) < ∞. By Definition 2.6(3), this means that there exists
Y ∈ modR and t ≥ 0 for which modR = |Y |t+1. Since

|Y |t+1 ⊆ Thickt+1
modR(Y) ⊆ modR,

we obtain that modR = Thickt+1
modR(Y).

(2) ⇒ (1) Assume that modR = Thickn+1
modR(M), i.e., N ∈ Thickn+1

modR(M) for any N ∈ modR. It
follows from Lemma 3.6(2) that
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Ωn
F(N) ∈ |G ⊕ (

2n⊕
i=0

Ωi
F(M))|2n ,

for some G ∈ modR with P(F) = add(G). Hence,

ext.dimF(Ωn
F(modR)) < ∞.

Finally, similarly to [13, Lemma 2.20], we obtain that

ext.dimF(R) ≤ ext.dimF(Ωn
F(modR)) + n < ∞.

This completes the proof. □

Applying Proposition 3.7, we obtain the following relative analogue of [5, Corollary 3.6].

Corollary 3.8. If gl.dimF(R) < ∞, then ext.dimF(R) < ∞.

Proof. Assume that d := gl.dimF(R) is finite. For any M ∈ modR, the finiteness of the F-global
dimension guarantees the existence of an F-exact sequence formed as

0→ Pd → Pd−1 → · · · → P0 → M → 0,

where each Pi belongs to ∈ P(F) for 0 ≤ i ≤ d. We set K0 = M, Kd = Pd, and consider the
F-exact sequence

0→ Ki → Pi−1 → Ki−1 → 0.

Since P(F) is of finite type, we can find an object G ∈ modR with P(F) = add(G). Observe that
both Kd and Pd−1 lie in Thick1

modR(G), and therefore Kd−1 ∈ Thick2
modR(G). By induction, we obtain

that M ∈ Thickd+1
modR(G) recursively. Hence, modR = Thickd+1

modR(G), and ext.dimF(modR) < ∞ by
Proposition 3.7. □

Let (R,m) be a commutative local ring and set d = dim(R). Recall that a sequence x1, · · · , xd ∈

m is called a system of parameters for R if the intersection of all ideals which contain (x1, · · · , xd)
equals m. The ring R is called regular if it admits a system of parameters that generates maximal
ideal m. According to [14, Theorem 2.2.7], a local ring R is regular precisely when gl.dim(R) < ∞.

Corollary 3.9. Let T ∈ modR be an F-cotilting module and set S = EndR(T ). Consider the
following conditions:

(1) S is a regular ring;
(2) there exists G ∈ P(F) and a non-negative n such that modR = Thickn+1

modR(G).
If any of the above conditions holds, then

max{ext.dimF(R), ext.dim(S )} < ∞.

Proof. According to [7, Proposition 4.1], the inequality gl.dimF(R) < ∞ holds precisely
when gl.dim(S ) < ∞. Hence, whenever condition (1) or (2) is satisfied, the desired finiteness follows
from Remark 3.5, Corollary 3.8, and [14, Theorem 2.2.7]. □
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4. The finiteness of relative finitistic dimension

In this section, we establish necessary and sufficient conditions for the finiteness of various relative
homological dimensions. As a first step, we prove a lemma that will be used in the proof of
Theorem 4.2.

Lemma 4.1. For any F-exact sequence 0→ A→ B→ C → 0, there exists P ∈ P(F) such that

0 −→ Ω1
F(C) −→ A ⊕ P −→ B −→ 0,

is also F-exact.

Proof. Because F is assumed to have enough projectives, we can choose an F-exact sequence

0 −→ Ω1
F(C) −→ P −→ C −→ 0,

with P ∈ P(F). Now, consider the following pullback diagram:

0

��

0

��
Ω1

F(C)

��

Ω1
F(C)

��
0 // A // U

��

// P

��

// 0

0 // A // B

��

// C

��

// 0

0 0

Since the class of F-projective objects is closed under pullback, every row and every column in the
pullback diagram is an F-exact sequence. The fact that P ∈ P(F) forces that U � A⊕P. Consequently,
we obtain the desired F-exact sequence

0→ Ω1
F(C)→ A ⊕ P→ B→ 0

with P ∈ P(F). □

For the remainder of this section, we write P<∞F (R) for the category of R-modules with finite F-
projective dimension. When F = Ext1

R(−,−), we simply denote this subcategory by P<∞(R).

Theorem 4.2. The following statements are equivalent:
(1) fin.dimF(R) < ∞;
(2) ext.dimF(Ωn

F(P<∞F (R))) ≤ 1 holds for some n ≥ 0.

