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Abstract: This study investigates the threshold behavior of a population-varying stochastic susceptible-
infectious-recovered-susceptible (SIRS) model driven by a logarithmic Ornstein-Uhlenbeck process.
Introducing the logarithmic Ornstein-Uhlenbeck process to account for random environmental fluctu-
ations enhances the biological significance of the model. By applying the Itô stochastic integral, we
construct a suitable Lyapunov function, proving the existence and uniqueness of the global positive
solution of the model, thereby ensuring biological feasibility. Then, a critical threshold parameter Rs

0 is
derived: If Rs

0 > 1, the system admits a unique invariant probability measure; if Rs
0 < 1, the infection

dies out almost surely around the disease-free equilibrium. Furthermore, near the quasi-equilibrium
point, the invariant probability density admits a local Gaussian approximation and converges weakly
to a normal distribution as the environmental noise tends to zero. Numerical simulations in MATLAB
illustrate the theoretical results, further reveal the sensitivity of the stochastic threshold to the key
parameters, and confirm that population variation influences the threshold structure and long-term
infection level.

Keywords: threshold; SIRS model; Markov semigroup; stationary distribution; Ornstein-Uhlenbeck
process

1. Introduction

In recent years, infectious diseases such as COVID-19, avian influenza, and monkeypox have
frequently emerged around the world, severely impacting public health and socio-economic systems.
Mathematical modeling is of great significance for understanding disease transmission dynamics. The
classic SIRS model established by Kermack and McKendrick [1] describes the dynamic changes in
the population of susceptible, infected, and recovered compartments, with the assumption that the
population is constant. However, the classical model has limitations when dealing with demographic
changes and high-mortality diseases such as HIV and AIDS.
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Busenberg and Driessche [2] proposed a variable-population SIRS epidemic model, and the model is
given by 

Ṡ (t) = θN − µS −
β̄S I
N
+ ϵR,

İ(t) =
β̄S I
N
− (µ + ν + γ)I,

Ṙ(t) = γI − (µ + ϵ)R.

(1.1)

The biological significance of each variable is illustrated in [2], and no further explanation will be
provided here. In Table 1, the meanings of the parameters are given.

Table 1. Significance of parameters.

Parameter Interpretation
θ Birth rate
µ Disease-free death rate
γ Recovery rate of infectives
ϵ Immunity loss rate in recovered individuals
ν Additional death rate among infectives
β̄ Rate of infection

To facilitate mathematical processing, Busenberg and Driessche [2] performed a normalizing
transformation of the model, and defined s = S/N, i = I/N, r = R/N. After normalizing the original
model (1.1), the new system of equations becomes

ṡ(t) = θ − θs − β̄si + ϵr + νsi,

i̇(t) = β̄si − (θ + ν + γ)i + νi2,

ṙ(t) = γi − (θ + ϵ)r + νir.

(1.2)

One of the central objectives in mathematical epidemiology is to determine critical thresholds that delin-
eate the persistence or extinction of infectious diseases. Next, we introduce the classical epidemiological

threshold R0 =
β̄

θ + ν + γ
, and according to [2], we have the following:

(i) When R0 < 1, the basic reproduction number lies below the epidemic threshold. In this case,
there exists a unique disease-free equilibrium E0 = (s0, i0, r0), and it is globally asymptotically
stable within the invariant set, which indicating that the infection will die out and eradication is
biologically feasible.

(ii) When R0 > 1, the threshold is exceeded, the disease-free equilibrium E0 becomes unstable, and
there is a globally asymptotically stable endemic equilibrium point E∗ = (s∗, i∗, r∗), signifying
sustained infection and the necessity of control measures to reduce transmission.

However, empirical evidence shows that real-world epidemic dynamics are governed by random
perturbations stemming from environmental changes and population movements. These stochastic
influences can undermine deterministic predictions; indeed, even when deterministic theory predicts
persistence, random perturbations may drive the infection to extinction [3, 4]. Consequently, it is
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necessary to introduce a stochastic version of the basic reproduction number, denoted Rs
0, and a precise

definition and understanding of Rs
0 is crucial for characterizing threshold behavior under uncertainty.

In deterministic epidemic models, parameter perturbations are typically introduced either by incorpo-
rating white noise proportional to the key parameters [5, 6] or by modeling the parameters as following
an Ornstein-Uhlenbeck (OU) process [7–9]. Research has shown that the OU process is more realistic
than the traditional white noise approach. For example, Wang et al. [10] have proven that the OU process
exhibits continuity, an asymptotic distribution, and practical applicability. The study by Mamis and
Farazmand [11] indicates that white noise models usually fail to capture the key characteristics of major
epidemic outbreaks, while using an OU process to characterize uncertainty in disease transmission
can predict the epidemic more accurately. According to Zhou et al. [12], when an OU process is used
to constrain the parameter for the stochastic process, its variance becomes very small over short time
intervals, enabling the OU process to avoid certain biological shortcomings. Therefore, stochastic models
described by an OU process are more practical than those based on Gaussian white noise.

In practical modeling, directly using the OU process may lead to negative parameter values, which
are unreasonable in biology. To address this problem, researchers have introduced the logarithmic
Ornstein-Uhlenbeck (Log-OU) process, which ensures that parameters remain positive by taking the
logarithm of the OU process. Shi and Jiang [13] studied a stochastic susceptible-infectious-susceptible
(SIS) model with Log-OU process, obtaining threshold conditions for extinction. Han et al. [14] applied
the OU process to develop a stochastic COVID-19 model and analyzed the behavioral characteristics of
the model solutions in detail. These studies indicate that the Log-OU process has biological significance,
which is more meaningful than previous stochastic modeling methods. The Log-OU process addresses a
key limitation of traditional noise modeling: It ensures biologically plausible positive transmission rates
while allowing us to rigorously define a stochastic threshold Rs

0 that generalizes R0 to noisy environments.
Thus, we consider

d ln β(t) = ρ
(
ln β̄ − ln β(t)

)
dt + σ dB(t),

where ρ represents reversion speed, β̄ denotes the long-term average transmission rate, and σ denotes
the noise intensity. Reference [15] shows that β(t) converges to a log-normal distribution characterized

by a mean β̄e
σ2
4ρ and a specific variance. The variance gradually approaches zero as the time interval

shortens. Based on the above discussion, we define

G(t) = ln β(t) − ln β̄.

It can be derived that G(t) satisfies the following OU process:

dG(t) = −ρG(t) dt + σ dB(t).

Thus, the stochastic SIRS model with a logarithmic OU process is given by

dS (t) =
[
θN − µS −

β̄eG(t)S I
N

+ ϵR
]

dt,

dI(t) =
[
β̄eG(t)S I

N
− (µ + ν + γ)I

]
dt,

dR(t) =
[
γI − (µ + ϵ)R

]
dt,

dG(t) = −ρG(t)dt + σdB(t).

(1.3)
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The innovation of the stochastic SIRS model lies in the introduction of the Log-OU process as the
stochastic perturbation for the transmission rate and in focusing on the threshold parameter Rs

0 under
environmental noise. This approach not only preserves biological realism but also enables the explicit
characterization of how environmental noise reshapes the epidemic threshold. This allows the model to
simulate the effects of external environmental changes on disease transmission more realistically. By ana-
lyzing this model, we aim to explore its dynamic properties, such as the stationary distribution, extinction,
and persistence, to better reflect the uncertainty and complexity inherent in disease transmission.

In particular, we investigate the threshold behavior that separates disease eradication from persis-
tence, providing biologically meaningful insights into how environmental fluctuations affect epidemic
outcomes. The main results of this work confirm that Rs

0 is the critical threshold parameter governing
the long-term dynamics of the stochastic SIRS system. Biologically, Rs

0 reflects the combined influence
of disease transmission and environmental perturbations: Even when a deterministic model predicts
persistence, if Rs

0 < 1, random fluctuations can still drive the infection to extinction; conversely, Rs
0 > 1

suggests that the transmission potential is sufficient to overcome the effects of noise and thus maintain
the outbreak.

Same as above, by normalizing (1.3), we develop the system that limits the system variables to [0, 1],
simplifying and standardizing the analysis:

di(t) =
[
β̄eG(t)(1 − i − r)i − (θ + ν + γ)i + νi2

]
dt,

dr(t) =
[
γi − (θ + ϵ)r + νir

]
dt,

dG(t) = −ρG(t) dt + σ dB(t).

(1.4)

This normalization simplifies model analysis by lowering the dimensions of the system based on the
interdependencies between variables.

To make the effect of population variability explicit, we compare (1.4) with the corresponding
stochastic SIRS model with constant total population and the same Log-OU perturbation:

dic(t) =
[
β̄eG(t)(1 − ic − rc)ic − (θ + γ)ic

]
dt,

drc(t) =
[
γic − (θ + ϵ)rc

]
dt,

dG(t) = −ρG(t) dt + σ dB(t).

For this constant-population counterpart, the associated stochastic threshold is

Rs
0,c =

β̄eσ
2/(4ρ)

θ + γ
,

whereas for the varying-population model (1.4), the threshold is

Rs
0 =
β̄eσ

2/(4ρ)

θ + ν + γ
.

Therefore, although the total population does not appear explicitly in the normalized system, the
influence of population variability is retained through the disease-induced mortality parameter ν. More
precisely, it enters both the stochastic threshold and the ν-dependent nonlinear drift terms in (1.4),
namely νi2 and νir. This shows that the normalized system still preserves the dynamical effect of varying
population size.
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The diffusion terms in stochastic systems can generally be divided into degenerate and non-degenerate
diffusion terms. For stochastic models with non-degenerate diffusion terms, the stationary distribution
is typically analyzed using Khasminskii’s theory [16] and Lyapunov exponent theory. However, for
models with degenerate diffusion terms, the analysis becomes more complex, and the conventional
methods used in [16, 17] cannot be applied. Therefore, it is necessary to employ Markov semigroup
theory [18].

In stochastic epidemic models, especially in stochastic systems with degenerate perturbations,
invariant probability densities provide useful information for describing the long-term behavior of the
system. The Fokker-Planck equation gives a formal description of the evolution of probability densities.
However, in degenerate settings, it is usually difficult to obtain explicit density information directly from
the corresponding partial differential equation. For this reason, researchers often combine probabilistic
techniques with approximation methods. Zhou et al. proposed a normal approximation method [19]
and developed local approximations of invariant probability densities for epidemic models [5]. More
recently, Zhou et al. [20] established a mathematical framework for local and global approximations
of invariant probability densities in stochastic Kolmogorov systems with small diffusion. Motivated
by these developments, in the present paper we establish the threshold and invariant measure results,
mainly through probabilistic arguments and Markov semigroup techniques, while the density-based
discussion is used primarily to interpret the local probabilistic structure near the quasi-equilibrium point.

