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Abstract: This work presents a comprehensive oscillation theory for a class of second-order nonlinear
neutral differential equations with a variable damping term and variable delay functions. The primary
contribution consists of a set of new oscillation criteria whose validity depends on the interplay between
the key parameters @ and 8. To address the limitations of existing approaches, a novel framework is
introduced based on the construction of parameterized auxiliary equations and the use of a generalized
Riccati transformation. This approach reduces the problem to the analysis of an associated integro-
differential inequality, which is then analyzed via refined inequality techniques and iterative integration.
The main results reveal that oscillatory behavior is dictated by a threshold condition comparing « with
the rate of change of the delay, quantified by 8. These results are shown to be both sharp and easily
applicable, as illustrated by examples that also highlight their improvement over existing results.
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1. Introduction

The study of oscillatory phenomena can be traced back to the Newtonian era of the eighteenth
century, arising from the analysis of mechanical systems such as vibrating strings and
pendulums [1, 2]. The systematic mathematical study of oscillation for differential equations,
however, began with Sturm’s pioneering work in the 1830s, particularly through the Sturm
comparison and separation theorems [3,4]. Since then, oscillation theory has developed extensively,
encompassing linear and nonlinear differential equations as well as systems of both lower and higher
order. Oscillation theory now finds widespread application in the natural sciences and modern control
theory, with important implications for engineering, physics, biology, and related disciplines [5, 6].
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In recent years, many papers appeared on the oscillatory behavior of differential equations of
different orders. Baculikov4 [7] studied oscillatory behavior of the second order functional differential
equations. Yang et al. [8] investigated the oscillation of nonlinear second-order neutral delay
differential equations. Tian and Guo [9] utilized the Riccati transformation and integral inequality
technique to establish some oscillatory criteria for second-order Emden-Fowler neutral delay
differential equations. Grace and Chhatria [10] improved oscillation criteria for second order
quasilinear dynamic equations of noncanonical type. Alkilayh [11] introduced the oscillatory
behavior of second-order differential equations featuring a mixed neutral term along with a p-Laplace
differential operator. Grace et al. [12] gave new criteria for the oscillation of third-order delay
differential equations with noncanonical operators. Deng et al. [13] studied the oscillation and
nonoscillation of third order delay differential equations with positive and negative terms. Braverman
et al. [14] obtained new comparison results on the distance between zeros and local extrema of
solutions for the second-order delay differential equation. Purushothaman et al. [15] investigated
oscillation of third-order hybrid trinomial delay differential equations by employing comparison
techniques and integral averaging methods. Al-Jaser et al. [16] investigated the asymptotic and
oscillatory behavior of a specific class of third-order functional differential equations with damping
terms and deviating arguments. Grace et al. [17] studied oscillation criteria for odd-order nonlinear
delay differential equations with a middle term. Moaaz et al. [18] proposed new sufficient conditions
for oscillation of fourth-order neutral differential equations. Cesarano et al. [19] employed the Riccati
transformation to establish new oscillation criteria for higher-order quasilinear neutral differential
equations. The following will introduce the second-order differential equations that have been studied
recently. Zhao et al. [20] studied oscillation for a class of time-varying differential equations by the
Riccati transformation, partial integration, and scaling methodologies. Abbas et al. [21] established
oscillation results for second-order nonlinear dynamic equations with a sub-linear neutral term by
converting the nonlinear equations into linear inequalities and illustrating the main theorems with
examples. Grace et al. [22] investigated the oscillatory behavior of second-order non-canonical
dynamic equations with sublinear and superlinear nonlinear neutral terms.

Liu et al. [23] discussed the new generalized Emden-Fowler equation with neutral type delays by
applying averaging technique and specific analytical skills:

(AD 1 OF™" Z®) + Ol x(o@) = 0, (1.1)

where z(t) = x(t) + h(t)x (t(t)), @« = 8 > 0.
Furthermore, Agarwal et al. [24] studied second-order neutral differential equations given by

(r@) ((x() + pOx(x(1)))')") + q()x* (o (1)) = 0. (1.2)
Wau et al. [25] examined second-order nonlinear differential equations
(AO R OF ZO) + b0 O 2(@) + gl @) x(o () = 0, (1.3)

where z(t) = x(¢) + h(t)x (7(¢)), « < B, and a > 5.
Motivated by the aforementioned works, the oscillation theory for a class of second-order nonlinear
neutral differential equations with a variable damping term and variable delay functions is investigated.

