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Abstract: In this paper, we investigated a predator—prey model driven by an Ornstein—Uhlenbeck
process and featuring Holling-II and Beddington—DeAngelis functional responses. To begin, the
biological significance of the Ornstein-Uhlenbeck process in ecological modeling was illustrated, along
with its validity in characterizing random environmental fluctuations. Subsequently, the existence and
uniqueness of the global solution for this model were strictly proven and its ultimate boundedness was
analyzed. By constructing Lyapunov functions and applying 1t6’s formula, the existence of the stationary
distribution of the system was demonstrated, while sufficient conditions for population extinction were
provided. Finally, numerical simulations were conducted to confirm the validity of the conclusions. This
work provides a theoretical framework for understanding complex mutualistic-predatory communities
under persistent environmental fluctuations.
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1. Introduction

Studying predator-prey models is a key mathematical approach for analyzing species interactions
within ecosystems. Early theoretical research primarily focused on single interspecies relationships,
such as pure predation and competition. However, in nature, multiple interactions often coexist among
different populations, forming complex networks and giving rise to rich dynamic behaviors [1-3]. The
plant-pollinator-herbivore system is a typical example of this complexity. Within this system, herbivores
consume plants, pollinators provide pollination services to plants, and plants offer resources like nectar
to pollinators. Consequently, this system simultaneously incorporates both mutualistic and predatory
interactions, making it an ideal model for exploring the dynamics of complex interspecies interactions.
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The mutualistic relationship between plants and pollinators is a crucial component in maintaining
ecosystem function. However, increasing evidence indicates that pollinator populations are facing a
decline crisis, and their disappearance would lead to the loss of plant diversity and trigger a series of
ecological chain reactions [4]. Therefore, studying the dynamic interactions within plant-pollinator-
herbivore systems is crucial for understanding and maintaining the stability of agricultural ecosystems.
Numerous scholars have conducted theoretical explorations in this field. Yacine et al. [5] revealed
mechanisms enabling stable coexistence among the three populations in this system, demonstrating
that predation between plants and herbivores suppresses unlimited population growth driven by strong
mutualism, thereby promoting system stability. Subsequent studies further examined the impacts
of factors, such as human disturbances, phenological synchrony, and spatial heterogeneity [6, 7].
Additionally, research from an adaptive evolutionary perspective has also made progress [8,9].

It is noteworthy that most of the above studies employed a simplistic additive model when charac-
terizing the effects of pollinators and herbivores on plants, assuming that the two interactions operate
independently [10-12]. However, growing experimental evidence indicates that herbivore feeding can
induce chemical or morphological changes in plants, thereby reducing their attractiveness to pollinators
and indirectly weakening mutualistic strength [13—15]. This regulation of interaction strength by a third
species is termed higher-order interactions [16]. For example, Liu et al. [17] studied stochastic logistic
models with Lévy noise and derived necessary and sufficient conditions for species persistence and
extinction, highlighting the combined effects of stochastic disturbances and interspecific interactions.
Molla et al. [18] explored a predator-prey model with Allee effect and nonlinear prey refuge, revealing
that indirect interactions between species can significantly alter system stability. Synergistic effects
between higher-order interactions and fundamental interspecies relationships are widespread and of
considerable magnitude, serving as a key driver of complex dynamical behavior within ecosystems [19].
Incorporating them into ecological theoretical frameworks enhances the realism of population dynam-
ics modeling and enriches existing theoretical research [20-25]. The coupled effects of higher-order
interactions, environmental random disturbances, and interspecific fundamental relationships within
ecosystems remain poorly understood. Neglecting such coupling readily leads to biased model pre-
dictions. Therefore, investigating the effects of higher-order interactions in systems simultaneously
involving predation and mutualism is particularly essential. For instance, in predator-prey systems,
higher-order interactions mediated by fear effects [26] have been shown to drastically alter system
stability, highlighting the necessity of their inclusion in multi-species models.

To capture these complex interactions in the model, the choice of functional response functions
is crucial. For predator-prey relationships between plants and herbivores, the classic Holling type II
functional response is widely adopted, effectively capturing the saturation effect of predation rates [27,28].
Conversely, the Beddington-DeAngelis (BD) functional response proves more suitable for mutualistic
plant-pollinator interactions and the disturbances herbivores impose on pollinators. By incorporating
disturbance terms, it overcomes the limitations of traditional models and improves model fit. First
proposed by Beddington and DeAngelis in 1975, this function was originally designed to describe how
interference among individual predators affects predation efficiency [29,30]. Its advantage lies in avoiding
the “abundance paradox” found in classical models and more accurately capturing changes in mutualistic
or predation intensity when interference agents are present [31]. Recent studies confirm that models
incorporating BD-type functional responses better align with observed population dynamics [32-34].
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Based on these theories, we construct the following deterministic plant-pollinator-herbivore model:

d_F _ _ E a FP _ aFH

ar = rF(l K) T TraF+pPiyH — +F

arP _ a1 FP _

dr — 1+aF+BP+yH d, P, (1.1
dH _ ooFH _

dt ~  c+F dzH

This model inherits the core structure of the system of ordinary differential equations analyzed in
detail by Song [35]. Its key dynamical results provide an important benchmark for our subsequent
stochastic generalization. Song’s research has rigorously proven the system’s forward invariance and
dissipativity, equilibrium stability, bifurcation dynamics, and extinction and survival states of this
system, which we use as a deterministic benchmark for the stochastic generalization. In this system,
F(1), P(t), and H(¢) represent the population densities of plants, pollinators, and herbivores at time
t, respectively. The parameter r denotes the intrinsic growth rate of plants, while K represents the
environmental carrying capacity. The herbivore’s predation on plants is described by the Holling type
II functional response “C%f], where a, is the maximum feeding rate and c is the saturation constant.
The mutualistic interaction between plants and pollinators is modeled by the BD functional response
%, where a; is the maximum mutualistic rate and @ and 8 measure the effects of plant and
pollinator self-density on mutualistic efficiency, respectively. Crucially, the parameter y quantifies the
suppression intensity of herbivores as disturbers on pollinator visitation efficiency, directly reflecting
higher-order interactions. The denominator 1+ aF + B8P +yH comprehensively captures the multi-factor
constraints on pollinator foraging and pollination efficiency, including the time cost of pollinators
handling plants, the intraspecific competition among pollinators, and the interference from herbivores.
A positive sign is assigned to this term because pollinators accomplish pollination during foraging on
plants, and this mutualistic behavior directly promotes plant reproduction and population growth, thus
contributing positively to the plant population dynamics. Parameters a; and «, represent the conversion
efficiencies for the respective interactions. d; and d, denote the natural mortality rates for pollinators
and herbivores, respectively. All parameters in the model are positive, except for r, which can be either
positive or negative.

