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Abstract: This study investigates the threshold behavior of a population-varying stochastic susceptible-
infectious-recovered-susceptible (SIRS) model driven by a logarithmic Ornstein-Uhlenbeck process.
Introducing the logarithmic Ornstein-Uhlenbeck process to account for random environmental fluctu-
ations enhances the biological significance of the model. By applying the Itd stochastic integral, we
construct a suitable Lyapunov function, proving the existence and uniqueness of the global positive
solution of the model, thereby ensuring biological feasibility. Then, a critical threshold parameter R;) is
derived: If R} > 1, the system admits a unique invariant probability measure; if R < 1, the infection
dies out almost surely around the disease-free equilibrium. Furthermore, near the quasi-equilibrium
point, the invariant probability density admits a local Gaussian approximation and converges weakly
to a normal distribution as the environmental noise tends to zero. Numerical simulations in MATLAB
illustrate the theoretical results, further reveal the sensitivity of the stochastic threshold to the key
parameters, and confirm that population variation influences the threshold structure and long-term
infection level.

Keywords: threshold; SIRS model; Markov semigroup; stationary distribution; Ornstein-Uhlenbeck
process

1. Introduction

In recent years, infectious diseases such as COVID-19, avian influenza, and monkeypox have
frequently emerged around the world, severely impacting public health and socio-economic systems.
Mathematical modeling is of great significance for understanding disease transmission dynamics. The
classic SIRS model established by Kermack and McKendrick [1] describes the dynamic changes in
the population of susceptible, infected, and recovered compartments, with the assumption that the
population is constant. However, the classical model has limitations when dealing with demographic
changes and high-mortality diseases such as HIV and AIDS.
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Busenberg and Driessche [2] proposed a variable-population SIRS epidemic model, and the model is
given by _
) S1
S(t) = 6N — uS —%+ER,

I'(t):’[%—(,u+v+y)l, a.h

R(t) = yI — (u + €)R.

The biological significance of each variable is illustrated in [2], and no further explanation will be
provided here. In Table 1, the meanings of the parameters are given.

Table 1. Significance of parameters.

Parameter Interpretation

Birth rate

Disease-free death rate

Recovery rate of infectives

Immunity loss rate in recovered individuals
Additional death rate among infectives
Rate of infection

W MR T D

To facilitate mathematical processing, Busenberg and Driessche [2] performed a normalizing
transformation of the model, and defined s = S/N,i = I/N, r = R/N. After normalizing the original
model (1.1), the new system of equations becomes

§(t) = 6 — Os — Bsi + er + vsi,
i(f) = Bsi— (O +v+7y)i+ vi2, (1.2)
i(t) =yi— (0 + e)r + vir.

One of the central objectives in mathematical epidemiology is to determine critical thresholds that delin-
eate the persistence or extinction of infectious diseases. Next, we introduce the classical epidemiological

threshold Ry = L, and according to [2], we have the following:
0+v+y

(i) When R, < 1, the basic reproduction number lies below the epidemic threshold. In this case,
there exists a unique disease-free equilibrium E° = (5°,i°, ), and it is globally asymptotically
stable within the invariant set, which indicating that the infection will die out and eradication is
biologically feasible.

(i1)) When R, > 1, the threshold is exceeded, the disease-free equilibrium E, becomes unstable, and
there is a globally asymptotically stable endemic equilibrium point E* = (s, i*, r"), signifying
sustained infection and the necessity of control measures to reduce transmission.

However, empirical evidence shows that real-world epidemic dynamics are governed by random
perturbations stemming from environmental changes and population movements. These stochastic
influences can undermine deterministic predictions; indeed, even when deterministic theory predicts
persistence, random perturbations may drive the infection to extinction [3, 4]. Consequently, it is
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necessary to introduce a stochastic version of the basic reproduction number, denoted R, and a precise
definition and understanding of R} is crucial for characterizing threshold behavior under uncertainty.

In deterministic epidemic models, parameter perturbations are typically introduced either by incorpo-
rating white noise proportional to the key parameters [5, 6] or by modeling the parameters as following
an Ornstein-Uhlenbeck (OU) process [7-9]. Research has shown that the OU process is more realistic
than the traditional white noise approach. For example, Wang et al. [10] have proven that the OU process
exhibits continuity, an asymptotic distribution, and practical applicability. The study by Mamis and
Farazmand [11] indicates that white noise models usually fail to capture the key characteristics of major
epidemic outbreaks, while using an OU process to characterize uncertainty in disease transmission
can predict the epidemic more accurately. According to Zhou et al. [12], when an OU process is used
to constrain the parameter for the stochastic process, its variance becomes very small over short time
intervals, enabling the OU process to avoid certain biological shortcomings. Therefore, stochastic models
described by an OU process are more practical than those based on Gaussian white noise.

In practical modeling, directly using the OU process may lead to negative parameter values, which
are unreasonable in biology. To address this problem, researchers have introduced the logarithmic
Ornstein-Uhlenbeck (Log-OU) process, which ensures that parameters remain positive by taking the
logarithm of the OU process. Shi and Jiang [13] studied a stochastic susceptible-infectious-susceptible
(SIS) model with Log-OU process, obtaining threshold conditions for extinction. Han et al. [14] applied
the OU process to develop a stochastic COVID-19 model and analyzed the behavioral characteristics of
the model solutions in detail. These studies indicate that the Log-OU process has biological significance,
which is more meaningful than previous stochastic modeling methods. The Log-OU process addresses a
key limitation of traditional noise modeling: It ensures biologically plausible positive transmission rates
while allowing us to rigorously define a stochastic threshold R; that generalizes Ry to noisy environments.
Thus, we consider

dInf(t) = p(Inf - Inp(1)) dt + o dB(),

where p represents reversion speed, B denotes the long-term average transmission rate, and o denotes
the noise intensity. Reference [15] shows that 5(f) converges to a log-normal distribution characterized

= o2 . . . . .
by a mean Be# and a specific variance. The variance gradually approaches zero as the time interval
shortens. Based on the above discussion, we define

G(t) = InfB(r) — Inp.
It can be derived that G() satisfies the following OU process:
dG(t) = —p G(t)dt + o dB().

Thus, the stochastic SIRS model with a logarithmic OU process is given by

R,G()
s () = |oN — us - PE3! +eR]dt,
BSOS [
dI(r) = [ﬁeN v+l (1.3)
dR(t) = [yl — (u + €)R] dt,
dG(t) = —pG(Hdt + odB(r).
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The innovation of the stochastic SIRS model lies in the introduction of the Log-OU process as the
stochastic perturbation for the transmission rate and in focusing on the threshold parameter R;) under
environmental noise. This approach not only preserves biological realism but also enables the explicit
characterization of how environmental noise reshapes the epidemic threshold. This allows the model to
simulate the effects of external environmental changes on disease transmission more realistically. By ana-
lyzing this model, we aim to explore its dynamic properties, such as the stationary distribution, extinction,
and persistence, to better reflect the uncertainty and complexity inherent in disease transmission.

In particular, we investigate the threshold behavior that separates disease eradication from persis-
tence, providing biologically meaningful insights into how environmental fluctuations affect epidemic
outcomes. The main results of this work confirm that R;) is the critical threshold parameter governing
the long-term dynamics of the stochastic SIRS system. Biologically, R;j reflects the combined influence
of disease transmission and environmental perturbations: Even when a deterministic model predicts
persistence, if R) < 1, random fluctuations can still drive the infection to extinction; conversely, R) > 1
suggests that the transmission potential is sufficient to overcome the effects of noise and thus maintain
the outbreak.

Same as above, by normalizing (1.3), we develop the system that limits the system variables to [0, 1],
simplifying and standardizing the analysis:

di(t) = [BeSO(1 =i = )i = (0 + v + y)i +vi?| dt,
dr(t) = |yi — (6 + €)r + vir] dt, (1.4)
dG(t) = —pG(#) dt + o dB(t).

This normalization simplifies model analysis by lowering the dimensions of the system based on the
interdependencies between variables.

To make the effect of population variability explicit, we compare (1.4) with the corresponding
stochastic SIRS model with constant total population and the same Log-OU perturbation:

di (1) = [Be® (1 — i, — r)i. — (0 + y)i.]dt,
drc(t) = [716 - (9 + E)I’C]dt,
dG(t) = —pG(t) dt + o dB(1).

