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Abstract: Utilizing evolutionary algorithms (EAs) to solve multitask optimization problems (MTOPs)
simultaneously has gained significant attention because many real applications usually share similar
properties or have a certain degree of correlations. In this new research area in the EA community,
namely multitask optimization (MTO), a key challenge is transfering useful knowledge among different
tasks efficiently. In this paper, a multitask differential evolution (DE) algorithm is proposed in which
a simple variant of the canonical DE is adopted as the basic optimizer. Furthermore, an expert library
module (ELM), which can extract useful knowledge from the historical optimization experiences of
DE, is introduced as a complement for the DE to generate offspring. In the proposed algorithm, named
MTDE-ELM, when the DE performs the mutation operator, if all individuals chosen to perform the
mutation have the same skill factor, intratask knowledge transfer can be realized. Conversely, when
individuals with different skill factors are adopted to execute the mutation, intertask knowledge transfer
can be realized. In the ELM, evolutionary data of different tasks are used to train the feedforward neural
networks (FNNs). After that, the trained FNN can realize potential knowledge transfer among different
tasks. Moreover, based on the trained FNN, each individual can query its promising evolutionary
direction, which can be regarded as an effective supplement for the DE to generate offspring. The
comprehensive performance of the MTDE-ELM is demonstrated through comparisons with five other
MTO algorithms. Furthermore, distinct properties of the newly introduced strategies are also confirmed
by experimental analysis.
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1. Introduction

Evolutionary algorithms (EAs) [1] have gained popularity in optimizing complex problems in
recent years by simulating Darwinian principles of “survival of the fittest” [2]. Due to their simple
implementation and robust characteristics, various EAs have been successfully applied in different
optimization problems in numerous study domains, such as astronomy [3], physics [4],
bio-informatics [5], and other complicated scientific applications [6, 7]. Generally, these optimization
problems can be classified into two types, single-objective [8] and multi-objective [9]. No matter the
type of problem to be optimized, traditional EAs often treat these problems as isolated entities,
disregarding potential correlations among them. However, many real applications usually share some
similar properties or have a certain degree of correlation [10, 11]. Intuitively, if the properties and
correlations of different tasks are utilized efficiently, EAs can optimize the tasks simultaneously. With
this in mind, multitask optimization (MTO) [12, 13] has emerged as a new research area in the EA
community, aiming to solve multitask optimization problems (MTOPs), in which multiple interrelated
tasks must be optimized simultaneously.

A great challenge in an MTO algorithm is how to transfer helpful knowledge among different tasks
in an MTOP effectively [14, 15]. In recent years, various MTO algorithms have highlighted the
critical role of knowledge transfer through various strategies [16—18]. Intuitively, a simple knowledge
transfer can be realized by a random crossover operation on two individuals who focus on distinct
tasks. However, a random crossover has a certain blindness for knowledge transfer. On the contrary,
others focus on leveraging historical experiential knowledge to guide the subsequent evolutionary
process [19,20]. A representative method is a multifactorial evolutionary algorithm (MFEA) [21], in
which individuals within a single population have their skill factors according to their performance on
different tasks. Thus, when two individuals with different skill factors are used to generate offspring
via crossover operators, knowledge transfer can be implicitly carried out from one task to the other. In
a further refinement, Zhou et al. [22] proposed a multifactorial evolutionary algorithm with adaptive
knowledge transfer (MFEA-AKT), which incorporates a novel mechanism for more effectively
utilizing historical information. The crossover operator in an MFEA-AKT can dynamically adjust the
intensity of knowledge sharing based on real-time data, which can improve the efficiency of the
knowledge transfer process.

Furthermore, the integration of learning mechanisms with evolutionary optimization has attracted
increasing attention in recent years. In particular, learning-aided evolutionary computation [23] has
been extensively studied to enhance search efficiency by leveraging historical optimization
experience. Representative works by Zhan et al. [24] have proposed a meta-knowledge transfer-based
differential evolution (MKTDE) that introduces the concept of meta-knowledge, defined as the
knowledge of how to evolve high-quality solutions, enabling more general and flexible knowledge
transfer across heterogeneous tasks. These studies suggest that learning transferable search patterns,
rather than directly transferring candidate solutions, can significantly improve optimization
performance. Nevertheless, effectively modeling such knowledge and mitigating negative transfer in
complex multitask scenarios remains a challenging problem, which motivates the proposed method.

These studies verify that utilizing historical knowledge reasonably is conducive to obtaining
correlations among different tasks in an MTOP. Although substantial evolutionary data, such as
population distribution and fluctuations of individuals’ fitness, can be acquired during the
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optimization process, mere data acquisition is insufficient to guarantee its effective utilization. In
other words, the acquired data has little value if useful knowledge cannot be extracted from it. Thus,
to enhance the performance of an MTO algorithm, we need to establish a knowledge base system in
which valuable knowledge can be obtained based on organically integrated evolutionary data.

To illustrate this concept, the optimization scenario is presented in Figure 1, in which two tasks
(i.e., Task1 and Task?2) are considered. In the figure, individual a, in Task]1 is regarded as a parent, and
a; and a, are potential offspring of a,. The evaluation results indicate that both of the offspring are
superior to the parent. As a result, both evolutionary directions of a, (i.e., move to the left and move to
the right in Figure 1) are promising.

According to the principles of survival of the fittest, retaining a; for survival seems promising
because it demonstrates higher fitness than a,. However, it may hinder the discovery of the global
optimum a,,,, potentially resulting in convergence at a local optimum. However, if the gradient
information of Task2 can be utilized, a, will be saved to the next generation. In this case, the
probability of finding the global optima of the two tasks (i.e., a,;, and b,;,) will be increased,
although a, is worse than a;. This phenomenon illustrates that, even if individuals like a,, which has
potential advantages, are identified during the iteration process, their merits may be ignored if there is
no helpful knowledge to guide their subsequent search directions. This observation confirms that it is
feasible that unearthing correlations between different tasks and reasonably utilizing them can help an
algorithm efficiently solve the tasks simultaneously.
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Figure 1. An example of two-task knowledge association: a, represents the parent, and a;
and a, are potential successful individuals, both belonging to Task1. a; outperforms a,, but
selecting a; as the new parent may cause offspring to move further away from the optimal
solution ay,,. b represents an individual from Task2. By leveraging knowledge from b, Task1
can potentially generate offspring a,b, which is more likely to enhance the convergence rate
and accuracy of the Task1 optimization process.
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Although substantial data and successful experiences have been accumulated in each task, they
often remain segregated across tasks, impeding mutual learning and integration. As a result, the
efficiency of an MTO algorithm is constrained by the lack of effective integration with existing
knowledge in different tasks. Therefore, the study of the MTO should not solely focus on acquiring
relevant knowledge but also effectively transferring the knowledge among different tasks.

In recent years, neural networks (NNs) [25] have demonstrated strong capability in modeling
complex nonlinear relationships by learning patterns directly from data without relying on predefined
rules. In the EA community, existing studies have shown that NNs can effectively extract useful
knowledge from the historical search process of populations and further guide subsequent
evolutionary search [26-28].

Furthermore, the integration of NNs and deep learning models with MTO has attracted increasing
attention [29, 30]. In particular, recent studies have explored learning assisted evolutionary
optimization frameworks that leverage prior optimization experience to improve search efficiency.
These approaches introduce knowledge adaptation mechanisms to enable the reuse and refinement of
historical search information, thereby guiding the evolutionary process across tasks. Existing research
mainly focuses on data-driven paradigms, including surrogate-assisted MTO, deep representation
learning, and NN-based multitask learning models [31,32].These methods aim to facilitate knowledge
sharing across tasks and improve optimization efficiency.Nevertheless, effectively controlling
knowledge transfer and mitigating negative transfer, particularly in low-similarity scenarios, remain a
significant challenges, which motivates the development of more robust learning-assisted
MTO approaches.

In this paper, inspired by the aforementioned studies, a multitask differential evolutionary (DE)
algorithm based on an expert library module (ELM), named MTDE-ELM (mutlitask differential
evolutionary expert library module), is proposed, aiming to properly integrate and utilize knowledge
elements across multiple tasks. In the MTDE-ELM, a variant of the DE algorithm [33] is adopted as
the basic optimizer, and the ELM is introduced as a supplementary tool of the DE. The contributions
of the MTDE-ELM can be summarized as follows.

1) Intra-task knowledge transfer. When utilizing the DE to optimize each task, all individuals
adopted to perform the mutation process have the same skill factor. In this condition, different
individuals’ search experiences about the same task can be exchanged, and then the intratask
knowledge transfer can be realized. Based on the knowledge transfer, the performance of the
MTDE-ELM on each task can be highlighted.

2) Inter-task knowledge transfer. To deal with an MTOP, an efficient knowledge exchange
between different individuals assigned to different tasks is crucial and indispensable. In the
MTDE-ELM, when an individual in the DE performs the mutation operator, individuals with different
skill factors are selected. In this case, the individuals can realize the intertask knowledge transfer
because the generated offspring incorporates knowledge about various tasks. Relying on the
knowledge transfer, an individual’s experience on a task can help another individual optimize
another task.

3) Potential knowledge transfer. In the ELM, which is a supplementary tool of the DE, a single
feedforward neural network (FNN) is used to extract helpful knowledge from individuals’ experience.
In the FNN, evolutionary data of different tasks are adopted as the input and output data. In this
condition, the trained FNN can learn the mapping relationship between individuals’ positions and their
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search directions among different tasks and then realize the potential knowledge transfer.

The rest of the paper is organized as follows. Section 2 provides an overview of the proposed
methodology. Section 3 details the MTDE-ELM framework. Section 4 presents an experimental study
on the benchmark problem. Finally, Section 5 summarizes the research work and outlines our outlook
for future work.

2. Preliminaries

In this section, we present the background knowledge about MTO. Then, some representative
studies of the MFEA are discussed.

2.1. Multitask optimization

Although various EAs have been proposed to solve single-objective and multi-objective problems,
real-world applications often require EAs to handle multiple problems simultaneously [34, 35].
Inspired by the ability of computers to handle parallel tasks, many scholars began to pay much
attention to MTO [36], in which two or more related tasks in an MTOP need to be
optimized simultaneously.