Real ecosystems inevitably experience random fluctuations in their environment. As May [36]
pointed out, environmental noise can continuously affect key parameters of population systems, such as
intrinsic growth rates and mortality rates. To characterize such persistent environmental disturbances,
a common approach is to model parameters as linearly perturbed by Gaussian white noise [37]. For
instance, consider the formulations r(¢) = 7+ % and d,(¢) = d; + % where 7, d; denote long-term
means, B;(t) represents independent standard Brownian motion, and 7; denotes noise intensity. However,
this approach suffers from biological shortcomings. Consider the time-averaged value of the parameter
over the interval [0, 7]: (r(¢)) := 1 fot r(s)ds. Its distribution is

2
@) ~ N(F, %)

2
As t — 07, the variance "—tl approaches infinity, indicating that the parameter undergoes extreme
fluctuations within an extremely short time interval. This behavior is inconsistent with the continuous

and gradual disturbance characteristics of environmental noise.
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Therefore, we employ the mean-reverting Ornstein-Uhlenbeck (OU) process to simulate the random
disturbance of key parameters by environmental noise [38], enabling more precise capture of the
impact of parameter heterogeneity on the system [39—41]. To prevent negative values in the mortality
parameter, we assume that the logarithm of the mortality parameter is driven by the OU process.
Specifically, let g,(¢) = r(¢), g2(t) = Ind,(¢), and g3(¢) = Ind,(¢), which satisfy the following stochastic
differential equations:

dgi(t) = Bilgi — gi(®)]dt + oidBi(t), i=1,2,3,

where g; denotes the long-term mean level of the parameter, 3; > O represents the regression rate, o; > 0
indicates the volatility intensity, and B;(?) is an independent standard Brownian motion defined on the
complete probability space (Q, 7, {F;}»0, P), where Q is the sample space, F is the filtration, and 7,
denotes the filtration at time ¢ for all # > 0. According to Mao [42], this equation has a unique solution

!
gi(H) = g+ [8/(0) — gile P + O'if e PUdBy(s),
0
Moreover, g;(¢) follows a normal distribution

2

o = —Bit O-i -2B;t
gi() ~N(8i+ [g:(0) — gile ﬁ’,z—ﬁi(l —e ¥ ))

Its expectation and variance satisty

2

l
26;
This indicates that parameter fluctuations are confined within a finite range, better aligning with the
continuous disturbance characteristics of environmental noise.
Based on the above analysis, we randomize the deterministic model to obtain the following system
of stochastic differential equations driven by an OU process:

lirgl Elgi(n)] = gi(0), 11%1 Var[g;(H)] = 0; 1limE[g;(H)] = g;, lim Var[g;(?)] =
t—0+ t—0* t—00 t—00

_ F(1) a1 P(t) arH(r)
dF (1) = F(1) [g 1(9) (1 - 7) + 1+aF(t)+lﬂP(t)+yH(t) - ciF(z‘)] dt,
_ a1 F(1)
dP(r) = P(1) |:1+(tF(t)+lﬁP(t)+yH(t) - egzm] dt,
dH(t) = H(0) [ 258 - e29 | dt, (12)

dgi(t) = Bi[g, — &1(®)]dt + 01dB (1),
dg>(t) = B> [8, — g2()] dt + 02d By (1),
dgs(t) = B3 (g5 — g3(H)] dt + 03dBs(2).

In this stochastic system, g;(¢) directly represents the plant’s intrinsic growth rate, while €52 and
%™ denote the pollinator and herbivore natural mortality rates, respectively, ensuring that mortality
rates remain positive.

Existing studies have predominantly examined higher-order interactions or simple random perturba-
tions in isolation, while research coupling both with interspecific mutualistic-predatory relationships
remains scarce. This model fills the gap by combining higher-order interactions, mean-reverting OU
noise, and composite functional responses, offering insights for pollinator conservation under realistic
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environmental variability. This model represents a continuation and extension of ecological stochas-
tic modeling. In this paper, we aims to systematically investigate the dynamical properties of such
stochastic models. Subsequently, in Section 3, we prove the existence of a unique global solution for
system (1.2) and verify its ultimate boundedness, the existence of stationary distributions, and extinction
conditions. Finally, in Section 4, numerical simulations are performed to verify the theoretical results
and demonstrate the validity of these findings. We aims to provide theoretical insights for understanding
complex community dynamics involving mutualism, predation, and higher-order interactions under
stochastic conditions, thereby offering quantitative references for practical applications such as pollinator
conservation and agricultural ecosystem regulation.

2. Preliminaries

To simplify the proof, we define two necessary sets: G, = (-n,n) X (—n,n) X (-n,n) and R’} =
{(x1,-+ ,x,) €R"| xx > 0,0 < k < n}, where || - || represents the Euclidean norm. Consider a stochastic
differential equation of the following form:

dX () = £t X@O)dt + ) 60t X(0)dB(2). 2.1)
j=1

Using Khasminskii’s lemma [43], it can be proven that system (1.2) possesses a stationary solution
for any initial value under random conditions.

