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Abstract: In this paper, we investigate the existence of normalized ground state solutions for a
class of quasilinear elliptic equations. More precisely, we consider the p-Laplace equation with a
prescribed L”-norm constraint. The problem involves a potential function and a nonlinear term with
mass supercritical growth. By employing variational methods, we aim to find solutions with a given
mass, where the parameter A appears as a Lagrange multiplier. Under appropriate assumptions of
potential and nonlinearity, we establish the existence of such solutions for any given positive mass.
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1. Introduction

The study of normalized solutions to nonlinear partial differential equations (PDEs) has attracted
significant attention due to their physical implications. This paper investigates the existence of ground state
normalized solutions for a class of p-Laplacian equations with potential and mass-supercritical nonlinearity.

The p-Laplacian operator arises in various nonlinear problems [1-4]. For instance, it is used in image
restoration (when 1 < p < 2), in non-Newtonian fluid dynamics (when ¥ = a|Vu|’~2Vu relates shear
stress to the velocity gradient), and in nonlinear elasticity and reaction—diffusion processes. A detailed
physical background can be found in [2].

The primary objective of this work is to analyze the following p-Laplace equation with an L?-
normalized constraint:

{—Apu + V@l 2u + AulP2u = f(u) inRY, 0

fRN lulPdx = c,

where —A,u = —div (IVqu‘ZVu) is p-Laplace operator, 1 < p < N, f : R = R, and 4 € R. The solution
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(uc, A.) 1s referred to as a normalized solution. The energy functional associated with this problem is

1 1
I(u):—f |Vu|pdx+—f V(x)lulpdx—f F(u)dx
P Jrv P Jrv RN

S(c):{ueE:f Iulpdxzc},
RN

where E = {u € W'?(RY) : | [, V(x)lul’dx| < +oo} and F(f) = [ f(s)ds, and the norm of E is defined by

1
llull = (f Vul” + V(X)Iul”dX) :
RN

which is equivalent to the Sobolev norm |u|y1,xv, under the assumption (V) in this paper. Then,
we study the critical point of the functional / on the restricted manifold S (c). Problem (1.1) with
the prescribed L”-norm arises naturally when seeking standing wave solutions of the time-dependent
p-Laplacian equation i0,¥ + A, ¥ = f(¥). Substituting ¥(x, 1) = e “u(x) yields the stationary Eq (1.1),
and the constraint &N |ulPdx = ¢ corresponds to the conservation of mass (e.g., the number of particles in
Bose-Einstein condensates). Unlike fixed-frequency problems where A is given, here, A is an unknown
Lagrange multiplier determined by the prescribed mass c.

The normalized solution comes from the study of the standing wave of nonlinear Schrodinger
equation. In the case p = 2 and V(x) = 0, Problem (1.1) comes from the research of solitary waves for
the nonlinear Schrodinger equation

on

i0,¥ + A¥Y = f(¥) in (0,00) x RY, (1.2)

where W = Y(x, ) denotes the wave function. Equation (1.2) has important applications in problems
such as Bose—Einstein condensates (see [5-7]). In Bose—Einstein condensates, |¥(x, £)|* represents the
probability density of a single particle at time ¢ appearing at position x in space, and fRN [¥(x, 1)[*dx
is the total number of atoms in whole space. Recalling that a solution of the form W(x, ) = e"Yu(x) is
called a standing wave solution, by substituting the expression of the standing wave solution into Eq (1.2),
it can be obtained that

—Au+ Au= f(u) inRN, (1.3)

and the conservation of mass condition is

j‘MMx:c>0
RN

In this case, 4 = A, is unknown, regarded as a Lagrange multiplier, and the solution (4., u.) is a couple
of normalized solutions of Eq (1.3). From the viewpoint of physics, it is more meaningful to study the
normalized solution.

The problem of normalized solutions has attracted the attention of many scholars in recent years,
and many wonderful results have been obtained in the study of normalized solution. In 2015, Jeanjean
et al. [8] proved the existence of a mountain pass solution and a minimum either local or global solution
having a prescribled L?>-norm for quasilinear Schrédinger equations. Under different growth conditions,
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Soave N. [9,10] studied the existence and properties of ground states for nonlinear Schrédinger equations
with combined nonlinearities when f(u) = u|u|?"?u + [u|’~>u in Eq (1.3). The biggest difference between
this situation and the previous one is that the structure of the functional / becomes more complex. We
define the ground state solution of (1.1) as follows:

Definition 1.1. We write that u. is a ground state of (1.1) on S . if it is a solution to (1.1) having minimal
energy among all the solutions which belong to S . :

dllsiy (ue) =0 and I(u;) = inf {I(u) : dl|s, () = 0 and u € S(c)}.

