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Abstract: A stochastic model for theme park ride waiting times is developed by modeling the waiting
time as a continuous-time, discrete-state Markov process with state-dependent, time-varying transition
rates. These transition rates are interpreted as a control term acting on the waiting-time process, al-
lowing the model calibration task to be formulated as a data-driven optimal control problem. To solve
this problem efficiently, we construct a physics-informed neural network (PINN) that embeds the Kol-
mogorov forward equation solver into its architecture. Under mild assumptions, we prove the existence
of an optimal control, providing theoretical support for the learning procedure. Numerical simulations
demonstrate the effectiveness of the PINN-based solution. The proposed framework provides an in-
terpretable, physically consistent, and data-driven approach for modeling and forecasting ride waiting
times.
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1. Introduction

Theme parks are highly dynamic, nonstationary systems in which visitor flows, ride capacities, op-
erational schedules, and environmental factors interact in stochastic and time-dependent ways [1, 2].
Visitors spend a substantial amount of their day waiting in line. The long waiting times significantly
impact both visitor satisfaction and overall park operations. Accurate modeling of ride waiting times
therefore plays an important role in operational planning, real-time decision making, and system opti-
mization.

Two traditional approaches have been widely used to analyze waiting-time and queueing phenom-
ena: classical queueing theory and discrete-event simulation. Although both frameworks provide valu-
able insight, each faces important limitations when applied to theme-park operations. Queueing theory
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(e.g., birth–death processes and M/M/1 systems) offers analytical tractability and asymptotic formu-
las [3–5] but typically relies on assumptions such as stationary arrival rates, exponential service times,
and independent flows. These assumptions rarely hold in theme parks, where visitor arrivals vary
sharply throughout the day, and waiting times are restricted by physical and operational limits, see for
example, Figure 1. On the other hand, discrete-event simulation can represent fine-grained operational
details-such as downtime and fluctuating capacity. However, simulation models are computationally
expensive, difficult to calibrate, and often lack analytical interpretability [6, 7].

Figure 1. Statistical information for The Incredible Hulk Coaster at Universal Islands of
Adventure.

The limitations of these traditional approaches motivate the development of stochastic models that
incorporate time dependence, physical constraints, and data-driven flexibility. However, fitting stochas-
tic models to real waiting-time data remains challenging. Existing calibration strategies typically rely
on exhaustive parameter searches, simplifying the form of the model, or local optimization around
deterministic approximations [3, 6, 8–11], and these methods become increasingly difficult to apply as
the dimensionality of the system grows. Recent advances in machine learning (ML), particularly in
physics-informed neural networks (PINNs), provide an opportunity to integrate mechanistic modeling
with data-driven function approximation. PINNs embed known physical or stochastic laws directly in
the learning process. This improves interpretability and reduces reliance on black-box models. The
reader is referred to [12–16] and the references therein for recent advances and background on PINNs
and ML in general.

In this work, we develop a data-driven stochastic model for ride waiting times within a single
operating day. The waiting time is modeled as a continuous-time, discrete-state, nonhomogeneous
Markov process [17]. The transition rates are interpreted as a control term acting on the waiting-time
process, which allows us to formulate the estimation problem as an optimal control problem. We then
use a PINN framework to learn these time-varying transition rates directly from the data. The existence
of an optimal control is also proved under mild assumptions, thereby providing theoretical support for
the learning procedure.

A practical contribution of this work concerns the data collection itself. Many theme parks pub-
lish real-time waiting-time estimates through public-facing websites or mobile applications. However,
these values are continuously updated and are therefore not archived or directly reusable. To overcome
this limitation, we systematically recorded these public data streams from Queue Times [18] over a
period of twenty-three months for multiple parks across the USA, creating a large dataset of historical
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waiting-time information. This dataset enables detailed empirical analysis of daily patterns, such as
differences between weekdays and weekends (Figure 1), and forms the foundation for calibrating the
proposed data-driven stochastic model.