Generally, there are k different tasks, denoted as T, (1 < ¢ < k), involved in an MTOP. Without loss
of generality, all tasks are minimization problems. Thus, the goal of the MTO is to determine optimal
solutions X*(¢), defined as Eq (2.1), for each task T7:

X*(¢) = argmin f;(X(?)), (2.1

where f,(x) denotes the objective function of x on 7;. Due to that different tasks may have various
search spaces [37,38], that is different dimensions and ranges, operating directly within their original
search spaces may hinder efficient knowledge sharing among different tasks. To address this issue,
researchers have proposed unified search spaces for all tasks. Specifically, the search spaces of different
tasks are first expanded to the maximum dimension D,,,, = max(Dy, D,, ..., D) of all the tasks, where
D, (1 <t < k) is the number of variable dimensions of 7,. Then, normalization is applied to restrict
each solution X;(#) within its corresponding task’s upper bound UB(¢) and lower bound LB(#). Finally,
each decision variable is mapped to a unified search space (0, 1)Pm=. Let y;, (1) denote the original
decision variable of the jth dimension for task ¢ and x; ;() be the mapped decision variable of the jth
dimension; then a simple linear transformation between y; ;(r) and x; ;(¢) can be defined as Eq (2.2).

x;, /(1) = 1D (1) + (ub(t) — Ib;(1)) - yi j(1), (2.2)

where x; (), ub;(t), and [b;(t) are the jth dimension values of X;(7), UB(#), and LB(z), respectively.
The unification of the search spaces allows an MTO algorithm to transfer knowledge between tasks
with different variables and search spaces, and then helpful knowledge of a task can be shared by other
tasks. In other words, knowledge sharing and collaboration among different tasks can be achieved.

2.2. Related works

The introduction of the MFEA marked a significant breakthrough in MTO field. The unique
innovation of the MFEA lies in its integration of multifactorial genetic theory within a biocultural
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modeling framework. In the MFEA, some new metrics introduced to evaluate individuals are defined
as follows.

Factorial cost i/ is used to evaluate the fitness of X; on the task T;,. Generally, i is equal to an
optimization problem’s objective value if the problem is unconstrained. This metric represents the
aggregate difference between an individual’s actual objective values and the ideal objective values
across all tasks, providing a comprehensive evaluation of the individual’s overall performance.
Factorial rank r{ is simply the index of X in the list of population members sorted in ascending
order with respect ¢!. The metric reflects the ranking of individuals’ fitness for a specific task,
indicating their relative performance in the task.

Scalar fitness ¢; is the minimum of the inverse of factorial rank values 7. A higher ¢; indicates
better performance of an individual in the respective task 7.

Skill factor 7; of X is the one task, amongst all other tasks in MTO, on which the individual is
most effective.

To facilitate the effective transfer of knowledge across distinct tasks,the MFEA incorporates two
mechanisms: an assortative mating mechanism and a vertical cultural transmission mechanism.
Initially, the assortative mating mechanism permits individuals that have diverse skill factors in
different tasks to perform a crossover operator. Based on the mechanism, the offspring inherit the
combined skill sets of their progenitors and are equipped to selectively adopt the skills of one parent,
thereby enhancing their evolutionary potential. Subsequently, the vertical cultural transmission
mechanism is conducted, in which the offspring compete with their peers within the task for the
opportunity to propagate their genetic traits. The synergistic interplay between the two mechanisms
enables the MFEA to efficiently mediate the transfer of knowledge across tasks from parent to
offspring. Based on the above discussions, the MFEA can be expressed as Algorithm 1.

Algorithm 1 MFEA.

[
—_— O

—
[\

R AU I

Input: 7, 7>, ..., T; ,the MTOPs with k tasks;
G max, maximum number of iterations;
N,population size of each task;
Initialize generation counter g = 1;
Generate an initial population Pop?;
Evaluate each individual in Pop?;
Calculate the skill factor 7 for each individual in Pop?;
while ¢ < G,,,x do
Of ¢ « Offspring Generation according to assortative mating;
Evaluate individuals in Of % by vertical cultural transmission;
Pop? U Of f¢ « Combine Pop® and Of f¢;
[#, 7] « Update scalar fitness and skill factors in Pop$ U Of f%;
Pop%*! « Select N best individuals in Pop® U Of f%;
g=g+1L
Output: X7, X7, ..., X; ,the best solution for tasks;

. end while

In the MFEA, individuals oriented to different tasks are placed in the same population. During the
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optimization process, knowledge transfer is realized by a fixed crossover on aligned dimensions of
different individuals. Furthermore, considering that different crossover operators have a unique bias in
generating offspring, Zhou et al. [22] proposed the MFEA-AKT, in which multiple crossover
operators are adopted. During the optimization, individuals adaptively select a proper crossover
operator for knowledge transfer based on the information collected along the evolutionary process.
However, these approaches may still suffer from negative transfer when the relationships between
tasks are weak or misleading. To address this issue,the multitask evolutionary algorithm with anomaly
detection (MTEA-AD) [39] introduced an anomaly detection mechanism to identify and filter out
harmful knowledge during the transfer process. By adaptively regulating the knowledge-sharing
behavior, MTEA-AD improves the robustness of the MTO.

Without prior knowledge about the intertask synergies, negative knowledge transfer may appear in
a random crossover in the MFEA. Thus, to allay such fear, Bali et al. [36] extended the MFEA to the
MFEA-II, in which a novel data-driven approach is used to capture intertask similarities. Then, a
transfer parameter matrix, adapted online during the course of the multitasking search, is used to
determine the extent of knowledge transfers. This mechanism enables the MFEA-II to respond to
real-time feedback and flexibly adjust its search process. Although these adaptive methods improve
the effectiveness of knowledge transfer, negative knowledge transfer between uncorrelated tasks also
appears in many cases. To alleviate this issue, Bali et al. [40] proposed a linearized domain adaptation
strategy, which can transform the search space of a simple task into a search space similar to its
constitutive complex task. This high-order representative space resembles a high correlation with its
constitutive task and provides a platform for efficient knowledge transfer via crossover. Generally,
there is a common phenomenon that the solutions of distinct tasks usually obey different distributions,
which may cause individuals after intertask learning to be unsuitable for the original task. Thus, Wang
et al. [41] designed a domain adaptation-based mapping strategy to reduce the difference across
solution domains and extract more genetic traits to enhance the overall performance of
information interactions.

The studies in [40, 41] indicate that getting a better insight of correlations between two
heterogeneous tasks’ fitness landscape is helpful for the positive knowledge transfer among the tasks.
Hence, Han et al. [42] proposed a multitask particle swarm optimization (MTPSO-HDA), in which an
adaptive kernel function is utilized to construct a nonlinear mapping between the source and target
tasks. Then, a multisource domain adaptive strategy based on fitness landscape similarity is designed
to achieve positive knowledge transfer among heterogeneous tasks.

During the last decades, various multipopulation mechanisms have displayed very favorable
performance on different EAs [13,43] because they have an excellent ability to maintain population
diversity. Thus, many scholars began to introduce multipopulation mechanisms into the MTO field.
In [44], Liang used tasks’ similarity, measured by the maximum mean discrepancy, to divide them
into multiple groups, and a multisource knowledge transfer mechanism was introduced to determine
the probabilities of self-evolution within each task and knowledge transfer among tasks. In 2023, Wu
et al. [45] proposed another metric to define the similarity of different tasks, namely a shift invariance.
Based on obtained similarity, different tasks can be categorized into different groups. Thus, successful
knowledge can efficiently transfer among similar tasks within the same group. It can be found that
these research strategies utilize the information generated by individuals or populations to guide the
search process. These algorithms all show excellent performance in MTOPs.
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Although existing methods have demonstrated the benefits of knowledge transfer, their knowledge
utilization mechanisms mainly rely on direct information sharing and simple accumulation strategies.
Current methods primarily focus on immediate knowledge transfer between tasks, whereas the
potential of systematic knowledge mining and deep cross-domain pattern analysis remains fully
explored [46,47]. A more comprehensive knowledge analysis and association framework can further
improve the effectiveness of evolutionary optimization in complex multitasking scenarios. To achieve
this, we propose a mechanism for the acquisition, association, and application of historical knowledge
designed to guide individuals in evolving toward a more rational direction.

2.3. Motivation

Research on knowledge acquisition is increasingly gaining attention in the field of the MTO.
However, efficient integration and utilization of historical knowledge, extraction of valuable insights,
and rapid and effective dissemination of this knowledge remain key challenges to be addressed. In the
cycle of population evolution, individual data characterization plays a dual role: It not only preserves
valuable evolutionary patterns but also serves as a bridge connecting various task domains. This dual
functionality suggests that effective knowledge representation and transfer mechanisms are crucial for
cross-domain optimization. Notably, capturing, associating, and utilizing knowledge patterns across
domains is essential for enhancing optimization performance.

Motivated by these observations, this paper presents the MTDE-ELM, which systematically
addresses knowledge management challenges in MTO. It integrates mechanisms for adaptive data
acquisition, deep pattern analysis, dynamic knowledge association, and evolutionary trajectory
prediction. This integrated approach demonstrates superior capability in identifying beneficial
features and evolutionary directions during the data collection phase. Its predictive mechanism
enables accurate forecasting of population evolutionary trajectories while facilitating comprehensive
knowledge integration across diverse population domains. Experimental results show that this
complex knowledge integration process greatly enhances the convergence properties of the algorithm
and the stability of the solution in complex MTO environments.

3. Multitask differential evolutionary expert library module

This section presents the details of the proposed MTDE-ELM. First, the DE algorithm is briefly
described because the framework MTDE-ELM is based on it. Next, the MTDE-ELM algorithm
framework is briefly outlined to guide population evolution effectively. Finally, the operational
process of the MTDE-ELM algorithm is described comprehensively.