In the case N > p # 2 and V(x) = 0, important contributions to normalized solution to the
p-Laplacian equations
{ —Apu = AlulP2u + plulP>u + f(u) in RV, (1.4)

fRN |ulP dx = a?

can be found in [11]. Zhang and Zhang assumed that f is odd and L”-supercritical, and they discussed
the existence of a positive radial ground state under different growth conditions of disturbance terms by
Schwarz rearrangement and the Ekeland variational principle. Via a fountain theorem-type argument,
they obtained infinitely many solutions radial and nonradial. In [12], Wang et al studied the following
p-Laplacian equation with a L?*-norm constraint:

{ —Apu + [ulP~?u = Au + |ul*?u in RV, (1.5)

fow 1 dx = p.

Other literature on the normalized solution of a p-Laplacian operator can be found in [13—-15], where
in [14], Wang and Sun introduced a special potential functional into the p-Laplacian equation

—Apu+ Ix¥|ulP~u = Alul"%u + |u|*>u  in RV, (1.6)

The existence of a ground state under an L”-norm constraint and an L*>-norm constraint are obtained
respectively by a compact embedding lemma in [16].

In fact, due to diverse physical backgrounds, many equations inevitably involve potential functions
in place. The fixed mass problem with potential is also studied under suitable assumptions on the
potential function by many scholars. In [17], Ikoma and Miyamoto used the concentration compactness
principle to obtain stable standing waves under potential conditions V(x) € C (RN ) ,0# V(x) <0, and
limjy—e V(x) = 0. Soon afterward, the case of non-negative potential and vanishing at infinity was
considered in [18]. Under the circumstances, a new variational structure Pohozaev identity was used.
By constructing a bounded Palais—Smale sequence, Thomas with his partners obtained the existence
of normalized solutions with a high Morse index. In the case of nonpositive potential V(x) < 0 and
vanishing at infinity, Ding and Zhong [19] proved the existence of (4, ) € R x H'(R") to the following
Schrodinger equation:

—Au(x) + V(x)u(x) + Au(x) = g(u(x)) inRY,
{ 0 <u(x) € H'(R¥),N 23,

satisfying the L2-norm under some explicit smallness assumptions on V. He et al. [20] studied the existence
of the normalized solution of the Kirchhoff equation under similar assumptions of potential function.
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There are also many novel results in the study of normalized solutions of other equations with
nonlinear terms. For example, the study of nonlinear Schrodinger equations with a mixed fractional
Laplacian can be found in [21,22]. For (p, g)-Laplacian equations with mass supercritical growth,
normalized solutions have been extensively studied in various contexts [23-25]. Related variational
methods and energy estimates for general nonlinear systems can also be found in [26-28].

In the present paper, we investigate the existence of a ground state for Problem (1.1). Drawing on
the assumptions of the nonlinear terms f in [11], we present some assumptions on f as follows.

(F1) f : R — Ris continuous and odd.
(F,) There exist p < a@ < 8 < p* such that

0 < aF(t) < ()t < BE(t), ¥t € R\ {0}

Np
! - 2 ~r p<N7

where F(1) = || f(s)ds, p=p+5.p =3 N=p
+ 00, p=N.

(F3) The functional defined by F(f) = f(t)t — pF(t) is of class C', and F’(t)t > aF(t),¥t € R, where a
is mentioned in (F5).

In the case of p = 2 and V(x) = 0, under the assumptions (F;) and (F,), Jeanjean [29] proved that
the energy functional satisfies the mountain pass geometry and that a bounded Palais—Smale sequence
exists. By the embedding H' — LP(R") being compact for p € (2,2*), Jeanjean obtained a radial
normalized solution when N > 2.

For the potential function in this article, we focus on the non-trapping potential, thatis, lim V(x) = 0.