The remainder of the paper is organized as follows. In Section 2, we introduce the stochastic
model and derive the Kolmogorov forward and backward equations. Section 3 presents the optimal
control formulation and the PINN architecture used to implement the stochastic model. The training
procedure and two applications of the trained PINN model are also presented there. A summary is
given in Section 4.

2. Mathematical models

To simplify the modeling framework and reflect the structure of the collected data, we assume
that rides operate independently and model the waiting time of a single ride as a one-dimensional,
continuous-time, discrete-state Markov process Xt, t ≥ 0. For practical purposes, we consider a finite
time horizon [0,T ], where T is the daily park operation time. For any t ∈ [0,T ], the process takes
values in the discrete state space S = {0, λ, 2λ, . . . , X̄}, where X̄ is the maximum allowable waiting
time during the day and is assumed to be a multiple of λ. Because the waiting time cannot exceed
the total operating time, it follows that X̄ ≤ T . The state X̄ ∈ S represents waiting times at least X̄,
corresponding to the interval [X̄,T ]. Each state kλ ∈ S with 0 ≤ kλ < X̄ corresponds to [kλ, (k + 1)λ).
This discretization matches the structure of the collected data.

The stochastic model is developed following a standard modeling procedure [8, 9, 17, 19]. For any
t ∈ [0,T ] and ∆t > 0, let ∆X(t,x) denote the change of Xt over [t, t+∆t] given Xt = x ∈ S . We assume ∆t
is sufficiently small so that for any (t, x) ∈ [0,T ] × S , the possible values of ∆X(t,x) are {−λ, 0, λ} with
probabilities given in Table 1, where q1(·, X̄) ≡ 0 and q2(·, 0) ≡ 0.

Table 1. Possible values of ∆X with the corresponding probabilities.

Change Probability
∆X(t,x) = λ q1(t, x)∆t
∆X(t,x) = −λ q2(t, x)∆t
∆X(t,x) = 0 1 − [q1(t, x) + q2(t, x)]∆t

Let n = |S | be the number of elements in S , and let P(s, t) = [pi j(s, t)]n×n be the transition probability
matrix, with pi j(s, t) = P(Xt = ( j − 1)λ | Xs = (i − 1)λ), i, j ∈ [1, n]Z. Then, for any s < t1 < t,

pi j(s, t) =
n∑

k=1

pik(s, t1)pk j(t1, t),

or equivalently, P(s, t) = P(s, t1)P(t1, t). Hence, for any t > s and ∆t > 0,

P(s, t + ∆t) − P(s, t) = P(s, t)
[
P(t, t + ∆t) − I

]
.
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By Table 1, for any i, j ∈ [1, n]Z,

pi j(t, t + ∆t) =


q1(t, (i − 1)λ)∆t, j = i + 1,
q2(t, (i − 1)λ)∆t, j = i − 1,
1 − [q1(t, (i − 1)λ) + q2(t, (i − 1)λ)]∆t, j = i,

0, otherwise.

Thus,
P(s, t + ∆t) − P(s, t) = P(s, t)Q(t)∆t, (2.1)

where Q(t) = [qi j(t)]n×n is an n × n tridiagonal matrix with

qi j(t) =


q1(t, (i − 1)λ), j = i + 1,
q2(t, (i − 1)λ), j = i − 1,
−q1(t, (i − 1)λ) − q2(t, (i − 1)λ), j = i,

0, otherwise.

(2.2)

Dividing (2.1) by ∆t and letting ∆t → 0 yields the Kolmogorov forward equation

∂

∂t
P(s, t) = P(s, t)Q(t), P(s, s) = I,

and similarly the backward equation

∂

∂s
P(s, t) = −Q(s)P(s, t), P(t, t) = I.

Hence, Xt is a nonhomogeneous Q-process with generator Q(t).
Let P(t) = [p0(t), pλ(t), . . . , pX̄(t)] be 1 × n with px(t) = P(Xt = x). Then

P(t) = P(t0)P(t0, t),

and P(t) satisfies the forward equation

d
dt

P(t) = P(t)Q(t), P(t0) = P0, t > t0. (2.3)

Model (2.3) will serve as the main dynamical system in the next section. Before proceeding to the next
section, we present two expectation identities that will be useful in the model applications.