(AW (@) +b1ga (Z©) + Y. Qi) fi (¢ (x(ori1))
i=1
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1
= > Ri0)g (85 (x(6,0)) =0, 121, (1.4)

J=1

where z(1) = x(t) + h()x” (7(1)), po(u) = [ul"'u, pg(u) = [uf~'u, witha > 0, > 0,0 <y < 1, and
m,leZ".
The following assumptions are imposed throughout this work.

(Hy) Foreachi = 1,2,...,mand j = 1,2,...,, the functions that satisfy A(?), b(1), Q;(t), and R;(1)
belong to C([1, +0), [0, +00)). Moreover, the nonlinearities f;(u) and g;(u) are continuous and
satisfy ufi(u) > 0, ug;(u) > 0 for u # 0.

(H,) The delay function 7(¢) belongs to C([fy, +0), (0, +00)), with 7(¢) < ¢ for t > ty and lim,_,,, 7(¢) =
+00.

(H3) The delay function x(o(1)) = x(6(1)) = x(o(¢)) and o=(¢) are twice continuously differentiable on
[t0, +00) with o(?) < 7, lim,, o, 0°(¢) = 400 and o”(7) > 0.

(H,) There exist positive constants m; and n; such that for all u # 0,

Ji(w) g;(u)

Z m;, = nj’
u u

and
i

i mQi(H) = > mRi() > 0.

i=1 j=1

(Hs) The neutral coefficient satisfies 0 < h(r) < 1 with A(r) € C([ty, +00), [0, 1)). Moreover, A(f) > 0
and A’(r) > 0.
(Hg) The following divergence condition holds:

| “bis) NP
‘ft; [m eXp (—ft(; md&‘)] du = +o0.

A review of the existing literature indicates that the parameters @ and § play a pivotal role in
determining the oscillatory behavior of such equations. To clarify the contribution of this work,
Table 1 compares the main features of Eq (1.4) with those studied in recent related papers.

Table 1. Comparison of Eq (1.4) with models in recent literature.

Reference Damping Yy Coeflicient signs a, [ relation
[8] No 1 Positive a<pBora>p
[23] No 1 Positive a>p=>0

[25] Yes 1 Positive a<pora>p
This paper Yes 0,1] Mixed Any a,8>0

Through Table 1, we observe that the differential equations studied in references [8] and [23] do
not contain a damping term, while reference [25] only discusses the case y = 1. In contrast, this paper
allows 0 < ¥ < 1 and simultaneously investigates second-order differential equations with nonlinear
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neutral terms, damping terms, multiple variable delays, and both positive and negative coeflicients,
thereby extending the existing literature.

The paper is structured into several sections. Section 2 introduces auxiliary functions and lemmas,
and establishes fundamental properties of positive solutions. Section 3 presents the main oscillation
theorems. In Section 4, some examples are used to verify the feasibility of our main results. Section 5
concludes the paper with a discussion of the findings and future research directions.

2. Theoretical foundations of research

Several auxiliary functions and lemmas used throughout the paper are introduced. Lemma 1 is a
classical Kiguradze-type lemma concerning the sign of derivatives. Lemmas 2-5 provide useful
inequalities. Lemma 6 establishes fundamental properties of any eventually positive solution of
Eq (1.4), and these properties are essential for the Riccati transformation in Section 3.

Define the function
" b(s)
w(t) = ex (f —ds), 2.1
P\J, A

which will be employed in the subsequent analysis.

Lemma 1. [20] Let u be a positive n-times differentiable function on [ty, +00) such that u"™(t) is
eventually of constant sign. Then there exists t* > ty and an integer | (0 < | < n) such that n + [ is even
if u™(t) > 0 and odd if u”(t) < 0, and for all t > t*; if | > 0, then u®(t) > 0 for k = 0,1, while if
I<n—1, then (=1)"*u®@#) > 0 fork = 0, 1.

Lemma 2. [8] For non-negative real numbers X and Y, and for 0 < A < 1,
X'+ Y <2 (X + )L

Lemma 3. /8] For any real number x > —1, the inequality (1 + x)" < 1 + rx holds when 0 < r < 1,
while the reverse inequality (1 + x)" > 1 + rx holds when either r < 0 or r > 1.