For this constant-population counterpart, the associated stochastic threshold is

- 2 4
s ﬁe” /(4p)

0c™ gty ’

whereas for the varying-population model (1.4), the threshold is

o
R(S) _ Be /(4p) '

O+v+y
Therefore, although the total population does not appear explicitly in the normalized system, the
influence of population variability is retained through the disease-induced mortality parameter v. More
precisely, it enters both the stochastic threshold and the v-dependent nonlinear drift terms in (1.4),
namely vi? and vir. This shows that the normalized system still preserves the dynamical effect of varying
population size.
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The diffusion terms in stochastic systems can generally be divided into degenerate and non-degenerate
diffusion terms. For stochastic models with non-degenerate diffusion terms, the stationary distribution
is typically analyzed using Khasminskii’s theory [16] and Lyapunov exponent theory. However, for
models with degenerate diffusion terms, the analysis becomes more complex, and the conventional
methods used in [16, 17] cannot be applied. Therefore, it is necessary to employ Markov semigroup
theory [18].

In stochastic epidemic models, especially in stochastic systems with degenerate perturbations,
invariant probability densities provide useful information for describing the long-term behavior of the
system. The Fokker-Planck equation gives a formal description of the evolution of probability densities.
However, in degenerate settings, it is usually difficult to obtain explicit density information directly from
the corresponding partial differential equation. For this reason, researchers often combine probabilistic
techniques with approximation methods. Zhou et al. proposed a normal approximation method [19]
and developed local approximations of invariant probability densities for epidemic models [5]. More
recently, Zhou et al. [20] established a mathematical framework for local and global approximations
of invariant probability densities in stochastic Kolmogorov systems with small diffusion. Motivated
by these developments, in the present paper we establish the threshold and invariant measure results,
mainly through probabilistic arguments and Markov semigroup techniques, while the density-based
discussion is used primarily to interpret the local probabilistic structure near the quasi-equilibrium point.

Nevertheless, stochastic SIRS models with variable populations, Log-OU perturbations, and degen-
erate diffusion terms have received relatively limited attention. This motivates us to investigate the
threshold dynamics, invariant measure, and extinction behavior of system (1.4). In Section 2, we first
establish the existence and uniqueness of its positive solution. In Section 3, under the condition R} > 1,
we focus on the existence and uniqueness of a stationary distribution for model (1.4). In Section 4,
we present a local approximation of the invariant probability density near the quasi-equilibrium point.
In Section 5, assuming R < 1, we prove the extinction property of (1.4). Finally, Section 6 presents
numerical simulations and sensitivity analysis.

2. Existence and uniqueness of solutions to the system (1.4)

In this section, we establish the existence and uniqueness of the global positive solution to system (1.4).
Moreover, we define the feasible region as

I={i,rnG)eR2xR:i+r<1}, 2.1
which is positively invariant for model (1.4) almost surely (a.s.).

Theorem 2.1. For any initial condition (i(0), r(0),G(0)) € T, system (1.4) has a unique solution
(i(1), (1), G(1)) for all t = 0. Moreover, this solution remains in I" with probability one.

Proof. Since the coefficients in system (1.4) satisfy the local Lipschitz condition, the theory in [21]
guarantees the existence of a unique local solution for any (i(0), 7(0), G(0)) € I'. To extend this solution
globally, it suffices to show that the explosion time 7, = oo almost surely. The general approach
involving a Lyapunov function and appropriate stopping times is well established (see Theorem 2.1
of [22]). Define

Vi,rnG)=(@G-1-Ind)+@—-1-Inr)+[1-i-r—-1-In(1-i-r)]+(E -G-1). (2.2)
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Then,
dv(i,r,G) = LV(i,r,G)dt + (¢° = 1) cdB(2), (2.3)
where
' 0i 9
LV(i,r,G)=29+V+)/+6—3vi—ﬂ— l —( +.e)r
r l—i-r 1-i-r
— 0'2
+BeCli— (1 —i—r)]—pGe® —1)+ 7eG. (2.4)

2
Let f(G) = —pG(e® — 1) + (B+ %) eY, and observe that f(G) —» —c0 as G — —oo or G — +00.

Therefore, we can find a & satisfying supgz f(G) < ko. Then, we get
LV(i,r,G)<20+v+vy+e+ky:=K. 2.5

Then,
dV(i,r,G) < Kdt + (eG - 1) cdB(?). (2.6)

The following proof is essentially identical to Theorem 2.1 in [22] and is therefore omitted here. O
3. Existence and uniqueness of a stationary distribution

3.1. Markov semigroup

We define a diffusion process (i, r, G)T with a transition probability density function P(t,i,r,G,Ay),
where A; € X, such that
P(t.i,r,G, A1) = Prob {(i(§). r(1). G)" € Ay},

where A is a measurable set in the state space I" defined by the o-algebra X. Let m be a o--finite measure.
Then, in the o-finite measure space (I, £, m), the density space is defined as D = {g € L'(I) : g >
0, |lgll; = 1}. For {P(?)};s0, its long-term behavior is fundamentally classified as follows.

Definition 3.1. The semigroup is said to exhibit:
(i) Asymptotic stability if there exists a unique invariant density g* € D such that lim ||P(t)g — g*|l; =0
forall g € D. o
(ii) Sweeping property on a set A| € X lftll)rg fAl P(t)gdm = 0 for all g € D.

(iii) Foguel Alternative holds for an integral Markov semigroup {P(t)} with transition kernel k(t,X,y)
satisfying fr k(t,x,y)dm(s) = 1 forally e I'and t > 0, and fooo P(t)g(x)dt > 0 almost everywhere
for all g € D, in which case the semigroup is either asymptotically stable or sweeping.

3.2. Formal Fokker-Planck description

The diffusion process (i, 7, G)" admits a transition density ®(¢, i, r, G). Formally, the evolution of ®
is governed by the Fokker-Planck equation:
0 P PGO)  AfiLrnGP)  IHGERGP) IS G)P)
ot 2 0G* i or oG ’
where fi(i,r,G) (k = 1,2, 3) represents the drift terms as described in system (1.4).

3.1
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3.3. Proof of stationary distribution

Lemma 3.1. For every (iy, ro, Go)' €T, P(t,iy, ro, Gy, A1) is absolutely continuous with respect to the
Lebesgue measure, and thus can be described by k(t, i, r, G; iy, ro, Go), which is continuous in all its
arguments.

Proof. Define m(Z,9,v) € I' and n({, ¥, v) € I'; the Lie bracket [m, n] can be given by
d 6nj ﬁmj .
[m, n];(x) = Z Mg~ | J= 1,2,3.
Then, we get

m(Z,8,v) = (Be'(1 = £ = = 0+ v+ 9+, yE = 0+ P + v, —pv)

n(,9,v) = (0,0,0)", (,9v)eT.

Let ¢ = [m, n]. Then,
- T
¢ =(-foe'(1-L=), 0, ap) .
Define d = [m, c]. Then,
d, = [m,c], = {— [Be'(1 = =99 = @+ v+ )¢ +vi| - o1 - 20 - 9)
+ |y = O+ €9 +vid|+ (1 = £ = D|pvo + ofe’ (1 - 24 - )
—oc@+v+y) +20v - O'p]}BeV,

d; = [m, c], = Boe"(1 - ¢ =N (y +vd) #0,

d3 = [m,c]3 :0_p2 # 0.

Then,
0 —Boe'(l-¢—- d,
[n,c,d] = [0 0 Boe'(1 — ¢ — Ny + vﬁ)] :
o op op?

In,c,d| = -5°c>e®(1 — ¢ — 9 (y + v < 0.

Consequently, n, ¢, d are linearly independent on I . For any (£, 9, v) € I', we can obtain that n, ¢, d
span the space I'. According to Hormander theorem [23], P(t, iy, ro, Gy, A1) has a continuous density
k(t,i,r,G;ig, 1o, Go), k € C*((0,00) X I' x I). O

We define X = (i, r, G)" and X, = (io, ro, Go)” as usual. Consider the Fréchet derivative Dy, of h —
Xown(T) from L*([0,TI;R) to X. If Dy, , is full rank, for X = X (T'), we have k(T i, r, G; iy, ry, Go) > 0.
Define

P(t) = (X, (1) + g (X, (D)),
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where _
BeCe(1 =iy —rp)iy — (0 + v + )i, + vi? 0
f= Yie — (0 + €)ry, + Vigr, , g=10].
—pG, o

Then, the Jacobian matrix f’ is

Be%(1=2iy = 1)) = (O +v+y)+2viy =B, BeO(l =iy = r,)i,
f': 'y_|_yrw Viw—(9+€) 0
0 0 —P

ForO0 <t <t<T,let W(ty, ty) = Id and W(t, ty) represent the matrix solution satisfying

oW(t, ty)
ot

where Id is the identity matrix. Thus, Dy,., can be represented as

=YW, 1),

T
DXW:f W(T, s)g(s)h(s)ds.
0

Lemma 3.2. Ifforanyt € [0,T], x(0) = xo > 0, X'(t) + ax(t) > 0 (a > 0), then x(t) > 0, YVt € [0, T].