Lemma 2.1. (Khasminskii) Assume that the vectors &(s, x), §1(s,X),...,5/(s,x) (where s € [ty,T],
x € R™) are continuous functions of the variables (s, x) and that there exists a constant M such that the
relevant conditions hold throughout the entire domain

i
£Cs, %) = £,V + D lsi(5, ) = 655, < Mlx =y,
j=1

J

!
ECs, 01+ ) I, 01 < M(1 + ).
=1
Additionally, there exists a non-negative function V.(x) satisfying the following requirements:

LV.(x)<-1, VxeR"\H, (2.3)

Among these, if H is a compact subset of R™, then the Markov process (2.1) possesses at least one
stationary solution X(t), which corresponds to a stationary distribution w(-) in the space R".

Lemma 2.2. (Strong Law of Large Numbers [44]) Let M = {M,};>o be a real-valued continuous local
martingale with initial value 0 at t = 0. Under this assumption, the following conclusion holds
almost surely:
M, M . M
lim{(M, M), = oo, lim ——— =0, limsup MM 0o, lim— =0.
t—oo t—o0 <M, M)t =00 Mt t—oo
From a more general perspective, if S = {S,}is0 is a continuous, adapted, and increasing process

satisfying lim,_,., S, = oo and fooo ‘ﬁ]‘fsf@' < oo, then we can conclude that lim,_, g[_: =0a.s.
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Lemma 2.3. (1t6’s formula [42]) Let x(t) be an Ito process on t > 0, with the corresponding stochastic
differential given by
dx(t) = f(n)dt + g(t)dB,,

Here, f € L'(R,;R) and g € L>(R,;R). Let V € C*'(R x R,;R). Then, V(x(t),t) also belongs to the
class of Ito processes, and its corresponding stochastic differential form is

dV(x(t),t) = | Vi(x(1), 1) + Vi(x(2), 1) f(2) + %Vxx(x(t), NEX (0| dt + V(x(t),£)g()dB, a.s.

3. Results

3.1. Existence and uniqueness of the global solution

Theorem 3.1. For any initial values (F(0), P(0), H(0), g:(0)) € Ri X R? where i = 1,2,3, the system
(1.2) possesses a unique global solution (F(t), P(t), H(?), gi(t)) € R x R? exists for t > 0, and this
solution remains in the space R3 x R* with probability 1.

Proof. It can be seen that the coefficients of model (1.2) satisfy the local Lipschitz condition. Therefore,
for any given initial values (F(0), P(0), H(0), g:(0)) (where i = 1,2, 3), the system (1.2) has a unique
local solution (F(t), P(t), H(t), g;(¢)) on the interval [0, 7.), where 7, denotes the explosion time [42]. To
prove that this solution is global, it suffices to show that 7, = co.

Choose a sufficiently large n such that each component of In F(0), In P(0), In H(0), and g;(0)
(i = 1,2,3) lies within the interval [-n, n]. Denote this n as ny. For all n belonging to the set of integers
satisfying n > ny, we define the stopping time 7, as follows:

7, =1inf{r € [0,7.] | In F(¢) ¢ (—n,n) or In P(¢) ¢ (—n,n) or In H(t) ¢ (—n,n) or g;(t) ¢ (—n,n)},

Here, i = 1,2,3. As n increases, 7, also increases. Let 7, = lim,,_,., T, then 7, < 7,. Therefore, it
suffices to show that 7, = oo holds almost surely. Suppose this assertion does not hold. Then, there exist
constants 7 > 0 and € € (0, 1) such that there is an integer n; > ny satisfying the following conditions:

Plr,<T}>e, Vn2=n. 3.1

For any ¢ < 7,,, we define a nonnegative Lyapunov function V(F(¢), P(t), H(t), g:(t)) mapping from
R3 x R? to R as follows:

g & &
V(F,PHg)=F—-1-InF+P-1-InP+H—-1-InH+ Zl +IZ+ f. (3.2)
Based on It6’s formula, we can derive that
dV = LVdt + 01g1dB (1) + 0285dBy(t) + 7383dB3(1), (3.3)
where
alF

e5?

+(P-1)

F) a P aH

V=(F-1 (1—— -
LV =( )[g‘ K)  T+aF +BP+yH c+F

l1+aF +BP+vyH

3
_ O‘ZF_gs] 3207 4 BT — g
#(H - 1|22 +Z(2g,-a,-+g,-ﬁ,(gl )

i=1
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Through calculations, the following results can be obtained:

&1 a; + a |g1| 2 (Clz )
V< + =+ F-—F +|—+a-€*|H
L (Igll K B ) K c xe

+1g1] + e +e% + Z( gio; +Bigig; Big?)

=

< H() < 00
where
+
Mo=  sup {(|g1| IR ‘“)F 8l ( fan- eg3)H
(F.P,H,g)eR3 xR K B K c
+lgi| + €52 + €5 + Z( gl o- + Big; 8, ,Big?)} .
Furthermore,

dV < ydt + o181dB (1) + 02g3dBy(t) + 383d B(0). (3.4)

Integrating inequality (3.4) over the interval from O to 7, A T yields

T AT Ty AT T AT
f dv < f Modt + f |o181dB1 (1) + 02g3dBa(t) + 03 83d By (1) (3.5)
0 0 0

Taking the expectation of both sides of the equation yields
E[V(F@, AT),P(t, NT),H(x, AT),8i(tu A T)] < V(F(0), P(0), H(0), g:(0)) + I1oT". (3.6)

Forn > ny, set Q, = {r, < T}. From Eq (3.1), we have P(Q,) > . It should be noted that for every
w € Q,, there exists a corresponding » such that In F(7,, w), In P(1,, w), In H(t,, w), and g;(1,,, w) take
the values —n or n. Hence, we obtain

V(F(0), P(0), H(0),8:(0)) + IIoT > E [Io,()V (F (7, ), P(Ty, ), H(Ty, ), i(Ty, w))]

nt
Zemin{e‘”—1+n,e”—1—n,z}, i=1,2,3,

Here, I, (., denotes the indicator function of €,,. As n — oo, we obtain
oo > V(F(0), P(0), H(0), g:0)) + [1y)T =0, i=1,2,3. 3.7

This result contradicts previous conclusions, thus establishing that 7., = co holds almost certainly. The

proof is complete.
]