3.1. Canonical DE algorithm

A DE algorithm is a population-based stochastic optimization technique. During the last few years,
many DE variants have displayed favorable performance in different fields, beneficial for the powerful
global searching ability and the higher robustness of the DE [48-50]. Similar to the genetic algorithm
(GA) [51,52], a typical DE consists of four basic operators, that is, initialization, mutation, crossover,
and selection. The details of the operators in a single task are introduced as follows.
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3.1.1. Initialization

An initial population g = 1 can be denoted as Pop® = {X%,X$, ..., X%}, in which each individual
X¢ = (xf . xfz, vy xf D) is randomly generated in a feasible space, where D is the number of variables,
and N is the population size. After that, the population consecutively applies mutation, crossover, and

selection operators to generate offspring in each generation.

3.1.2. Mutation

After initialization, a differential mutation operation is performed among individuals in the
population to generate a mutant vector V¥ = (vfl,vfz, VS D) for a target vector X?. The most

common and the simplest mutation strategy, named “DE/rand/1”, is defined in Eq (3.1).
Vi =X + Fx (X5, - X05), (3.1)

where X, X%, and X?, are three individuals. Note that r1, r2, and r3 are mutually exclusive integers
randomly selected in the set {1,2,...,N} \ {i}. The parameter F represents the scaling factor that

controls the amplitude of the differential variation.

3.1.3. Crossover

After mutation, the mutant vector V¥ undergoes a binomial crossover operation with the current

8

individual X{ to generate a new candidate solution U = (ul.’] , ufz, . u‘i D). Specifically, it is represented

as Eq (3.2).

(3.2)

X% otherwise,

{vij if rand < CRor j=j, (j€ D);
2¥)

where rand is a random number uniformly distributed in the range [0, 1], CR is the crossover
probability, and j, is an integer randomly generated in the range [1, D].

3.1.4. Selection

Finally, the objective evaluation function value is used to compare the newly generated candidate
solution U with the current individual X, selecting the better-performing individual to proceed to the
next generation. If the candidate’s solution is superior to the current solution, the candidate replaces
the current individual. The selection operator is defined as Eq (3.3).

8 3 8 8.
Xt = {X,. if F(X5) < f(US); (33)

U?  otherwise,

where f(x) is the fitness of the solution x.

3.2. MTDE-ELM framework

In the MTDE-ELM, there are two primary components, an offspring generation module (OGM)
and the ELM. In the OGM, a simple DE algorithm is improved to deal with MTOPs. During the
optimization process, the improved the DE algorithm can realize both intratask and intertask
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knowledge transfer. The role of the ELM is to extract helpful knowledge from individuals’ evolution,
which can realize potential knowledge transfer within different tasks and then enhance the
effectiveness of the OGM. Based on the three knowledge transfers, that is intratask, intertask, and
potential knowledge transfer, MTDE-ELM can exhibit more efficient and promising performance.
The details of two modules are introduced in the next sections.The pseudocode for the entire
procedure of the MTDE-ELM is summarized in Algorithm 2, the basic framework flow of the
MTDE-ELM is illustrated in Figure 2.

(@

}

Updating the new generation of
population

Terminate?

Figure 2. Flow chart of the MTDE-ELM for solving MTOPs with two tasks.

3.3. Expert library module

Although fitness landscapes can be highly complex in global search spaces, their variations are
often relatively smooth within local neighborhoods. Therefore, promising search directions and
step-size patterns obtained from previous generations can provide useful guidance for the current
evolutionary process. In this study, “expert knowledge” is defined as the implicit search experience
learned from historical evolutionary processes. Specifically, it includes effective search directions,
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Algorithm 2 MTDE-ELM.

Input: T], T2, ey Tk; MaxFEs;
Begin
Set parameters: g = 1, fes =0, trained = 0, p,, pm, F, CR;
Initial Population Pop#={X$(r1), X§(12), ... X§(ra)}:
while fes < MaxFEs do
fori=1toN do
X‘f“(‘ri) = OGM(X!(17), Pu> Pm» F, CR, Pop®, trained);
end for
Dy —{X§(11), X5(12), ... X5 (Tw)}; /) see Eq (3.4)
D5, (Y5, Y5, ... Y i // see Eq (3.5)

out

Training the FNN in the ELM; // see Section 3.3.2

trained = 1;
g=g+1; fes= fes+ N;
end while

Output: X7, X5, ..., X], the best solution for tasks

step-size adaptation patterns, and potential relationships among tasks that contribute to generating
high-quality solutions. To model and utilize such knowledge, an ELM is introduced. The ELM is
implemented using an FNN, which serves as a learning and representation tool rather than the
knowledge itself. By training on historical evolutionary data, the FNN learns latent patterns of
successful search behaviors and transforms them into a reusable representation. Based on the learned
representations, the extracted expert knowledge is used to guide the offspring generation process,
thereby improving both convergence speed and solution quality. The detailed mechanism will be
introduced in Section 3.4.

In recent years, various neural networks have exhibited distinct properties [28, 53, 54], such as
robustness and predictive capabilities, in different study communities. In this study, the FNN [55,
56], which can autonomously extract hidden associations from complex data for effective decision-
making, is adopted as a fundamental module of the ELM. Concretely, we intend for the FNN to extract
promising search behaviors and potential correlations among different tasks after training and learning.
Based on the results of the FNN, the potential knowledge transfer among different tasks can be realized,
and successful search directions can be obtained to guide the population.

3.3.1. Input data and output data of FNN

One of the FNN’s main objectives in this study is to learn and store the knowledge about the
relationship between individuals’ positions and their successful evolutionary directions. After
training, an individual can query for the knowledge by feeding its current position to the FNN and
then obtain the output of the FNN as its evolution direction.

When the FNN performs its training process, two primitive types of data are indispensable, the
input data and the predicted output data. Specially, in the MTDE-ELM, two data repositories named
D,, and D, are used to save the input data and the expected output data, respectively.
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Concretely, the data repository 9;, is used to record parent individuals’ position, while the data
repository D, is applied to store successful search directions of the individuals, that is the differential
value between offspring’s position and the parent individuals’ positions. The definitions of 9);, and
D,,, at generation g can be defined as Eqs (3.4) and (3.5), respectively.

D%, = (X4 X5, X5 (3.4)

s

out

= {¥$. Y5, .. Y5 (3.5)

where Y¢ = X' - X¢ (1 <i < N).

The principle of “survival of the fittest”, as described by Eq (3.3), manifests that offspring are
always better than (or at least not inferior to) their parents. Thus, Y¥ in Eq (3.5) can be regarded as
“successful” search direction of X; at generation g.

Another objective of the FNN is to realize the potential knowledge transfer between different tasks.
If the data in D;, and D,,, are coming from the same task, the knowledge learned by the FNN can
help an individual perform a promising search in the same task. In other words, an individual aiming
to optimize another task cannot obtain useful knowledge from the FNN because the other task may
have different characteristics. Thus, to realize the potential knowledge transfer between different tasks,
only one FNN is used in the MTDE-ELM. In the FNN, evolutionary data of multiple tasks are adopted
as input data and output data. Specially, the data in D;, and D,,, are obtained from different tasks
rather than a single task. In this condition, the trained FNN can not only learn the mapping relationship
between positions and directions experience but also realize the potential knowledge transfer. Based on
the FNN, an individual, no matter which task is optimized by it, the individual can obtain a promising
search direction.

3.3.2. Training of the FNN

The FNN training relies on two core mechanisms: forward propagation and backpropagation. These
mechanisms are utilized at different evolutionary stages throughout the entire process. It consists of an
input layer, hidden layers, and output layer, an information flows between layers to reflect knowledge
associations. The input layer corresponds to D,,, representing positions within the search space, with
input dimensions consistent with the decision variables of the problem. The output layer corresponds
to D,,., maintaining dimensional consistency with the inputs.

Generally, the complexity of the input data determines the number of hidden layers. While a single
hidden layer can approximate any continuous function, complex multitask problems require multiple
hidden layers to capture intricate data associations effectively. Increasing the number of hidden layers
enhances representational capacity and increases computational costs and training complexity. In this
study, a two-hidden-layer structure balances representational capacity and computational complexity,
improving adaptability while managing computational and training demands through adaptive
mechanisms. Figure 3 shows the architecture of the ELM based on OGM.

In Figure 3, AF denotes the activation function. Therefore, in the FNN architecture, the linear
activation function is adopted in the output layer, while a sigmoid activation function is selected in the
hidden layers. During the training process of the FNN, for the input data X?, the error backpropagation
algorithm is adopted. Concretely, the error between the predicted output of the FNN, denoted as Y,
and the expected output, that is Yf’ in Eq (3.5), is calculated by a mean squared error (MSE) loss
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ELM-based OGM

v

MORON

OGO
i

Input layer Hidden layers output layer
Nodes = D; Nodes = 16, Nodes = D,
AF = sigmoid; AF = linear;

Figure 3. The architecture of ELM-based OGM. The input layer has an input dimension
of D. The two hidden layers consist of 16 nodes with sigmoid activation functions, and the
output layer consists of D nodes with linear activation functions.

function [57]. Based on the error backpropagated inside the FNN, the weights and biases of the FNN
can be adjusted.

During the training process, the epoch parameter represents the number of times the training dataset
is processed by the FNN. Each epoch consists of a complete forward and backward pass, in which the
FNN processes all training data and updates the weights.

Network training begins with an initial learning rate of 0.1 to facilitate weight convergence. Pattern-
based guidance is provided upon successful training during subsequent evolutionary iterations, helping
offspring converge toward optimal regions in the search space. In the MTDE-ELM, the epoch is set
to 50, which means that the FNN will perform data processing and weight adjustment 50 times during
the training process. Multiple trainings will gradually optimize the weights and improve the model’s
performance. After initialization, the flag will be set to one to indicate that the network is ready for
the task.

Although the training data is constructed based on successful offspring, this strategy does not
significantly impair the global search ability. This is because the FNN is employed as an auxiliary
guidance mechanism rather than a dominant search operator. The evolutionary process is still
primarily driven by stochastic operators such as mutation and crossover, which continuously
introduce diversity into the population.

Furthermore, the learned knowledge is applied in a probabilistic manner, preventing the search from
being overly biased toward previously successful patterns. In addition, the MTO framework enables
implicit information exchange across tasks, which further enhances exploration capability. As a result,
the proposed training strategy maintains a balance between exploitation and exploration, reducing the
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risk of premature convergence.