[x]—>+00

If limsup V(x) =: V,, < +o00 exists, we can make a replacement that does not affect the existence of

|x]—>+00

a normalized solution. Inspired by [19,20], we make the following assumptions about the potential
function V(x) in this paper:

2
V) | |lim V(x) = sup V(x) = 0, and there exists 0| € [O, 1- p—) such that
X|—+00

xRN N(a - p)
f V(lulPdx| < oy ||[Vully, Yu € E.
RN

(V2) VV(x) exists a.e. in RY. Putting W(x) = 1/p(VV(x),x), there exists 0 < o, <
min {N(l —o)a-p)/p*-1,18p—- (B - p)N]/ﬁp} such that
f W)lulPdx| < o, ||Vull?, Yu € E.
RN

(V3) VW(x) exists a.e. in R. Let Y(x) = (VW(x),x) + (Na/p — N) W(x), there exists o3 €
[0, %a -p- N) such that

f Y. (lul’dx < o3 ||Vull, , Yu € E,
RN

where Y, (x) = max{0, Y(x)}.

Remark: We emphasize that such potential functions do exist, and the conditions for these potential
functions are sufficient but not necessary.

Examples of potentials satisfying (V;)—(V3).
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Radial smooth decay. Let
Vix) = —ge""lz, g > 0 small,

where x € R¥, N > 3,and 1 < p < N. By the weighted Sobolev inequality, we can verify that
V(X) satisfies (V)—(V3).

In addition, V(x) = —& sin®(Jx|/(1 + |x|¥*"), and & > 0 also satisfies (V;)—(V3).

Sufficiency. The assumptions (V;)—(V3) are sufficient for our main result (Theorem 1.2), but they are not
necessary. Weaker conditions (e.g., different smallness thresholds or weighted norms) could be explored
in future work. The present formulation is chosen to balance generality with technical feasibility.

Although recent years have witnessed significant progress in the study of normalized solutions for
p-Laplacian equations with mass constraints, existing works, such as [11, 14,19], are largely confined to
settings without potential, with trapping potentials, or with specific power-type nonlinearities. In contrast,
this paper addresses the existence of ground state normalized solutions in a more general and technically
challenging framework involving non-trapping potentials and mass supercritical nonlinearities of general
type. The main novelties and contributions of this work can be summarized as follows:

e Non-trapping potentials: Unlike previous works that focus on trapping potentials or zero potential,
we introduce hypotheses (V;)—(V3) that allow for non-trapping potentials. By constructing weighted
terms W(x) and Y(x) from the potential, we establish precise control over the energy functional,
ensuring the stability of the Pohozaev manifold.

e A new condition for general nonlinearities: Although we adopt the general mass supercritical
assumptions (F;)—(F>,) from [11], we replace the monotonicity condition (H3) in [11] with a new
inequality (F3). This modification is better suited to handle the presence of a non-trapping potential
and facilitates the proof that the Pohozaev manifold is a natural constraint. For ¢ > 0, set

F@ =171 + cos(logl)).  t#0, f(0)=0,

where g € (p, p*), and 0 < € < 1. Then, we verify:

— (F) holds (oddness and continuity).

— (F,) holds by choosing @ = g — 6, 8 = g + ¢ with sufficiently small 6 > 0.

— (F3) holds for sufficiently small £ because F’(¢)t/F(t) is uniformly close to g > p.

— The monotonicity condition f(#)/t"~! being nondecreasing fails because its derivative changes
sign (e.g., logt = /2 gives a negative derivative, and log ¢ = 0 gives a positive derivative).

This example clearly shows that (F3) is strictly weaker than the monotonicity condition and
therefore extends the applicability of the theory to a wider class of nonlinearities, including those
with oscillatory growth rates.

e Unified variational framework: Inspired by [30,31], we construct an auxiliary functional J(u) =
W, (s)ls( that simplifies the construction of Palais—Smale sequences and provides a flexible
framework extendable to other nonlocal operators.

The combination of a general nonlinearity satisfying (F)—(F5) with a non-trapping potential satisfying
the smallness conditions (V1)-(V3) represents a comprehensive and technically challenging framework
that extends previous results in [11,29].

After showing the assumptions of the nonlinear term f and the potential function V(x), our main
result are shown as follows.
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Theorem 1.2. Assume that N > 3,1 < p < N, f satisfies the assumptions (F)—(F3), and V(x) £ 0
satisfies the hypotheses (V,)—(V3). Then, for any ¢ > 0, there exists a couple (A.,u.) € R* X E that solves
Eq (1.1) satisfying fRN lu.|Pdx = c. Moreover, u. is a normalized ground state solution.

The remaining parts of this paper are arranged as follows. In the next section, we will show some
preliminary results and the so-called Pohozaev identity. The rest of this paper is devoted to the proof
of Theorem 1.2. Throughout the paper, the notation ||u||, denotes the L”-norm, and the notation —
stands for weak convergence. Capital latter C and C; denote positive constants whose precise value may
change from line to line.