3.2. Ultimate boundedness

In natural ecosystems, the availability of resources has an upper limit, which constrains the unlimited
growth of populations. Over time, population density does not rise indefinitely but instead enters a
relatively stable state. Based on this, establishing the theoretical boundedness of system (1.2) is crucial.
To achieve this goal, we first introduce the concept of stochastic boundedness [45].
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Definition 3.1. [45] For any € € (0, 1), if there exists a constant @ = @w(w) such that for any initial
values (Fy, Py, Hy, gio) (where i = 1,2, 3) the solutions to system (1.2) possess the following property,
then system (1.2) is said to be stochastically ultimately bounded:

limsupP(VF? + P2+ H > @) < &. (3.8)

>0

Lemma 3.1. For any initial values (F(0), P(0), H(0), g:(0)) belonging to Ri X R3 (where i = 1,2,3), the
solution to system (1.2) possesses the following properties:

limsup E [|(F, P, H)I] < Q(g), (3.9)

[—o0
Here, g € (0, 1) and Q(q) is a constant independent of the initial values (F(0), P(0), H(0), g;(0)).
Proof. Define a Lyapunov function V| mapping from R? x R? to R as follows:
3 2g+2
Fi(t)y Pi(r) HYt St
PRRLACINLIO NG o i)
q q q 2q+2

i=1

Applying 1t6’s formula to V; yields

dV, = LVydt + 01877 dB (1) + 5283 dBy (1) + 073837 dBs(1),

where
F P H F
Y O O B S ] T S—
K/ l1+aF+BP+yH c+F l+aF +BP+yH
3
aF 2q +1 5 2 20+1 —
+H‘1[ —g3]+ —glor +Big " (g — g
rF ¢ Z‘( 58 o tBig (8~ 80
Therefore,
vy < (1o + &) po = Bl e e - 8pa_ o~ oy
B K a
3 1og 41 (3.10)
q 29 2 = 2q+1 _ 5 2g+2
+ ; (—2 8 0 +Bigig; Big; )
Let n = g min{B, 55, 63}. By applying 1t6’s formula once more, we obtain
d(e"Vy) = ne"Vidt + €"dV,
(3.11)

3
=" (Vi + LV))dt + " Z o dB ().
i=1

Integrating both sides of Eq (3.11) over the interval from O to t and then taking the expectation of the
result yields

E (e"Vy) = E(Vi(F(0), P(0), H(0), g,(0))) + f E("(nV, + LV))ds, i=1,2,3. (3.12)
0
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By analyzing the expression of LV}, we can conclude that

3 2q+2

F1 P4 H4 ;
nVi+ LV, < sup {77 + i + T + Z 18 + (|g1| + ﬂ) F9— |gllF‘l+1 (e — ﬂ)Pq
(F.PHg)eR3xr? U 4 q q P 2q +2 B K o

3
2g + 1
— (e —a)H? + Z (_qz giZfIO-iZ +,3i5g,-2q+1 _ igl?q+2)}
i=1

a a
< sup {(Ig1|+—l+,81)Fq |g1|Fq+1 ( gz—ﬁz——l)Pq—(e“—,Bg—az)Hq
(F,P,H,g;)eR3 xR3 B K a

. Z (@@+ Vg7 + Bzl - @g?"”)} = K1(g).

2
(3.13)
Substituting Eq (3.13) into Eq (3.12) yields
t
E(V) < BV/(FO). PO). HO). (00 +E [ ePia(ads
0
Then,
m_q
e"EV) < E(Vi(F(0), P(0), H(0), g:(0))) + k1(q).
Furthermore,
limsupE[|(F, P, H)|?] < 32qhmE(V1(F P H, g))
t—o00
¢ . Vi(F(0), P(0), H(0), gl(O))
< 3zqth 1 = o l(q) (3.14)
9 K
_ 3226l 1(61) -
Let O(q) = k2(q), which completes the proof of Lemma 3.1.
O

Theorem 3.2. The solutions to system (1.2) exhibit stochastic ultimate boundedness.

Proof. Based on the above derivation process, we can conclude that when g = %, Q(q) satisfies

lim sup,_,., EVI(F, P, H)| < O(q). Applying Chebyshev’s inequality, for any & > 0, let @w = \“‘( ) . We
can then derive that

E [ VI(F P H)|
=

From the above equation, we can derive: limsup,_, ., P(|(F, P, H)| > @) <

P(|(F,P,H)| > @w) <

RIS [[ie)

= &. Combining this
with the content of Definition 3.1 completes the proof of Theorem 3.2. O
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3.3. Existence of a stationary distribution

In the study of biological systems, clarifying the long-term dynamic evolution of systems under
random influences is crucial. The core focus of such analysis lies in determining whether the system
possesses a stationary distribution that characterizes its long-term probabilistic behavior. Establishing
sufficient conditions for the existence of a stationary distribution aids in predicting the survival status
and stability of populations over time. According to Theorem 3.1, the system (1.2) possesses a globally
unique solution. Therefore, the domain R™ in Lemma 2.1 should be replaced with R? x R3.

Theorem 3.3. Let N be a positive number satisfying N € (max {O Z;H;} L), where

i > day
Ngi N (a; +ay)
K B

g1l o 1.s (1
—F +-F3+|=+ H
K T2 2

IT, = sup {(lgll + )F — P —e¥H —

(F,P.H,g)eR3 xR3

3

FH

+Nw&ﬂ&+&+&%ﬁ2F+zx o~wﬁg,&ﬂ}
i=1

Then, for any initial values (F(0), P(0), H(0), g,(0)) belonging to R? X R3, the system (1.2) possesses
a stationary distribution on R3 x R3,

Proof. Define the Lyapunov function V, mapping from R? x R? to R as follows:

o

|+ F+P+H+

i

IR

3
‘Q—N(mF InP— Z}

i=1

=

Applying It6’s formula to the function V, and combining it with the definition of N yields:
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CL’]F
1+aF +BP+yH

alP azH
1+aF+,8P+yH c+F

] NZ(& gl)+Z( g0 + &PBi(gi - gi))