Proof. According to the method of variation of constants for first-order nonhomogeneous linear differ-
. . t
ential equations, then x(r) = e % x, + fo e~ “=Ip(s)ds > 0. m|

Lemma 3.3. Consider an initial state vector Xy = (iy, 1o, Go)" € I' and (i, r,G)" € T'; then, there exists a
positive constant T satisfying k(T i, r, G; iy, ro, Go) > 0, where the constraint space I follows definition
Eqg (2.1).

Proof. Step 1: Full rank of the Fréchet derivative

Firstly, prove that derivative Dy, has rank 3. Consider an arbitrary & within the interval (0, T),
and define

h() = Lr-en® 0.7,
Gy (1)

Here, 17_. 1) is the characteristic function on the terminal temporal segment [T — &, T].

Through asymptotic expansion analysis of the equation W(T, s) = I + W(T)(T — s) + o(T — s), then

2

g YA +o(&h).

DX(J;(/Jh =&V +

For the function v = (0,0, 0)7, _
BoeC(1 —i—r)i

Y@ = 0
—por
We define the matrix B = W2(¢) as
Bi1 By B3
B =By By Bu|.
0 0 Bss
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We compute

O'Bl3

Y2(1)v = |0 Bas |.

op?

Then, the determinant of the matrix is

v, W)W, P (Ov| = B 201 — i — 12y + vr) £ 0.

v, P(¢)v and W?(f)v are linearly independent because the determinant is non-zero. Therefore, Dy, has
rank 3.

Step 2: Existence of the control function

Next, we demonstrate that for any given points (i, ry, Go)" € I and (i1, r,G1)" € T, there exists ¢
and T > O satisfying

(i,(0), 7,(0), Go(0)" = (i, 70, Go) ", (ip(T), 1o(T), Go(T))" = (i1, 11,G1)".

On [0, T'], system (1.4) is equivalently governed by

/

i, = Bee(1 — iy — r)iy — (0 + v + )iy, + vi2,
r; = vip, — (0 + €)r, + Viyr,, (3.2)

G, = —pGy + og.

Hence, we obtain that the variable r, € C2([0, T]; R,) satisfies the inequalities given below:

ry >0,
ro+ @+ er,
e o,
YT e (3.3)
r; + (@ + e,
p+7,=————+71,<1,
Y +vr,
BePe(1 =iy, = rp)iy, = i/, + (0 + v + y)i, — vi, > 0,
which is mathematically equivalent to
re >0,
r, + (@ +er, >0,
r;+vri+(0+v+y+e)r¢—y<0, (3.4)

(y +vryry, — 2vr;2 +yQ20+e+v+y)r, + V@ +v+y) = 2v(O + )] r,r,

+v@+e)(v+y— e)ri +y(@+€)O+Vv+yr, = F(r, r;,r;f) > 0.
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Moreover, from (3.2), we derive the system for ¢ € [0, T']:

r(p(t) = rl"

ro(t) =i, — (0 + € —vi)r,

] 1
0 = (Bl (1 =iy = i =~ =2v () (3.5)

Vr;

+y O+ €e+v+y)r, +[v@+v+y)=2v@ + )] rr,

+y@+ee)@+v+yY)r,+vi@+e)(v+y-— E)’”,Z}-

Now, we aim to find an appropriate 7" and establish a differentiable function r, € C 2([0, TTI: Ry
satisfying

r,(0) = ro,
r;,(O) = yip — (0 + € — vip)ro = 1},
F7(0) = (y + vio)Be®(1 — iy — rodio — — {-2v(rp)? (3.6)

+y RO+ e+v+y)ry +[vO+v+7y)—2v(0+ €)] ror),

+yO@+e)@+v+Y)ro+vO+e)(v+y-— E)ré} =70,

and
re(T) 27,
r(T) = yiy — @+ e—vipr 2 1,
’” _ = G ) . .
r/(T) = (y + vr)Be® (1 — iy — )iy — e {—2V ) .

+yO+e+O+v+y)r; +[vIO+v+y)—=2v(0+ €)] rr]

+y@+e)@+v+yr+v@+e(v+y— e)r%} =7

Next, we shall prove that when r, € C?([0, T1; R,) makes the last inequality of (3.3) hold, then the
remaining three inequalities also hold. In fact, when the last inequality in (3.3) holds, we can get that

i+ @+v+yi,>0, Vtel0,T] (3.8)

Since i,(0) = ip > 0, then from Lemma 3.2, there is i () > O for any ¢ € [0, T']. Furthermore, assuming
i,() > 0 holds, we can also deduce that

r; +@+er,>0, VYrel0,T], 3.9
and given r,(0) = ry > 0, by Lemma 3.2,
r(t) >0, Vrel0,T]. (3.10)
Similarly, from the last inequality in (3.3) and 3e®¢ > 0, then

i () +ry,(t) <1, VYrel0,T]. (3.11)
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The function r,, is constructed over three distinct temporal domains: [0, 7], [7,T —7’], and [T -7, T],
where 7 and 7’ will be determined later and 7 + 7" < T. On [0, 7], r,, is constructed as follows:

At3 rll
7o) = - * ?%2 +ryt+ry, tel0,7], (3.12)

where 7 is a sufficiently small number which will be chosen later, the coefficients ro, ry, r] are given
in (3.6), A satisfies i,(t) =0, and

(v + vr (D) (1) + (0 + ©r, (1) = v(r,(1))* 0

i (T) = 3.13
(0 O + (P G149
That is,
4 vr”7'2 3 2
- %AZ + [T( ; +vriT + vrp + y) + %r{)’ +(0+ e)y% — v (rjT + 1y |A
% V}"NTZ / ’ ’ 12 2 v (314)
+ry |y +vro+ +vrot| + (0 + €)yroT + 1p(0 + €)y — vry T = 2vrgrg T
—vr = 0.
Simplifying (3.14), we have
vt 1, , 1 .,
- E(AT) + ~3V0T + 5(9 + €yt + (y +vrg) |- AT + (y + vro)r,
+ (0 + €)yry = v(rp)” + (0 + e)yrgt — gr(')'sz —vryrgT = 0.
Thus,
vr? 5
—E(AT) + B(1) - (A1) + C(1) = 0, (3.15)
where

B(t) = (y + vro) + 01(7),

C(t)=(y+vroyry + (0 +e)yry — v(r(’))2 +0y(1t) = (y + vro)ziE) + 0y(7),
and lir(I)l+ 0j(1)=0(j=1,2,..),
17 _2

1 1
01(1) = 5(9 + €)yT — gerT ,

14
02(1) =0+ €)yriT — Er(’)'zrz — VryryT.

As 7 is a sufficiently small number, let

B(t) - \/BZ(T) + 22 . ce)
At = 0 = - ¢ , (3.16)
v1? /6 v,
B(1) + \/BZ(T) + §T -C(7)
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and then, from (3.15) and (3.16), we have
AT = —(y + vry)ip(0) + 05(7). (3.17)
On [0, 7], from (3.12), we can obtain
re(0) =ro,  1,(0) =71y, 1 (0)=rf. (3.18)
According to (3.12) and (3.17), we get

ro(t) = 1o+ 04(7), 1 (1) = 15+ 05(7),

77 ’” ! .y ’” t . 77 (319)
ry() = At + 1y = == [(y + vro)ig + 03(0)] + 1y = —=(y + vro)i + 1y + 06(7).
T T
In addition, we obtain
: . y (y +vro)ry + (0 + €)yry — v(r)
ip(1) = ip + 07(7), i,(t) = & +vro)? + 0g(7).
Therefore,
iL(0) + (0 + v + )i () — vio (1)
., ) 2 (3.20)
= (1 - —)zo + (@ +v+7y)y—vig+o09(1), te0,T1],
T
and
F(rg. 1 1)) = (y + v P [i(0) + 0+ v + p)iy(t) — vi2()| o
l’ .
= (y + vrp)* [(1 - —)ia + @+ v+yi— vié] + 010(7).
T
Next, we shall prove (3.4) holds. Since
r,(0) > 0,
r,(0) + (6 + €)r,(0) > 0,
r,(0) +vry(0)> + (0 + € +y +v)r,(0) —y <0, 329
( + vrg(0)r)(0) = 2vr(0)* + (20 + € + v + y)r,,(0) 522
+[v@+v+y)-2v(0+ )] r¢(0)r;(0) +y(60 + €)(0 + v + y)ry(0)
+v(0 + e)(v +y — €)r(0) > 0.
Then, there exists a sufficiently small 7 such that for ¢ € (0, 7),
T, =19+ 04(1) > 0,
r; + @+ ey, =1+ 0+ €e)ry+o01(1) >0,
r;+vri+(0+v+y+e)r¢—'y: Ph+vig+(@+v+y+ery—y+on() <0, (323)