Proposition 2.1. Let P(t) = [p0(t), . . . , pX̄(t)], Q(t) be given by (2.2), and F(XXX) =

[ f (0), f (λ), . . . , f (X̄)]. Then,
d
dt
E[ f (Xt)] = E

[
(Q(t)FT )(Xt)

]
.

Proof. By (2.3),
d
dt
E[ f (Xt)] =

d
dt
(
P(t)FT ) = P(t)Q(t)FT = E

[
(Q(t)FT )(Xt)

]
.
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Proposition 2.2. Let the first and second moments be denoted by

m(t) = E[Xt] =
∑
i∈S

i pi(t), s(t) = E[X2
t ] =
∑
i∈S

i2 pi(t).

With q1, q2 as above, the moments satisfy

d
dt

m(t) = λE
[
q1(t, Xt) − q2(t, Xt)

]
, (2.4)

d
dt

s(t) = λE
[
(2Xt + λ)q1(t, Xt) − (2Xt − λ)q2(t, Xt)

]
. (2.5)

Proof. This result follows immediately from Proposition 2.1 by taking f (x) = x and f (x) = x2, respec-
tively.

These identities explicitly reveal how the transition rates govern the evolution of the expectations,
particularly the mean and variance, of the waiting-time process. In Section 3, we address the inverse
problem of estimating q1 and q2 from real data, formulate the task within a data-driven optimal control
framework, and present the PINN architecture used for training.

3. PINN and optimal control formulation

In this section, we develop a PINN implementation of Model (2.3), interpreting the transition rates
(q1, q2) as controls and formulating the PINN training procedure as a data-driven optimal control prob-
lem that minimizes the loss function.

3.1. Optimal control formulation

We seek to estimate the transition rates q1(t, x) and q2(t, x) from collected waiting-time data. These
transition rates are interpreted as controls acting on the waiting-time process, and they influence the
dynamics solely through the generator matrix Q(t) in (2.2) and the Kolmogorov forward equation (2.3).

We define the admissible control set

U =

{
u = (q1, q2)

∣∣∣∣∣∣ qi ∈ L∞([0,T ] × S ), 0 ≤ qi(t, x) ≤ q̄, i = 1, 2,
q1(t, X̄) = 0, q2(t, 0) = 0

}
for a fixed constant q̄ > 0. For an admissible control u = (q1, q2) ∈ U, let Pu(t) be the solution of

d
dt

Pu(t) = Pu(t)Qu(t), Pu(t0) = P0, t > t0, (3.1)

where Qu(t) is obtained from (2.2) using q1, q2 from u.

Let {ti}
m
i=1 ⊂ (0,T ] denote the observation times. We consider a general loss functional of the form

J(u) = Φ
(
Pu(t1), . . . , Pu(tm)

)
, (3.2)

where
Φ : Rm×n −→ R

is assumed to be continuous. The data-driven optimal control problem is therefore to find u∗ ∈ U that
minimizes J(u) defined by (3.2) subject to (3.1).

We now establish an existence result for the above optimal control problem.
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Theorem 3.1. Assume that the loss functional J(u) is of the form (3.2) with Φ continuous. Then there
exists at least one control u∗ ∈ U such that

J(u∗) = min
u∈U

J(u),

subject to the state equation (3.1).

Proof. The proof follows a standard approach for proving the existence of minimizers in optimal con-
trol problems with controls in L∞ spaces. We outline the steps below.
Step 1 (Compactness). The admissible set U is bounded in L∞([0,T ] × S )2 and closed in the weak∗

sense, and is hence weak∗-compact by the Banach–Alaoglu theorem.
Step 2 (Well-posedness). For each u ∈ U, the generator Qu(t) is measurable and uniformly bounded.
Thus, Model (3.1) has a unique solution Pu ∈ C([0,T ];Rn) by standard Carathéodory ordinary differ-
ential equation (ODE) theory.