3.4. Offspring generation module

In the MTDE-ELM, there are two basic components integrated in the OGM. the first is a DE-based
offspring generation strategy, which promotes large variations between individuals in the population,
facilitating extensive exploration of the global search space. Particularly in the early stages of the
optimization process, the strategy can increase the likelihood of identifying potentially optimal
solutions. The second basic strategy is an ELM-based offspring generation strategy, which allows the
MTDE-ELM to focus on local search regions, leveraging historical successes to refine solutions and
enhance the solution quality. Details of the two strategies are introduced as follows.

3.4.1. DE-based offspring generation

In the MTDE-ELM, the basic optimizer is the DE algorithm introduced in Section 3.1. However, the
canonical DE focuses on optimizing a single task. Thus, the skill factor is introduced as an additional
feature for each individual. Concretely, an individual in the canonical DE is recorded as Xf (1), where
7; is the skill factor of X; at generation g. Thus, based on the parameter 7;, the DE variant performs
an intratask knowledge transfer or an intertask knowledge transfer to generate offspring, and the DE
structure is shown in Figure 4.

DE-based OGM

Population

I
v '

Taskl parents Task2 parents

I e
l—ll l | 1 y

Inter sample Intra sample ) Inter sample )

15 15

Offspring of DE Offspring of DE ) Offspring of DE )

Ir ) |
I

Select N final offspring Select N final offspring

Figure 4. The architecture of DE-based OGM. The DE variant performs an intratask or an
intertask knowledge transfer.
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When performing the intratask knowledge transfer, a target individual X¢(r;) in the DE only selects
individuals who have the same skill factor as the target individual to conduct the mutation and
crossover operators. In this condition, only helpful search knowledge for the same task is shared by
the individuals, which is why we call it the “intratask knowledge transfer”. On the contrary, to realize
the intertask knowledge transfer, the target individual in the DE chooses those individuals who have
different skill factors from itself to execute the mutation and crossover operators. In this case, the
target individual can obtain different tasks’ information from other individuals’ search experience. In
fact, it is through the “intertask knowledge transfer” that an algorithm can optimize different problems
simultaneously.

From the above discussions, we see that the intratask knowledge transfer focuses on improving an
algorithm’s performance on a single task, which is named as the exploitation ability in this study. By
contrast, the intertask knowledge transfer is able to leverage the advantage of different tasks and then
enhance an algorithm’s capability on various tasks, which is called the exploration ability in this study.

To balance the exploitation and exploration of the MTDE-ELM, a preset mating probability, named
DPms 18 used to determine when to perform the intertask knowledge transfer or the intertask knowledge
transfer. Concretely, if a randomly generated number is less than p,,, the intertask knowledge transfer is
performed to promote the exploration ability of the MTDE-ELM. Otherwise, the intratask knowledge
transfer is conducted to improve exploitation ability of its.

3.4.2. ELM-based offspring generation

When the algorithm selects the knowledge learned by ELM to generate offspring, the current
parent individual X{(r;) is input into the trained FNN for simulation. Then, the output of the FNN,
denoted as a vector D“, contains promising search directions and steps for the parent individual
X#(t;). Subsequently, as shown in Eq (3.6), an offspring can be generated based on Xf(7;) and D¢

X (1)) = X8(7;) + 2 X rand x D™, (3.6)

where rand is a random value generated in the interval [0,1], which controls the strength of the
influence of D" on the offspring.

In summary, when using the ELM-based offspring generation, the specialist knowledge learned by
the FNN can guide an individual to adjust its search direction and step, thereby accelerating its search
for the optimal solution. In other words, the ELM is like a skilled navigator, helping the algorithm
to be more directional and efficient in a complex search space. When choosing the above mentioned
strategies to generate offspring, the MTDE-ELM uses a predefined probability, named p,, to determine
which strategy can be adopted. Concretely, if a randomly generated value rand is lower than p,, the
DE-based offspring generation strategy is adopted. Conversely, the ELM-based strategy is applied
to guide offspring generation. Thus, based on the above discussions, the OGM can be detailed as
Algorithm 3.

3.4.3. Complexity analysis

The computational cost of the MTDE-ELM in each generation mainly consists of three parts: DE
operations, fitness evaluations, and FNN-based knowledge transfer. The DE operators require O(KN D)
operations. Fitness evaluations cost O(KNCy). For the FNN based transfer, each forward propagation
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Algorithm 3 OGM.

Input: X?(1;), pu, pm, F, CR, Pop?, trained,
if rand < p, and trained = 1 then
/* ELM-based offspring generation */
Adopt X%(7;) as the input data of the trained FNN; D" « Output of the trained FNN;
X6 (1)) = X8(1)) + 2 X rand x D; // see Eq (3.6)
else
/* DE-based offspring generation */
Xfl (t,1) < Randomly select an individuals from Pop#, where 7,;=7;;
if rand < p,, then
/* Intra-task knowledge transform */
[sz(rrg), Xf3 (t,2)] < Randomly select two individuals from population Pop#, where
IFr1 #2473, T=T,,=T,3;
else
/* Inter-task knowledge transform */
[X%,(112), X%,(1,2)] < Randomly select two individuals from Pop®, where i#rl#r2#r3,
T;#T, and 7,#7,3;
7; < Randomly select a task skill from {7,,, 7,3};
end if
V; = X5 ()4 F x (X5, (1,0) = X4, (1,0)): // see Eq (3.1)
U; « Crossover V; and Xf(T,-); /] see Eq (3.2)
if f(U;) < f(X{(7))) then
X¢* (1) = Us; // see Eq (3.3)
end if
end if
Output: X¢*'(1));

costs O(D - H), where H is the number of hidden neurons. With E training epochs, the total cost of the
learning module is O(K-E-N-D-H). Because E and H are small constants determined empirically (E =
50, H = 16 in this study), the overall time complexity per generation simplifies to O(KNCy + KND).
The space complexity is O(KND + DH), which remains linear in D and N.This indicates that the
memory requirement grows linearly with the problem scale, ensuring the algorithm’s scalability.

4. Experimental studies
In this section, the over all performance of the MTDE-ELM is evaluated by a set of experiments.
Moreover, sensitivity of the proposed strategies in the MTDE-ELM is also analyzed through

extensive experiments.

4.1. Benchmark functions

In the experimental section, we use the CEC2017 [58] test suite to comprehensively assess the
performance of the MTDE-ELM.
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Based on the degree of the tasks’, the test functions are classified into three categories: complete
intersection (CI), partial intersection (PI), and no intersection (NI). Additionally, according to tasks’
similarity, the functions can be further divided into high similarity (HS), medium similarity (MS), and
low similarity (LS). Thus, the set of test functions exhibits various attributes and characteristics, such
as dimensionality and landscape, among others. Additional details about these functions can be found
in [59].

The pairings based on task similarity and intersection degree result in nine MTOP instances. Based
on task similarity and crossover, nine MTOP instances are created, each with two tasks, yielding a total
of 18 test tasks. All experiments were performed with a computer with an Intel Core 19-12900K 3.20
GHz 8-core, CPU 3.20 GHz, and 64.0 GB of RAM.

4.2. Parameter settings

First, in the experiments conducted on the MTOP benchmark, the proposed MTDE-ELM algorithm
i1s compared with five state-of-the-art MTO algorithms, that is MFEA [21], evolutionary multitasking
with explicit autoencoding (EMEA) [60], multitasking evolutionary algorithm with an adaptive solver
(MTEA-SaO) [61], block-level knowledge transfer based on differential evolution (BLKT-DE) [62],
the MTEA-AD [39], and multitask differential evolution with multiple knowledge types and transfer
adaptation (MTDE-MKTA) [63]. The parameter settings for the MTDE-ELM and the comparison
algorithms are summarized as follows:

1) Population size: N = 100 X k, where k is the number of the tasks.

2) Maximum function evaluations: MaxFEs = 100,000.

3) Simulated binary crossover [64] and polynomial mutation [65] in the MTDE-MKTA and EMEA:
n.=2andn, =5.

4) DE parameters for the MTDE-ELM: F = 0.5, CR = 0.2.

5) Random mating probability p,,, knowledge utilization probability p, in the MTDE-ELM: p,,=
0.5, p,=0.1.

6) Parameter settings in the FNN: learning rate /r = 0.1 and training iteration times epoch = 50.

7) Parameters in each peer algorithm not explicitly mentioned are set to the optimal values provided
in the corresponding papers.

In the experiments, each algorithm is run independently 30 times to obtain reliable experimental
results and minimize the possibility of error. The error value is used as a performance measure,
calculated as the gap between the best fitness obtained by the algorithm and the actual best fitness.
The Wilcoxon ranksum test [66] with a 5% significance level is employed to statistically evaluate the
experimental results. The symbols “+ / - / =” indicate that the results of the MTDE-ELM are
“significantly better than/significantly worse than/equal to” those of the comparative algorithms based
on the Wilcoxon ranksum test.

4.3. Overall performance of the MTDE-ELM

The experimental results, in terms of mean objective values and standard deviations obtained by
30 independent runs, of the MTDE-ELM, MFEA, EMEA, MTEA-SaO, BLKT-DE, MTEA-AD, and
MTDE-MKTA on the nine benchmark problems are listed in Table 1. The best experimental result
is marked in boldface for each task. Note that the results in each cell of the table denote a mean
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objective value and a standard deviation. For example, “(1.29 x 107#(5.41 x 10~#))” in Table 1 indicates
that the mean objective value is 1.29 x 10™* , and the standard deviation is 5.41 x 10™*. According
to the Wilcoxon ranksum test, the MTDE-ELM achieves competitive overall performance across the
18 tasks. Specifically, it outperforms the MFEA, EMEA, MTEA-SaO, BLKT-DE, MTEA-AD, and
MTDE-MKTA in 15, 15, 14, 16, 12, and 10 tasks, respectively, and being inferior in only a few cases.
This demonstrates that the MTDE-ELM maintains a clear advantage over both classical and recent
MTO methods.