3

1
Z (|g1| + ﬁ)F—e“”P e H — I‘?F + 2F% tSH AN+ e + g+ g)
i=1

£V2:(F—N)[81(1—£)+

+(P—N)[

+(H—N)[C

a,FH (a) + a,)FP ®FH i 3

- + + + i\&i i
c+F T+aH+pP+yH  c+F L (2g’0 &8 - g))
N aH a P a F a F

c+F l1+aF+pP+yH 1+aF+pP+yH c+F

3
N, + 1 1
<_NZ_Z'+(|81|+ 81 +(al al))F—egzP—eg3H—|g—KllF2+§F§+(§+a2)H

3
a,FH
+N(eg2+eg3+g2+g3)— 2 + g ( Jot+ giBiE - gl-))
i=1

+ F
N aH a,P a F arF
c+F l1+aF+pBP+yH 1+4+aF+pP+yH c+F
Lo 1y 123:/34
20 T2 T oLl
Then,
aH P F F
LV, <-2+N & - el -2
c+F l+aF+BP+yH 1+aF+BP+yH ¢+ F
3 (3.15)
—lF%—lH—lZﬁ"‘
27 T2 T L

From the given expression of V,(F, P, H, g1, g>, £3), it can be seen that as F" and P approach infinity,
the function V,(F, P, H, g1, g2, g3) also approaches infinity. Therefore, within Ri x R3, there exists
a point (F°, P°, H, g%, g5, ¢%) where V,(F, P, H, g1, &, g3) attains its minimum value. Combining the
previous analysis with the functional conditions listed in Lemma 2.1, we can define a non-negative C? -
function V5(F, P, H, g1, g2, g3) with the following expression:

V3(F’P5H’glag2’ 83) = VZ(F’RH9gla 82,83) - V2 (FO’ PO, Ho,g(l)a gga 8(3)) .
Applying 1td’s formula to V,(F,P,H,g,g,83) reveals that adding the constant term
Vo(FO, PP HO, g0, g5, ¢Y) to this function does not affect the final expression. Therefore, the func-

tions V,(F, P, H, g1, g2, g3) and V53(F, P, H, g1, g2, g3) are governed by the same operator, leading to the
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following inequality:

aH P F F
LVs< -2+ N a a _ ag @
c+F l+aF+pP+yH 1+aF+BP+yH ¢+ F
1 ! L3 (3.16)
4
— —F3——H - — g}
> > ZZBg,

We select a closed set H,. defined as follows:

1 1 1 11
= {(F,P,H,gi)eRixR3|Fe [83,_3], Pe [84,_4], He [84,_4],81'6 [__’_}}’
& &€ & E &

and denote I1, as

azH Cllp ole azF
I, = sup N - - _
c+F 1+aF+pP+yH 1+4+aF+pP+yH c+F

(F,P,H,g;)eR3 xR3
1 1
—ZFB ——H—— § Big! }

Set a sufficiently small value ¢ € (O 1) such that the following inequality holds:

. 1 ) 1 4
—2+H2—M(—) <-1,i=1273 3.17)
E
N
2+ C“Z & <—1. (3.18)

We can decompose the complement of this closed set into nine mutually exclusive regions, specifically
expressed as (R? x R%) \ H, = U;_, Hy ., where

{(FPHg,)eR3><R3|Fe(81 oo)}

i

HS, = {(FPHg,)eR*xRﬂPe( oo)}

8

1
HS, = {(FPHg,)eR3><R3|He(

8
1

- {(F,P,H,g,-)eRixR3||g,.| € (éoo)} j=4,56,i=1,23,
HS, = {(F.P.H.g) € R} xR*| F € (0,)},
HS, = {(F, P.H.g)eR} xR*|He (0, g“)},
Hj, = {(F,P.H,g;) e R} xR*| P € (0, %)}

Next, we will prove that for any (F, P, H, g;) belonging to (R? x R%) \ H,, the inequality LV; < —1
holds. Based on the partition of the complement described above, we can complete this proof by
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considering five distinct cases.
Case 1. If (F, P, H, g;) € Hi,, combining Eq (3.16) with Eq (3.17) yields the corresponding result,
leading to the following inequality:

1 4 1/(1\*
LVi< 24T —-Fi< 2+, --|~-] <-1.
4 4\e

Case 2. If (F,P,H, g)) € H; . then combining Eq (3.16) with Eq (3.17) yields

1 11\
.£V3<—2+H2——H<—2+H2—— - <—1
4 4\¢e

Case 3. If (F,P,H,g;) € Hs, and (F,P,H,g;) € H?, and (F,P,H,g;) € Hj.,» then by deriving through
Eq (3.16), we obtain

1
Lv; <—2—(——%)H<—2<—1.
4 c
Cased. If (F,P, H,g)) € ng, expanding the derivation based on Eqs (3.16) and (3.17) yields
ﬁl 4 ,81 . .
£V3<—2+H2——gl _2+H2_Z -1 <-1,Vj=4,56,Yi=1,2,3.
e
CaseS. If (F,P, H, g € Hs .» then by deriving from Eqgs (3.16) and (3.18), we obtain
N N
LVs< -2+ azH 2 E Rt g,
c

Thus, we can prove that there exists a sufflclently small constant & such that for all (F, P, H, g;)
falling within (Ri x R*) \ H,, the inequalities LV3(F, P, H, g;) < —1 holds. Here, & must satisfy the

following condition:
s<min{1, o = },
NCZQ

For any case where I1, < 1, this holds true. Additionally, for any case where I1, > 1, & must satisfy:

e<mindl & min{1, 31,3, B3}
) ’ A0, — 1) '

3.4. Extinction
Theorem 3.4. We define

¢2 1 t %
D=F—orl g =i ds=F— gL
(=7 84771 » @1 ,l,m " 901(3) s=r 84771

2 t 2

_ 1 _

oy =—d -2 & —2"2’,;02 =lim+ | pas)ds = =d - el

4, 4Am 100 4n,

@3(1) = —dp — ¢3 ¢3 ey = hm f @3(s)ds = —d, — &

4n; 4773 4m

When @, + <0, @+ <0, g3+ asr <0, then F(1t), P(t), H(t) are extinct.
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Proof. By combining Eq (1.2) with the definition of the Ornstein-Uhlenbeck process, we can derive that