Nevertheless, stochastic SIRS models with variable populations, Log-OU perturbations, and degen-
erate diffusion terms have received relatively limited attention. This motivates us to investigate the
threshold dynamics, invariant measure, and extinction behavior of system (1.4). In Section 2, we first
establish the existence and uniqueness of its positive solution. In Section 3, under the condition Rs

0 > 1,
we focus on the existence and uniqueness of a stationary distribution for model (1.4). In Section 4,
we present a local approximation of the invariant probability density near the quasi-equilibrium point.
In Section 5, assuming Rs

0 < 1, we prove the extinction property of (1.4). Finally, Section 6 presents
numerical simulations and sensitivity analysis.

2. Existence and uniqueness of solutions to the system (1.4)

In this section, we establish the existence and uniqueness of the global positive solution to system (1.4).
Moreover, we define the feasible region as

Γ = {(i, r,G) ∈ R2
+ × R : i + r < 1}, (2.1)

which is positively invariant for model (1.4) almost surely (a.s.).

Theorem 2.1. For any initial condition
(
i(0), r(0),G(0)

)
∈ Γ, system (1.4) has a unique solution(

i(t), r(t),G(t)
)

for all t ≥ 0. Moreover, this solution remains in Γ with probability one.

Proof. Since the coefficients in system (1.4) satisfy the local Lipschitz condition, the theory in [21]
guarantees the existence of a unique local solution for any (i(0), r(0),G(0)) ∈ Γ. To extend this solution
globally, it suffices to show that the explosion time τe = ∞ almost surely. The general approach
involving a Lyapunov function and appropriate stopping times is well established (see Theorem 2.1
of [22]). Define

V(i, r,G) = (i − 1 − ln i) + (r − 1 − ln r) + [(1 − i − r) − 1 − ln(1 − i − r)] + (eG −G − 1). (2.2)
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Then,
dV(i, r,G) = LV(i, r,G)dt +

(
eG − 1

)
σdB(t), (2.3)

where

LV(i, r,G) = 2θ + ν + γ + ϵ − 3νi −
γi
r
−

θi
1 − i − r

−
(θ + ϵ)r
1 − i − r

+ β̄eG[
i − (1 − i − r)

]
− ρG(eG − 1) +

σ2

2
eG. (2.4)

Let f (G) = −ρG(eG − 1) +
(
β̄ +
σ2

2

)
eG, and observe that f (G) → −∞ as G → −∞ or G → +∞.

Therefore, we can find a k0 satisfying supG∈R f (G) < k0. Then, we get

LV(i, r,G) ≤ 2θ + ν + γ + ϵ + k0 := K. (2.5)

Then,
dV(i, r,G) ≤ Kdt +

(
eG − 1

)
σdB(t). (2.6)

The following proof is essentially identical to Theorem 2.1 in [22] and is therefore omitted here. □

3. Existence and uniqueness of a stationary distribution

3.1. Markov semigroup

We define a diffusion process (i, r,G)T with a transition probability density function P(t, i, r,G, A1),
where A1 ∈ Σ, such that

P(t, i, r,G, A1) = Prob
{
(i(t), r(t),G(t))T ∈ A1

}
,

where A1 is a measurable set in the state space Γ defined by the σ-algebra Σ. Let m be a σ-finite measure.
Then, in the σ-finite measure space (Γ,Σ,m), the density space is defined as D = {g ∈ L1(Γ) : g ≥
0, ∥g∥1 = 1}. For {P(t)}t≥0, its long-term behavior is fundamentally classified as follows.

Definition 3.1. The semigroup is said to exhibit:

(i) Asymptotic stability if there exists a unique invariant density g∗ ∈ D such that lim
t→∞
∥P(t)g− g∗∥1 = 0

for all g ∈ D.

(ii) Sweeping property on a set A1 ∈ Σ if lim
t→∞

∫
A1

P(t)g dm = 0 for all g ∈ D.

(iii) Foguel Alternative holds for an integral Markov semigroup {P(t)} with transition kernel k(t, x, y)
satisfying

∫
Γ

k(t, x, y) dm(s) = 1 for all y ∈ Γ and t > 0, and
∫ ∞

0
P(t)g(x) dt > 0 almost everywhere

for all g ∈ D, in which case the semigroup is either asymptotically stable or sweeping.

3.2. Formal Fokker-Planck description

The diffusion process (i, r,G)⊤ admits a transition density Φ(t, i, r,G). Formally, the evolution of Φ
is governed by the Fokker-Planck equation:

∂Φ

∂t
=
σ2

2
∂2(G2Φ)
∂G2 −

∂( f1(i, r,G)Φ)
∂i

−
∂( f2(i, r,G)Φ)

∂r
−
∂( f3(i, r,G)Φ)

∂G
, (3.1)

where fk(i, r,G) (k = 1, 2, 3) represents the drift terms as described in system (1.4).
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3.3. Proof of stationary distribution

Lemma 3.1. For every (i0, r0,G0)T ∈ Γ, P(t, i0, r0,G0, A1) is absolutely continuous with respect to the
Lebesgue measure, and thus can be described by k(t, i, r,G; i0, r0,G0), which is continuous in all its
arguments.

Proof. Define m(ζ, ϑ, v) ∈ Γ and n(ζ, ϑ, v) ∈ Γ; the Lie bracket [m,n] can be given by

[m,n] j(x) =
d∑

k=1

(
mk
∂n j

∂xk
− nk
∂m j

∂xk

)
, j = 1, 2, 3.

Then, we get

m(ζ, ϑ, v) =
(
β̄ev(1 − ζ − ϑ)ζ − (θ + ν + γ)ζ + νζ2, γζ − (θ + ϵ)ϑ + νζϑ, −ρv

)T
,

n(ζ, ϑ, v) = (0, 0, σ)T , (ζ, ϑ, v) ∈ Γ.

Let c = [m,n]. Then,
c =

(
−β̄σev(1 − ζ − ϑ)ζ, 0, σρ

)T
.

Define d = [m, c]. Then,

d1 = [m, c]1 =

{
−

[
βev(1 − ζ − ϑ)ϑ − (θ + ν + γ)ζ + νζ2

]
· σ(1 − 2ζ − ϑ)

+ σζ
[
γζ − (θ + ϵ)ϑ + νζϑ

]
+ (1 − ζ − ϑ)ζ

[
ρvσ + σβ̄ev(1 − 2ζ − ϑ)

− σ(θ + ν + γ) + 2σνζ − σρ
]}
β̄ev,

d2 = [m, c]2 = β̄σev(1 − ζ − ϑ)ζ(γ + νϑ) , 0,

d3 = [m, c]3 = σρ
2 , 0.

Then,

[n, c,d] =


0 −β̄σev(1 − ζ − ϑ)ζ d1

0 0 β̄σev(1 − ζ − ϑ)ζ(γ + νϑ)
σ σρ σρ2

 ,
|n, c,d| = −β̄2σ3e2v(1 − ζ − ϑ)2ζ2(γ + νϑ) < 0.

Consequently, n, c,d are linearly independent on Γ . For any (ζ, ϑ, v) ∈ Γ, we can obtain that n, c,d
span the space Γ. According to Hörmander theorem [23], P(t, i0, r0,G0, A1) has a continuous density
k(t, i, r,G; i0, r0,G0), k ∈ C∞((0,∞) × Γ × Γ). □

We define X = (i, r,G)T and X0 = (i0, r0,G0)T as usual. Consider the Fréchet derivative DX0;φ of h→
Xφ+h(T ) from L2([0,T ];R) to X. If DX0,φ is full rank, for X = Xφ(T ), we have k(T, i, r,G; i0, r0,G0) > 0.
Define

Ψ(t) = f′(Xφ(t)) + g′(Xφ(t))φ,
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where

f =

βe
Gφ(1 − iφ − rφ)iφ − (θ + ν + γ)iφ + νi2

γiφ − (θ + ϵ)rφ + νiφrφ
−ρGφ

 , g =


0
0
σ

 .
Then, the Jacobian matrix f′ is

f′ =

βe
Gφ(1 − 2iφ − rφ) − (θ + ν + γ) + 2νiφ −βeGφiφ βeGφ(1 − iφ − rφ)iφ

γ + νrφ νiφ − (θ + ϵ) 0
0 0 −ρ

 .
For 0 ≤ t0 ≤ t ≤ T , let W(t0, t0) = Id and W(t, t0) represent the matrix solution satisfying

∂W(t, t0)
∂t

= Ψ(t)W(t, t0),

where Id is the identity matrix. Thus, DX0;φ can be represented as

DX0;φ =

∫ T

0
W(T, s)g(s)h(s) ds.

Lemma 3.2. If for any t ∈ [0,T ], x(0) = x0 > 0, x′(t) + ax(t) > 0 (a > 0), then x(t) > 0, ∀t ∈ [0,T ].

Proof. According to the method of variation of constants for first-order nonhomogeneous linear differ-
ential equations, then x(t) = e−atx0 +

∫ t

0
e−a(t−s)h(s) ds > 0. □

Lemma 3.3. Consider an initial state vector X0 = (i0, r0,G0)⊤ ∈ Γ and (i, r,G)⊤ ∈ Γ; then, there exists a
positive constant T satisfying k(T, i, r,G; i0, r0,G0) > 0, where the constraint space Γ follows definition
Eq (2.1).

Proof. Step 1: Full rank of the Fréchet derivative
Firstly, prove that derivative DX0;φ has rank 3. Consider an arbitrary ε within the interval (0, T ),

and define
h(t) =

1[T−ε,T ](t)
Gφ(t)

, t ∈ [0,T ].

Here, 1[T−ε,T ] is the characteristic function on the terminal temporal segment [T − ε,T ].
Through asymptotic expansion analysis of the equation W(T, s) = I + Ψ(T )(T − s) + o(T − s), then

DX0;φh = εv +
ε2Ψ(T )v

2
+ o(ε2).

For the function v = (0, 0, σ)T ,

Ψ(t)v =

βσeG(1 − i − r)i
0
−ρσ

 .
We define the matrix B ≜ Ψ2(t) as

B =


B11 B12 B13

B21 B22 B23

0 0 B33

 .
Electronic Research Archive Volume 34, Issue 6, 4290–4324.
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We compute

Ψ2(t)v =


σB13

σB23

σρ2

 .
Then, the determinant of the matrix is∣∣∣v,Ψ(t)v,Ψ2(t)v

∣∣∣ = σ3β
2
e2G(1 − i − r)2i2(γ + νr) , 0.

v,Ψ(t)v and Ψ2(t)v are linearly independent because the determinant is non-zero. Therefore, DX0;φ has
rank 3.