F(ry,roy 1)) = (y + vro)ry — 201 +y(20 + € + v + )1

+[VO+v+y)=2v(0+ €)|rory + y(O + €)@ + v + y)rg

+v(@+e)(v+y-— e)r(z) + 013(7) > 0.
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From (3.23), it follows that the first three inequalities in (3.4) are satisfied. As for the fourth inequality,
we can analyze this from two different perspectives.
Case 1. If ij > 0, then by virtue of (3.21), we obtain

t
F(rg,ri,r,) = (y + vro)* [(1 - —) iy + O+ v+y))— vi(z)] + 010(7)
T

> (y + vrp)’ [(9 +V+ )iy — vié] (3.24)
> (y + vig)? [0 + )iy + vip(1 = ip)] > 0.
Case 2. If i, < 0, then by virtue of (3.21), we obtain
t
F(rg,riry,) = 2[(1——)" 6 o — '2]
(Fgs Ty 1) = (y + vro) - iy + (0 +v+y)g—vig| + 010(7) (3.25)

> (y + vrp)? [if) + @+ v+7y)i— Vi(z)] > 0.

Hence, for 1 € [0, 7], r,, satisfies (3.4), (3.6), and (3.7). Likewise, a C?-function re . [T —7',T] can be
constructed to ensure

re(M)=r, r(T)=ry, ry(M=r/, i(T-7)=0,

and r,, satisfies the inequality (3.5) fort € [T — 7/, T].

Finally, on [7, T — 7’], in order to satisfy the fourth inequality in (3.3), it is necessary to ensure that
i;,(t)+(9+v+y)i¢,(t)—vii(t) > ( holds while meeting the constraints i(1) =0,i(T-7) = 0. Accordingly,
introducing w,(t) = In(i,(¢)) simplifies the requirement to verifying that w;(t) > —(0+7y), w;,(T) = 0and
wi (T —7’) = 0. In this case, (3.23) holds. By choosing 7 sufficiently large, r, : [0,7T]U[T =7, T] - R
can be expanded to a C2-function r,, defined on [0, T'], ensuring that (3.4), (3.6), and (3.7) hold.

Then by virtue of the second, third, and fourth equations of (3.3), we can find a C'-function i, and a
continuous function G, that satisfy (3.4), (3.6), and (3.7). Thus, the proof is completed. O

Lemma 3.4. [18] The Markov semigroup {P(t)};s is asymptotically stable or is sweeping with respect
to compact sets.

Proof. From Lemma 3.1, {P(t)},»0 is an integral Markov semigroup with a density k(¢,i,r,G). By
Lemma 3.3,

f P(t)gdt >0 as.onl, Vge D,
0

from k(t,i,r,G) > 0, P(t)g = fr k(t,x)g(x)m(dx), and x = (i, r, G)". The conclusion then follows from
Lemma 3.3. |

We consider the stochastic differential equation (SDE)
dX(t) = f(X(@®))dt + g(X(1)dB(t), (3.26)

where X(0) € R is the initial value. The functions f : RY — R¢ and g : R — R are assumed to be
Borel measurable.
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Lemma 3.5. [24] Let A C RY be a bounded closed set with a boundary T. If, for any X(0) € R?, the
condition

1 T
lim inf — f P(1, X(0), A)dr > 0 a.s.
T—co T 0

holds, where P(t, X(0), A) is the transition probability of X(t), so the solution of system (3.26) has the

Feller property. Moreover, there exists at least one invariant probability measure I'(-) for system (3.26)
in R

Theorem 3.1. Let

- 0'2
e
Ry= P

= > 1,
O+v+y

and let Y(t, i, r, G) denote the probability density function of the distribution of (i,r,G)",¥t > 0. Then,
a unique invariant probability measure x exists on I with density Y*(i, r, G) such that

lim | |¥Y(t,i,r,G) —Y*(i,r,G)|didrdG = 0,
r

t—00
which implies that {P(t)}0 is asymptotically stable.

Proof. Applying Lemma 3.3, {P(%)},»0 satisfies the Foguel alternative. Next, we need to rule out the
possibility of sweeping.
Step 1: Construction of a nonnegative function

Define the function V;:

Vi=-In(1-i-r).
According to Itd’s formula and (1.4),

0+ er

LVi=————— 4+ 0+ (B’ —v)i

1—-i-r
9"" - 02 - 0'2

<7 .er + 6 + Be® +,8(eG—e4P) (3.27)
—i-r
0+ _ o2

== ,Er + 60+ Be* + f1(G),
l—-i-r

— (7-2
where f,(G) = (eG —~ eﬂ). Then, we compute that

Li(=Ini)=-Pe(1—i-r+@+v+y) —vi

o2 2
:—(9+v+y)(R8—1)+BeG(i+r)—vi—B(eG—e4ﬂ). (3:28)

By the arithmetic-geometric mean inequality, it follows that

1
e’ < ke®C +

R 32
B 4k (3.29)
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where k is a positive constant to be determined later. By substituting (3.29) into (3.28), it follows that

L)< —@+v+ )R- 1) +,é(ke2G + 4—116)@' i —B(eG - ei’i)
<—@+v+®R 1)+ %(i £ 1)+ Bke + f5(G) + B (eZG - e) (3.30)

= @+v PR -1+ %(i + 1)+ Bkes + HG) + A(G),

where f5(G) = —B( G _ e4) and f4(G) = Bk (eZG - e) Choose

L Oy EN®R - D

b

—_ 0'2
2Be 7

- |
such that gke » = 5(0 + v+ y)(R;, — 1). Then, (3.30) becomes

1 .
L(-1ni) < —5(0 +v+yR)— 1)+ %(i +7) + £(G) + £3(G). (3.31)
Then,
W T _ Y+ vr,
£(9+6)_ e (3.32)
Define _
: Br
Vo =-1 —_
2=t 6T o
Then, combining (3.31) and (3.32), we have
. _ _
LV <—=@+v+y)(Ry— 1)+ Ei + Mi + /(G) + f5(G)
2 4k 4k(O + €) (3.33)
< Lorvipr 1)+B(1+7+V)'+f(G)+f(G) |
=TTV 4\ Tare) TS 3
Let V3 = —Inrand V, = ¢ — G — 1; then we have
LVi= v @+re—vic—yl+@+e), (3.34)
r r
and ) G
LV = —pG® - 1)+ < 26 . (3.35)
Let
V/:V1+MV2+V3+V4,
where M is a sufficiently large constant chosen to satisfy
M s
—3(6'+v+y)(Ro— D+ Ky -2, (3.36)
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that is 449K
> e B (3.37)
@+v+y(Ry—1)
and
-2 o2eb
K, =20+ €+ Be% + sup {—pG(eG -1+ 5 } < 0. (3.38)
Gell

We note that V’(i, r, G) remains continuous and increases to infinity as (i, r, G)" approaches the boundary
of I'. Consequently, V’(i, r, G) is bounded from below, achieving its minimum at some point (i,,,, 7, G1) "
within the interior of I'. Define a C?>-function V : I’ — R, as

V(i,r,G) = V'(i,r,G) — V'(ims Ty Gp).