Proof. (1)⇒ (2) Assume t := fin.dimF(R) is finite. Then, Ωt
F(P<∞F (R)) ⊆ add(R). Consequently,

ext.dimF(Ωt
F(P<∞F (R))) = 0.
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(2)⇒ (1) Suppose that for some non-negative integer n we have ext.dimF(Ωn
F(P<∞F (R))) ≤ 1. Then

there exists M ∈ modR satisfying Ωn
F(P<∞F (R)) ⊆ |M|2. For any X ∈ P∞F (R), the inclusion above

guarantees the existence of modules M1, M2 ∈ add(M) and an F-exact sequence

0→ M1 → Ω
n
F(X)→ M2 → 0.

Applying Lemma 4.1 to above F-exact sequence yields another F-exact sequence

0→ Ω1
F(M2)→ M1 ⊕ P→ Ωn

F(X)→ 0

for some P ∈ P(F). Because pdF(X) is finite, we can use Lemma 2.5 together with [11, Remark 3.2]
to obtain

pdF(X) = pdF(Ωn
F(X)) + n

≤ ψ-dimF(Ω1
F(M2) ⊕ M1 ⊕ P) + 1 + n

< ∞.

Hence, fin.dimF(R) < ∞. □

Remark 4.3. If F := Ext1
R(−,−), then we reobtain the result [5, Proposition 3.11].

As an application of Theorem 4.2, we obtain the following consequence concerning
the F-extension dimension.

Denote by Kb(R) the homotopy category of bounded complexes of modules in modR. Recall that a
complex X• ∈ Kb(R) with differential d•X is said to be F-acyclic if, for every integer i, the sequence

0→ Im(di−1)→ Xi → Im(di)→ 0

is an F-exact sequence. It follows from [9] that

N := {X• ∈ Kb(R) | X•is a F -acyclic complex}

forms a thick subcategory of Kb(R). The relative bounded derived category [9, Section 2] with respect
to F is defined as the Verdier quotient

Db
F(R) := Kb(R)/N = Σ(N)−1Kb(R),

where Σ(N) denotes the collection of morphisms f • : X• → Y• in Kb(R) for which there exists a
distinguished triangle X• → Y• → Z•⇝ with Z• ∈ N .

Corollary 4.4. Let R and S be Artin rings, and let F be a sub-bifunctor of Ext1
R(−,−) such that Db

F(R) ≃
Db(S ). Then, the following statements are equivalent:

(1) ext.dimF(Ωn
FP

<∞(R)) ≤ 1 holds for some n ≥ 0;
(2) ext.dim(ΩmP<∞(S )) ≤ 1 holds for some m ≥ 0.

Proof. Since Db
F(R) ≃ Db(S ), by [9, Theorem 6.6], we obtain that

fin.dim(S ) < ∞ ⇐⇒ fin.dimF(R) < ∞.

Finally, we obtain the desired result by Theorem 4.2. □
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An Artin algebra R is called Gorenstein if id(RR) ≤ n and id(RR) ≤ n for some n ≥ 0. Then we
obtain the following corollary by Theorem 4.2.

Corollary 4.5. Let X be a generator and precovering in modR, F := FX. Assume that Db
F(R) ≃

Db(S ). If either S is a Gorenstein ring or idF(X) < ∞, then the following conclusions hold:
(1) fin.dim(S ) ≤ ϕ-dim(S ) ≤ ψ-dim(S ) < ∞;
(2) fin.dimF(R) ≤ ϕ-dimF(R) ≤ ψ-dimF(R) < ∞;
(3) there exist non-negative integer n and m such that

ext.dimF(Ωn
FP

<∞(R)) ≤ 1, ext.dim(ΩmP<∞(S )) ≤ 1.

Proof. Firstly, if S is a Gorenstein ring, then statement (1) follows from [6, Theorem C]. The
equivalence Db

F(R) ≃ Db(S ), together with [8, Theorem 5.7] and [11, Remark 3.2], yields the
inequalities in (2). If idF(X) < ∞, then (2) follows from [11, Corollary 4.4]. From Db

F(R) ≃ Db(S ), and
the same references [8, Theorem 5.7] and [11, Remark 3.2], we deduce that ψ-dim(S ) < ∞, and
then [6, Theorem C] implies the inequalities in (1). Finally, statement (3) follows from (1), (2), and
Theorem 4.2. □

Remark 4.6. If F := Ext1
R(−,−), then the subcategory X in Corollary 4.5 can be selected as the P(R)

of finite generated projective R-modules. Moreover, under the conditions Db
F(R) ≃ Db(S ) and S being

a Gorenstein ring, Corollary 4.5 can be proved by [6, Corollary B] and [9, Theorem 6.6].
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