Step 3 (Continuity of the control-to-state map). If uk
∗
⇀ u in L∞, then Quk(t)

∗
⇀ Qu(t) in L∞([0,T ] ×

S )n×n. From linearity,
d
dt
(
Puk − Pu) = Puk Quk − PuQu.

Uniform boundedness of Quk and Grönwall’s inequality imply ∥Puk − Pu∥C([0,T ]) → 0.
Step 4 (Lower semicontinuity of the loss). By continuity of Φ and the uniform convergence Puk(ti) →
Pu(ti), we have J(uk)→ J(u).
Step 5 (Existence). By combining Steps 1–4, we may now complete the proof. Let {uk} be a minimizing
sequence. By weak∗ compactness, a subsequence converges to some u∗ ∈ U in the weak∗ sense. Lower
semicontinuity yields

J(u∗) ≤ lim inf
k→∞

J(uk),

so u∗ is optimal.

Remark 3.1.

(1) The conclusion of Theorem 3.1 holds for any continuous data-driven loss functional and is there-
fore independent of both the specific neural network (NN) implementation of u and the optimiza-
tion algorithm used during training.

(2) Typical examples of the loss functional include weighted least squares, smoothed absolute devia-
tions, log-type losses, and other standard data-fitting objectives used in PINN training.

3.2. PINN model

The optimal control problem formulated in Section 3.1 is solved by developing a PINN model.
This idea has been used in [19, 20]. The PINN model uses the initial waiting time x0 together with the
model parameters, (T, X̄, λ) as the input, and it outputs the predicted probability distribution P(t | x0) =
P(Xt | X0 = x0), 0 < t ≤ T . Two sub-NNs, namely q1-net and q2-net, are developed to approximate the
control functions q1 and q2 in Model (3.1), respectively. Then, an ODE-Solver layer is used to solve
Model (3.1) and output P(t | x0). The PINN architecture is shown in Figure 2.

The roles of the blocks shown in Figure 2 are summarized below:

Electronic Research Archive Volume 34, Issue 6, 4158–4171.



4164

• The t block generates a discrete time interval [0,T ]Z := {0,∆t, 2∆t, · · · ,T } needed for other blocks
based on the step size ∆t to discretize the time interval [0,T ].

• The S block generates the state set S = {0, λ, 2λ, . . . , X̄} needed for other blocks based on X̄ and
λ.

• The P0 block converts the input x0 to the initial distribution P(t0).

• The q1-net and q2-net approximate the transition rates q1(t, x) and q2(t, x), respectively. Both use
fully connected neural network architectures. This structure allows the rates to vary with time
and state. It enables the model to capture complex patterns observed in real data. As a result,
the proposed approach substantially extends classical stochastic models that assume constant or
overly simple transition rates.

• The ODE-Solver block numerically solves Model (3.1) on the grid [0,T ]Z × S using the im-
plicit backward Euler method due to its stability for approximating ODE solutions. The reader is
referred to [21] for the details.

Figure 2. The PINN architecture.

The forward propagation process of the PINN is to solve Model (3.1) based on the input. The algorithm
is summarized as Algorithm 1 below.

Algorithm 1 Forward propagation for (3.1)
1: Initialize T , ∆t, grid [0,T ]Z, initial distribution P0, state set S , and control networks for u = (q1, q2).

2: For t = ∆t, 2∆t, . . . ,T :

• Evaluate (q1, q2) on S and form Qu(t) via (2.2).

• Advance Pu(t − ∆t)→ Pu(t) using an ODE solver for (3.1).

3: Return {Pu(ti)}mi=1.
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3.3. Training process

The PINN model is trained using real data. We have collected 23 months of waiting-time informa-
tion for rides in several theme parks across the United States. For each ride, the data are organized as
multiple daily time series, which allows us to compute statistical summaries and empirical distributions
of waiting times throughout a typical operating day. Exploratory data analysis (EDA) further reveals
that weekday and weekend patterns differ noticeably; therefore, they should be modeled separately.
See Figure 1 for an illustrative example.