!
r=7+[r(0)—Fle™ + ¢ f e M YdB, (s),
0

t
di =d, +[d,(0) = d|]e™ + ¢, f e G B,(s), (3.19)
0

!
dr = dy + [dr(0) — dr]e™™" + ¢3 f e PUdB(s),
0

where 77; and ¢; are positive constants, i = 1,2, 3; 1, represents the recovery rate, and ¢; represents
the volatility intensity. Equation (3.19) indicates that within the interval [0, t], r(¢), d,(?), and d,(¢) fol-
low normal distributions N (E[r(?)], VAR[#(?)]), N (E[d,(?)], VAR[d,(?)]), and N (E[d»(?)], VAR[d»(?)]),
respectively. From this, we can derive the following:

2
E[r(H)] = 7+ [r(0) — Fle ™™, VAR[r(1)] = L (1 _ e—2mt)’
2m
2
E[d\(D)] = d + [dy(0) — di]e™ VAR[d,(1)] = 22 (1 -2,
2m,

2
Eld>(D)] = d> + [dr(0) — dy]e™™' , VAR[d>(1)] = ;_]733 (1-e).

Therefore, for each i = 1,2,3, the terms ¢; f(f e 1=9dB,(s) follows a normal distribution

2
N (O, f—n (1 — e‘z”"l)). This expression can also be equivalently written as va_ V1 — e~ %. Based on
! ul

this, we define y;(¢) = % V1 — =21, where B;(t) denotes standard Brownian motion. Consequently,

i

Eq (3.19) can be rewritten as follows:

dB](t)
dt ’

r=7+[r(0)—7le ™ +y,

dB,(1)

di =d, +[d(0) = di]e™™ + 7y, T (3.20)
- - dBs(t
o = &+ 1da(0) ~ il + 9 0.
Following this, we proceed to refine the system (1.2) accordingly:
dF(t) = F(1) ((ff [(0) - F]e_n_]t) (1 N %) + 1+aF(t)cjr1;}§2)+7H(t) - ?i’?ﬁii)df + (1 B %)VIF(I)“{BIU)’
dP(t) = P(1) (_ (di +[d(0) - dl]e_w) + l+aF(t)a+1/$(tt))+7H(t)) dt = 2 P()dBy(0),
dH(t) = H(1) (- (dy + [dx(0) — da]e™") + 22L) dt — y3H(1)dBs (). o)

Applying 1t6’s formula to In F(¢), In P(¢), and In H(#), and integrating over the interval [0, f], we obtain
the following results:
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3 ' R F(s) ' a P(s) (" aH(s)
lnF(t)—lnF(O)+f (7 + [r(0) — Fle™" )(1 X )ds f 1+a/F(s)+,BP(s)+)/H(s)ds I) c+F(s)dS
2 F 2 !
f ::71( e‘z””)(l —%) ds + fo(l—%))yl(s)dBl(s)

) ! d a1 F(s)
In P(¢) = In P(0) + fo pa(s)ds + fo 1 + aF(s) + BP(s) + )’H(S)ds
_d©-d

p)

t (3.22)
(I-e™)- fo Y2(8)dBs(s),

_ ' " ayF(s)
lnH(t)—lnH(O)+fo¢3(s)ds+£ ctF() s

- BOZ% vy [

Given that 7 can be either positive or negatlve we will separately examine the cases where 7 < 0 and
7> 0. When 7 > 0, we obtain 0 < lim,_,. + . fo r(l—e '7”)( FI((S))ds 7, and for any € > 0, we have

1. F( ' f 0 1 1 (. F
T 2O o f (? Y1 ) SO Gy ( —e-2"1’)+ﬂ f (1 - —(S))yl(s)dBl(s)
t F(O) “am 1 4771 2m Bt Jo K

By Lemma 2.2, fot vi(s)dB;(s) satisfies the strong law of large numbers for martingales, implying
that limy_.. 1 [ yi(s)dBi(s) = 0. It follows that

In F (¢
lim sup - ()<¢J1 4

100 t B’

In the process of analyzing P and H, we can derive from Eq (3.22) that

I 28 < @y - O () — ety 42— L [y (5)dBy(s),
“11n HO _ - d(0)-dy st Lt (3.23)
rn G < @ - SOEE (L= o) +an = 1 [ y3()dBa(s).
Taking the upper limit simultaneously at both ends of Eq (3.23), we obtain
In P(t
lim sup n P() <@+ ﬂ,
t—o00 (07
(3.24)
In H(?)
lim sup . < @3 + ay.
t—o0

According to the strong law of large numbers and the definition of the Ornstein-Uhlenbeck process,
if @1 + %‘ < 0, then lim,, F(#) = 0. Similarly, when ¢, + <& < 0 and @3 + @, < 0, we obtain
lim,_,, P(t) = 0 and lim,,, H(#) = 0. Thus, Theorem 3.4 is proven.

Remark 3.1. We emphasize that our model (1.2) describes population dynamics of plants, pollinators,
and herbivores; there is no disease component. The term “‘extinction” throughout this section refers to
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the eventual decline of a species population to zero, not disease eradication. The conditions ¢; + % <0,
@2+ <0, and @3 +a, < 0 have clear biological interpretations: they imply that the long-term effective
growth rate of each species, after accounting for environmental variability and interspecific interactions,

becomes negative. For instance, ¢; + < < 0 means that even with maximum mutualistic benefit from

B
pollinators, the plant’s net intrinsic growth rate cannot sustain positive growth, leading to eventual
extinction. These thresholds provide practical guidelines for conservation: if noise intensities or mean

reversion speeds shift these quantities below zero, then extinction risk becomes certain.