The convergence behaviors of all algorithms are illustrated in Figure 5. For high-similarity tasks
(CI-HS, PI-HS, and NI-HS), the MTDE-ELM consistently achieves faster convergence and better
final solution quality than the competing methods. This indicates that the proposed approach can
effectively exploit strong intertask relationships and leverage transferable knowledge to accelerate the
search process. For moderate-similarity tasks (CI-MS, PI-MS, and NI-MS), the MTDE-ELM remains
competitive, although its advantage becomes less pronounced. In several cases, it shows slower
progress in the early generations but gradually surpasses other algorithms as the evolution proceeds.
Nevertheless, in some tasks (e.g., PI-MS-T2), methods such as BLKT-DE and MTEA-AD achieve
comparable or slightly better final performance, suggesting that the effectiveness of the knowledge
transfer becomes more sensitive to task relationships in such scenarios. For low-similarity tasks
(CI-LS, PI-LS, and NI-LS), the performance differences among algorithms are reduced. Although the
MTDE-ELM still performs competitively in most cases, it is outperformed in certain tasks (e.g.,
NI-LS-T1), where methods such as the EMEA, MTEA-SaO, MTEA-AD, and MTDE-MKTA achieve
better results. This is mainly due to the limited or misleading transferable knowledge across tasks,
which increases the risk of negative transfer and reduces the effectiveness of the learned mappings.

Overall, the results indicate that the MTDE-ELM can effectively exploit useful intertask knowledge
and achieve strong performance across diverse optimization scenarios. Its advantage is particularly
evident in tasks with high or moderate similarity, whereas in low-similarity scenarios, the benefit of
the knowledge transfer diminishes, leading to more competitive performance among different methods.

Table 1. Mean objective values and standard deviations obtained by the MTDE-ELM,

MFEA, EMEA, MTEA-SaO, BLKT-DE, MTEA-AD, and MTDE-MKTA on the nine
benchmark MTO problems.

Problem Task  MTDE-ELM MFEA EMEA MTEA-Sa0 BLKT-DE MTEA-AD MTDE-MKTA

F1:.CI+HS Tl 129 x 107# (5.41 x 10~%) 3.19% 1072 (1.86x107%) - 343x 1072 (1.16 X 1072)-  2.66 x 1072 (9.70x 107) - 7.17x 1072 (5.93x 107) - 133x1072(7.24x107) - 1.7451x 107 (422 x 107) -

T2 1.70 x 107" (6.33 x 107") 147 x 10° (3.77 x 10') - 435x10% (1.95% 10') - 1.58 x 10? (9.82x 10') - 127 x 10? (4.61 x 10') - 1.55x 10" (3.26 x 10") - 6.4007 x 10° (1.64 x 10") -

FL:.CI+MS Tl 3.78 x 107° (5.96 x 107°) 1.23x10° (6.83 x 107") - 455%x 1071 (3.58x 107"y - 391x 107" 3.74x 107 - 4.05x 107" (2.89%x107")-  1.78x 1072 (6.60 x 107%) - 6.8890 x 1072 (2.28 x 107") ~
T2 8.84x 107 (275x107)  1.55x10% (3.97x 10') - 4.44 % 10% (1.85 x 10') - 7.76 x 10' (8.65 x 10') - 1.23 x 10 (4.63 x 10') - 1.87x 107 (1.40x 107 - 1.0926 x 10' (3.93 x 10') ~
FLICI+LS Tl 1.88 x 10" (5.99 x 10°) 203%10' (805x102) -  2.12x10' (196x 107y~ 2.12x10' 345x102)~  2.12x10' (121 x 107) - 178 x 10 (7.40x 10°) ~  2.0148 x 10' (1.22x 10™) »
T2 4.54x 10° (2.13 x 10°) 2.37x 10° (3.86 x 10%) + 1.17 x 10* (423 x 10%) - 223 x 10° (3.66 x 10%) + 6.59 x 10° (1.69 x 10°) - 4.11x10° (5.65 x 10°) ~ 3.1518 x 10° (6.16 x 10?) -
F2:PI+HS  TI 2.99 % 10? (9.54 x 10') 299% 10% (6.77x 10~ 229x 10> (8.81 x 10) +  2.15x 10> (8.39 x 10') + 1.67x 10> (9.10x 10") +  2.28 x 10% (4.96 x 10') + 1.5059 x 10% (4.17 x 10') +
T2 232x 107 (642x107%)  121x 102 (1.18x 1072)-  436x 107 (1.09x 107) - 7.05x 107 (4.11x 1072) - 4.49x 107 (4.08x107")-  7.82x 107 (3.14x 107)-  3.4704 x 10~ (8.46 x 107) -
F2PI+MS Tl 7.36x 107 (1.27x 107" 6.00x 107 (7.10x 107) - 331x 107 3.06x 107) -  3.74x 107 (294x107) - 378 x 107 (228x107)-  421x 102 (3.07x 1072)-  4.8974x 1072 (1.95x 107") ~
T2 8.80 x 10" (3.47 x 10°) 112 107 (3.48 x 10') - 1.38 x 10° (6.54 x 10°) - 1.75 % 10% (1.38 x 10%) - 6.60x 10" (1.73x 10" +  8.78 x 10" (2.74 x 10°)~ 8.8206 x 10 (4.16 x 10°) ~
F2PI+LS Tl 110X 107" 2.10% 107")  1.56 x 10' (7.98 x 10°) - 437x107 (323x107) - 5.17x 107 (4.04x107) - 4.99 x 10° (7.27 x 10°) - 9.92x 107 (1.45x 107") »  9.4918 x 107" (1.29 x 10°) -
T2 340x 107 (252x107%)  147x10' (7.72x 10°) - 344x 107 (472x107) - 7.91x 107 (4.37x107) - 247 x 10° (2.33 x 10°) - 2.60x 107 (147x107) - 5.1855x 107 (7.24 x 107) -
F3:NI+HS Tl 6.53 x 10" (2.04 x 10') 1.96 x 10? (5.92 x 10") - 8.77 x 10? (1.30 x 10°) - 2.35x 10% (6.07 x 10") - 1.47 x 10? (9.40 x 10") - 1.58 x 10% (6.78 x 10) - 1.4496 x 10% (1.13 x 10?) -
T2 7.42 % 10° (9.68 x 10°) 1.73 % 10% (5.09 x 10") - 430 107 (226 x 10') - 2.05 % 10? (5.45x 10") - 1.39 % 10% (4.78 x 10") - 1.40 x 10 (1.29 x 10%) - 1.0402 x 10? (4.14 x 10") -
F3:NI+MS Tl 9.52x 107 (897x 107"  340x 1072 (1.86x 1072)-  330x 1072 (151x102)-  345x 107 (1L.73x102) - 1.05x 107 (6.05x107%)-  1.94x 107 (8.35x 107)-  6.6461 x 107 (1.05 x 107) ~
T2 119%10° (6.93x107")  2.12x 10" (5.81 x 10°) - 3.04 x 10" (1.18 x 10') - 1.32x 10" (5.49 x 10°) - 339 % 10° (9.65x 107) - 3.43 x 10° (1.09 x 10°) - 1.0016 x 10' (2.81 x 10°) -
F3:NI+LS Tl 3.36 x 107 (8.25 x 10') 3.10x 10? (7.34 x 10') ~ 1.82x 102 (6.83x 10') +  2.00x 10 (7.39x 10") +  2.00x 10® (7.63x 10') + 236 x 10> (1.25 x 10') + 1.6896 x 10% (4.00 x 10') +
T2 7.71 % 10% (2.90 x 10%) 231 % 10° (3.24 x 10°) - 1.16 x 10* (5.12 % 10%) - 234 % 10° (4.30 x 10°) - 1.92 x 10° (6.39 x 10°) - 1.24 % 10° (3.53 x 10%) - 3.6322 x 10° (6.98 x 10%) -
+/-/~ Base 1/15/2 2/15/1 3/14/1 2/16/0 2/12/4 2/10/6

4.4. Sensitivity of proposed strategies in the MTDE-ELM

In order to evaluate the effectiveness of the MTDE-ELM, two aspects of its performance are
investigated in this section.
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Figure 5. Average convergence trends of the MTDE-ELM, MFEA, EMEA, MTEA-SaO,
BLKT-DE, MTEA-AD and MTDE-MKTA on benchmark.
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4.4.1. Performance of the ELM

To evaluate the effectiveness of the ELM in the MTDE-ELM, we conduct a comparison between
the MTDE-ELM and its variant, named MTDE, in which the ELM is discarded. Concretely, the
offspring generation in the MTDE only depends on the DE algorithm with the intratask and the
intertask knowledge transfers.  All experimental parameters remained consistent with prior
configurations. Table 2 presents the average objective values and standard deviations obtained from
30 independent runs of the MTDE-ELM and MTDE on nine benchmark test suites in MTO, with the
best results highlighted in bold.

As shown in Table 2, the MTDE-ELM outperforms MTDE on 18 tasks, demonstrating its superior
performance. These results validate the effectiveness of incorporating an NN structure for knowledge
acquisition, association, and application strategies. Therefore, the experimental findings confirm that
processing historical successful experiences through an NN is essential for enhancing the performance
of the MTDE. The convergence trends of the MTDE-ELM and MTDE for PI-MS and NI-LS are
depicted in Figure 6. It can be observed from the figure that both algorithms exhibit similar convergence
behavior during the initial evolutionary phase, as they both rely on stochastic knowledge to guide the
generation of offspring. However, the convergence of the MTDE-ELM is significantly improved by
leveraging historical evolutionary experience as the population evolves. It illustrates the effectiveness
of the ELM in facilitating the search for the best solution to the task.

Table 2. Mean objective values and standard deviations obtained by the MTDE-ELM and
MTDE on benchmarks.