2. Preliminaries

In this section, we show some important lemmas that will be used in the subsequent proof, and we
construct a submanifold . on S . based on the Pohozaev identity, which can be found in [9,11,12,14,19],
and so forth.

To begin, we give the Gagliardo—Nirenberg inequality [11,32] and introduce some properties of F
shown in [11] under the assumptions (F;) and (F3).

Lemma 2.1. [(1.7)in 11]For Vs € (p, p*), there exists a positive constant Cy s depending on N and s
such that
lully < Cwv IVull llull, ™ Yu e WHPRY),
where y, := N(s — p)/sp.
Lemma 2.2. [[11], Lemma 2.1] Assume that (F) and (F5) hold, then for all s € R and t € R, we have

IsSPF(1) < F(ts) < IsIF(1), iflsI <1, 1)
ISI*F(t) < F(ts) < |sSPF@®),  if]s| > 1 '
Lemma 2.3. [[11], Lemma 2.2] Assume that (F) and (F,) hold; then, with t € R, we have
F(1) < F(1) < = F (1
el 0] < E(), 2.2)
ﬁ > F(t) <f(t)t< o F(1).

Next, we introduce the so-called Pohozaev identity for the p-Laplacian equation. The Pohozaev
identity for the p-Laplacian operator was first established in [33] for the Laplacian case and was extended
to the p-Laplacian in [34]. For a modern exposition, see also [18, Section 2].

Lemma 2.4. Let N > 3, p € (1,N), and A € R. Ifu € E is a weak solution of Eq (1.1), then the
Pohozaev identity

P(u) = f |VulPdx — l f (VV(x), x) |ulPdx — E f f(wu — pF(u)dx
RN P JrN P Jry
N 2.3)
= [|Vullh - f W(O)|ulPdx — —f F(u)dx =0
RV P Jry
holds.
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Proof. First we suppose u € C*(R"). Multiplying by (x - Vu) and integrating by parts in RY, we obtain

N
f (Api)(x - Vudx = ) f div(Vul”2Vu)x;u, dx
RN =1 RN
N
:Z f (|Vu|p_2uxl.) Xty dx
i=1YRY xi
N N
- VulP2u,u, dx — f VulPu, xu,, d
;LNl ul’ “uyu,,dx ; RNl ulP U X U d X

i,

Vul? N-
f Vuldx -y f (' al ) xdx = —2L f Vuldx
RN X P RN

i,j=1 J

N p
f ulP~u(x - Vu)dx = Zf (ﬂ) xXjdx = — f lulPdx.
RN o1 JRN P RV

In the same way, we can get

and

N

a OF (u)
V[RN f)xudx = Z LN e dx

i=1 i=1

N
Z f F(u)dx = —N N F(u)dx,
N
2

j=1

f(lulp) x;V(x)dx
—1 JRY Xj

J

M=

f f(u)(x - Vu)dx =
RN

f VOl uxju, dx

N

f (V(x)|u|l’-2u) (x - Vu)dx
RN

Mz

K‘

i (V(x) + ij(x)xj) dx

|
= 1M
~ | =

== f VlulPdx - f (VV(x), x) lul’ dx.
P JIrN P Jrv

Therefore, we have

-N N 1
p—f [VulPdx — —f V(x)|ulPdx — —f (VV(x), x) |ul’dx
N RN P Jrv P Jrv
N
- —A lulPdx = —N F(u)dx.
YRR -4 RN

We multiply (1.1) by u and integrate on R, obtaining

|Vu|”dx+f V(x)lul”dx+/lf Iul”dx:f f(w)yudx.
RN RN RN RN

2.4)

(2.5)
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Combining (2.4) with (2.5), we have the Pohozaev identity P(u) = 0.

The above derivation assumes u € C*(RY). For weak solutions u € E of Eq (1.1), we note that
C>(RY) is dense in E. Hence, there exists a sequence u, C C2(RY) such that u, — u in E. For each u,,,
the Pohozaev identity P(u,) = 0 holds by the computation above. By the growth conditions (F)—(F,)
and the Sobolev embedding theorem, each term in P(u) is continuous with respect to the E-norm.
Therefore, passing to the limit n — oo yields P(u) = 0. Consequently, the Pohozaev identity is valid for
all weak solutions u € E of (1.1). O

According to the Pohozaev identity, the Pohozaev manifold is defined by
P.={ueS.: Pu)=0}.