Lemma 4. [20] Let f, g be measurable functions on [a, b] and let p,q > O with % + é = 1. Then

b b l/p b l/q
f If(X)g(X)Ide( f If(x)l”dx) ( f Ig(x)lqu) .

Lemma S. [20] Let a, b, y be positive constants, then there is

y+1 var* 1

au—bu v <

_m (u>0).

Lemma 6. Assume that conditions (H\)—(Hg) hold. If the function x(t) is the eventually positive
solution of Eq (1.4), it can be concluded that

(>0, Z@ >0, ') <0. (2.2)
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Proof. If x(¢) is an eventually positive solution of Eq (1.4), then there exists #; > £, such that for all
t>1,
x() >0, x(7(1) >0, x(oi(1)) = x(6,(1)) = x(0(2)) > 0.

Then, based on the auxiliary function
2(t) = x(t) + h(H)x'(7(£)) > 0, t > 1,

from Eq (1.4), one has,

/

[ADGa EO) +b(Dga (1) < =| D mQiD) = ) nRAD)| 8 (Ko (1)
i=1

- (2.3)
< 0.
From Eq (2.1), the function w(?) satisfies
w'(t) = Z(Ttt))w(t)'
In view of Eq (2.3), a straightforward computation gives
[wADB(Z ()] = W' (ODADP(Z (1)) + w(0) [AD)pa(' )] 0.4)

= w(®) {[ANE O] + bt} (1)} < 0.

This shows that w(#)A(#)¢,(z'(t)) is strictly decreasing for ¢ > #;.
It will next be demonstrated that
7 > 0.

Assume for contradiction that 7'(¢) < 0. Inequality (2.4) implies

WA P (Z' (1) < w(t)A(t)Po(Z (1)) = =C, t > 1y,

where
C = w(t)A) [=¢o(Z (11))] = w(t)AWM) I )" (=2 (1)) > 0.

v < e L _ff@ v
7 <-C [A(t)exp . A(S)ds .

Integrating both sides from ¢, to ¢ yields

t 1 U b 1/a
2(t) < z2(1) = C@ f, [mexp(— fm %ds)] du.

From condition (Hy), it follows that

Consequently,

lim z(7) = —oo.

t—00
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This contradicts the fact that z(r) > O for all sufficiently large ¢. This can be confirmed to be true for
Z/(t) > 0. From formula (2.3), it follows that

0 > [A(Ng(Z ®)]
’ ’ % ’ a—1 _y (25)
=AW [ZO] +aA@) [Z O] 2" (@).

Dividing both sides by aA()[z'(1)]*"! > 0 yields

’” A/(Z) ’
() < —mz (® <0,

where the condition A’(f) > 0 and the positivity of z'(r) imply z”’(#) < 0. Given that n = 2 is even,
Lemma 1 ensures the existence of an odd integer / such that the required sign conditions hold for all
t > t,. This completes the proof of Lemma 6. O

3. Main results

This section presents new oscillation criteria for the second-order nonlinear neutral differential
Eq (1.4) with damping and time-varying delays. The main results are based on a Riccati
transformation and parameter-dependent auxiliary functions.

Theorem 1. Given the fulfillment of the (H\)—(Hg) conditions, assume the function
¢ € Cl([ty, +00), (0, +00)) and w > 0, such that

lim suptlw (it - s)“’{go(s)CD(s)

t—+00

3.1
_ a"e(9)A(o(s) ¢'(s)  b(s)  w | } s = +oo G-
(@ + D BO()T ()]" L @(s)  A(s) t—s I
where
m 1 21_7 -1 B
(1) = [Z mQ(t) = > nRi(0) [1 - (721‘7 + )h(a(t))] ,
i=1 j=1
kB-la a < p, )
6(t) =11, a=p, with O = f A(s)™"ds, (3.2)

[dO(T ()P, a>p,
and ty > ty, k >0, d > 0. Eq (1.4) experiences oscillation.

Proof. Assume that Eq (1.4) possesses a non-oscillatory solution x(¢) for ¢+ > #,. Without loss of

generality, let x(r) > 0, x(z(¢)) > 0, and x(co(?)) = x(0;(1)) = x(o(t)) > Oforallt > t, > #. An

Electronic Research Archive Volume 34, Issue 7, 4560-4576.