4. Numerical simulations

In this section, we will conduct numerical simulations to validate the obtained results. Using the
Euler-Maruyama method [46], we derive the discrete form of system (1.2) as follows:

_ 4 ya Fi p/ H/
Firt = pi (gl (1- 24 ar @),

K l+aFi+BP/I+yHI ¢+ FJ

j .
pitl = pi 4 pi Ll | A
1 +aF/+pBP/ +yH/
. + ;: J j

[ H](caii*' _ eg;)m’ (4.1)

J
gl =gl 4Bz - g{) At + oy VAtw;,
gé“ = gé + 5> (§2 — gé) At + 05 \/Efj,
gl)

8§+1 :g£+ﬁ3(§3— Af+0'3\/E§j,

Here, At > 0 represents the time increment and w;, &;, {; denote three independent random variables
each following a standard Gaussian distribution N(0, 1). Furthermore, (F/, P/, H/, glj ) corresponds to the
numerical values obtained at iteration j for the discretized Eq (4.1), where i = 1,2,3and j=1,2,....
We selected multiple combinations of biological parameters from Tables 1 and 2 for computation.
Specifically, the plant carrying capacity K, the half-saturation constant ¢ = 90, and the maximum
feeding rates a;, a, are consistent with empirical measurements of temperate grassland ecosystems.
The mortality rates %2, e%* and plant growth rate g; fall within biologically realistic ranges for annual
plants and insects. The Beddington-DeAngelis coefficients @ = 0.5, 8 = 0.4, v = 0.5 are chosen to
reflect moderate handling time, pollinator interference, and varying levels of herbivore disturbance,
respectively. Thus, all simulations are grounded in realistic ecological contexts.
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Table 1. List of biological parameters in system (1.2).

Parameter Description

8
8
83
K
aj
a
a
@
@

B

Y

c

B
B2
Bs
g1
(%))

g3

Average growth rate of the plants

Average log-transformed natural mortality rate of the pollinators
Average log-transformed natural mortality rate of the herbivores
Environmental carrying capacity of the plants

Maximum feeding rate of pollinators on plants

Maximum feeding rate of herbivores on plants

Conversion efficiency of plants transforming into pollinators
Conversion efficiency of plants into herbivore growth

Time cost coeflicient for pollinator processing of plants

Time waste coefficient during encounters among pollinators
Herbivore disturbance intensity coefficient for pollinators
Half-saturation constant for the plants

Reversion speed of g;

Reversion speed of g,

Reversion speed of g3

Volatility intensity of g

Volatility intensity of g,

Volatility intensity of g3

Based on the biological significance of the parameters in Table 1 and Jgrgensen’s real dataset [47],
we constructed Table 2 by selecting data related to plants, pollinators, and herbivores. The explicit
predator-prey relationships among these three groups reflect energy transfer and interaction processes
within the food chain model, thereby enabling verification of the model properties demonstrated earlier.

Table 2. Several combinations of biological parameters of the system.

Combinations  Value
Ay g, =047, g, =10g(0.25), g; = 1og(0.2), 8, = 0.8, 5, = 0.45, B3 = 0.65, oy = 0.02, o, = 0.05
03=0.03,K=180,=05,8=04,y=2,¢=90,a, =041, a, =037, a; = 0.35, ap, = 0.31
(Ay) g, =0.29, g, =10g(0.2), g5 = log(0.25), 8, = 0.8, 5, = 0.6, 85 = 0.7, oy = 0.03, 0, = 0.03
03=0.04,K=80,0=0.5,=04,y=2,c=90,a; =0.21,a, =0.37, a; =047, a, = 0.51
(A3) g, =0.3,g, =10g(0.23), g5 = 1l0g(0.2), 81 = 0.8, 8, =0.7, 83 = 0.7, 0y = 0.03, 07, = 0.02
03=0.02,K=180,=05,=04,y=2,¢=90,a; =0.21,a, =037, a; = 0.4, a, = 0.31
(Ay) g, = -0.1, g, =10g(0.7), g5 = 10g(0.25), 81 = 0.1, 8, = 0.1, 33 = 0.1, 7y = 0.01, 0, = 0.01
03=0.01,K=180,=0.6,8=04,y=0.5,¢=90,a, =0.5,a, =0.37, a; =0.35, a, = 0.3
(As) g, = 0.4, g, =10g(0.7), g; = 10g(0.25), 81 = 0.1, 8, = 0.1, 85 = 0.1, oy = 0.01, o, = 0.01
03=0.01,K=180,=0.6,8=04,y=0.5,¢=90,a, =0.5,a, =0.37, a; =0.35, a, = 0.3
(As) g, =0.5,g, =10g(0.7), g; =10g(0.3), 8, =0.1,3, = 0.1, 83 = 0.1, oy = 0.01, 0, = 0.01
03=0.01,K=180,=0.6,8=04,y =095,¢c=90,a; =0.5,a, =0.37, a; =0.35, 2, = 0.5
(A7) g, =0.5,g, =10g(0.2), g; =10g(0.2), ) =0.1,5, = 0.1, 83 = 0.1, oy = 0.01, 0, = 0.01

03=0.01,K=180,=05,=04,y=2,c=90,a, =041, a, =0.37, a; =0.35, @, = 0.31

Example 4.1. In Table 2, we select the parameter set ((A;) — (A3) to represent the biological parameters
of system (1.2). According to the conclusion of Theorem 3.1, system (1.2) possesses a unique global
solution. We set the maximum iteration count to 7,,x = 2000, ultimately obtaining the results shown in
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Figure 1.
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Figure 1. We conducted numerical simulations to analyze the dynamic characteristics of
plants, pollinators, and herbivores in system (1.2). The resulting visualizations support
Theorem 3.1, demonstrating that system (1.2) possesses a unique global solution determined
by the parameter set (A;) — (Aj).

Remark 4.1. The results in Figure 1 show that the growth rate of F and the mortality rates of P and H
fluctuate around their respective means, a characteristic reflecting the mean-reverting property of the
Ornstein-Uhlenbeck process. Furthermore, different coefficient combinations yield distinct solutions,
yet all solutions satisfy the conditions of existence and uniqueness. These findings provide empirical
support for the conclusions of Theorem 3.1. Furthermore, different coeflicient combinations yield
distinct solutions, yet all solutions satisfy the conditions of existence and uniqueness. These findings
provide empirical support for the conclusions of Theorem 3.1.