It is well-known that any critical point of /[s_ stays in P.. Then we shall see that P, is also a natural
constraint (see Lemma 3.2). To find the normalized ground state of (1.1) for a given ¢ > 0, we define
the ground state energy

E. = ulé‘g I(u).

To study the behavior of I(u#) on the sphere S (c), we introduce a scaling transformation. For any
u € S(c)and s € R, define (s * u)(x) = eV*/Pu(e’x). A direct computation shows that ||s * ullﬁ = ||u||§ =c,
and ||V(s = w)||) = e?||Vul|5. Substituting this scaled function into I(«) yields the fibering map

1 1 Ns
W (s) = I(s # 1) = —eP* f VulPdx + — f V(f)wdx—e-m f F (e u(x)) dx. 2.6)
P RN P JrN RN

eS

By a direct calculation, we find that d'¥',,(s)/ds = P(s = u), and thus, we have another way to define the
Pohozaev manifold:
Po={ueS.: ¥0) =0}

In this direction, we consider the decomposition of P, into the disjoint union . = P U P N P,
in which

Pr=lueP.:¥/0)>0};P’={uecP.:¥/(0)=0};P, ={uecP. : ¥/ 0)<0}.
3. Proof of Theorem 1.2

In this section, we will present the the proof of Theorem 1.2. Several lemmas that play an important
role in the proof process are established.

Lemma 3.1. Assume that V(x) and f satisfy (V1) —(V3) and (F) — (F3), respectively. For any u € E\ {0},
we have

(i) Y,(s) = 0" as s > —c0.
(ii) ¥, (s) > —ocoas s — +oo.

Proof. By (2.1), we have
F(l)min{ltl", |r|ﬁ} < F(t) < F(1) (|t|" n |r|ﬁ), Vt e R, (3.1)

Electronic Research Archive Volume 34, Issue 6, 4131-4157.



4139

Thus, for any fixed u € E\{0}, the quantities ||u||, and ||Vu||, are finite positive constants. Then, by
(3.1) and the Gagliardo—Nirenberg inequality,

dx

6’1’1/1

1 1 |
W, (s) = —e|Vull, + — f v(ﬁ)wdx A ON
P pJrv \€* RV
| R | , :
= el [ V(= FE el - Pl
p pJrv €
l ps p l Ny @Yas @Yo _ C, P8 IﬁVﬂ
> —e”||Vull, + Vv ul”dx — C ™| Vull, G IVull,”,
p pJrv \€°

where Cy = F()Cy, lully ™, €2 = F(DCY gllulty ™.

Further,
1 1 s s
W,(5) < —e|Vulll + - f V() urdx - e F (1) f min {e'¥ “lul", ¢ ¥ Jul’)
P pJry \€ RV
1 1
< —e||Vullh + — f v(f)wdx F(1ymin {7, &} x min {|lul, lulf}}
p p e\
Because 0 < p < ay, < Bys, we get P, (s) = 07 as s = —oo0, ¥, (5) = —00 as s — +oo0. i

Lemma 3.2. Assume that the assumptions (F)—(F3) and (V3) hold; then, P, = P, is closed in E, and it
is a natural constraint of I|s.

Proof. We divide the proof into three steps.

Step1 : P, =P..
For any u € ., we have

IVull) - LN W(x)|ulPdx = %LN F(u)dx. (3.2)

A direct computation of ¥}/ (0) yields

N? N? _
Y,/ (0) = pllVulll) + f (VW(x), x) lul’dx — — f "(W)udx + —f F(u)dx.
RN p N RN
Applying (F3), we obtain
144 N N —
Y'(0) < p||Vu||§ + f (VW(x), x) |ul’dx + — (N - —cx)f F(udx.
RN p p RN

Furthermore, by combining the identity (3.2) with the definition of Y(x) and (V3), we obtain

¥, (0) < (N +p- Ea/) IVully + f ((VW(x), x) + (Ea, - N) W(x)) |ul”dx
p RV p
N
= (N +p- —a) IVull?, + f Y()lul’dx
p RV
N
< —(;a ~N-p- 03) IVull?, < 0.