From (3.27), (3.33)—(3.35), we have

. M S 0+ er B y+v), i
< — _ - —
L'V< 2(0+v+y)(R0 1) 1—i—r+M4k(1+0+el yr
2 2,G
+20+ e+ BeT — pG(ef — 1) + T + F(G) + Mf(G) + Mf:(G) (3-39)
= F@,r,G) + fi(G) + MfL(G) + Mf3(6),
where _
M , 0 ]
F(i,r,G) = —=(@+ v + YR, — 1) — ——<" +Mﬁ(1 N 7+V)i_7£
2 1—-i-r 4k 0+€ r (3.40)
_ 2 02" .
+20+ €+ e —pGe® — 1) + 7
Step 2: Construction of a compact set
Let .
U, = {(i,r,G)eF: IGl<—,i>g r>g i+r<l1 —82}, (3.41)
e
where € > 0 is chosen to be sufficiently small so that the given conditions hold:
BM( y+v)
— 1 <1, 3.42
w\"Tore)tT 5.42)
0% BM( v+ v)
-—+—|1 <1, 3.43
e " 4k " 0+e€) ( )
e BM y+v)
—+ =1+ <1. 3.44
e 4k( 0+¢€) ( )

M was mentioned in Eq (3.37), and K, was mentioned in Eq (3.38). Next, the set I \ U, is divided into
the following five subsets DL, j = 1,2,..,5, where

&

D;:{(i,r,G)er:G>1}, Dgz{(i,r,G)er:G<—1},
E

Di={i.rG)eT:i<sg), Di={irnG el :r<&, ize},
Dgz{(i,r,G)EF:i+r>1—82,r28}.
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Thus, '\ U, = D! U D2 U D} U D} U D3. We will prove that, for each j and every (i,r,G)" € DL, the

inequality F(i,r,G) < —1 is satisfied.
Case 1. If (i,r,G)" € D!, we have

2,G
) _ G _ oe”| _
(1;1_I>r010{ pG(e 1)+ > }— 00,

F(,r,G) = —%(9 Py PR - 1) + M% (

1+

y+v) i
0+ €
e

e
-
o2 0+ er

_()’2
+20+ €+ Pew —pGe® — 1) + -
2 1—-i-r

< -1

Case 2. If (i,r,G)" € D?,

2,G
. _ G _ oe _
Glgpm{ PG 1)+ = }_ o0,

M
F(i.r.G) = =0+ v+ )Ry = 1) + M% (1 +
o2e 0+ er

—_ 0—2
+20+€+Be —pGe® — 1)+ - —
2 1—-i-r

y+v)_ ]
l_ p—
0+¢€ 71’
G

< -1

Case 3. If (i,,G)" € D?, according to (3.36) and (3.42), we can obtain

M 5 + _ 2

FGi,1,G) < =30+ v+ V(R; - 1)+M%(1 ; Z+Z)i+29+e+ﬁe%
2 .G
—pG(e® — 1) + “;

M BM v+v
<-——@O+v+ RS—1+K+—(1+ )
y OV EN®R =D+ K +p- (L )e
BM( y+v)
<-24+—|1+
= 4\ Tarel)®

<-1

Case 4. If (i,r,G)T € D}, according to (3.36) and (3.43), it can be derived that

. 0% ,BM( y+v)
FG,rG)<—-—=+—|(1+ -2<-1.
(@6 e 4k 6+ €

Case5.If (i,r,G)" € DZ, according to (3.36) and (3.44), we have

) €r BM y+v
Fi.rG) < ——2 +—(1+ )—2
GrO) s -7+ ¢ 0+¢

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

Volume 34, Issue 6, 4290-4324.

Electronic Research Archive



4307

From the previous discussion, for the set '\ U, = D! U D2 U D? U D} U D3, a sufficiently small &
exists for which

F(@i,r,G) < -1, forany (i,r,G)" e\ U,. (3.50)
Let
K, == sup F(,r,G),
(i,rG)Tel
and then we get
F(i,r,G) < K, < o0, forany (i,r,G)" €T. (3.51)

Step 3: Existence of the invariant measure
By Lemmas 3.1, 3.3-3.5, and based on the Lyapunov function V(i, r, G) constructed in Steps 1
and 2, then

LV(i,r,G) < F(i,r,G) + f1(G) + Mf2(G) + M f3(G),

where the function F(i, r, G) is strictly negative outside a compact set U, and bounded above inside it.
The process G(t) evolves according to an Ornstein—Uhlenbeck process, which ensures ergodicity. In
particular, it holds almost surely that

1 [ 2 1 (" o2
;f "Vds > e, " f Dds > er, ast— oo, (3.52)
0 0

as established in [13] and supported by classical ergodic theorems [25]. As a result, the time averages of
all G-dependent perturbation terms vanish asymptotically. Combining these facts, we conclude that the
long-time average of the generator satisfies

lim inf% f E[F(i(s), r(s),G(s))]ds = 0. (3.53)
I—eo 0

Given the structure of F', which is less than or equal to —1 outside U, and bounded above by a constant
K> within U,, we obtain

1 (" 1
hmmf—f 1{(i(s),r(s),G(s))€Ug} ds > % >0 as. (354)
0

t—o0 t 2 +

Then, by Fatou’s lemma, it follows that the time-averaged measure of the process in U, is strictly
positive, almost surely:

>0 as. (3.55)

t—oo  f

lim infl ](; P(s, (i(s), r(s),G(s),U.)ds > K1l

Hence, the Markov semigroup {P(?)},»0 is asymptotically stable with respect to the compact set U, and
sweeping does not occur. This implies the existence of a unique invariant probability measure » with
density W*(i, r, G). We conclude that Theorem 3.1 is fully established.

O
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4. Probability density function

This section is devoted to a local Gaussian approximation of the invariant probability density near
the quasi-endemic equilibrium of system (1.4). The quasi-endemic equilibrium P = (i, 7)7 is defined,
which can be determined by

BEI—;—I_”);—(Q_.+V+)/);+VEZ:O, @.1)
vi—(0+ e)r +vir =0.
As mentioned in the introduction, one can verify that P exists under the condition Ry = % > 1.
v+y

By solving Eq (4.1), it follows that 7 is equal to i*, and i* is strictly greater than zero. Similarly, 7 is equal
to r*, and r* is strictly positive. i*, * are given in the first section. Let (u;, up,u3)" = (i —i,r = 7,G)".
The linearized version of system (1.4) around P is given by

duy = (=crjuy — cpuy — c13u3) dr,
duy = (co1uy — cppup) dt, 4.2)
dusz = —pus dt + odB(1),

where
K P Pa - -\ - ’)/?
ci1 =[Ro@+v+y)—v]i, co=pi, c3=-B(1 —i—7)i, co =Vi+7y, ¢ = =
Letu, =i—i, u,=r—7 u3=G,and
Ui
U= ul.
us
With this notation, the dynamics can be concisely expressed as
dU(t) = CU()dt + HdB(?), 4.3)
where
—C1n —Ci2 —C13 0
C = Co1 —C)2 0 . H=10].
0 0 —p o

Theorem 4.1. If Ry > 1, then the linearized system (4.3) around the quasi-endemic equilibrium P
admits a unique Gaussian invariant measure with distribution N5(0,X). Consequently, near P, the
invariant probability density of system (1.4) is locally approximated by

1
Py, u3) = 270) 7 - [T 72 exp (—EUTZ‘IU).
In this expression, X is a positive definite matrix whose explicit form is presented below:
=TS0,
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with
—_ & 0 -1
2(cic2—c3) | 2(cic2—c3)
w = C13C10, 20 = 0 crea—c3) 0 ,
1 T a
2(cic2—c3) 2c3(cre2—c3)
2
—car(crn +¢a1) €5 —Ccar —C13621
J= 2] —C 0 ,
0 1 0
where

cr=ci+tcep+p, C€r=crcn+ iy +p(cin +00), 3 =p(ciicn +cpca).

Proof. Note that (4.3) constitutes a first-order linear stochastic differential system. According to
(@ksendal [26], given any U(0) = (u;(0), u»(0), u3(0))?, one may derive an equivalent representation of
system (4.3) as follows:
f
U@t =e“'U0) + f e““"VHAB(s).
0
Note that H is a constant matrix, and by a standard theory [21], the expression fot e““"YHdB(s)

is normally distributed at time ¢ with zero mean and covariance matrix 2(7); that is, it follows the
distribution N3(03, Z(¢)), where

!
0

Thus, the state vector of system (4.3) at time ¢ exhibits a normal distribution given by N3(e“"U(0), Z(¢)).
Let 7 be the identity matrix, and then the characteristic polynomial of the matrix C can be expressed by

dc(D) = det(C — A = 2 + 1% + 21 + ¢3,
where
cr=cntentp, @ =cpentenpe tplen +cen), 3 =p(cncn +cne).
From cjy > 0, (j,k = 1,2), we can get cp > O(k" = 1,2,3), and
cic2 = ¢3 = cpieplcrr + ) + (1) + cn)encar + plen + cn)’ + p*(cry + ¢) > 0.