Problem Task MTDE-ELM MTDE

F1:CI-HS Tl 1.03x 107 (1.91 x 107%) 4.64x 1077 (1.20x 107T) -
T2 2711071 (8.73 x 107" 3.65 x 102 (1.66 x 10") -
F1:CI-MS Tl 4.09 x 107° (1.02 x 107%) 2.67 % 10° (2.77 x 107") -
T2 6.16 x 107 (6.40 x 1077) 3.59 x 102 (1.83 x 10") -
F1:CI-LS Tl 1.76 x 10" (5.94 x 10%) 2.12 % 10" (4.07 x 1072) -
T2 2.18 x 10% (1.04 x 10%) 1.40 x 10* (6.62 x 10?) -
F2:PI-HS Tl 2.85 x 10% (1.06 x 10%) 4.22x 107 (1.93 x 10") -
T2 224 %1073 (1.89 x 1072) 1.24 x 10" (5.10 x 10°) -
F2:PI-MS Tl 1.06 x 1073 (2.31 x 1073) 2.86 x 10° (3.03 x 107!) -
T2 7.72 % 10" (6.50 x 107") 1.05 % 10% (3.51 x 10?) -
F2:PI-LS Tl 1.12x 1071 220 x 1071) 1.29 x 10! (5.01 x 10°) -
T2 3.05%x 1072 (2.85 x 1072) 7.93 x 10° (3.47 x 10°) -
F3:NI-HS Tl 8.47 x 10" (3.27 x 10") 1.17 x 10% (4.38 x 10%) -
T2 1.59 x 10" (1.56 x 10") 3.80 x 102 (1.77 x 10") -
F3:NI-MS Tl 242 %1073 (3.15x 107%) 5.22x 1071 (9.03 x 1072) -
T2 1.28 x 10° (8.38 x 1071) 8.35x 10° (8.99 x 1071) -
F3:NI-LS Tl 3.44 x 10% (5.63 x 10") 4.58 x 107 (2.28 x 10") -
T2 7.35 x 10% (2.93 x 10?) 7.76 x 10% (1.13 x 10%) -
+/ =/~ Base 0/18/0

4.4.2. Performance of the FNN in ELM

In the MTDE-ELM, a single FNN is adopted in the ELM aiming to realize the potential knowledge
transfer. However, the question remains of whether introducing an FNN for each task can bring more
outstanding performance. In order to address this question, a comparison is made between the
MTDE-ELM and its variant,the MTDE-DOUBLE-ELM. In this variant, each task has its own FNN to
learn the mapping relationship between positions and directions experience. This comparison aims to
evaluate the advantage of the MTDE-ELM in predicting the evolution of the population by learning

Electronic Research Archive Volume 34, Issue 6, 4216-4247.



4236

NI-LS-T2 NI-LS-T1

—6—MTDE-ELM
10° —+—MTDE

log(Objective Value)
log(Objective Value)
=

-
o
w

108 [|—©—MTDE-ELM
—+—MTDE

1 2 3 4 5 1 2 3 4 5
Evaluation x10% Evaluation x10%
(a) (b)
PI-MS-T1 PI-MS-T2

102 100

—6—MTDE-ELM
—+—MTDE

10’

log(Objective Value)
log(Objective Value)
=

-
o
>

| [~o—MTDE-ELM
107°F | ——mTDE

-
o
)

1 2 3 4 5 1 2 3 4 5
Evaluation x10% Evaluation x10%
(©) (d)

Figure 6. Average convergence trends of the MTDE-ELM and MTDE on benchmark.

the evolutionary patterns from the historical success experiences of different individuals across tasks.
Table 3 presents the results of 30 independent runs of both algorithms on nine benchmark suites of the
MTO. Under identical algorithm configurations, the MTDE-ELM exhibits superior performance
across 17 tasks. Nevertheless, in the PI-HS test task, particularly for T1,the MTDE-DOUBLE-ELM
demonstrates a marked advantage.

The convergence curves for the MTDE-ELM and MTDE-DOUBLE-ELM are shown in Figure 7.
From the convergence plot of NI-HS, it can be observed that, although both algorithms exhibit similar
convergence trends, the MTDE-ELM converges significantly faster than the MTDE-DOUBLE-ELM,
indicating its stronger optimization capability throughout the entire process. In the PI-HS-T1
convergence plot, the MTDE-ELM converges more rapidly in the early stages, but as the population
evolves, the MTDE-DOUBLE-ELM ultimately achieves a better solution. Conversely, in PI-HS-T2,
the MTDE-ELM consistently outperforms the MTDE-DOUBLE-ELM across the entire iteration,
demonstrating its stability and robust optimization ability in this task.

In contrast to the MTDE-DOUBLE-ELM, which trains separate NNs for each subpopulation’s
historical success experience, the MTDE-ELM integrates the historical success experiences of the
entire population into a unified NN model. By consolidating the information from all subpopulations
within a single model,the MTDE-ELM is able to learn the evolutionary patterns of other optimization
problems and incorporate these successful experiences to guide the evolution of its own individuals.
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Consequently, the MTDE-ELM, through the training of a common NN, not only enhances its ability
for cross-task learning but also improves the robustness and adaptability of the algorithm,
demonstrating its broad applicability in MTO.

Table 3. Mean objective values and standard deviations obtained by the MTDE-ELM and
MTDE-DOUBLE-ELM on benchmarks.

Problem Task MTDE-ELM MTDE-DOUBLE-ELM
FI:CI-HS Tl 131 107 (6.92 x 10%) 150 x 107 (4.55 x 107%) -
T2 1.81 x 107! (5.01 x 10°") 3.55 x 10° (1.26 x 10°) -
F1:CI-MS Tl 1.09 x 10~ (3.47 x 107 1.43x 1072 (3.01 x 1073) -
T2 779 x 1076 (3.77 x 107%) 120 107! (4.91 x 1072) -
F1:CLLS Tl 1.99 x 10" (4.25 x 10°) 2.12x 10" (4.72x 1072) -
T2 3.86 x 10° (1.82 x 10%) 1.54 x 10* (4.08 x 10?) -
F2:PL-HS Tl 3.12 x 10 (8.38 x 101) 2.19x 102 (9.13 x 10') +
T2 1.61 x 1073 (4.10 x 103) 7.78 x 10° (3.19 x 10?) -
F2:PL-MS Tl 7.78 x 1074 (2.11 x 107 143 x 1072 (3.42 x 1073) -
™ 8.72 x 10! (6.19 x 10") 1.19 x 102 (1.71 x 10°) -
F2:PLLS Tl 147 x 107! (278 x 107") 371 x 10° (1.23 x 10°) -
v 3.63x 1072 (1.10 x 1071 491 %1072 (1.30 x 1072) -
F3:NLI-HS Tl 7.89 % 10" (4.13 x 10") 6.45 x 10° (1.52 x 10%) -
T2 1.12 x 10" (1.03 x 10" 2.88 x 102 (9.61 x 10') -
F3:NL-MS Tl 1.26 x 1073 (1.16 x 1073) 1.48 x 1073 (4.03 x 1074) -
™ 9.58 x 10! (6.14 x 107" 3.14 % 10" (7.17 x 1071) -
F3:NLLS Tl 3.52 x 10% (5.12 x 101) 2.62 x 10* (1.34 x 10%) -
™ 6.97 x 10? (2.95 x 10?) 5.77 x 10° (1.12 x 10%) -
+ -]~ Base 1/17/0

4.5. Sensitivity analysis

To validate the effectiveness and robustness of the adopted FNN configuration, we conduct a
comprehensive sensitivity analysis on key architectural and training parameters, including network
depth, network width, learning rate, training epochs, and the performance of p, and p,. All
experiments are conducted on the same benchmark suite, and the statistical results are reported in
terms of +/—/~ based on the Wilcoxon ranksum test.

4.5.1. Analysis of network depth

To investigate the impact of network depth, three configurations are evaluated: 1 x 16, 2 x 16, and
3% 16. As shown in Table 4, the proposed the MTDE-ELM with a two-hidden-layer structure (2 X 16)
demonstrates consistently competitive performance across the majority of tasks. Specifically,
although deeper architectures (3 X 16) achieve superior performance on several individual tasks
(F3:NI+HS and F3:NI+MS), they also exhibit noticeable performance degradation on other tasks
(F1:CI+MS and F1:CI+LS), indicating a lack of stability. In contrast, the shallower structure (1 X 16)
tends to show comparable or slightly inferior results, suggesting limited representation capability for
modeling complex intertask relationships.

Overall, the 2 X 16 configuration achieves the best balance between performance and robustness,
as evidenced by its largest number of statistically comparable results. This suggests that a moderate
network depth is sufficient to capture useful knowledge transfer patterns while avoiding overfitting or
instability introduced by overly complex architectures.
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Figure 7. Average convergence trends of the MTDE-ELM and MTDE-DOUBLE-ELM on
benchmark.

Table 4. Sensitivity analysis of FNN depth configurations in the MTDE-ELM.

Problem Task MTDE-ELM(2 x 16) 1x16 3x 16
F1:CI+HS Tl 5.07 x 10#(9.20 x 10~%) 4.58 x 107%(1.11 x 107%)=~ 7.16 x 107°(1.65 x 107~
T2 6.19 x 1071(8.52 x 1071) 3.59 x 1071(6.90 x 10" )~ 1.37x107'(3.14 x 107~
F1:CI+MS Tl 4.40 x 107(8.21 x 107%) 2.45x1074(8.93 x 10™*)~ 5.86 x 1074(6.83 x 107)-
T2 1.29 x 107°(4.66 x 1077) 494 x107*(2.21 x 103~ 2.12x 107#(5.77 x 107%)-
F1:CI+LS Tl 1.99 x 10'(2.59 x 10%) 1.97 x 10'(3.00 x 10%)~ 2.11 x10'(5.88 x 1072)-
T2 1.74 x 103(1.10 x 10%) 1.64 x 103(1.28 x 10%)~ 5.53 x 103(1.39 x 10%)-
F2:PI+HS Tl 2.67 x 10%(1.07 x 10%) 3.38 x 10%(4.98 x 10")- 2.99 x 10%(9.54 x 10")~
T2 1.79 x 1073(5.61 x 1073) 2.50 % 107%(8.81 x 107%)~ 8.37 x 107°(2.37 x 107)~
F2:PI+MS Tl 4.68 x 1074(7.13 x 107%) 5.50 x 1073(2.09 x 1072)~ 2.57 x 1073(4.34 x 1074)-
T2 8.70 x 10'(4.42 x 1071) 8.72 x 10'(6.08 x 107!~ 8.47 x 10'(8.76 x 10°)+
F2:PI+LS Tl 1.04 x 107'(2.56 x 1071) 4.72x1072(1.01 x 107 Y= 9.69 x 1073(2.20 x 107%)~
T2 1.46 x 1072(1.22 x 1072) 4.78 x 107%(7.87 x 107?)~ 1.51 x 1072(6.86 x 1073)~
F3:NI+HS Tl 9.15x 10'4.13 x 10") 1.01 x 102(3.42 x 10"~ 6.00 x 10"(2.22 x 10"+
T2 1.62 x 10'(1.57 x 10") 1.74 x 10'(1.36 x 10")~ 1.15x 10'(1.62 x 10"~
F3:NI+MS Tl 1.13 x 1073(8.78 x 107%) 1.37 x 1073(1.28 x 103)~ 4.86 x 1074(1.04 x 1074+
T2 1.39 x 10°(8.31 x 107") 1.12 x 10°(6.50 x 107 ")~ 4.48 x 107'(8.06 x 1072)+
F3:NI+LS Tl 2.99 x 10%(9.32 x 10") 3.62 x 10%(2.33 x 10")- 3.66 x 10%(3.34 x 10")-
T2 8.32 x 10%(2.95 x 10?) 6.91 x 10%(2.32 x 10%)~ 6.96 x 10%(2.57 x 10%)~
+/-] ~ Base 0/4/14 4/6/8