The PINN is trained using the loss function

L(u) = wm

∥∥∥mu(t) − memp(t)
∥∥∥2

2
+ wv

∥∥∥vu(t) − vemp(t)
∥∥∥2

2
+ wdist

∥∥∥Pu(t) − Pemp(t)
∥∥∥2

2
, (3.3)

which combines three components: (i) a mean term aligning the predicted mean waiting time mu(t)
with the empirical mean memp(t), (ii) a variance term aligning the predicted variance vu(t) with the
empirical variance vemp(t), and (iii) a distribution term measuring the mean squared error between the
predicted distribution Pu(t) and the empirical distribution Pemp(t). The non-negative weights wm, wv,
wdist determine the relative importance of the three terms.

Remark 3.2.

(1) The training process can be interpreted as approximating the optimal control u∗ that minimizes
the loss (3.3).

(2) The PINN framework enables the use of state-of-the-art optimization techniques and modern
machine-learning hardware.

(3) The existence of an optimal control at the function level (Theorem 3.1) provides theoretical justi-
fication for the training process.

3.4. Simulations

We conclude this section by presenting some representative simulation results. In our experiment,
the q1-net and q2-net are implemented as fully connected feedforward networks with 10 hidden layers
and 5 neurons per layer. The activation function in each hidden layer is arctan(x), and the output layer
uses the activation f (x) =

√
|x| to ensure the smoothness and non-negativity of the learned transition

rates. The model parameters are chosen as λ = 5 minutes and X̄ = 50 minutes to match the collected
data.

The loss weights in (3.3) are taken to be wm = 20 and wv = wdist = 1, placing greater emphasis on
matching the empirical mean while still enforcing agreement in both variance and distributional shape.
The optimization problem is solved using particle swarm optimization (PSO) with a swarm size of 64,
executed on a desktop PC running Ubuntu 22.04 LTS and equipped with an Intel Core i5-11400F CPU
and 16 GB of RAM.

The model is trained using weekday data from the Incredible Hulk Coaster at Universal Islands
of Adventure, collected between October 2023 and August 2025. Figure 3 displays the statistical
summaries and empirical distributions produced by the trained PINN model. The close agreement be-
tween the model-generated statistics and the empirical data demonstrates the feasibility of the proposed
PINN-based approach and its ability to learn realistic, time-varying transition rates that accurately cap-
ture both the daily dynamics and variability of ride waiting times.
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Figure 3. Statistical summaries and empirical distributions generated by the trained PINN
model.

Remark 3.3. The numerical experiments were conducted on a standard desktop computer. Particle
swarm optimization (PSO) was selected as the training algorithm due to the limited computational
resources available; however, gradient-based optimization methods may be employed when high-
performance computing (HPC) and/or GPU resources are accessible. In addition, the backward Euler
solver utilizes a relatively large time-step ∆t = 1.25 minutes in the present experiments to reduce
computational cost. Smaller time-steps may further improve accuracy when additional computational
resources permit.
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The trained PINN model can be applied to investigate various properties of the stochastic process
beyond one-day simulations. The following example illustrates how the trained model can be used to
forecast the distribution of waiting times when the system is initialized at an arbitrary time and state.

Example 3.1. Consider the solution Pu(t) of Model (3.1) with initial conditions t0 = 1000 minutes
(4:40 pm) and Xt0 = 35 minutes. Using the trained PINN, we compute the future distribution Pu(t)
between 4:40 p.m. and 6:40 p.m. The predicted mean m(t) together with the one- and two-standard-
deviation intervals [m(t) − σ, m(t) + σ] and [m(t) − 2σ, m(t) + 2σ], and the predicted probability
distribution are shown in Figure 4. This type of information enables short-term forecasting of waiting
times and can serve as a decision-support tool for operational planning.

Figure 4. Forecasted mean waiting time with confidence intervals (above) and probability
distribution (below) for the scenario t0 = 4:40 p.m. and Xt0 = 35 minutes.