It can be concluded that all eigenvalues of C possess negative real parts, meaning the quasi-steady state

equilibrium point is locally asymptotically stable. From the stability theory for the zero solution of a

general linear equation [27], we have lim ¢ = 0, lim ¢“’U(0) = 0, and the limiting covariance matrix
t—00

t—00
is defined by

!

T = limE@) = lim | CVHHICT gy = f eC'HH e dt.
t—00

[—0o0 0 0

This guarantees that {U(f)};>o admits a unique invariant probability measure N3(03, X).

H? is positive semi-definite, and X inherits this property. As time tends to infinity, the transient
distribution of U(¢) converges to the normal distribution N3(03, X), implying that the stationary solution
(u1(2), us (1), u3(¢)) " ultimately conforms to a unique Gaussian density W*(uy, uy, us).

Moreover, the integral fooo e“"HH ¢C"'dt cannot be easily computed in a closed form. We therefore
approach the study of X by considering its associated matrix equation, which leads to
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o d .

(i) f) - (COHHT e O)ds = CE + 3CT,
o d .

(mj;awwﬂffﬂm:—H{

and we can deduce that
H>+Cz+32CT =0.

(4.4)

Having established the necessary groundwork, the accurate form of £ can now be presented, and its

positive definiteness verified. Define C, = J,CJ IT The matrix J; takes the form

0 01
Ji=|1 0 0},
010

—p 0 0
Ci=|-c3 —cn —ci2].

0 C1  —C»

1 O 0
Jo =10 ¢ —cxf.

0 0 1

and we compute that
Let C; = J,CJI, where

Then, we have

—p 0 0
Cy =|-ci3c21 —ci1 — €1 —CriCn — C12C21 |-
0 1 0

Finally, let C3 = J3;C,J!, where the matrix J3 takes the form

—C13C21 —Ci11 — €2 —C11C2 — C12021
J3 = 0 1 0 )
0 0 1
and we get
—C1 —Cp —C3
C;=1|1 0 0 1.
0 1 0
When the condition 3 > 2v is satisfied, then we have ¢, > 0(k = 1,2,3), ¢ic, — ¢3 > 0. Let
—ca1(crr + €22) 652 — C12€21 —C13C2]
J =Lt = 21 —Cn 0 |,
0 1 0

and we can equivalently recast (4.4) as follows:

JH?JT + C3JZJT +JXJ7C;T =0,
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i.e.,
H} + C3Xy + ZC; =0, 4.5)

where 1
H() = dlag(l,O, O), w = C13C210, Zo = —ZJZJT
w

By solving Eq (4.5), we have

—__Cf 0 -
2(c1c2—c3) | 2(c1c2—c3)

20 = 01 erea—cy) 0 . (46)
S S _a
2(c1c2—c3) 2c3(c1e2—c3)

Hence, by virtue of Lemma 3 in [19], X, is established to be positive definite, and thus the matrix
T = w*J'Z(J™HT inherits this property.

The invariant measure of system (1.4) near the equilibrium point % can be approximated by N3(E, Z).
The density function of the invariant measure is given as

3 _1 1 _
W (up, un, u3) = (2m)72 - |Z] 72 exp (_E(ula Uy, u3) ™ (U, ua, Ms)T)-

Thus, Theorem 4.1 is proved. O

4% (B - v) L
Lemmad4.1. IfRy > land v < ,B— then for any arbitrarily small o, we have
r*

1 t
lim sup p f IY(s) - Y[ ds < k(o).
0

t—00

Here, Y = (i,r,G)", Y* = (i*, r*, G*) denotes the positive equilibrium of system (1.4), G* = 0, and

32 o2 2 2
k(o) = max{’g— (eT —De% + 1), U_}’
2pa o

<w<2(B-v).

) _ w Bl* VZBZ VZBV*
where a = min {,8 -V - PR 2 } 2y
Proof. Similar to the first section, we obtain that (i*, 7", G*)" exists provided that R, > 1, and this
equilibrium point of (1.4) satisfies

= G* o o\ - )2 —
{,Be A= =-r)i"—=@+v+y)i*+v(i) =0, 4.7)

virt — (@ + e)r* +vi'r: =0,

where i* and r* are given in the first section. Define
B
V(i,r) = Vi(i) + =Va(r),
Y

where ) {
Vi) =i=i' =iz, Va) = 50r=r)
l
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Then, we get

LV, =B —i=r) = @+ v +y) +vi](i—i")
=B —i=r =B —i"=r) = vi" +vi| (i i)
=—B-V)i—i") =Bli—iNr—r)+ @B’ =P —i-r)-(i-1i"), (4.8)

LV, =(r=r){yi— O+ er+vir=[yi" =0+ e)r +vi'r']}
=(r=-r{ty+vni-i)+vi* =@ +¢e)](r—r)}

yi*

r*

=(y+v)i—-i)r—-r)-—@F-r). (4.9)

Then, we have

_ B

LV =-B-i-i)+ %m‘ —i(r-r) -
+ B =P —i—r)-(i—i).

(r— r*)2

r*

Using Young’s inequality, we get

LV <—B-v)(i-i)+ f-|i—i*|-|r—r*|—ﬁ’* (r—r)* +|Be’ - Bl
r
Choose w > 0 to satisfy the following inequality:
V2Br* _
%R <w<2(B-v).
Additionally, if v satisfies
4y%i* (B —
yo R IB=Y) (4.10)
Bre
it follows that
7 2732
Lv< —(B—v— V—V)(i—i*f _(BE Y e el - @.11)
2 re 2wy?
Let _ _
) B w [))l* VZﬂZ
=min{f-v—-—-,— — .
“ YT 2wy?
Integrating (4.11) over the interval [0, #] and taking the expectation yields
V(i(t), r(1)) — V(i(0), (0 '
“)“”t“)“”s—?fwm—m%um—mﬂw
0 (4.12)

!
+f IBeG(S)—Blds,
0
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and we have

1
1 (. _ 1 (. _ 2
lim — f |BeC) — ﬁldss(; f (,BeG(S)—,B)st) .
0 0

t—oo

Considering the strong law of large numbers [25] and Lemma 1.1 in [13], it follows that

1
lim —

t—oo

- _ 1 ! _ 1 T —
f (Be) = By’ ds = lim f Feo ds - 2Blim — | B ds +
0 —o0 0

t—oo 0
—_ (T2 -_ (7'2 —_—
=BPer —2B%% + 3 as.
Taking the limit superior in (4.12) and using the positivity of V(¢), we get

lim sup % f [(i(s) — ") + (r(s) — r*)z] ds < 'g (.e(;2 - Ze% + 1)2 = k(o).
0

1—00

Also, from Lemma 1.1 in [13], one can obtain that

[ 2
lim— [ G(s)ds <.
= ' Jo p

Then,
2

lim sup % f [(i(s) — i+ (r(s) = ) + Gz(s)] ds < max {K(O‘), %} = &(0),
0

—o0

where lim k(o) = 0. The proof is completed.

o—0

The following theorem follows from Lemma 4.1 and [20].

4% (B - v) ,
Theorem 4.2. IfRy > 1 and v < |——=———=, for every sufficiently small o, then
Br*

(4.13)

(4.14)

(4.15)

(i) The invariant joint probability distribution % (respectively, invariant joint probability density

function () ) is globally approximated by N°(Y*, X)) limited on T and
WY (1) = 2n) 2D 272 VY)TED V-V,

where the set I is given in the second section.
(ii) For any k € (0,2], we have

lir{)l f i — Y FP@G) — ¥*()|di = 0.
o-0%

(4.16)

4.17)

Proof. The conclusion follows from the general approximation framework in [20] once the estimate
in Lemma 4.1 is verified for system (1.4). For completeness, we briefly indicate the argument in the

present setting.
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First, from Lemma 4.1, we obtain

V(1) - VY(©O) _ _a f 1Y(s)— YR ds + ax(o)
t tJo |

Taking expectations and letting + — oo, we deduce that

1 !
limsupE(; f IY(s)—Y*lzds)SE(O'),
0

t—oo

where _ L
2 o2 3
k(o) = max {g (eﬂ —2e% + 1)2 , 0-—}
a p

This result shows that, for small o, the invariant measure concentrates near Y*.

Moreover, by a change of variable, we find that {U(#) + Y*},5¢ possesses a unique invariant measure
N3(Y*, @) with density (4.16).