Step 2: Existence of the control function
Next, we demonstrate that for any given points (i0, r0,G0)⊤ ∈ Γ and (i1, r1,G1)⊤ ∈ Γ, there exists φ

and T > 0 satisfying

(iφ(0), rφ(0),Gφ(0))⊤ = (i0, r0,G0)⊤, (iφ(T ), rφ(T ),Gφ(T ))⊤ = (i1, r1,G1)⊤.

On [0,T ], system (1.4) is equivalently governed by
i′φ = β̄e

Gφ(1 − iφ − rφ)iφ − (θ + ν + γ)iφ + νi2
φ,

r′φ = γiφ − (θ + ϵ)rφ + νiφrφ,

G′φ = −ρGφ + σφ.

(3.2)

Hence, we obtain that the variable rφ ∈ C2([0,T ];R+) satisfies the inequalities given below:



rφ > 0,

iφ =
r′φ + (θ + ϵ)rφ
γ + νrφ

> 0,

iφ + rφ =
r′φ + (θ + ϵ)rφ
γ + νrφ

+ rφ < 1,

β̄eGφ(1 − iφ − rφ)iφ = i′φ + (θ + ν + γ)iφ − νi2
φ > 0,

(3.3)

which is mathematically equivalent to

rφ > 0,
r′φ + (θ + ϵ)rφ > 0,

r′φ + νr
2
φ + (θ + ν + γ + ϵ)rφ − γ < 0,

(γ + νrφ)r′′φ − 2νr′2φ + γ(2θ + ϵ + ν + γ)r
′
φ +

[
ν(θ + ν + γ) − 2ν(θ + ϵ)

]
rφr′φ

+ ν(θ + ϵ)(ν + γ − ϵ)r2
φ + γ(θ + ϵ)(θ + ν + γ)rφ := F(rφ, r′φ, r

′′
φ ) > 0.

(3.4)
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Moreover, from (3.2), we derive the system for t ∈ [0,T ]:

rφ(t) = rt,

r′φ(t) = γit − (θ + ϵ − νit)rt,

r′′φ (t) = (γ + νrt)β̄eGt(1 − it − rt)it −
1

γ + νrt

{
−2ν

(
r′t
)2

+γ (2θ + ϵ + ν + γ)) r′t +
[
ν(θ + ν + γ) − 2ν(θ + ϵ)

]
rtr′t

+ γ(θ + ϵ)(θ + ν + γ)rt + ν(θ + ϵ)(ν + γ − ϵ)r2
t

}
.

(3.5)

Now, we aim to find an appropriate T and establish a differentiable function rφ ∈ C2([0,T ];R+)
satisfying 

rφ(0) ≜ r0,

r′φ(0) = γi0 − (θ + ϵ − νi0)r0 ≜ r′0,

r′′φ (0) = (γ + νr0)β̄eG0(1 − i0 − r0)i0 −
1

γ + νr0

{
−2ν

(
r′0

)2

+γ (2θ + ϵ + ν + γ)) r′0 +
[
ν(θ + ν + γ) − 2ν(θ + ϵ)

]
r0r′0

+ γ(θ + ϵ)(θ + ν + γ)r0 + ν(θ + ϵ)(ν + γ − ϵ)r2
0

}
≜ r′′0 ,

(3.6)

and 

rφ(T ) ≜ r1,

r′φ(T ) = γi1 − (θ + ϵ − νi1)r1 ≜ r′1,

r′′φ (T ) = (γ + νr1)β̄eG1(1 − i1 − r1)i1 −
1

γ + νr1

{
−2ν

(
r′1

)2

+γ (θ + ϵ + (θ + ν + γ)) r′1 +
[
ν(θ + ν + γ) − 2ν(θ + ϵ)

]
r1r′1

+ γ(θ + ϵ)(θ + ν + γ)r1 + ν(θ + ϵ)(ν + γ − ϵ)r2
1

}
≜ r′′1 .

(3.7)

Next, we shall prove that when rφ ∈ C2([0,T ];R+) makes the last inequality of (3.3) hold, then the
remaining three inequalities also hold. In fact, when the last inequality in (3.3) holds, we can get that

i′φ + (θ + ν + γ)iφ > 0, ∀t ∈ [0,T ]. (3.8)

Since iφ(0) = i0 > 0, then from Lemma 3.2, there is iφ(t) > 0 for any t ∈ [0,T ]. Furthermore, assuming
iφ(t) > 0 holds, we can also deduce that

r′φ + (θ + ϵ)rφ > 0, ∀t ∈ [0,T ], (3.9)

and given rφ(0) = r0 > 0, by Lemma 3.2,

rφ(t) > 0, ∀t ∈ [0,T ]. (3.10)

Similarly, from the last inequality in (3.3) and β̄eGφ > 0, then

iφ(t) + rφ(t) < 1, ∀t ∈ [0,T ]. (3.11)
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The function rφ is constructed over three distinct temporal domains: [0, τ], [τ,T − τ′], and [T − τ′,T ],
where τ and τ′ will be determined later and τ + τ′ < T . On [0, τ], rφ is constructed as follows:

rφ(t) =
At3

6
+

r′′0
2

t2 + r′0t + r0, t ∈ [0, τ], (3.12)

where τ is a sufficiently small number which will be chosen later, the coefficients r0, r′0, r
′′
0 are given

in (3.6), A satisfies i′φ(τ) = 0, and

i′φ(τ) =
(γ + νrφ(τ))r′′φ (τ) + γ(θ + ϵ)r′φ(τ) − ν(r

′
φ(τ))

2

(γ + νrφ(τ))2 = 0. (3.13)

That is,

−
ντ4

12
A2 +

[
τ

(
νr′′0 τ

2

2
+ νr′0τ + νr0 + γ

)
+
ντ3

6
r′′0 + (θ + ϵ)γ

τ2

2
− ντ2(r′′0 τ + r′0)

]
A

+ r′′0

(
γ + νr0 +

νr′′0 τ
2

2
+ νr′0τ

)
+ (θ + ϵ)γr′0τ + r′0(θ + ϵ)γ − νr′′20 τ

2 − 2νr′0r′′0 τ

− νr′20 = 0.

(3.14)

Simplifying (3.14), we have

−
ντ2

12
(Aτ)2 +

[
−

1
3
νr′′0 τ

2 +
1
2

(θ + ϵ)γτ + (γ + νr0)
]
· Aτ + (γ + νr0)r′′0

+ (θ + ϵ)γr′0 − ν(r
′
0)2 + (θ + ϵ)γr′′0 τ −

ν

2
r′′0

2τ2 − νr′0r′′0 τ = 0.

Thus,

−
ντ2

12
(Aτ)2 + B(τ) · (Aτ) +C(τ) = 0, (3.15)

where
B(τ) = (γ + νr0) + o1(τ),

C(τ) = (γ + νr0)r′′0 + (θ + ϵ)γr′0 − ν(r
′
0)2 + o2(τ) = (γ + νr0)2i′0 + o2(τ),

and lim
τ→0+

o j(τ) = 0( j = 1, 2, ...),

o1(τ) =
1
2

(θ + ϵ)γτ −
1
3
νr′′0 τ

2,

o2(τ) = (θ + ϵ)γr′′0 τ −
ν

2
r′′0

2τ2 − νr′0r′′0 τ.

As τ is a sufficiently small number, let

Aτ =
B(τ) −

√
B2(τ) +

ν

3
τ2 ·C(τ)

ντ2/6
= −

2C(τ)

B(τ) +
√

B2(τ) +
ν

3
τ2 ·C(τ)

, (3.16)
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and then, from (3.15) and (3.16), we have

Aτ = −(γ + νr0)i′0(0) + o3(τ). (3.17)

On [0, τ], from (3.12), we can obtain

rφ(0) = r0, r′φ(0) = r′0, r′′φ (0) = r′′0 . (3.18)

According to (3.12) and (3.17), we get

rφ(t) = r0 + o4(τ), r′φ(t) = r′0 + o5(τ),

r′′φ (t) = At + r′′0 = −
t
τ

[
(γ + νr0)i′0 + o3(τ)

]
+ r′′0 = −

t
τ

(γ + νr0)i′0 + r′′0 + o6(τ).
(3.19)

In addition, we obtain

iφ(t) = i0 + o7(τ), i′φ(t) =
(γ + νr0)r′′0 + (θ + ϵ)γr′0 − ν(r

′
0)2

(γ + νr0)2 + o8(τ).

Therefore,
i′φ(t) + (θ + ν + γ)iφ(t) − νi2

φ(t)

=

(
1 −

t
τ

)
i′0 + (θ + ν + γ)i0 − νi2

0 + o9(τ), t ∈ [0, τ],
(3.20)

and
F(rφ, r′φ, r

′′
φ ) = (γ + νrφ)2

[
i′φ(t) + (θ + ν + γ)iφ(t) − νi2

φ(t)
]

= (γ + νr0)2
[(

1 −
t
τ

)
i′0 + (θ + ν + γ)i0 − νi2

0

]
+ o10(τ).

(3.21)

Next, we shall prove (3.4) holds. Since

rφ(0) > 0,
r′φ(0) + (θ + ϵ)rφ(0) > 0,

r′φ(0) + νrφ(0)2 + (θ + ϵ + γ + ν)rφ(0) − γ < 0,

(γ + νrφ(0))r′′φ (0) − 2νr′φ(0)2 + γ(2θ + ϵ + ν + γ))r′φ(0)

+
[
ν(θ + ν + γ) − 2ν(θ + ϵ)

]
rφ(0)r′φ(0) + γ(θ + ϵ)(θ + ν + γ)rφ(0)

+ ν(θ + ϵ)(ν + γ − ϵ)r2
φ(0) > 0.

(3.22)

Then, there exists a sufficiently small τ such that for t ∈ (0, τ),

rφ = r0 + o4(τ) > 0,
r′φ + (θ + ϵ)rφ = r′0 + (θ + ϵ)r0 + o11(τ) > 0,

r′φ + νr
2
φ + (θ + ν + γ + ϵ)rφ − γ = r′0 + νr

2
0 + (θ + ν + γ + ϵ)r0 − γ + o12(τ) < 0,

F(rφ, r′φ, r
′′
φ ) = (γ + νr0)r′′0 − 2νr′20 + γ(2θ + ϵ + ν + γ)r

′
0

+
[
ν(θ + ν + γ) − 2ν(θ + ϵ)

]
r0r′0 + γ(θ + ϵ)(θ + ν + γ)r0

+ ν(θ + ϵ)(ν + γ − ϵ)r2
0 + o13(τ) > 0.

(3.23)
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From (3.23), it follows that the first three inequalities in (3.4) are satisfied. As for the fourth inequality,
we can analyze this from two different perspectives.