4566

application of Lemmas 2 and 3 yields the estimate

x(t) = z(t) — k(D)X (7(2))
= z2(t) — h(D[1 + X (x(1))] + h(2)
> 72(6) = 27Yh)[1 + x(x ()] + h(?)
> z(t) = 2" h(H[1 + yx(z(0)] + h(?)
= 2(t) = 2" 7 h()x(x() + (1 = 2'"7)h()
> 2(t) = y2' 7 h(n)z(x(1)) + (1 = 2'7)h(2)
> [1 = y2"7h(0)]z(r) = 2" = Dh().

(3.3)

It follows from Eq (2.5) in Lemma 6 that [A(?)¢,(Z'(?))]" < 0, so A(t)p.(Z(¢)) is strictly decreasing. It

is stated in condition (H3) that o(¢) < t leads to

AD[Z D] < A(c()[Z ()]
Define the Riccati transformation as

A@IZ )]
[z(c())PF

Then V(¢) > 0 for ¢ > t;. A combination of (3.3)—(3.5) gives the differential inequality

V(1) = (1)

LA @) AOC O ADEROY ,
V0= e O P “"(”[ oOP | e@pre T “’]
& (1) bOLZ O] + | T, miQi0) — Xy miR (1) (o ()P
<=V -
PR )P
AD[Z (D] [AD)]+Z ()
— Bo(H)o' (1) ]
P70 P (A
@' (1) b(t) ’
S AR TAACREAC Zm,Q(t) jzl]anjm
=22 o) e - @1 - 1>h<cr(z>>r
2o (1)

_ Pe)’ (DIA®)] ()]
(o ()P A((D))]

The properties z(¢) > 0, 7’(¢) > 0, and o”'(¢) > 0 imply the existence of a constant k > 0 satisfying

2(0() > z(o(t) =k, t>1.

Substitution of (3.2), and (3.7) into (3.6) produces

, @) b Blz(c())] o (1) ot
\% < V @,
(t) (W) A1) [(D)]< [A(rr(r))]a[ Wl

The analysis divides into three cases based on the parameters « and £:

) V() = p()D(1) —

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)
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(i) For a = B, [z(o(t)] P/ = 1.
(ii) For a < B, the inequality [z(c(£))]#™™'* > k#/@ holds.
When a < g, it follows that (8 — @)/a > 0. Due to the monotonic increase of z(z), there exists
t > t; such that z(o (7)) = z(o(t;)) = k > 0 holds for all t > ¢,.
Therefore,
[Z(O'(l‘))](ﬂ_“)/“ > kBl

(iii) For @ > B, the decreasing nature of A(f)¢, (z'(¢)) implies the existence of a constant M > 0

satisfying
A(s) (Z(9)* <A@ (1) =M, s> 1,
1/a
such that for s > 1 > #1, Z/(s) < W’ thus
A !
z(t)Sz(t)+M”“f dsSz(t)+M”"f ds.
1 o [A()]e : o [A()]e

Consequently, there exists a constant d > 0 such that for sufficiently large ¢, > 11,

!

1
() <d ) O

ds = dO(r).
Therefore,
[2( ()] > [dO(ar(2))] .
Combining the above three cases with Eq (3.8), we obtain

g0 b DT (1)

o) A@) [e®][A(o ()]
Replacing the variable ¢ with s, both sides are multiplied by (¢ — s)“. Integrating from ¢, to #(t > t,),
and applying Lemma 5, we obtain

f e($)D(s)(t — 5)“ds < — f (t— )V’ (s)ds + f (t—5)“ (& - @) V(s)ds

V(1) < — p(nD(1) + ( ) V() - V()] (3.9)

o @(s)  A(s)
(e BOs)T(s) @sb/a
fzz(t D o A (sypre DTS 510
" f L b w G610
=(t-1) V(f2)+jt;(f—5) [(M —A(S)—t_s)vm
BO(s)0” () @MW]
- |% ds.
T Ay ) ’
Let
L_F® b w5
e(s) A(s) t—s5 " [p()]V[A(T(s)]e’
and applying Lemma 5,
’ v w e @"9()A((s))
jt;go(s)fb(s)(t—s) ds < (t—1) V(t2)+j,;(t s) @+ Do) ()] o

a+1

gl bl |7

w(s) A(s) t—s
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Rearranging terms gives