Standard arguments then yield (4.17) for any k € (0, 2]. The proof is completed. O

5. Extinction

Since we are concerned with disease transmission dynamics, we investigate the extinction property
of the following system:

i(f) = Be’O(1 —i— r)i— (0 + v+ y)i+vi2, 5.1)
i(t) =yi—(0+ e)r + vir. .
— 0—2
, Be . e .
Theorem 5.1. If R} = Ty < 1, system (5.1) possesses a disease-free equilibrium given by
vy

E? = (i r°) = (0,0), which is locally asymptotically stable (LAS).

0

Proof. First, define the variables i = i — i, # = r — r*. By linearizing system (5.1), we can obtain the

following linearized equations:

dio) = [BeD — (0 + v + Y1,
dre) _ . o '
el vi— (0 + e)r.

Then,

dind) -4
. =Pe” —(@+v+7y)

- (r2 _ 0.2
= fPe# —(0+v+y)+ﬁ(eG—eﬁ)

:(Rg—l)(e+v+y)+[3(e0—e‘ii). (5.3)
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By integrating In [(f) over the interval [0, f] and subsequently dividing the resulting expression by 7, we
deduce that

Ini(t) — In2(0 (1 [ o2
M = (R} - 1)(9+v+’y)+ﬁ(;f eG<S>ds—e4p) as. (5.4)
0
According to Lemma 1.1 in [13],
1 t (T2
lim— | e“Pds=e% as. (5.5)
t—oo 0

Taking the limit superior in (5.4) and incorporating the result from (5.5), it follows that when R} < 1,

Ini(t
lim sup n+() =R -D@+v+y) <0 as. (5.6)
t—00
This means
limi(H) =0 as. (5.7)
>0
Next, we get the solution
t
(1) = ye O f e i(v)d. (5.8)
0

From (5.6), one deduces the existence of a null set N with P(IN) = 0. Then for every w ¢ N and any
& > 0, there exists a time 7 = T (w) such that for all # > T, it follows that

i(t, w) < e(Rg—l)(9+v+y)+é = em+é

b

where m = (R} — 1)(@ + v +y) < 0. Foreach w € ¥* and t > T(w),

T :
(1, w)| = ye @ f e, w)dv + ye O f eV, w)dv
0 T
T ¢
< ye—(9+6)t f e(9+e)vem+édv + 7/6_(6+6)t f 6(9+6)v€m+éd\/.
0 T

Then,

1
lim sup " In|7(t,w)| < =(0+€) V (m + &).

t—0o0

Letting & — 0 leads to

1
lim sup " In|?(t, w)| < —(0 + €) V m.

—o0

Then, lim #(f) = O almost surely. Thus, the disease i(f) converges to i and #(f) converges to r°

—00

exponentially with probability one. This completes the proof. O

Remark 5.1. When o = 0, the random threshold Ry is the same as the deterministic threshold R,.
Based on Theorems 3.1 and 5.1, we conclude that R} serves as the threshold for system (1.4). This
result demonstrates that the stochastic system dynamics governed by this threshold preserve all essential
characteristics of its deterministic counterpart.
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6. Numerical simulations

Next, we design experiments of numerical simulation to verify aforementioned results of stochastic
system (1.4). The initial parameters of the system are set as (i(0), (0), G(0))” = (0.15,0.1,0)7. Mean-
while, the Milstein high-order discretization method, proposed in [28], is applied in the system, and
therefore we obtain the following equation:

i =i+ [Be (1 — il — M)l — (0 + v + )il + v(i))]AL,
=1+ [yil — (0 + e)r) + vilr/]At, (6.1)
G/ = G/ + (—pGHAt + o \/A_tsj,

where (i/, r/, G/)T represents the corresponding value of system (6.1) at the jth iteration, At is the time
step, and the random term g; (j = 1,2,...,n) follows N(0, 1). In order to verify the theoretical results,
we will carry out a numerical simulation informed by empirical parameter data of the pandemic influenza.
We choose real parameter values from published references, as presented in Table 2. Examples 6.1-6.3
are devoted to illustrating the existence of a stationary distribution, the local density approximation near
the quasi-endemic equilibrium, and the extinction behavior, respectively. In Example 6.4, we further
investigate the sensitivity of the stochastic threshold to the key parameters f3, o, and p. Example 6.5
further compares the varying-population model with its constant-population counterpart to illustrate the
effect of population variation.

Table 2. Parameter values of system (1.4).

Parameters Value References
0 0.20548 [29]

0% 0.07140 [29]

€ 0.00274 [29]

v 0.00010 [30]

B 0.40000 Estimated
Jol 0.10000 Estimated

Example 6.1. We set parameter o = 0.1 and others as shown in Table 2 to numerically illustrate the
existence of a stationary distribution. Then we compute that R = 1.4812 > 1. As shown in Figure I, system
(1.4) possesses a solution (i(t), r(t), G(t))" which follows a stationary distribution Y(-) by Theorem 3.1,
implying that the disease will persist.
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Dynamics of Stochastic and Deterministic Models

] Time series of i(t) Histogram of i(t)
6 T T T
Stochastic i(t)
Deterministic i(t)
24
‘B
c
a
2
0 5000 10000 0 0.2 0.4 0.6
t it)
Time series of r(t) Histogram of r(t)
0.3 15
Stochastic r(t)
***** Deterministic r(t)
0.2f 10
= ‘@
= 2.l
0.1 - Q5 ﬁ']
____________________ 4 ‘
0 ‘ 0 3
0 5000 10000 0.05 0.1 0.15

t r(t)

Figure 1. The graphs on the left-hand side illustrate trajectories of i(¢) and r(¢) in both
stochastic and deterministic models over ¢ € [0, 10000]. The graphs on the right-hand side
present the marginal density functions along with corresponding frequency histograms for i(¢)
and r(7).

Example 6.2. The same parameter values as Example 6.1 are used to prove there is a probability density
around the quasi-local popular equilibrium point Y*. Direct computation yields that Y* = (i*,r*,G*)T =
(0.2292,0.0786,0)" and Ry = 1.4447 > 1. Thus, in view of Theorem 4.1, the state vector (i(t), r(t), G(t))"
for system (1.4) follows a multivariate normal distribution, namely, Y*(i,r,G) ~ N(Y*, X), with the
covariance matrix given by

0.0024 0.0008 0.0015

(0.0079 0.0024 0.0071]
X = .
0.0071 0.0015 0.0222

Moreover, the marginal distributions corresponding to WY(i, r, G) are

(i

0.0158

)
), 6.(r) = 14.1047 X exp (—(r ) )

(i) =44 - .
¢i(Q) 885 x exp( 0.0016

Figure 2 illustrates the empirical density W(Ty, i, r) of (6.1) in a 2D setting at Ty = 1 x 10,2 x 10*,
and 3 x 10*, and the function W*(-) in a 2D setting exhibits very similar density to what is shown in

Figure 2.
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(a) T,=10000 (b) T,=20000

0.16
0.14 120
0.12 100
0.1
80
0.08
60
0.06
0.04 40
0.02 20
0
0

0.15 0.2 0.25 0.3 0.35 0.4 0.45

(c) T,=30000 (d) Theoretical 2D Density
0.16 0.16
0.14 120 0.4 120
0.12 100 0.12 100
0.1 0.1
80 80
0.08 0.08
60 60
0.06 0.06
0.04 40 504 40
0.02 20 0.02 20
o 0
o o
0 005 01 015 02 025 03 035 04 045 015 02 025 03 035 04 045

Figure 2. (a)—(c) The empirical density ¥Y(7, i, r) of (6.1) in a 2D setting at iteration time 7
equals 1 x 10%,2 x 10%, 3 x 10*, respectively. (d) The function ¥*(-) in a 2D setting. We use
the same set of parameters as in Example 6.1. All contour plots use the ‘jet” colormap, where
blue denotes lower density, and red is higher.

To further support this similarity, Figure 3 depicts the empirical marginal densities W;(7) and ‘¥,(r)
(i.e., the density function curves fit well to i and ) when T, = 1 x 10*,2 x 10%, and 3 x 10*, each in a
different color. In this figure, ¥} (i) and ¥} (r) exhibit a high degree of overlap with those specific curves.

Density of i(t) Density of r(t)

10000 Times
— — -20000 Times
30000 Times

10000 Times
— — -20000 Times
30000 Times

0.5 . / | '\ﬂ B

o 0.1 0.2 0.3 0.4 0.5 0.6 -0.05 o 0.05 0.1 0.15 0.2 0.25
i(t) r(t)

Figure 3. Iteration times Ty, = 1 x 10* (blue), 2 x 10* (red), 3 x 10* (green) indicate the
empirical marginal densities ¥;(i) and ‘Y,(r) of (6.1). The black lines indicate the marginal
densities of ¥*(i, r, G) (i.e., W (i) and ¥} (r)). We set parameters the same as in Example 6.1.