4.5.2. Analysis of network width

Further, three configurations: 2 X 8, 2 X 16, and 2 X 32, are evaluated to investigate the impact
of network width, as reported in Table 5. The results show that increasing the number of neurons
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does not lead to consistent performance improvement. Although the wider configuration (2 X 32)
achieves superior results on several tasks (F1:CI+HS and F3:NI+HS), it also suffers from noticeable
performance degradation on others (F2:PI+MS and F3:NI+LS). Similarly, the narrower configuration
(2 x 8) reduces the model capacity and performs better in a few cases (F3:NI+LS-T1), but yields
inferior results on several other tasks.

Overall, the 2 X 16 configuration achieves the most stable performance across different tasks, as
evidenced by the largest number of statistically comparable results. This indicates that a moderate
network width is sufficient to capture useful knowledge patterns while avoiding the instability
introduced by overly small or excessively large models. These observations suggest that the
performance of the MTDE-ELM is not highly sensitive to moderate variations in network width, but
extreme configurations may introduce either underfitting or overfitting issues. Therefore, the adopted
setting (2 X 16) provides a reasonable trade-off between representation capability, generalization, and
computational efficiency.

Table 5. Sensitivity analysis of FNN width configurations in the MTDE-ELM.

Problem Task MTDE-ELM(2 x 16) 2x8 2% 32
F1:.CI+HS Tl 507 x 10%(9.20 x 10°%) F4T X 106,54 x 10 )~ 8.03 x 10°5(2.51 x 10%) +
i) 6.19 x 107'(8.52 x 1071 5.19 % 1071(9.59 x 10~")~ 1.84 % 1071(5.25 x 107) +
F1:CI+MS Tl 3.34 x 1074(1.02 x 1073) 2.12% 1074(7.79 x 10~ 2.12x 1074(7.76 x 107%) ~
T2 6.61 x 1074(2.75 x 103) 3.64 x 1074(1.63 x 10%)~ 3.93 x 1074(1.75 x 1073) ~
F1:CI+LS Tl 1.76 x 10'(6.07 x 10°) 1.95 x 10" (4.71 x 10°)~ 1.89 x 10'(4.68 x 100) ~
T2 1.14 x 103(9.25 x 10?) 1.41 x 103(8.33 x 10%)~ 1.65 x 103(1.41 x 10%) ~
F2:PI+HS Tl 2.57 x 10%(1.09 x 10%) 2.62 % 10(1.17 x 10*)~ 3.19 x 10%(8.94 x 10) -
T2 3.19 x 1074(4.65 x 107%) 1.27 x 1072(3.65 x 10-2)~ 4.60% 103(1.77 x 1072) ~
F2:PI+MS Tl 5.88 x 1074(8.14 x 107) 8.40 x 1074(1.71 x 1073)~ 3.20 x 1073(6.46 x 1073) -
T2 8.69 x 10'(3.76 x 107") 8.72 x 10'(7.83 x 107~ 8.77 x 101(2.55 x 10°) ~
F2:PI+LS Tl 5.23 x 1072(1.07 x 1071 1.95% 1071 (4.32 x 101~ 213x107'(3.77x 10 ~
T2 1.24 % 1072(8.51 x 1073) 1.70 X 1071(4.07 x 107")- 4.44 % 1072(5.79 x 1072) -
F3:NI+HS Tl 9.90 x 10'(3.17 x 101 9.62 x 10'(3.45 x 10"~ 8.23 x 101(3.26 x 10) +
T 1.28 x 10(7.17 x 10°) 1.90 x 10'(1.53 x 10")~ 1.76 x 10'(2.18 x 10') ~
F3:NI+MS Tl 1.79 x 1073(1.90 x 1073) 1.07 x 1073(1.16 x 1073~ 1.52% 1073(2.39 x 107%) ~
i) 7.76 x 1071 (4.06 x 10~") 1.39 x 10°(6.35 x 1071)- 1.30 x 10%(7.31 x 1071) -
F3:NI+LS Tl 3.19 x 10%(6.70 x 10") 2.34 x 10%(1.22 x 10%)+ 3.59 x 102(3.00 x 10') -
i) 7.60 x 102(2.76 x 10?) 9.97 x 10%(2.89 x 10%)- 7.99 x 102(2.65 x 10%) ~
4=/~ Base 1/3/14 3/5/10

4.5.3. Analysis of learning rate

The learning rate (/r) determines the step size of network weight updates. The learning rate is
evaluated over the set in {0.05,0.1,0.15,0.2,0.25}, and the results are summarized in Table 6. The
results show that extreme learning rates lead to performance degradation. When [r = 0.05, the model
is undertrained within the limited number of epochs, resulting in inferior performance on most tasks.
Conversely, a large learning rate (Ir = 0.25) introduces instability due to overshooting and noisy
updates. Moderate learning rates ( /[r = 0.15 and Ir = 0.2) achieve better performance on some tasks
but exhibit higher variability. In contrast, [r = 0.1 provides the most stable performance across tasks,
indicating a desirable balance between convergence speed and training stability.

4.5.4. Analysis of training epochs

To justify the parameter settings of the integrated FNN, we investigate the impact of the number of
training epochs (epochs) on the performance of the MTDE-ELM. Specifically, four configurations of
epochs € {10, 20,50, 100}, are evaluated across all benchmark tasks. As illustrated in Table 7, the
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Table 6. Sensitivity analysis of the learning rate of the MTDE-ELM.

MTDE-ELM(Ir = 0.1)

Ir = 0.05

Ir=0.15

Ir=0.2

Ir=0.25

Problem Task
F1:CI+HS T1
T2
FI:.CI+MS Tl
T2
FI:CI+LS T1
T2
F2:PI+HS T1
T2
F2:PI+MS T1
T2
F2:PI+LS Tl
T2
F3:NI+HS Tl
T2
F3:NI+MS TI
T2
F3:NI+LS Tl
T2
+/-/~

2.60 x 107%(8.14 x 107%)
2.62 % 1071(5.85 x 1071)
4.12 % 107%(6.43 x 107°)
1.10 X 107°(3.88 x 1077)
1.98 x 10"(2.39 x 10°)
1.31 x 103(8.33 x 10%)
3.22 x 10%(8.10 x 10")
1.06 X 1073(2.38 x 1073)
4.09 x 1073(1.25 x 1072)
8.73 x 10"(1.11 x 10°)
2.72x107(5.12 x 107")
7.99 x 1072(2.38 x 107")
7.83 x 10'(3.47 x 10')
1.08 x 10'(1.08 x 10")
1.66 x 1073(1.58 x 1073)
9.98 x 1071(6.68 x 107")
3.34 x 10%(6.91 x 10')
7.81 x 10%(2.82 x 10?)
Base

6.63 x 107(3.30 x 107)-
8.40 x 10°(3.23 x 10°)-
3.00 x 1072(3.31 x 107%)-
4.77x1071(1.06 x 107")-
2.11 x 10'(3.89 x 1072)-
1.08 x 10%(4.29 x 10%)-
3.86 x 10%(1.81 x 10')-
1.73 x 1072(4.04 x 1073)-
6.90 x 1072(8.17 x 107%)-
6.10 x 10"(1.80 x 10")+
4.63x1071(1.89 x 107~
1.52x 107(1.96 x 1071)-
5.37 x 10'(2.31 x 10%)+
1.21 x 101(5.07 x 10%)~
2.36 x 1072(7.92 x 1073)-
1.83 x 10°(2.22 x 107')-
4,02 x 10%(1.51 x 10')-
1.10 x 10%(3.93 x 10?)-
2/14/2

334 x 1075(1.41 x 10%)~
5.22x1073(2.29 x 10%)~
6.40 x 1074(1.15 x 107%)-
2.63 x 107#(8.65 x 1075)-
2.12x 10"(3.26 x 1072)-
4.55 x 103(1.23 x 10%)-
3.10 x 10%(9.12 x 10"~
7.92 x 1075(1.95 x 10~%)~
271 x1073(3.31 x 1074)+
8.67 x 10'(4.95 x 107 M)~
9.97 x 1073(1.93 x 107)+
1.53 x 102(3.26 x 107)~
5.12x 10"(1.52 x 10" )+
3.81 x 10°(8.56 x 10°)+
4.90 x 107#(2.08 x 107+
4.95 x 10°(1.94 x 107")-
3.75 x 10%(1.41 x 10")-
7.26 x 10%(2.56 x 10?)~
5/6/7