1 o a®@($)A(0(s))
P f =) {"”(S)(D(S) " e+ DI ()]
g bs)  w

a+1
o) AG) 1-s }ds
< (1 _ %)w Vit < V(t). (3.12)

This inequality contradicts Eq (2.5), thus completing the proof. O

Corollary 1. Assume that conditions (H,)—(Hs) are satisfied. Let ¢ € C!([ty, +0), (0, +o0)) and w = 0.
If

. ' @(HA(s) (@) b\,
l‘fﬂi‘ipf,z COLOR (@ + D [BIs)o ()" ( o) A(s)) Jds = oo

where 1,, k, d, ®(¢), 6(t), and O(¢) are defined as in Theorem 1, then Eq (1.4) is oscillatory.

Theorem 2. The conditions (H,)—(Hs) are valid if the function ¢ € C'([ty, +00), (0, +00)) and &,,&, €
L*([ty, +00),R) are such that for all u > t, > t,,

lim sup iw f (t — 5)?p(s)D(s)ds > & (u), (3.13)
(r—15)" () bls) w |
imsup f ool e Al 1-s| CSEW G419
and sy
lim 1nf— " (t = 9)°0(s)0” ()[E1(s) = LE(5)] ds = +oo, (3.15)

(e 19 Jr [e()]'/*[A(o(s)]V®

where { = a®/[(a+ 1)*"18%] > 0, [£,(s) — £&(s)], = max{&(s) — (& (s), 0}, and to, k, d, O(2), 6(1), O(f)
are defined as in Theorem 1, lead to oscillation in Eq (1.4).

Proof. From inequality (3.12) in Theorem 1, it follows that for all t > u > 1, > 1y,

L o a®@(5)A(0(s))
r_w f ¢-3) {"”(S)(D(s) @+ D BAs) ()]

¢(s) bs)  w
o(s) Als) 1-s

a+1
} ds < V(u).

Rearranging the terms in the previous inequality, we obtain

a+1

$)“p(s)A(o(s)) ds.

[0(s)o ()]

gs) bl  w
o(s) A(s) t-—s

tlw f (t = 5)°0(5)D(s)ds < V(u)+§$ f -

Taking the limit superior as t — +oco on both sides, we obtain

lim sup tl (t — 5)”@(s)D(s)ds

t—+00
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ds.

1 - 9eACs) [ b w [
< V) + £lim sup t_wf [605)0 (9)]° o) AGs) I-s

Applying conditions (3.13) and (3.14) gives
E(m) < V(u) + {&(u), and thus & (1) — £&(u) < V(u), foru > t,. (3.16)

V(s)} ds

From inequality (3.10) in Theorem 1, the estimate

f (i - 5)° {ﬁH(S)rf ()LV(s)] e 'soxs)_b(s)_ w
eOIACEN™ o)  AG) 1-s

1 !
(1 - ’72) Vo) - f (t = 5)°0(5)D(s)ds

1 A
< Vi) - f (1 - 51p()D(s)ds

holds. Taking the limit inferior as t — +oo and applying (3.12) yields

(a+1)/a
1 f< {ﬁé(s)a ()Y Dlo(s)

{00 1/a 1/a
t( > e [e()]'*[A(o(s))] (3.17)
s s w
go(s) TAG) o V(S)} ds < V(ty) — &1(t) < My,
for some constant M. This implies
) (@+)/a
fiminf L [ CZ0T @V (3.18)

n LI AT ()] *(o(s))

Let us assume that Eq (3.18) does not hold, then there exists a sequence {T,}’> | with T, € [, +c0) and
lim,_,,c T, = +00 such that

T,
: " BO(s)a ($)[V(s)] @D/
=5 J, (1 ) T) [T A~ T G149
From (3.17) and (3.19), the following relation is obtained:
. T s\’ |¢/(s)  b(s) w _
}1_{{)10 . (1 - E) 25) - A0) - T - S' V(s)ds = +co. (3.20)

Thus, for sufficiently large n,

f B(1 = 5/T,)*6(s)0 (s)V DI (s)
gl ()AV (o (s))

f(l— s/Tp)”

B an (1 ~ i)w ﬁe(s)o_/(s)[v(s)](aﬂ)/ads
“J, U 1) e Ay

ds

Js) bs)
sy A(s) T,-s

‘V(s)ds < My+1.