Case 1. If i′0 ≥ 0, then by virtue of (3.21), we obtain

F(rφ, r′φ, r
′′
φ ) = (γ + νr0)2

[(
1 −

t
τ

)
i′0 + (θ + ν + γ)i0 − νi2

0

]
+ o10(τ)

≥ (γ + νr0)2
[
(θ + ν + γ)i0 − νi2

0

]
≥ (γ + νr0)2 [

(θ + γ)i0 + νi0(1 − i0)
]
> 0.

(3.24)

Case 2. If i′0 < 0, then by virtue of (3.21), we obtain

F(rφ, r′φ, r
′′
φ ) = (γ + νr0)2

[(
1 −

t
τ

)
i′0 + (θ + ν + γ)i0 − νi2

0

]
+ o10(τ)

≥ (γ + νr0)2
[
i′0 + (θ + ν + γ)i0 − νi2

0

]
> 0.

(3.25)

Hence, for t ∈ [0, τ], rφ satisfies (3.4), (3.6), and (3.7). Likewise, a C2-function rφ : [T − τ′,T ] can be
constructed to ensure

rφ(T ) = r1, r′φ(T ) = r′1, r′′φ (T ) = r′′1 , i′φ(T − τ
′) = 0,

and rφ satisfies the inequality (3.5) for t ∈ [T − τ′,T ].
Finally, on [τ,T − τ′], in order to satisfy the fourth inequality in (3.3), it is necessary to ensure that

i′φ(t)+(θ+ν+γ)iφ(t)−νi2
φ(t) > 0 holds while meeting the constraints i′φ(τ) = 0, i′φ(T−τ

′) = 0. Accordingly,
introducing wφ(t) = ln

(
iφ(t)

)
simplifies the requirement to verifying that w′φ(t) > −(θ+ γ), w′φ(τ) = 0 and

w′φ(T − τ
′) = 0. In this case, (3.23) holds. By choosing T sufficiently large, rφ : [0, τ]∪ [T − τ′,T ]→ R

can be expanded to a C2-function rφ defined on [0,T ], ensuring that (3.4), (3.6), and (3.7) hold.
Then by virtue of the second, third, and fourth equations of (3.3), we can find a C1-function iφ and a

continuous function Gφ that satisfy (3.4), (3.6), and (3.7). Thus, the proof is completed. □

Lemma 3.4. [18] The Markov semigroup {P(t)}t≥0 is asymptotically stable or is sweeping with respect
to compact sets.

Proof. From Lemma 3.1, {P(t)}t≥0 is an integral Markov semigroup with a density k(t, i, r,G). By
Lemma 3.3, ∫ ∞

0
P(t)gdt > 0 a.s. on Γ, ∀g ∈ D,

from k(t, i, r,G) > 0, P(t)g =
∫
Γ

k(t, x)g(x)m(dx), and x = (i, r,G)⊤. The conclusion then follows from
Lemma 3.3. □

We consider the stochastic differential equation (SDE)

dX(t) = f (X(t))dt + g(X(t))dB(t), (3.26)

where X(0) ∈ Rd is the initial value. The functions f : Rd → Rd and g : Rd → Rd×m are assumed to be
Borel measurable.

Electronic Research Archive Volume 34, Issue 6, 4290–4324.



4303

Lemma 3.5. [24] Let A ⊂ Rd be a bounded closed set with a boundary Γ. If, for any X(0) ∈ Rd, the
condition

lim inf
T→∞

1
T

∫ T

0
P(t, X(0),A)dt > 0 a.s.

holds, where P(t, X(0),A) is the transition probability of X(t), so the solution of system (3.26) has the
Feller property. Moreover, there exists at least one invariant probability measure Γ(·) for system (3.26)
in Rd.

Theorem 3.1. Let

Rs
0 =

β̄e
σ2
4ρ

θ + ν + γ
> 1,

and let Ψ(t, i, r,G) denote the probability density function of the distribution of (i, r,G)⊤,∀t > 0. Then,
a unique invariant probability measure κ exists on Γ with density Ψ∗(i, r,G) such that

lim
t→∞

∫
Γ

|Ψ(t, i, r,G) − Ψ∗(i, r,G)| di dr dG = 0,

which implies that {P(t)}t≥0 is asymptotically stable.

Proof. Applying Lemma 3.3, {P(t)}t≥0 satisfies the Foguel alternative. Next, we need to rule out the
possibility of sweeping.
Step 1: Construction of a nonnegative function

Define the function V1:
V1 = − ln(1 − i − r).

According to Itô’s formula and (1.4),

L∗V1 = −
θ + ϵr

1 − i − r
+ θ + (β̄eG − ν)i

≤ −
θ + ϵr

1 − i − r
+ θ + β̄e

σ2
4ρ + β̄

(
eG − e

σ2
4ρ

)
:= −

θ + ϵr
1 − i − r

+ θ + β̄e
σ2
4ρ + f1(G),

(3.27)

where f1(G) = β̄
(
eG − e

σ2
4ρ

)
. Then, we compute that

L∗(− ln i) = −β̄eG(1 − i − r) + (θ + ν + γ) − νi

= −(θ + ν + γ)(Rs
0 − 1) + β̄eG(i + r) − νi − β̄

(
eG − e

σ2
4ρ

)
.

(3.28)

By the arithmetic-geometric mean inequality, it follows that

eG ≤ ke2G +
1
4k
, (3.29)
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where k is a positive constant to be determined later. By substituting (3.29) into (3.28), it follows that

L∗(− ln i) ≤ −(θ + ν + γ)(Rs
0 − 1) + β̄

(
ke2G +

1
4k

)
(i + r) − β̄

(
eG − e

σ2
4ρ

)
≤ −(θ + ν + γ)(Rs

0 − 1) +
β̄

4k
(i + r) + β̄ke

σ2
ρ + f2(G) + β̄k

(
e2G − e

σ2
ρ

)
= −(θ + ν + γ)(Rs

0 − 1) +
β̄

4k
(i + r) + β̄ke

σ2
ρ + f2(G) + f3(G),

(3.30)

where f2(G) = −β̄
(
eG − e

σ2
4ρ

)
and f3(G) = β̄k

(
e2G − e

σ2
ρ

)
. Choose

k =
(θ + ν + γ)(Rs

0 − 1)

2β̄e
σ2
ρ

,

such that β̄ke
σ2
ρ =

1
2

(θ + ν + γ)(Rs
0 − 1). Then, (3.30) becomes

L∗(− ln i) ≤ −
1
2

(θ + ν + γ)(Rs
0 − 1) +

β̄

4k
(i + r) + f2(G) + f3(G). (3.31)

Then,
L∗(

r
θ + ϵ

) = −r +
γ + νr
θ + ϵ

i. (3.32)

Define

V2 = − ln i +
β̄r

4k(θ + ϵ)
.

Then, combining (3.31) and (3.32), we have

L∗(V2) ≤ −
1
2

(θ + ν + γ)(Rs
0 − 1) +

β̄

4k
i +
β̄(γ + νr)
4k(θ + ϵ)

i + f2(G) + f3(G)

≤ −
1
2

(θ + ν + γ)(Rs
0 − 1) +

β̄

4k

(
1 +
γ + ν

θ + ϵ

)
i + f2(G) + f3(G).

(3.33)

Let V3 = − ln r and V4 = eG −G − 1; then we have

L∗V3 = −γ
i
r
+ (θ + ϵ) − νi ≤ −γ

i
r
+ (θ + ϵ), (3.34)

and

L∗V4 = −ρG(eG − 1) +
σ2eG

2
. (3.35)

Let
V ′ = V1 + MV2 + V3 + V4,

where M is a sufficiently large constant chosen to satisfy

−
M
2

(θ + ν + γ)(Rs
0 − 1) + K1 ≤ −2, (3.36)
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that is
M ≥

4 + 2K1

(θ + ν + γ)(Rs
0 − 1)

, (3.37)

and

K1 := 2θ + ϵ + β̄e
σ2
4ρ + sup

G∈Γ

{
−ρG(eG − 1) +

σ2eG

2

}
< ∞. (3.38)

We note that V ′(i, r,G) remains continuous and increases to infinity as (i, r,G)⊤ approaches the boundary
of Γ. Consequently, V ′(i, r,G) is bounded from below, achieving its minimum at some point (im, rm,Gm)⊤

within the interior of Γ. Define a C2-function V : Γ→ R+ as

V(i, r,G) = V ′(i, r,G) − V ′(im, rm,Gm).

From (3.27), (3.33)–(3.35), we have

L∗V ≤ −
M
2

(θ + ν + γ)(Rs
0 − 1) −

θ + ϵr
1 − i − r

+ M
β̄

4k

(
1 +
γ + ν

θ + ϵ

)
i − γ

i
r

+ 2θ + ϵ + β̄e
σ2
4ρ − ρG(eG − 1) +

σ2eG

2
+ f1(G) + M f2(G) + M f3(G)

:= F(i, r,G) + f1(G) + M f2(G) + M f3(G),

(3.39)

where

F(i, r,G) = −
M
2

(θ + ν + γ)(Rs
0 − 1) −

θ + ϵr
1 − i − r

+ M
β̄

4k

(
1 +
γ + ν

θ + ϵ

)
i − γ

i
r

+ 2θ + ϵ + β̄e
σ2
4ρ − ρG(eG − 1) +

σ2eG

2
.

(3.40)

Step 2: Construction of a compact set
Let

Uε =
{

(i, r,G) ∈ Γ : |G| ≤
1
ε
, i ≥ ε, r ≥ ε, i + r ≤ 1 − ε2

}
, (3.41)

where ε > 0 is chosen to be sufficiently small so that the given conditions hold:

β̄M
4k

(
1 +
γ + ν

θ + ϵ

)
ε ≤ 1, (3.42)

−
γ

ε
+
β̄M
4k

(
1 +
γ + ν

θ + ϵ

)
≤ 1, (3.43)

−
ϵ

ε
+
β̄M
4k

(
1 +
γ + ν

θ + ϵ

)
≤ 1. (3.44)

M was mentioned in Eq (3.37), and K1 was mentioned in Eq (3.38). Next, the set Γ \ Uε is divided into
the following five subsets D j

ε, j = 1, 2, .., 5, where

D1
ε =

{
(i, r,G) ∈ Γ : G >

1
ε

}
, D2

ε =

{
(i, r,G) ∈ Γ : G < −

1
ε

}
,

D3
ε = {(i, r,G) ∈ Γ : i < ε} , D4

ε =
{
(i, r,G) ∈ Γ : r < ε2, i ≥ ε

}
,

D5
ε =

{
(i, r,G) ∈ Γ : i + r > 1 − ε2, r ≥ ε

}
.
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Thus, Γ \ Uε = D1
ε ∪ D2

ε ∪ D3
ε ∪ D4

ε ∪ D5
ε.We will prove that, for each j and every (i, r,G)⊤ ∈ Di

ε, the
inequality F(i, r,G) ≤ −1 is satisfied.