The next example illustrates an application of the Kolmogorov backward equation using the trained
transition rates (q1, q2).
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Example 3.2. In this example, we demonstrate how to estimate the probability that the waiting time
at a terminal time tT falls below a prescribed threshold by solving the Kolmogorov backward equation
with the trained transition rates (q1, q2).

Let Xt denote the waiting time at time t, and consider the terminal time tT = 1200 minutes
(8:00 p.m.). For a threshold xT = 10 minutes, we define the backward value function

v(s, x) = Es,x
[
1{XtT ≤xT }

]
= P(XtT ≤ xT | Xs = x),

which represents the probability that the waiting time at the terminal time tT will be no more than xT

minutes, conditional on the process being in state Xs = x at an earlier time s < tT .
Then, for the Q-process induced by the learned PINN rates, the vector-valued function v(s) =

(v(s, 0), v(s, λ), . . . , v(s, X̄)) ∈ Rn×1 satisfies the Kolmogorov backward equation

d
ds

v(s) = −Qu(s)v(s), s < tT , with the terminal condition v(tT , x) = 1{x≤xT }, x ∈ S . (3.4)

Solving this linear ODE backward from tT to ts yields the complete probability profile v(s, x) over
the window [ts, tT ] × S . For additional background on the Kolmogorov backward equation, see, for
example, [17].

For illustration, we choose a start time of ts = 990 minutes (4:30 p.m.) and compute the backward
probability distribution v(ts, x) for all states x ∈ S . The backward ODE system (3.4) is solved by a
separate ODE solver using the explicit Euler’s method with the trained transition rates (q1, q2). Figure 5
shows the slice v(ts, x) as a function of x. These results quantify, for each possible state x at time ts, the
likelihood that the waiting time at the terminal time tT will not exceed the threshold xT . Scenario-based
probabilities such as v(ts, x0) can support real-time operational decisions, such as guest communication
or late-afternoon staffing adjustments.

Figure 5. Slice v(ts, x) versus x (minutes) at ts = 4:30 p.m., showing the conditional proba-
bility that the waiting time at the terminal time tT = 1200 is at most xT = 10 minutes given
Xts for all possible initial states.

Electronic Research Archive Volume 34, Issue 6, 4158–4171.



4169

4. Conclusions

In this work, we developed a stochastic modeling and learning framework for characterizing ride
waiting times in theme parks. By formulating the waiting time as a continuous-time, discrete-state
nonhomogeneous Markov process with state- and time-dependent transition rates, we obtained a flex-
ible probabilistic model capable of capturing daily variations in system dynamics. Interpreting the
transition rates as a control allowed us to recast the inverse problem of estimating these rates from
data as a data-driven optimal control problem. Within this framework, we established the existence
of an optimal control that minimizes the prescribed loss functional, providing a rigorous mathematical
foundation for the learning procedure.

To approximate the optimal control, we introduced a PINN architecture that combines NN param-
eterizations of the transition rates with a numerical solver for the Kolmogorov forward equation. This
design preserves model interpretability, leverages classical numerical structure, and allows the use of
modern ML optimization tools. The model was trained using 23 months of real waiting-time data, and
the loss function incorporated empirical information at the levels of mean, variance, and full probability
distribution.

Simulations using the learned controls demonstrated close agreement between the model-generated
statistics and the empirical data, illustrating the feasibility and effectiveness of the proposed PINN-
based approach. The results show that the model captures key structural features of daily waiting-
time dynamics while maintaining computational tractability and interpretability. Overall, the present
work demonstrates that combining stochastic modeling, optimal control theory, and physics-informed
machine learning provides a powerful and interpretable framework for analyzing large-scale, real-
world waiting-time systems.

For simplicity, the present study focuses on modeling the waiting-time dynamics of a single ride
and treats rides as independent. In practice, however, waiting times across multiple rides are often
coupled through shared visitor flows, operational constraints, and guest decision-making. Extending
the proposed framework to multiride systems with interacting stochastic dynamics would be a natural
and important direction for future research. Such extensions could enable the analysis of systemwide
effects, sensitivity with respect to control policies, and coordinated operational strategies, and may lead
to additional analytical insights and richer numerical results.
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