Define

n
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T, w ’
Gn=f (1_1) ¢(s) bs)  w
t T, ws) A@s) T,-—s

Since F,, — +o0, one has G,/F, — 1. Hence, for any € € (0, 1) and sufficiently large n,

G,
Z>1-e (3.21)

n

V(s)ds.

An application of Holder’s inequality (Lemma 4) with exponents p = (o + 1)/a and g = @ + 1 gives

G ~ fT,, (1 _ i)w[ﬁeo_z(s)[v(s)](aﬂ)/a ];1;
", T,) |[e(s)]V*[A(o(s))] e

x(l_i)‘"[[¢(S)]1/“[A(G(S))]l/“ g bs) ‘] e
T, BO(s)a'(s) o(s) A(s) T,-s
<F,/7-U,/", (3.22)
where
- f”(l__) [[so<s>]”a[A<a<s>)]““ g bs) ““] e
s T, BO(s)a'(s) o(s) A(s) T,—s '

Raise both sides of equation to the power of @, then multiply both sides by G,,, and combining with
equation yields
(G,)™! <U.

(Fn)”
By condition (3.14) and {T,,} — +oo, the right-hand side of the above equation is bounded, which
contradicts Eq (3.20). Thus, Eq (3.18) is proved. The final contradiction is obtained from (3.15)
and (3.18):

0<(1-8)°G, <

ds

1 f (t — 5)“0(s)a’ (s)[&1(s) — §§2(s)](+a+l)/a
iminf —
[e(s)]V/*[A(o(s))] Ve
f (r- S)‘UQ(S)O./(S)[V(S)](a+1)/a
< liminf —
no LIV TAE ()]

which contradicts (3.15). In conclusion, Theorem 2 is demonstrated. O

t—>+oo0 W

ds < +o0,

t—400 W

Remark 1. Condition (Hg) imposes a divergence requirement involving A(f) and b(¢), which may
significantly restrict admissible damping structures. Therefore, several explicit classes of functions
that satisfy (Hg) are presented.

(1) If there is no damping term, i.e., b(¢) = 0, (He) reduces to ft;m[A(u)]‘édu = +oo. For A(t) = #*,
this holds if p < a.

(2) If there exists M > 0 such that b(¢)/A(t) < M/t, t > 1, then

1 b(s) P L o
[Me"p( fA()d)] >[m-tou ] = 15 - [A@T

and (Hp) is implied by
+00
f [A(u)]_iu_%du = 400,

fo
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(3) LetA(r) =t (p>0)and b(r) = t? withg < p — 1, then
uq—p+1 _ tq—l"*'l

fsq_pds: g-p+1
0 lnﬁ, q-p=-1

fo

s q_p<_19

When g — p = —1, we obtain

+00 1 U b(S) l/a B +00 i el
jt; mexp(—ﬁ mdé‘)] du—‘ft; (tou @ )dl/l

The integral diverges for p + 1 < @, and condition (Hj) is satisfied.
When g — p < —1, we obtain

+00 1 U b(S) l/a B +00 »
L [mexp(—ﬁ mds)} du—fm (Cu w)du.

C is a constant, the integral diverges if p < @, and condition (Hy) holds.

4. Examples

Example 1. Consider the following second-order differential equation:

ol 36T} o]

1 1(t 2t 1(t
f+ —— 3 (i ) " s(=])=0, t>1, 4.1
+( " 5\/;)f(x (2)) 3g(x5 (2)) 1)
3u
_ 2 _ :
where f(u) = u[6+ln(1 +u )] and g(u) = T30 130 The parameters corresponding to
Theorem 1 are
5 7 1 2 5 1
a’_g’ B_g’ 7—5’ A(t)_t3’ b(t)_t ) h(l)_4’
t t 1 2
1) = —, =0 ==, H=t+——, R ==t
(1) 3 o (1) = 6(7) > () +5\/Z (1) 3

The hypotheses are verified by the following conditions:
S ) g(u)

e Foru#0,—=>6=mand =—= <3 =n.
u u

6
e mQO(t) —nR({) =8+ —— >0fort > 1.
5+t

oo [ o )

Y 53
© O() = [ As)y+ds = 3 (1 ~ 1) and (1) =

£\3/5
=] d.
(2)
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Condition (Hy) is satisfied as t — +oo because

t 1 U b(S) ):|1/ﬂ’
—exp|- —=ds du
f,o Aw) P ( fmA(s)
!
_ _ 9 -5/3
_ 2/5 -9/25 7 _u
flu e 25e du