Case 1. If (i, r,G)⊤ ∈ D1
ε, we have

lim
G→∞

{
−ρG(eG − 1) +

σ2eG

2

}
= −∞,

F(i, r,G) = −
M
2

(θ + ν + γ)(Rs
0 − 1) + M

β̄

4k

(
1 +
γ + ν

θ + ϵ

)
i − γ

i
r

+ 2θ + ϵ + β̄e
σ2
4ρ − ρG(eG − 1) +

σ2eG

2
−
θ + ϵr

1 − i − r
≤ −1.

(3.45)

Case 2. If (i, r,G)⊤ ∈ D2
ε,

lim
G→−∞

{
−ρG(eG − 1) +

σ2eG

2

}
= −∞,

F(i, r,G) = −
M
2

(θ + ν + γ)(Rs
0 − 1) + M

β̄

4k

(
1 +
γ + ν

θ + ϵ

)
i − γ

i
r

+ 2θ + ϵ + β̄e
σ2
4ρ − ρG(eG − 1) +

σ2eG

2
−
θ + ϵr

1 − i − r
≤ −1.

(3.46)

Case 3. If (i, r,G)⊤ ∈ D3
ε, according to (3.36) and (3.42), we can obtain

F(i, r,G) ≤ −
M
2

(θ + ν + γ)(Rs
0 − 1) + M

β̄

4k

(
1 +
γ + ν

θ + ϵ

)
i + 2θ + ϵ + β̄e

σ2
4ρ

− ρG(eG − 1) +
σ2eG

2

≤ −
M
2

(θ + ν + γ)(Rs
0 − 1) + K1 +

β̄M
4k

(
1 +
γ + ν

θ + ϵ

)
ε

≤ −2 +
β̄M
4k

(
1 +
γ + ν

θ + ϵ

)
ε

≤ −1.

(3.47)

Case 4. If (i, r,G)⊤ ∈ D4
ε, according to (3.36) and (3.43), it can be derived that

F(i, r,G) ≤ −
γ

ε
+
β̄M
4k

(
1 +
γ + ν

θ + ϵ

)
− 2 ≤ −1. (3.48)

Case 5. If (i, r,G)⊤ ∈ D5
ε, according to (3.36) and (3.44), we have

F(i, r,G) ≤ −
ϵr

1 − i − r
+
β̄M
4k

(
1 +
γ + ν

θ + ϵ

)
− 2

≤ −
ϵ

ε
+
β̄M
4k

(
1 +
γ + ν

θ + ϵ

)
− 2

≤ −1.

(3.49)
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From the previous discussion, for the set Γ \ Uε = D1
ε ∪ D2

ε ∪ D3
ε ∪ D4

ε ∪ D5
ε, a sufficiently small ε

exists for which
F(i, r,G) ≤ −1, for any (i, r,G)⊤ ∈ Γ \ Uε. (3.50)

Let
K2 := sup

(i,r,G)⊤∈Γ
F(i, r,G),

and then we get
F(i, r,G) ≤ K2 < ∞, for any (i, r,G)⊤ ∈ Γ. (3.51)

Step 3: Existence of the invariant measure
By Lemmas 3.1, 3.3–3.5, and based on the Lyapunov function V(i, r,G) constructed in Steps 1

and 2, then
L∗V(i, r,G) ≤ F(i, r,G) + f1(G) + M f2(G) + M f3(G),

where the function F(i, r,G) is strictly negative outside a compact set Uε, and bounded above inside it.
The process G(t) evolves according to an Ornstein–Uhlenbeck process, which ensures ergodicity. In
particular, it holds almost surely that

1
t

∫ t

0
eG(s) ds→ e

σ2
4ρ ,

1
t

∫ t

0
e2G(s) ds→ e

σ2
ρ , as t → ∞, (3.52)

as established in [13] and supported by classical ergodic theorems [25]. As a result, the time averages of
all G-dependent perturbation terms vanish asymptotically. Combining these facts, we conclude that the
long-time average of the generator satisfies

lim inf
t→∞

1
t

∫ t

0
E[F(i(s), r(s),G(s))] ds ≥ 0. (3.53)

Given the structure of F, which is less than or equal to −1 outside Uε and bounded above by a constant
K2 within Uε, we obtain

lim inf
t→∞

1
t

∫ t

0
1{(i(s),r(s),G(s))∈Uε} ds ≥

1
K2 + 1

> 0 a.s. (3.54)

Then, by Fatou’s lemma, it follows that the time-averaged measure of the process in Uε is strictly
positive, almost surely:

lim inf
t→∞

1
t

∫ t

0
P(s, (i(s), r(s),G(s)),Uε) ds ≥

1
K2 + 1

> 0 a.s. (3.55)

Hence, the Markov semigroup {P(t)}t≥0 is asymptotically stable with respect to the compact set Uε, and
sweeping does not occur. This implies the existence of a unique invariant probability measure κ with
density Ψ∗(i, r,G). We conclude that Theorem 3.1 is fully established.

□
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4. Probability density function

This section is devoted to a local Gaussian approximation of the invariant probability density near
the quasi-endemic equilibrium of system (1.4). The quasi-endemic equilibrium P̄ = (ī, r̄)⊤ is defined,
which can be determined by β̄(1 − ī − r̄)ī − (θ + ν + γ)ī + νī2 = 0,

γī − (θ + ϵ)r̄ + νīr̄ = 0.
(4.1)

As mentioned in the introduction, one can verify that P̄ exists under the condition R0 =
β̄

θ + ν + γ
> 1.

By solving Eq (4.1), it follows that ī is equal to i∗, and i∗ is strictly greater than zero. Similarly, r̄ is equal
to r∗, and r∗ is strictly positive. i∗, r∗ are given in the first section. Let (u1, u2, u3)⊤ = (i − ī, r − r̄,G)⊤.
The linearized version of system (1.4) around P̄ is given by

du1 = (−c11u1 − c12u2 − c13u3) dt,

du2 = (c21u1 − c22u2) dt,

du3 = −ρu3 dt + σdB(t),

(4.2)

where

c11 =
[
R0(θ + ν + γ) − ν

]
ī, c12 = β̄ī, c13 = −β̄(1 − ī − r̄)ī, c21 = νr̄ + γ, c22 =

γī
r̄
.

Let u1 = i − ī, u2 = r − r̄, u3 = G, and

U =


u1

u2

u3

 .
With this notation, the dynamics can be concisely expressed as

dU(t) = CU(t)dt + HdB(t), (4.3)

where

C =


−c11 −c12 −c13

c21 −c22 0
0 0 −ρ

 , H =


0
0
σ

 .
Theorem 4.1. If R0 > 1, then the linearized system (4.3) around the quasi-endemic equilibrium P̄
admits a unique Gaussian invariant measure with distribution N3(0,Σ). Consequently, near P̄, the
invariant probability density of system (1.4) is locally approximated by

Ψ∗(u1, u2, u3) = (2π)−
3
2 · |Σ|−

1
2 exp

(
−

1
2

U⊤Σ−1U
)
.

In this expression, Σ is a positive definite matrix whose explicit form is presented below:

Σ = ω2J−1Σ0(J−1)⊤,
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with

ω = c13c21σ, Σ0 =


c2

2(c1c2−c3) 0 − 1
2(c1c2−c3)

0 1
2(c1c2−c3) 0

− 1
2(c1c2−c3) 0 c1

2c3(c1c2−c3)

 ,
J =


−c21(c11 + c21) c2

22 − c12c21 −c13c21

c21 −c22 0
0 1 0

 ,
where

c1 = c11 + c22 + ρ, c2 = c11c22 + c12c21 + ρ(c11 + c22), c3 = ρ (c11c22 + c12c21) .

Proof. Note that (4.3) constitutes a first-order linear stochastic differential system. According to
Øksendal [26], given any U(0) = (u1(0), u2(0), u3(0))T , one may derive an equivalent representation of
system (4.3) as follows:

U(t) = eCtU(0) +
∫ t

0
eC(t−s)HdB(s).

Note that H is a constant matrix, and by a standard theory [21], the expression
∫ t

0
eC(t−s)HdB(s)

is normally distributed at time t with zero mean and covariance matrix Σ̄(t); that is, it follows the
distribution N3(03, Σ̄(t)), where

Σ̄(t) =
∫ t

0
eC(t−s)HH⊤C⊤(t−s)ds.

Thus, the state vector of system (4.3) at time t exhibits a normal distribution given by N3(eCtU(0), Σ̄(t)).
Let I be the identity matrix, and then the characteristic polynomial of the matrix C can be expressed by

ϕC(λ) = det(C − λI) = λ3 + c1λ
2 + c2λ + c3,

where

c1 = c11 + c22 + ρ, c2 = c11c22 + c12c21 + ρ(c11 + c22), c3 = ρ (c11c22 + c12c21) .

From c jk > 0, ( j, k = 1, 2), we can get ck′ > 0(k′ = 1, 2, 3), and

c1c2 − c3 = c11c22(c11 + c22) + (c11 + c22)c12c21 + ρ(c11 + c22)2 + ρ2(c11 + c22) > 0.

It can be concluded that all eigenvalues of C possess negative real parts, meaning the quasi-steady state
equilibrium point is locally asymptotically stable. From the stability theory for the zero solution of a
general linear equation [27], we have lim

t→∞
eCt = 0, lim

t→∞
eCtU(0) = 0, and the limiting covariance matrix

is defined by

Σ := lim
t→∞
Σ̄(t) = lim

t→∞

∫ t

0
eC(t−s)HH⊤C⊤(t−s)ds =

∫ ∞

0
eCtHH⊤eC⊤tdt.

This guarantees that {U(t)}t≥0 admits a unique invariant probability measure N3(03,Σ).
H2 is positive semi-definite, and Σ inherits this property. As time tends to infinity, the transient

distribution of U(t) converges to the normal distribution N3(03,Σ), implying that the stationary solution
(u1(t), u2(t), u3(t))⊤ ultimately conforms to a unique Gaussian density Ψ∗(u1, u2, u3).