Example 6.3. We set o = 0.01, 8 = 0.25, and the other parameter values are the same as those in
Table 2 to validate that disease will become extinct under small noise. Then we have R} = 0.9031 < 1.
According to Theorem 5.1, the disease becomes extinct exponentially in the long term; see Figure 4.
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Time Series of i(t)
0.15 T T T

T T T
Deterministic population i
— — — Stochastic population i

01 .
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0 I I I I I I I I
0 200 400 600 800 1000 1200 1400 1600 1800 2000
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Time Series of r(t)
0.05 | | L 1 . .
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400 600 800 1000 1200 1400 1600 1800 2000
Time (t)

Figure 4. Time series of proportions of infected (i) and removed (r) populations in determinis-
tic and stochastic systems. The noise intensity of the random system (1.4) is o = 0.01.

Example 6.4. We further investigate how the key parameters B, o, and p affect the stochastic threshold
and the corresponding dynamical behaviors of system (1.4). In this example, the remaining parameters
are fixed as in Table 2. According to the theoretical results established in Sections 3 and 5, when Rj > 1,
system (1.4) admits a stationary distribution, whereas when R;) < 1, the disease becomes extinct.

Figure 5 shows that R} increases monotonically with B and o, while it decreases as p increases. The
dashed horizontal line R} = 1 separates the extinction region from the stationary-distribution region,
and the vertical dotted line marks the corresponding critical parameter value. For the baseline setting
used in this example, the critical values are 8. = 0.270141, o, = 0.101041, and p. = 0.097950.

(a) Rj versus 8 ) ) (b) R} versus o _(c) R versus p

14 1.08 1.025
—PR; —R; — R
Ri=1 Ri=1 102 4 =1
13 critical poin Stationary 1.06 e critical point rationary o (ationary critical point
distribution distribution 1.015 4 d¥tribution
12 1.04
1.01 A
11 B 1.02 F %5 1.005 4
14
1 1
0.995
0.9 F 0.98
99 4
inction Extinction 0.99 Extinction
0.8 . . T . . - 0.96 + + 0.985 T T
022 024 026 028 03 032 034 036 0 0.05 0.1 0.15 0.2 0.05 0.1 0.15 0.2
g o P

Figure 5. Sensitivity of the stochastic threshold R with respect to B, o, and p. Panels (a)—(c)
show the dependence of R} on the average transmission rate, the environmental noise intensity,
and the mean-reversion speed, respectively. The horizontal dashed line denotes R = 1, and
the vertical dotted line indicates the corresponding critical value.
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To further illustrate the effect of parameter variation on the sample-path behavior, Figure 6 presents
the trajectories of i(f) and r(f) under three sensitivity scenarios associated with 3, o, and p. Pan-
els (a) and (b) correspond to B = 0.2400, 0.2820, and 0.3100; panels (c) and (d) correspond to
o = 0.0000, 0.1400, and 0.2000; and panels (e) and (f) correspond to p = 0.2000, 0.0800, and 0.0500.
For each group, the three parameter values represent cases below the threshold, slightly above the
threshold, and well above the threshold, respectively. The corresponding stochastic thresholds are
approximately 0.8884, 1.0439, and 1.1475 for the /3 cases; 0.9748, 1.0238, and 1.0773 for the o cases;
and 0.9871, 1.0057, and 1.0248 for the p cases. It can be observed that when R} < 1, the infected
component tends to decay to a very low level, whereas when Rj > 1, the trajectories fluctuate around
positive levels. These observations are consistent with the theoretical threshold results.

The numerical results indicate that increasing 3 or o~ raises the stochastic threshold, whereas increasing
p reduces it. These results further illustrate the roles of the average transmission rate, the environmental
noise intensity, and the mean-reversion speed in shaping the threshold behavior of system (1.4).

(a) Sample paths of i(t) for different B . _ (b) Sample paths of r(t) for different J&j

below thydshold

3 0.08 1 B

F 0.06 1 B
- 0.04 1 B
0.02 A B

5 100 15

350 400 450 350 400 450
t t

()

?

(c) Sample paths of i(t) for different o . (d) Sample paths of r(t) for different &
0.3 1 below threshold i 0.1 I
slightly above threshold
025 well above threshold i 0.08 ~ B
o 027 [ 006 -
=0.15 1
0.04 - L
0.1 F
0.05 1 002 / i
0 0 T u
5 100 150 200 5 300 350 400 450 5 100 150 200 250 300 350 400 450
t t
(e) Sample paths of i(t) for different p _ (f) Sample paths of 1(t) for different p
02 L |
below threshold 0.1
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0.15 4 well above threshold r 0.08 + B
S = 0.06 1 i
-\i 0.1 - = \‘:/
0.04 4 B
0.05 3
0.02 1 -
~\
0t ] 0 ——S A S S
250 300 350 400 450 0 50 100 150 200 250 300 350 400 450

t

Figure 6. Representative sample paths of i(¢) and () under different values of 3, o, and p.
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Example 6.5. We set the parameters as in Example 6.1. The case v = 0 corresponds to the constant-
population model, while v > 0 gives the varying-population model. To examine the effect of v, we take
v =0, 0.02, 0.06, 0.10, 0.12, and 0.14. For each value of v, the same realization of the Brownian
motion is used. We use M = 200 sample paths and compute the long-time average of i(t) over [300, 500].
For these parameter values, solving R)(v) = 1 yields the critical value v, ~ 0.133246. Hence, increasing
v decreases the stochastic threshold.

Figure 7 shows that the infected level decreases as v increases. The long-time mean of i(f) decreases
from about 0.2308 for v = 0 to about 0.0097 for v = 0.14. This agrees with the threshold formula: Since
R;(v) is decreasing in v, larger v makes disease persistence less likely. In particular, when v = 0.14,
R;(v) ~ 0.9838 < 1, and the infected level becomes very small.

These observations also have a clear biological interpretation. The parameter v represents the
disease-induced mortality rate, and its increase reduces both the stochastic threshold and the long-time
infected level. This suggests that population variation, although no longer explicitly appearing after
normalization, still affects the epidemic outcome through the modified threshold and the v-dependent
drift terms. From an applied perspective, the comparison between the varying-population model and
its constant-population counterpart indicates that ignoring population variation may overestimate the
persistence level of an infection in a fluctuating environment.

(a) Sample infection paths for different (b) Monte Carlo mean infection trajectories
=0 v=0.10 0.25 1 "
——1=0.02 =012 o\ A~
= |
N\N
0 100 200 300 400 500 0 100 200 300 400 500
t t
(c) Long-time infected leyel ) ) __ (d) Stochastic threshold versus v
025
=3
3
pl S 0.2 1
f=3
“o
§ 0.15
=}
= ool
5
g
S 0.05 1
0

0.02 0.06 0.1 012 0.14 0 0.02  0.04 006 008 0.1 012 0.14

1% v

(=}

Figure 7. Comparison between the constant-population model and the varying-population
model for different values of v under the same Log-OU perturbation. Panels (a) and (b) show
representative sample paths and Monte Carlo mean trajectories of i(¢), respectively. Panel (c)
shows the long-time mean of i(¢) over [300, 500]. Panel (d) shows Rj(v) as a function of v.
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7. Conclusions

In this paper, we studied a stochastic SIRS epidemic model with varying population size, where
the transmission rate is driven by a Log-OU process. We established the existence and uniqueness of
the global positive solution, identified the stochastic threshold R;, and showed that the model exhibits
extinction when Rj) < 1 and admits a unique invariant probability measure when R > 1. These results
show that R governs the long-term behavior of the system under environmental fluctuations.

We further showed that the linearized system near the quasi-endemic equilibrium admits a Gaus-
sian invariant measure, yielding a local Gaussian approximation of the invariant probability density.
Moreover, under suitable parameter conditions and sufficiently small noise intensity, the invariant joint
probability distribution can be globally approximated by a normal distribution.

In addition, the comparison with the constant-population counterpart indicates that, although the total
population no longer appears explicitly after normalization, the effect of population variation is retained
through the disease-induced mortality parameter v, which influences both the threshold structure and the
long-term infected level. Numerical results further indicate that the average transmission rate, the noise
intensity, and the mean-reversion speed jointly influence the threshold and the corresponding epidemic
outcome. Future work may consider multidimensional OU perturbations, higher-dimensional stochastic
epidemic systems, and data-driven calibration of the proposed model.
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