1.03 x 107%(2.11 x 10~
1.37 x 107'(2.58 x 107"~
2.41x 1073(2.75 x 107%)-
3.67 x 1073(1.04 x 107%)-
2.11 x 10'(2.10 x 107")-
4.32 x 10%(9.72 x 10%)-
3.08 x 10%(9.51 x 10")~
8.80 X 1074(2.24 x 1074~
8.86 x 1073(1.11 x 107%)-
8.14 x 10'(1.25 x 10")+
4.09 x 1072(1.15 x 1072)+
3.79 x 1072(2.54 x 1072)~
5.45 % 10'(1.82 x 10")+
4.50 x 10°(9.63 x 10°)+
2.60 x 1073(5.20 x 107%)-
9.35x 1071(2.28 x 107 H)~
3.79 x 10%(2.42 x 10")-
8.67 x 10%(3.65 x 10~
47717

111 x 1073(1.71 x 107)-
1.73 x 10°(2.75 x 10°)-
1.25 x 1072(3.33 x 107%)-
8.92 x 1072(5.06 x 1072)-
2.11 x 10" (4.66 x 1072)-
5.81 x 10%(1.02 x 10%)-
3.47 x 10%(7.28 x 10"~
1.30 x 1072(2.56 x 1073)-
3.84 x 1072(7.85 x 107%)-
7.12x 10'(1.99 x 10")~
2.37x 1071(9.76 x 1072)~
1.63 x 1071(2.48 x 1071)-
5.50 x 10'(1.58 x 10")+
5.63 x 10°(7.00 x 10°)+
1.63 X 1072(5.43 x 107%)-
1.67 x 10°(2.65 x 107")-
3.96 x 10%(1.45 x 10")-
1.03 x 103(2.77 x 10%)-
2/13/3

optimization performance improves noticeably as the number of epochs increases from 10 to 50,
indicating that a sufficient number of training iterations is necessary for the FNN to learn meaningful
knowledge representations from the collected evolutionary data. When the quantity of epochs is
relatively small (epochs = 10), the model tends to be undertrained, resulting in less effective guidance
during the search process.

However, further increasing epochs beyond 50 leads to only marginal improvements, and even
slight performance degradation on several tasks (F1:CI+MS and F2:PI+HS). This behavior suggests
that excessive training may cause the model to overfit the limited and potentially noisy samples
generated during evolution, thereby reducing its generalization capability for knowledge transfer.
Furthermore, employing an excessively large value for epochs is computationally inefficient. Because
the FNN tends to reach stable performance at epochs = 50, further increasing the training intensity
provides diminishing returns in terms of optimization performance while increasing the overall
computational cost of the evolutionary process

Table 7. Sensitivity analysis of training epochs parameters in the MTDE-ELM.

Problem Task MTDE-ELM(epochs = 50) epochs = 10 epochs = 20 epochs = 100
FI1:CI+HS T1 2.60 x 107*(8.14 x 10~%) 1.41 x 1073(1.67 x 1073)- 9.80 X 107°(9.13 x 10™)~ 8.03 x 107%(3.58 X 107°)~
T2 2.62x 107'(5.85 x 107!) 1.62 x 10°(1.64 x 10°)- 1.39x 1071(1.13 x 107"~ 1.16 x 1072(5.49 x 107)~
F1:CI+MS T1 4.12 x 1075(6.43 x 107%) 1.08 X 1072(2.73 x 1073)- 2.81 x 1073(5.61 x 107%)- 8.14 x 1074(1.23 X 107%)-
T2 1.10 x 107°(3.88 x 1077) 6.91 x 107%(2.83 x 1072)- 4.88 x 1073(1.85 x 107%)- 4.16 X 1074(1.38 x 1074)-
FI:CI+LS T1 1.98 x 10'(2.39 x 10°) 2.11 x 10'(4.38 x 1072)- 2.11 x 10'(4.11 x 1072)- 2.12x 10'(3.44 x 1072)-
T2 1.31 x 10°(8.33 x 10%) 4.69 x 103(1.01 x 10%)- 5.90 x 10%(1.04 x 10%)- 9.48 x 103(7.25 x 10%)-
F2:PI+HS T1 3.22 x 10%(8.10 x 10") 3.14 x 10%(9.22 x 10"~ 3.47 x 10%(7.92 x 10")~ 3.72 x 10%(1.78 x 10")-
T2 1.06 x 1073(2.38 x 1073) 1.34 x 107%(3.31 x 107%)- 1.09 x 1073(3.12 X 107)- 8.97 x 1073(2.10 X 107°)~
F2:PI+MS T1 4.09 x 1073(1.25 x 1072) 3.14 x 1072(6.21 x 1073)- 1.00 x 1072(1.55 x 107%)- 3.11x 1073(4.37 x 107)-
T2 8.73 x 10'(1.11 x 10%) 7.78 x 10'(1.80 X 10")~ 7.88 x 10'(1.63 x 10")+ 8.67 % 10'(4.13x 107" )~
F2:PI+LS T1 2.72%x1071(5.12 x 107") 1.60 x 1071(3.76 x 1072)- 4.30 x 1072(1.47 x 1072)= 1.14 x 1072(3.05 x 107%)+
T2 7.99 x 1072(2.38 x 107") 1.25 x 107(1.06 x 1071)- 4.02 x 1072(2.54 x 1072)- 1.41 x 1072(3.51 x 107)~
F3:NI+HS T1 7.83 x 10'(3.47 x 10") 5.07 x 10'(9.52 x 10°)+ 4.75x10"(7.19 x 107"+ 5.56 x 10'(1.77 x 10"+
T2 1.08 x 10'(1.08 x 10") 5.57 x 10°(8.95 x 10°)+ 1.51 x 10°(5.30 x 10°)+ 1.69 x 10°(2.38 x 10°)+
F3:NI+MS T1 1.66 x 1073(1.58 x 1073) 1.59 x 107%(3.86 x 107%)- 2.73 x 1073(7.53 x 107%)- 5.71 x 107#(1.88 x 1074)+
T2 9.98 x 107!(6.68 x 1071) 1.71 x 10°(2.39 x 107~ 9.08 x 107'(1.78 X 1071+ 443 x107'(4.78 X 1072)+
F3:NI+LS T1 3.34 x 10%(6.91 x 10") 3.93 x 10%(1.88 x 10")- 3.81 x 10%(1.26 x 10")- 3.80 x 10%(1.26 x 10")-
T2 7.81 x 10%(2.82 X 10%) 9.06 x 10*(3.70 X 10%)~ 8.08 x 10%(3.60 X 10%)~ 5.98 x 10%(2.40 X 10%)~
+/-/~ Base 2/12 /4 4/9/5 5/17/6
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4.5.5. Performance of p,, and p,

In the MTDE-ELM, the three distinct knowledge transfers (the intratask, the intertask, and the
potential knowledge transfers) determine the three different offspring generation methods.
Specifically, p,, and p, are two key hyperparameters that balance the algorithm’s exploitation and
exploration capabilities, and their different value combinations will directly affect the performance of
the MTDE-ELM in MTO. Thus, we design a set of control experiments to explore the optimal
parameter configuration. We investigate the impact of these parameters and identify their optimal
combination by comparing the algorithm’s performance across p,, values of 0.1, 0.3, 0.5, 0.7, and 0.9
as well as p, values of 0.1, 0.3, 0.5, 0.7, and 0.9. The comparative results for various parameter
settings, measured by the Friedman test of 30 independent runs on each benchmark function, are
visualized through a heatmap illustrated in Figure 8.

The experimental results in Figure 8 show a relatively lower p,, which denotes that offspring
generation is predominantly guided by the DE algorithm and can yield more favorable performance
on different p,, values in terms of the Friedman test on all the benchmark functions. The results verify
that the potential knowledge transfer generated by the ELM can exhibit a positive effect, though
overreliance on it cannot guarantee favorable performance of the MTDE-ELM. For the parameter p,,,
neither a larger value nor a smaller value exhibits promising performance. On the contrary, the
MTDE-ELM displays the most favorable performance when p,, is set as 0.5. In other words, both the
intratask and the intertask knowledge transfers, which focus on exploitation and exploration,
respectively, play important roles in MTO community.

Based on the results, the recommended parameter settings for the MTDE-ELM are p,,= 0.5 and
p. =0.1.
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Figure 8. Heat map distribution for different parameter settings of p,, and p,.
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5. Conclusions

This study aims to address the limitations of knowledge transfer strategies in most MTO algorithms
by proposing a multitask DE algorithm based on the ELM termed the MTDE-ELM. Unlike traditional
MTO algorithms, the MTDE-ELM employs two distinct approaches for offspring generation. The one
approach relies on a variant DE algorithm to guide offspring creation. The other approach utilizes the
ELM, by which some helpful knowledge of the previous search process can be extracted to perform
the offspring generation. Through these approaches, three distinct knowledge transfers can be realized.

A target individual can select other individuals with the same skill factor as himself to perform the
mutation operator when adopting the DE-based offspring generation. Based on this method, the
intratask knowledge transfer can be realized, thereby improving the exploitation ability of the
MTDE-ELM. Conversely, the intertask knowledge transfer can be achieved when target individuals
choose individuals with different skill factors to conduct the mutation operator. Thus, the exploration
capability of the MTDE-ELM can be enhanced. Moreover, the potential task knowledge transfer is
realized by the FNN before utilizing the ELM to generate offspring. In this process, the evolutionary
data of multiple tasks are adopted as the input and output data of the FNN. After the training process,
an individual can use the trained FNN to generate offspring. To evaluate the overall performance of
the MTDE-ELM, we conduct comprehensive experiments on the widely used benchmark suite.
Compared to several state-of-the-art MTO algorithms, it exhibits competitive performance in terms of
solution accuracy and convergence. Furthermore, the characteristics of new proposed strategies and
parameters are also examined by extensive experiments.

Although the proposed the MTDE-ELM demonstrates promising performance, several research
directions are worth exploring. First, an adaptive mechanism could be designed to dynamically adjust
the number of layers, neurons, and weight parameters based on the complexity of the optimization
task and the characteristics of the population. This would enable the NN to better align with specific
problem requirements. Second, adaptive strategies could be developed to dynamically determine when
and how to perform various knowledge transfers. Finally, we envision extending the MTDE-ELM
to broader optimization domains, such as large-scale optimization, multiobjective optimization, and
multimodal optimization problems.
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