!
5 8_9/25f u‘2/5(1 N ﬂu—S/s) du — +oo.
1 25

With ¢(t) = 1, and w = 2, the oscillation criterion in Theorem 1 gives

a”p(s)A(o(s))
(a + D BO(s)o (5)]*

e’ o525

gs) bs) o
o(s) A(s) t—s

a+1
}ds

t—+00

lim sup ti“’ f (t- s)“’{go(s)(D(s) -

/3327 | s\ 2 [
8/3*1L(3)" dI
Therefore, by Theorem 1, Eq (4.1) is oscillatory.
x 10°
4
3,
2,
1,
_1,
_2,
_37 .
4 ‘5 l‘O 1‘5 2‘0 2‘5 3“0 3“5 4‘0 4‘5 50

t

Figure 1. Numerical simulation of a linearized model corresponding to Example 1. The
solution exhibits sustained oscillations, confirming the theoretical result. The coefficients are
chosen consistently with the parameters of the example, and the initial condition is x(¢) = 0.1
forr > 1.
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Example 2. Consider the following second-order differential equation:

{6 (s (5 |+ 2o+ (5]
+ (ﬂ + %)f(x(%)) - (3t2sin2t + %)g(x(%)) =0, >2, (4.2)

. The parameters corresponding to

where f(u) = u[3+In’(1 +u?)]| and gu) =
\/1 +cos*(u+1)

Theorem 1 are

ﬁ\~

a=1, ,8—%, y=1, A =1, bl)=r2 hit)=

(1) = Ztl, o) =06() = %, o) =1+ %, R(t) = 3 sin’t +

NIH

Verification of the hypotheses:
f(u) g(u)

e Foru # 0: —>3— , — <1=n.
u

o mQ(t) — nR(t) = 3t*cos*2t — % > 0 fort> 2.
o O(1) = (3t2c0s22 1)(1 - %), 0(r) =

The condition in (Hy) is satisfied as t — +oo :

With w = 1 and ¢(¢) = 1, the oscillation criterion in Theorem 1 gives

. [ w a"p(s)A(0(s)) ¢s) bls)  w [
s J, ¢ {0 - (@ + D™TBOT (I | ols) ~ AG) 1 fas
, 1 [ 1 1) 4(s/2):| s2 1|
:llgf:;lp ; L (2 - S){ (3l2C0S22t - ;) (1 - %) - W —m - 7 }dS
= 4+ 0.

Hence, by Theorem 1, Eq (4.2) is oscillatory.
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N S — —— -
z(t)
@ Initial condition (t) = 2)
0.1} d
0.05 - d
= ot 1
8
0.05 - d
-0.1}F d
-0.15 I I I I I I
0 5 10 15 20 25 30 35 40

t
Figure 2. Numerical simulation of a linearized model corresponding to Example 2. The
solution oscillates with a visible amplitude, illustrating the practical applicability of the
oscillation criterion. The simulation uses the parameter values from the example and an
initial displacement of x(¢) = 0.005 for ¢ > 2.

The above two examples present the cases of @ >  and o < . Calculations show that both satisfy
the assumed conditions (H;) — (Hg). Hence, these examples justify the reasonableness of
our assumption.

5. Conclusions

This paper extends existing research on differential equations, focusing on discussions of
oscillation criteria for second-order differential equations with damping terms and multiple variable
time delays. Based on the relationship between parameters @ and S, several oscillation criteria are
obtained. A central aspect of our discussion concerns the role of the auxiliary function ¢(¢) and the
weight function w(?) in Theorems 1 and 2. The flexibility in choosing ¢(#) is crucial for optimizing the
oscillation criteria, as different choices can lead to sharper conditions for specific equation forms.
Several examples are presented to demonstrate the application of the main theorems.

The practical value of the proposed method, as validated by the numerical examples, underscores
its utility. However, certain limitations warrant discussion. The criteria rely on the sign conditions
(H1)—(Hg), which, despite their generality, may not be easily verifiable for all functional forms of
the coefficients. Future research directions could focus on relaxing these hypotheses or extending
the framework to neutral-type differential equations and equations with distributed delays. Another
promising direction is the exploration of non-oscillatory behavior to obtain a complete qualitative
picture of the solutions.
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