Moreover, the integral
∫ ∞

0
eCtHH⊤eC⊤tdt cannot be easily computed in a closed form. We therefore

approach the study of Σ by considering its associated matrix equation, which leads to
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(i)
∫ ∞

0

d
dt

(eC(t)HH⊤eC⊤(t))ds = CΣ + ΣCT ,

(ii)
∫ ∞

0

d
dt

(eCtHH⊤eC⊤t)dt = −H2,

and we can deduce that
H2 +CΣ + ΣCT = 0. (4.4)

Having established the necessary groundwork, the accurate form of Σ can now be presented, and its
positive definiteness verified. Define C1 = J1CJT

1 . The matrix J1 takes the form

J1 =


0 0 1
1 0 0
0 1 0

 ,
and we compute that

C1 =


−ρ 0 0
−c13 −c11 −c12

0 c21 −c22

 .
Let C2 = J2C1JT

2 , where

J2 =


1 0 0
0 c21 −c22

0 0 1

 .
Then, we have

C2 =


−ρ 0 0
−c13c21 −c11 − c21 −c11c22 − c12c21

0 1 0

 .
Finally, let C3 = J3C2JT

3 , where the matrix J3 takes the form

J3 =


−c13c21 −c11 − c22 −c11c22 − c12c21

0 1 0
0 0 1

 ,
and we get

C3 =


−c1 −c2 −c3

1 0 0
0 1 0

 .
When the condition β̄ > 2ν is satisfied, then we have ck > 0 (k = 1, 2, 3), c1c2 − c3 > 0. Let

J = J3J2J1 =


−c21(c11 + c22) c2

22 − c12c21 −c13c21

c21 −c22 0
0 1 0

 ,
and we can equivalently recast (4.4) as follows:

JH2J⊤ +C3JΣJ⊤ + JΣJ⊤C3
⊤ = 0,
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i.e.,
H2

0 +C3Σ0 + Σ0C⊤3 = 0, (4.5)

where
H0 = diag(1, 0, 0), ω = c13c21σ, Σ0 =

1
ω2 JΣJ⊤.

By solving Eq (4.5), we have

Σ0 =


c2

2(c1c2−c3) 0 − 1
2(c1c2−c3)

0 1
2(c1c2−c3) 0

− 1
2(c1c2−c3) 0 c1

2c3(c1c2−c3)

 . (4.6)

Hence, by virtue of Lemma 3 in [19], Σ0 is established to be positive definite, and thus the matrix
Σ = ω2J−1Σ0(J−1)T inherits this property.

The invariant measure of system (1.4) near the equilibrium point κ can be approximated by N3(Ē,Σ).
The density function of the invariant measure is given as

Ψ∗(u1, u2, u3) = (2π)−
3
2 · |Σ|−

1
2 exp

(
−

1
2

(u1, u2, u3)Σ−1(u1, u2, u3)⊤
)
.

Thus, Theorem 4.1 is proved. □

Lemma 4.1. If R0 > 1 and ν <

√
4γ2i∗(β̄ − ν)
β̄r∗

, then for any arbitrarily small σ, we have

lim sup
t→∞

1
t

∫ t

0
|Y(s) − Y∗|2 ds ≤ κ(σ).

Here, Y = (i, r,G)⊤, Y∗ = (i∗, r∗,G∗)⊤ denotes the positive equilibrium of system (1.4), G∗ = 0, and

κ(σ) = max
{
β̄2

2pa

(
e
σ2
ρ − 2e

σ2
4ρ + 1

)
,
σ2

ρ

}
,

where a = min
{
β̄ − ν −

w
2
,
β̄i∗

r∗
−
ν2β̄2

2wγ2

}
,
ν2β̄r∗

2γ2i∗
< w < 2(β̄ − ν).

Proof. Similar to the first section, we obtain that (i∗, r∗,G∗)⊤ exists provided that R0 > 1, and this
equilibrium point of (1.4) satisfiesβ̄eG∗(1 − i∗ − r∗)i∗ − (θ + ν + γ)i∗ + ν(i∗)2 = 0,

γi∗ − (θ + ϵ)r∗ + νi∗r∗ = 0,
(4.7)

where i∗ and r∗ are given in the first section. Define

V(i, r) = V1(i) +
β̄

γ
V2(r),

where
V1(i) = i − i∗ − i∗ ln

i
i∗
, V2(r) =

1
2

(r − r∗)2.
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Then, we get

LV1 =
[
β̄eG(1 − i − r) − (θ + ν + γ) + νi

]
(i − i∗)

=
[
β̄eG(1 − i − r) − β̄ (1 − i∗ − r∗) − νi∗ + νi

]
(i − i∗)

= −(β̄ − ν)(i − i∗)2 − β̄(i − i∗)(r − r∗) + (β̄eG − β̄)(1 − i − r) · (i − i∗), (4.8)

LV2 = (r − r∗)
{
γi − (θ + ϵ)r + νir −

[
γi∗ − (θ + ϵ)r∗ + νi∗r∗

]}
= (r − r∗) {(γ + νr)(i − i∗) + [νi∗ − (θ + ϵ)] (r − r∗)}

= (γ + νr)(i − i∗)(r − r∗) −
γi∗

r∗
(r − r∗)2. (4.9)

Then, we have

LV = −(β̄ − ν)(i − i∗)2 +
νβ̄

γ
r(i − i∗)(r − r∗) −

β̄i∗

r∗
(r − r∗)2

+ (β̄eG − β̄)(1 − i − r) · (i − i∗).

Using Young’s inequality, we get

LV ≤ −(β̄ − ν)(i − i∗)2 +
νβ̄

γ
· |i − i∗| · |r − r∗| −

β̄i∗

r∗
(r − r∗)2 + |β̄eG − β̄|.

Choose w > 0 to satisfy the following inequality:

ν2β̄r∗

2γ2i∗
< w < 2(β̄ − ν).

Additionally, if ν satisfies

ν <

√
4γ2i∗(β̄ − ν)
β̄r∗

, (4.10)

it follows that

LV ≤ −
(
β̄ − ν −

w
2

)
(i − i∗)2 −

(
β̄i∗

r∗
−
ν2β̄2

2wγ2

)
(r − r∗)2 + |β̄eG − β̄|. (4.11)

Let

a := min
{
β̄ − ν −

w
2
,
β̄i∗

r∗
−
ν2β̄2

2wγ2

}
.

Integrating (4.11) over the interval [0, t] and taking the expectation yields

V(i(t), r(t)) − V(i(0), r(0))
t

≤ −
a
t

∫ t

0

[
(i(s) − i∗)2 + (r(s) − r∗)2

]
ds

+

∫ t

0
|β̄eG(s) − β̄| ds,

(4.12)
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and we have

lim
t→∞

1
t

∫ t

0
|β̄eG(s) − β̄| ds ≤

(
1
t

∫ t

0
(β̄eG(s) − β̄)2 ds

) 1
2

.

Considering the strong law of large numbers [25] and Lemma 1.1 in [13], it follows that

lim
t→∞

1
t

∫ t

0
(β̄eG(s) − β̄)2 ds = lim

t→∞

1
t

∫ t

0
β̄2e2G(s) ds − 2β̄ lim

t→∞

1
t

∫ t

0
β̄eG(s) ds + β̄2,

= β̄2e
σ2
ρ − 2β̄2e

σ2
4ρ + β̄2 a.s. (4.13)

Taking the limit superior in (4.12) and using the positivity of V(t), we get

lim sup
t→∞

1
t

∫ t

0

[
(i(s) − i∗)2 + (r(s) − r∗)2

]
ds ≤

β̄

a

(
e
σ2
ρ − 2e

σ2
4ρ + 1

) 1
2

:= κ(σ).

Also, from Lemma 1.1 in [13], one can obtain that

lim
t→∞

1
t

∫ t

0
G2(s) ds ≤

σ2

ρ
. (4.14)

Then,

lim sup
t→∞

1
t

∫ t

0

[
(i(s) − i∗)2 + (r(s) − r∗)2 +G2(s)

]
ds ≤ max

{
κ(σ),

σ2

ρ

}
:= κ(σ), (4.15)

where lim
σ→0
κ(σ) = 0. The proof is completed. □

The following theorem follows from Lemma 4.1 and [20].

Theorem 4.2. If R0 > 1 and ν <

√
4γ2i∗(β̄ − ν)
β̄r∗

, for every sufficiently small σ, then

(i) The invariant joint probability distribution κ̃ (respectively, invariant joint probability density
function Ψ(·) ) is globally approximated by N3(Y∗,Σ(3)) limited on Γ and

Ψ∗(Y(t)) = (2π)−
3
2 |Σ(3)|−

1
2 e−

1
2 (Y−Y∗)⊤(Σ(3))−1(Y−Y∗), (4.16)

where the set Γ is given in the second section.
(ii) For any k ∈ (0, 2], we have

lim
σ→0+

∫
Γ′
|i − Y∗|k|Ψ(i) − Ψ∗(i)|di = 0. (4.17)

Proof. The conclusion follows from the general approximation framework in [20] once the estimate
in Lemma 4.1 is verified for system (1.4). For completeness, we briefly indicate the argument in the
present setting.
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First, from Lemma 4.1, we obtain

V(Y(t)) − V(Y(0))
t

≤ −
a
t

∫ t

0
|Y(s) − Y∗|2 ds + aκ(σ).

Taking expectations and letting t → ∞, we deduce that

lim sup
t→∞

E

(
1
t

∫ t

0
|Y(s) − Y∗|2 ds

)
≤ κ(σ),

where

κ(σ) = max
{
β̄

a

(
e
σ2
ρ − 2e

σ2
4ρ + 1

) 1
2
,
σ2

ρ

}
.

This result shows that, for small σ, the invariant measure concentrates near Y∗.
Moreover, by a change of variable, we find that {U(t) + Y∗}t≥0 possesses a unique invariant measure

N3(Y∗,Σ(3)) with density (4.16).
Standard arguments then yield (4.17) for any k ∈ (0, 2]. The proof is completed. □

5. Extinction

Since we are concerned with disease transmission dynamics, we investigate the extinction property
of the following system: i̇(t) = β̄eG(t)(1 − i − r)i − (θ + ν + γ)i + νi2,

ṙ(t) = γi − (θ + ϵ)r + νir.
(5.1)

Theorem 5.1. If Rs
0 =

β̄e
σ2
4ρ

θ + ν + γ
< 1, system (5.1) possesses a disease-free equilibrium given by

E0
s = (i0, r0) = (0, 0), which is locally asymptotically stable (LAS).

Proof. First, define the variables î = i − i0, r̂ = r − r0. By linearizing system (5.1), we can obtain the
following linearized equations: 

dî(t)
dt
=

[
β̄eG(t) − (θ + ν + γ)

]
î,

dr̂(t)
dt
= γî − (θ + ϵ)r̂.