Example 4.2. To more clearly verify the existence and uniqueness of solutions to system (1.2), we
conducted 100 simulation experiments based on Theorem 3.1. As shown in Figure 2, these 100 simulated
trajectories were generated under identical initial conditions and parameter settings, with only minor
random perturbations and the simulation duration set to 7y,,x = 2000.
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Figure 2. 100 path simulation figures.

Remark 4.2. In Figure 2, 100 simulated paths are depicted as gray lines, while the solid green line
represents the average trajectory of these paths. It can be observed that different combinations of
coefficients yield distinct solutions, and each solution possesses a unique form of existence. This result
validates the conclusion of Theorem 3.1.

Example 4.3. In Table 2, the parameter sets (A;) — (Aj3) are used to define the biological parameters
of system (1.2). According to the conclusion of Lemma 3.1, the g-order moments of the solutions
to system (1.2) are bounded, and the solutions themselves exhibit ultimate boundedness. We set the
maximum iteration count to 77,,x = 2000 and obtained the results presented in Figure 3.
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Figure 3. We conducted numerical simulations to investigate the dynamic characteristics of
the qth-order moments of the solutions to system (1.2). The results indicate that the solutions
remain bounded throughout, verifying the ultimate boundedness of the system. The relevant
parameters used in the study were drawn from the parameter sets (A;) — (Aj3).

Remark 4.3. Figure 3 shows that the expected values corresponding to the three coefficient com-
binations (A;) — (Aj3) all lie below the finite upper bound Q(g). As time ¢ increases, the prob-
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ability P gradually stabilizes and eventually exceeds a fixed threshold, specifically manifested as
limsup,_,, P(\/F 2(t) + P2() + H3(1) < w) > 1 — &. This observation validates the effectiveness of
Theorem 3.2. From a biological perspective, this conclusion aligns with the reality that environmental
resources are finite and no population can grow indefinitely.

Example 4.4. In Table 2, we employ the parameter combination (Aj) to set the biological parameters
of system (1.2). According to the conclusion of Theorem 3.3, the solutions of this system exhibit a
stationary distribution. We set the iteration count to 7 = 2000 and obtained the simulation results shown

in Figure 4.
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Figure 4. We conducted numerical simulations to analyze the stationary distribution of system
(1.2). The results in Figure 4 show that the population size F(f) primarily resides within
the range of 0.7 to 0.9, P(¢) within 0.5 to 0.75, and H(¢) within 0.7 to 0.9. All population
sizes are concentrated in the middle of their respective ranges. The frequency histograms
of these populations exhibit a bimodal shape with a peak in the middle and tapered ends,
resembling the form of a normal distribution. This indicates that even in the presence of
random environmental disturbances, the growth state of the populations tends toward stability.
The parameters used in this study are derived from the parameter combination (Aj3).

Example 4.5. To further validate the conclusions of Theorems 3.2 and 3.3, we employed the same
methodology used to verify Theorem 3.1, conducting 100 path simulations. The results for the F
population are shown in Figure 5. The left panel displays the simulation results for Theorem 3.2, while
the right panel shows those for Theorem 3.3. It is evident that the conclusions of both theorems hold true.
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Figure 5. 100 path simulation figures for Theorems 3.2 and 3.3.

Remark 4.4. The 100-path simulations reinforce that Theorems 3.2 and 3.3 hold for a wide range of
initial conditions. In ecological terms, even under persistent environmental fluctuations, the populations
do not diverge to infinity and their long-term statistical behavior stabilizes. This justifies using the
stationary distribution as a predictive tool for conservation planning.

Example 4.6. In Table 2, we selected the parameter combination (A) — (A7) to set the biological
parameters of system (1.2). According to Theorem 3.4, system (1.2) will exhibit extinction behavior.
We set the maximum iteration count to 7p,x = 2000 and obtained the results presented in Figure 6.
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Figure 6. Through numerical simulations, we investigated the extinction behavior of system
(1.2). When &, + % < 0, the F population will face extinction; when @, + < < 0, the P
population will face extinction; and when &3 + @, < 0, the H population will face extinction.
The relevant parameters employed in this study are determined by the parameter combinations
(Ay) = (A9).
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5. Conclusions

In this paper, we primarily investigate a stochastic predator-prey model driven by an OU process
with Holling-II and BD composite functional responses. In the ecosystems frequently subjected
to random environmental factors, the OU process with its mean-reverting characteristics accurately
reflects the persistent and gradual nature of environmental fluctuations better than the traditional white
noise assumption. This research provides a more reliable mathematical framework for understanding
population dynamics under the combined influence of functional response patterns and stochastic
disturbances. The main contributions of this paper are as follows:

We illustrate the biological basis for employing the OU process in modeling population survival
under stochastic environments. We establish the existence and uniqueness of global solutions when
analyzing the stochastic ultimate boundedness of this random model. By constructing appropriate
Lyapunov functions and combining them with Itd’s formula, we prove the existence of stationary
distributions, thereby describing the stationary behavior of population persistence from a probabilistic
perspective. Simultaneously, we provide sufficient conditions for the extinction of both predator and prey
populations. Finally, numerical simulations not only validate the theoretical analysis but also further
reveal how different functional response forms and random intensities jointly regulate the system’s
dynamic patterns and stability.

Overall, we extend the theoretical research on stochastic predator-prey models by integrating
the OU process with two classical functional responses. These findings can help identify critical
parameter thresholds determining population persistence or extinction, thereby offering theoretical
guidance for predicting population dynamics and formulating intervention strategies in ecological
conservation and management.

However, many unresolved issues remain worthy of further exploration. For instance, the model
assumes parameters to be constant, whereas many factors in actual ecological environments, such as
seasonal variations and resource cycles, exhibit periodicity or time-varying characteristics. Consequently,
investigating stochastic systems with periodic coefficients or time-varying parameters would yield greater
practical relevance. Furthermore, we only considers continuous fluctuations in environmental noise. In
future work, researchers may incorporate mechanisms, such as the Lévy jump processes, to describe sudden
environmental events, or account for time-delay effects to reflect memory and feedback in ecological
processes. Consequently, the model would resemble the complexity of real ecosystems more closely.
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