(5.2)

Then,

d(ln î)
dt
= β̄eG − (θ + ν + γ)

= β̄e
σ2
4ρ − (θ + ν + γ) + β̄

(
eG − e

σ2
4ρ

)
= (Rs

0 − 1)(θ + ν + γ) + β̄
(
eG − e

σ2
4ρ

)
. (5.3)
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By integrating ln Î(t) over the interval [0, t] and subsequently dividing the resulting expression by t, we
deduce that

ln î(t) − ln î(0)
t

= (Rs
0 − 1)(θ + ν + γ) + β̄

(
1
t

∫ t

0
eG(s) ds − e

σ2
4ρ

)
a.s. (5.4)

According to Lemma 1.1 in [13],

lim
t→∞

1
t

∫ t

0
eG(s) ds = e

σ2
4ρ a.s. (5.5)

Taking the limit superior in (5.4) and incorporating the result from (5.5), it follows that when Rs
0 < 1,

lim sup
t→∞

ln î(t)
t
= (Rs

0 − 1)(θ + ν + γ) < 0 a.s. (5.6)

This means
lim
t→∞

î(t) = 0 a.s. (5.7)

Next, we get the solution

r̂(t) = γe−(θ+ϵ)t
∫ t

0
e(θ+ϵ)vî(v)dv. (5.8)

From (5.6), one deduces the existence of a null set N with P(N) = 0. Then for every ω < N and any
ε̂ > 0, there exists a time T = T (ω) such that for all t ≥ T , it follows that

î(t, ω) ≤ e(Rs
0−1)(θ+ν+γ)+ε̂ := em+ε̂,

where m = (Rs
0 − 1)(θ + ν + γ) < 0. For each ω ∈ Ψ∗ and t > T (ω),

|r̂(t, ω)| = γe−(θ+ϵ)t
∫ T

0
e(θ+ϵ)vî(v, ω)dv + γe−(θ+ϵ)t

∫ t

T
e(θ+ϵ)vî(v, ω)dv

≤ γe−(θ+ϵ)t
∫ T

0
e(θ+ϵ)vem+ε̂dv + γe−(θ+ϵ)t

∫ t

T
e(θ+ϵ)vem+ε̂dv.

Then,

lim sup
t→∞

1
t

ln |r̂(t, ω)| ≤ −(θ + ϵ) ∨ (m + ε̂).

Letting ε̂→ 0 leads to

lim sup
t→∞

1
t

ln |r̂(t, ω)| ≤ −(θ + ϵ) ∨ m.

Then, lim
t→∞

r̂(t) = 0 almost surely. Thus, the disease i(t) converges to i0 and r̂(t) converges to r0

exponentially with probability one. This completes the proof. □

Remark 5.1. When σ = 0, the random threshold Rs
0 is the same as the deterministic threshold R0.

Based on Theorems 3.1 and 5.1, we conclude that Rs
0 serves as the threshold for system (1.4). This

result demonstrates that the stochastic system dynamics governed by this threshold preserve all essential
characteristics of its deterministic counterpart.
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6. Numerical simulations

Next, we design experiments of numerical simulation to verify aforementioned results of stochastic
system (1.4). The initial parameters of the system are set as (i(0), r(0),G(0))T = (0.15, 0.1, 0)T . Mean-
while, the Milstein high-order discretization method, proposed in [28], is applied in the system, and
therefore we obtain the following equation:


i j+1 = i j + [β̄eG j

(1 − i j − r j)i j − (θ + ν + γ)i j + ν(i j)2]∆t,

r j+1 = r j + [γi j − (θ + ϵ)r j + νi jr j]∆t,

G j+1 = G j + (−ρG j)∆t + σ
√
∆tε j,

(6.1)

where (i j, r j,G j)T represents the corresponding value of system (6.1) at the jth iteration, ∆t is the time
step, and the random term ε j ( j = 1, 2, . . . , n) follows N(0, 1). In order to verify the theoretical results,
we will carry out a numerical simulation informed by empirical parameter data of the pandemic influenza.
We choose real parameter values from published references, as presented in Table 2. Examples 6.1–6.3
are devoted to illustrating the existence of a stationary distribution, the local density approximation near
the quasi-endemic equilibrium, and the extinction behavior, respectively. In Example 6.4, we further
investigate the sensitivity of the stochastic threshold to the key parameters β̄, σ, and ρ. Example 6.5
further compares the varying-population model with its constant-population counterpart to illustrate the
effect of population variation.

Table 2. Parameter values of system (1.4).

Parameters Value References
θ 0.20548 [29]
γ 0.07140 [29]
ϵ 0.00274 [29]
ν 0.00010 [30]
β̄ 0.40000 Estimated
ρ 0.10000 Estimated

Example 6.1. We set parameter σ = 0.1 and others as shown in Table 2 to numerically illustrate the
existence of a stationary distribution. Then we compute that Rs

0 = 1.4812 > 1. As shown in Figure 1, system
(1.4) possesses a solution (i(t), r(t),G(t))T which follows a stationary distribution Ψ(·) by Theorem 3.1,
implying that the disease will persist.
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Figure 1. The graphs on the left-hand side illustrate trajectories of i(t) and r(t) in both
stochastic and deterministic models over t ∈ [0, 10000]. The graphs on the right-hand side
present the marginal density functions along with corresponding frequency histograms for i(t)
and r(t).

Example 6.2. The same parameter values as Example 6.1 are used to prove there is a probability density
around the quasi-local popular equilibrium point Y∗. Direct computation yields that Y∗ = (i∗, r∗,G∗)T =

(0.2292, 0.0786, 0)T and R0 = 1.4447 > 1. Thus, in view of Theorem 4.1, the state vector (i(t), r(t),G(t))T

for system (1.4) follows a multivariate normal distribution, namely, Ψ∗(i, r,G) ∼ N(Y∗,Σ), with the
covariance matrix given by

Σ =


0.0079 0.0024 0.0071
0.0024 0.0008 0.0015
0.0071 0.0015 0.0222

 .
Moreover, the marginal distributions corresponding to Ψ(i, r,G) are

ϕi(i) = 4.4885 × exp
(
−

(i − ī)2

0.0158

)
, ϕr(r) = 14.1047 × exp

(
−

(r − r̄)2

0.0016

)
.

Figure 2 illustrates the empirical density Ψ(T0, i, r) of (6.1) in a 2D setting at T0 = 1 × 104, 2 × 104,
and 3 × 104, and the function Ψ∗(·) in a 2D setting exhibits very similar density to what is shown in
Figure 2.
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Figure 2. (a)–(c) The empirical density Ψ(T0, i, r) of (6.1) in a 2D setting at iteration time T0

equals 1 × 104, 2 × 104, 3 × 104, respectively. (d) The function Ψ∗(·) in a 2D setting. We use
the same set of parameters as in Example 6.1. All contour plots use the ‘jet’ colormap, where
blue denotes lower density, and red is higher.

To further support this similarity, Figure 3 depicts the empirical marginal densities Ψi(i) and Ψr(r)
(i.e., the density function curves fit well to i and r) when T0 = 1 × 104, 2 × 104, and 3 × 104, each in a
different color. In this figure, Ψ∗i (i) and Ψ∗r(r) exhibit a high degree of overlap with those specific curves.

Figure 3. Iteration times T0 = 1 × 104 (blue), 2 × 104 (red), 3 × 104 (green) indicate the
empirical marginal densities Ψi(i) and Ψr(r) of (6.1). The black lines indicate the marginal
densities of Ψ∗(i, r,G) (i.e., Ψ∗i (i) and Ψ∗r(r)). We set parameters the same as in Example 6.1.

Example 6.3. We set σ = 0.01, β̄ = 0.25, and the other parameter values are the same as those in
Table 2 to validate that disease will become extinct under small noise. Then we have Rs

0 = 0.9031 < 1.
According to Theorem 5.1, the disease becomes extinct exponentially in the long term; see Figure 4.
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Figure 4. Time series of proportions of infected (i) and removed (r) populations in determinis-
tic and stochastic systems. The noise intensity of the random system (1.4) is σ = 0.01.

Example 6.4. We further investigate how the key parameters β̄, σ, and ρ affect the stochastic threshold
and the corresponding dynamical behaviors of system (1.4). In this example, the remaining parameters
are fixed as in Table 2. According to the theoretical results established in Sections 3 and 5, when Rs

0 > 1,
system (1.4) admits a stationary distribution, whereas when Rs

0 < 1, the disease becomes extinct.

Figure 5 shows that Rs
0 increases monotonically with β̄ and σ, while it decreases as ρ increases. The

dashed horizontal line Rs
0 = 1 separates the extinction region from the stationary-distribution region,

and the vertical dotted line marks the corresponding critical parameter value. For the baseline setting
used in this example, the critical values are βc = 0.270141, σc = 0.101041, and ρc = 0.097950.

Figure 5. Sensitivity of the stochastic threshold Rs
0 with respect to β̄, σ, and ρ. Panels (a)–(c)

show the dependence of Rs
0 on the average transmission rate, the environmental noise intensity,

and the mean-reversion speed, respectively. The horizontal dashed line denotes Rs
0 = 1, and

the vertical dotted line indicates the corresponding critical value.
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To further illustrate the effect of parameter variation on the sample-path behavior, Figure 6 presents
the trajectories of i(t) and r(t) under three sensitivity scenarios associated with β̄, σ, and ρ. Pan-
els (a) and (b) correspond to β̄ = 0.2400, 0.2820, and 0.3100; panels (c) and (d) correspond to
σ = 0.0000, 0.1400, and 0.2000; and panels (e) and (f) correspond to ρ = 0.2000, 0.0800, and 0.0500.
For each group, the three parameter values represent cases below the threshold, slightly above the
threshold, and well above the threshold, respectively. The corresponding stochastic thresholds are
approximately 0.8884, 1.0439, and 1.1475 for the β̄ cases; 0.9748, 1.0238, and 1.0773 for the σ cases;
and 0.9871, 1.0057, and 1.0248 for the ρ cases. It can be observed that when Rs

0 < 1, the infected
component tends to decay to a very low level, whereas when Rs

0 > 1, the trajectories fluctuate around
positive levels. These observations are consistent with the theoretical threshold results.

The numerical results indicate that increasing β̄ orσ raises the stochastic threshold, whereas increasing
ρ reduces it. These results further illustrate the roles of the average transmission rate, the environmental
noise intensity, and the mean-reversion speed in shaping the threshold behavior of system (1.4).

Figure 6. Representative sample paths of i(t) and r(t) under different values of β̄, σ, and ρ.
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Example 6.5. We set the parameters as in Example 6.1. The case ν = 0 corresponds to the constant-
population model, while ν > 0 gives the varying-population model. To examine the effect of ν, we take
ν = 0, 0.02, 0.06, 0.10, 0.12, and 0.14. For each value of ν, the same realization of the Brownian
motion is used. We use M = 200 sample paths and compute the long-time average of i(t) over [300, 500].
For these parameter values, solving Rs

0(ν) = 1 yields the critical value νc ≈ 0.133246. Hence, increasing
ν decreases the stochastic threshold.

Figure 7 shows that the infected level decreases as ν increases. The long-time mean of i(t) decreases
from about 0.2308 for ν = 0 to about 0.0097 for ν = 0.14. This agrees with the threshold formula: Since
Rs

0(ν) is decreasing in ν, larger ν makes disease persistence less likely. In particular, when ν = 0.14,
Rs

0(ν) ≈ 0.9838 < 1, and the infected level becomes very small.
These observations also have a clear biological interpretation. The parameter ν represents the

disease-induced mortality rate, and its increase reduces both the stochastic threshold and the long-time
infected level. This suggests that population variation, although no longer explicitly appearing after
normalization, still affects the epidemic outcome through the modified threshold and the ν-dependent
drift terms. From an applied perspective, the comparison between the varying-population model and
its constant-population counterpart indicates that ignoring population variation may overestimate the
persistence level of an infection in a fluctuating environment.

Figure 7. Comparison between the constant-population model and the varying-population
model for different values of ν under the same Log-OU perturbation. Panels (a) and (b) show
representative sample paths and Monte Carlo mean trajectories of i(t), respectively. Panel (c)
shows the long-time mean of i(t) over [300, 500]. Panel (d) shows Rs

0(ν) as a function of ν.
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7. Conclusions

In this paper, we studied a stochastic SIRS epidemic model with varying population size, where
the transmission rate is driven by a Log-OU process. We established the existence and uniqueness of
the global positive solution, identified the stochastic threshold Rs

0, and showed that the model exhibits
extinction when Rs

0 < 1 and admits a unique invariant probability measure when Rs
0 > 1. These results

show that Rs
0 governs the long-term behavior of the system under environmental fluctuations.

We further showed that the linearized system near the quasi-endemic equilibrium admits a Gaus-
sian invariant measure, yielding a local Gaussian approximation of the invariant probability density.
Moreover, under suitable parameter conditions and sufficiently small noise intensity, the invariant joint
probability distribution can be globally approximated by a normal distribution.

In addition, the comparison with the constant-population counterpart indicates that, although the total
population no longer appears explicitly after normalization, the effect of population variation is retained
through the disease-induced mortality parameter ν, which influences both the threshold structure and the
long-term infected level. Numerical results further indicate that the average transmission rate, the noise
intensity, and the mean-reversion speed jointly influence the threshold and the corresponding epidemic
outcome. Future work may consider multidimensional OU perturbations, higher-dimensional stochastic
epidemic systems, and data-driven calibration of the proposed model.
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6. S. Hussain, O. Tunç, G. ur Rahman, H. Khan, E. Nadia, Mathematical analysis of stochastic
epidemic model of MERS-corona & application of ergodic theory, Math. Comput. Simul., 207
(2023), 130–150. https://doi.org/10.1016/j.matcom.2022.12.023

7. Z. Shi, D. Jiang, Dynamical behaviors of a stochastic HTLV-I infection model with general
infection form and Ornstein–Uhlenbeck process, Chaos, Solitons Fractals, 165 (2022), 112789.
https://doi.org/10.1016/j.chaos.2022.112789

8. Y. Zhou, D. Jiang, Dynamical behavior of a stochastic SIQR epidemic model with Orn-
stein–Uhlenbeck process and standard incidence rate after dimensionality reduction, Commun.
Nonlinear Sci. Numer. Simul., 116 (2023), 106878. https://doi.org/10.1016/j.cnsns.2022.106878

9. J. Shang, W. Li, Dynamical behaviors of a stochastic SIRV epidemic model with
the Ornstein–Uhlenbeck process, Adv. Contin. Discrete Models, 2024 (2024), 9.
https://doi.org/10.1186/s13662-024-03807-6

10. W. Wang, Y. Cai, Z. Ding, Z. Gui, A stochastic differential equation SIS epi-
demic model incorporating Ornstein–Uhlenbeck process, Physica A, 509 (2018), 921–936.
https://doi.org/10.1016/j.physa.2018.06.099

11. K. Mamis, M. Farazmand, Stochastic compartmental models of COVID-19 pandemic
must have temporally correlated uncertainties, Proc. R. Soc. A, 479 (2023), 20220568.
https://doi.org/10.1098/rspa.2022.0568

12. B. Zhou, D. Jiang, B. Han, T. Hayat, Threshold dynamics and density function of a stochastic
epidemic model with media coverage and mean-reverting Ornstein–Uhlenbeck process, Math.
Comput. Simul., 196 (2022), 15–44. https://doi.org/10.1016/j.matcom.2022.01.014

13. Z. Shi, D. Jiang, Stochastic modeling of SIS epidemics with logarithmic Ornstein–Uhlenbeck
process and generalized nonlinear incidence, Math. Biosci., 365 (2023), 109083.
https://doi.org/10.1016/j.mbs.2023.109083

14. B. Han, D. Jiang, Complete characterization of dynamical behavior of stochastic epidemic model
motivated by black-Karasinski process: COVID-19 infection as a case, J. Franklin Inst., 360 (2023),
14841–14877. https://doi.org/10.1016/j.jfranklin.2023.10.007

15. M. Gao, Y. Jiang, D. Jiang, Threshold dynamics of a stochastic SIRS epidemic model with transfer
from infected individuals to susceptible individuals and log-normal Ornstein-Uhlenbeck process,
Electron. Res. Arch., 33 (2025), 3037–3064. https://doi.org/10.3934/era.2025133

16. R. Khasminskii, Stochastic Stability of Differential Equations, Springer Science & Business Media,
2012. https://doi.org/10.1007/978-3-642-23280-0

Electronic Research Archive Volume 34, Issue 6, 4290–4324.

https://dx.doi.org/https://doi.org/10.3934/dcdss.2024209
https://dx.doi.org/https://doi.org/10.1016/j.matcom.2021.08.003
https://dx.doi.org/https://doi.org/10.1016/j.matcom.2022.12.023
https://dx.doi.org/https://doi.org/10.1016/j.chaos.2022.112789
https://dx.doi.org/https://doi.org/10.1016/j.cnsns.2022.106878
https://dx.doi.org/https://doi.org/10.1186/s13662-024-03807-6
https://dx.doi.org/https://doi.org/10.1016/j.physa.2018.06.099
https://dx.doi.org/https://doi.org/10.1098/rspa.2022.0568
https://dx.doi.org/https://doi.org/10.1016/j.matcom.2022.01.014
https://dx.doi.org/https://doi.org/10.1016/j.mbs.2023.109083
https://dx.doi.org/https://doi.org/10.1016/j.jfranklin.2023.10.007
https://dx.doi.org/https://doi.org/10.3934/era.2025133
https://dx.doi.org/https://doi.org/10.1007/978-3-642-23280-0


4324

17. Q. Liu, D. Jiang, T. Hayat, A. Alsaedi, B. Ahmad, A stochastic SIRS epidemic model
with logistic growth and general nonlinear incidence rate, Physica A, 551 (2020), 124152.
https://doi.org/10.1016/j.physa.2020.124152

18. R. Rudnicki, Long-time behaviour of a stochastic prey-predator model, Stochastic Processes Appl.,
108 (2003), 93–107. https://doi.org/10.1016/S0304-4149(03)00090-5

19. B. Zhou, X. Zhang, D. Jiang, Dynamics and density function analysis of a stochastic SVI epi-
demic model with half saturated incidence rate, Chaos, Solitons Fractals, 137 (2020), 109865.
https://doi.org/10.1016/j.chaos.2020.109865

20. B. Zhou, H. Wang, T. Wang, D. Jiang, Stochastic generalized Kolmogorov systems with small
diffusion: I. Explicit approximations for invariant probability density function, J. Differ. Equations,
382 (2024), 141–210. https://doi.org/10.1016/j.jde.2023.10.057

21. X. Mao, Stochastic Differential Equations and Applications, Elsevier, 2007.

22. Y. Zhao, D. Jiang, X. Mao, A. Gray, The threshold of a stochastic SIRS epidemic model in
a population with varying size, Discrete Contin. Dyn. Syst. - Ser. B, 20 (2015), 1277–1295.
https://doi.org/10.3934/dcdsb.2015.20.1277

23. D. R. Bell, The Malliavin calculus, Courier Corporation, 2012.

24. N. H. Du, D. H. Nguyen, G. G. Yin, Conditions for permanence and ergodicity of certain stochastic
predator-prey models, J. Appl. Probab., 53 (2016), 187–202. https://doi.org/10.1017/jpr.2015.18

25. N. Etemadi, An elementary proof of the strong law of large numbers, Z. Wahrscheinlichkeitstheorie
verw Gebiete, 55 (1981), 119–122. https://doi.org/10.1007/BF01013465

26. B. Øksendal, Stochastic Differential Equations: An Introduction with Applications, Springer Science
& Business Media, 2013. https://doi.org/10.1007/978-3-642-14394-6

27. Z. Ma, Y. Zhou, C. Li, Qualitative and Stability Methods for Ordinary Differential Equations,
Science Press, Beijing, 2015.

28. D. J. Higham, An algorithmic introduction to numerical simulation of stochastic differential
equations, SIAM Rev., 43 (2001), 525–546. https://doi.org/10.1137/S0036144500378302

29. J. B. Plotkin, J. Dushoff, S. A. Levin, Hemagglutinin sequence clusters and the anti-
genic evolution of influenza A virus, Proc. Natl. Acad. Sci. U.S.A., 99 (2002), 6263–6268.
https://doi.org/10.1073/pnas.082110799

30. X. B. Zhang, X. H. Zhang, The threshold of a deterministic and a stochastic SIQS epi-
demic model with varying total population size, Appl. Math. Modell., 91 (2021), 749–767.
https://doi.org/10.1016/j.apm.2020.09.050

© 2026 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

Electronic Research Archive Volume 34, Issue 6, 4290–4324.

https://dx.doi.org/https://doi.org/10.1016/j.physa.2020.124152
https://dx.doi.org/https://doi.org/10.1016/S0304-4149(03)00090-5
https://dx.doi.org/https://doi.org/10.1016/j.chaos.2020.109865
https://dx.doi.org/https://doi.org/10.1016/j.jde.2023.10.057
https://dx.doi.org/
https://dx.doi.org/https://doi.org/10.3934/dcdsb.2015.20.1277
https://dx.doi.org/
https://dx.doi.org/https://doi.org/10.1017/jpr.2015.18
https://dx.doi.org/https://doi.org/10.1007/BF01013465
https://dx.doi.org/https://doi.org/10.1007/978-3-642-14394-6
https://dx.doi.org/
https://dx.doi.org/https://doi.org/10.1137/S0036144500378302
https://dx.doi.org/https://doi.org/10.1073/pnas.082110799
https://dx.doi.org/https://doi.org/10.1016/j.apm.2020.09.050
https://creativecommons.org/licenses/by/4.0

	Introduction
	Existence and uniqueness of solutions to the system (1.4)
	Existence and uniqueness of a stationary distribution
	Markov semigroup
	Formal Fokker-Planck description
	Proof of stationary distribution

	Probability density function
	Extinction
	Numerical simulations
	Conclusions