Therefore, P! = 502 = @, which implies that P = .. Moreover, . is closed in E as the preimage
of {0} under the continuous map P.
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Step 2 : P, is a C!' manifold.
To show that P. is a C! manifold, it suffices to prove that P'(u) # O for all u € P.. A direct
computation gives

P (wu :p[f IVul”dx—f W(x)lul”a’x]—ﬂf F'(w)udx.
RN RN P Jrv

By (3.2) and the hypotheses (V) and (F3), we obtain

Pwu<(p-a) (IIVullﬁ - f W(x)lul”dx)
RN
< (p-a)1 +o)lVully <0,
where we use (V,) to estimate fRN W) ulPdx < 0'2||Vu||§. Hence, P’'(u)u # 0 for all u € P.., and
by the implicit function theorem, the manifold P, is class of C! for all ¢ > 0.

Step 3 : #. is a natural constraint.
Let u be a critical point of /() as a constraint on #.; then, we construct the Lagrangian function

1
O(u) = I(u) + ;ﬂllullﬁ + pP(u),

in which A and u are Lagrange multipliers. If u € P, is a critical point of I|p_, then there exist
A, p € R such that
I'(u) + Aul”u + pP'(u) = 0. (3.3)

Evaluating d®(s x u)/ds at s = 0 and using P(u) = 0 and ¥}/ (0) < O (from Step 1), we obtain
1,/ (0) = 0, which forces 4 = 0. Hence, u is also a critical point of I|s), proving that . is a
natural constraint.

O

Lemma 3.3. Under the assumptions (V)—(V3) and (F1)—(F3), for any u € E \ {0}, the following
results hold:

(i) There exists a unique s, € R such that P(s * u) = 0.
(ii) Y,(s,) > ¥,(s) for any s # s, and ¥, (s,) > O.
(iii) The mapping u v s, is continuous for u € E \ {0}.
Proof. (1) From (3.1), we know
lim W, (s) = 07, Tim ¥, (s) = —co;

then, ¥ ,(s) reaches the global maximum at some s, € R. According to the continuity of ¥,(s) and
Fermat’s theorem,
Wi (s,) = P(s, *u) =0.

To prove the uniqueness of ¥, (s), we use proof by contradiction. Suppose that there exist s;, s, € R
such that P(s; = u) = P(s, * u) = 0. Without loss of generality, we can assume that s; < s,. Then, by
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Lemma 3.2, s, and s, are local maximum points of ¥,,(s). Therefore, there exists a point s3 € (s1, 52)
such that s3 is a local minimum point of ¥,(s), and then ‘¥ (s3) = 0,¥;(s3) > 0, which implies
s3 % u € P2 U P and contradicts with Lemma 3.2.

(i1) On the basis of (i) and Lemma 3.1, we find that ¥, (s) reaches the global maximum point at s,,
and s, is unique; thus, ¥,(s,) > ¥,(s) for any s # s, and ¥ ,(s,) > O.

(ii1) Because of (i), the mapping u — s, is well-defined. (iii) is equivalent to prove the following:
Letu € E\ {0} and {u,} C E\ {0} be any sequence such that u, — u in E, then up to a subsequence

S, — S§,asn — oo,

First, we claim that {s,,} is bounded in R. Suppose {s,,} is unbounded; then, one of lim s, = +co
n—o00
and lims,,) = —oo is true.
n—oo
Case 1: lims,,) = +oo.
n—oo

We define a function g, : R — R as follows:

F(t
Eﬂz +v, fort#0,
& () = |tz
v, for t = 0.

Then we obtain F(t) = g,(t)|t|/“*P2 — y|t|@*P/2 for all t € R. The purpose of introducing g,u is to
extract the dominant growth term [t|**)/2 while ensuring the remaining factor is non-negative, which
allows us to apply Fatou’s lemma or direct comparison to obtain a contradiction as s,, — +co. Based
on (F3) and (3.1), we know that g,(¢) is continuous, and

g/(t) = 400 ast — +oo.

So, we can take v > 0 large enough such that g,(¢) > O for all # € R. Thereby,

lim g (e% u)IuI#dx > 0.

s—+0o Jpn

On account of Lemma 3.3(ii) and (V;), we have

1 1
0 < \Pu,,(su,,) = —ePSunHVun”Z + —f V( al
p P JIrv

_ Nsuy
— e N F(e v u,,)dx
RN

1 DS p —Ns, Ny
< —e “"IIVu,,llp—e S Fle ™ u,|dx
p RN
1 ) . Nsup Nsuy, %ﬁ
= —era Vil — e | go(e )| |
p RN

1 N(a+p) _ Nsy, a+p
= e [Vu | = L5 f o Ca [
p RN

— —o0o0 as §,, — +0oo,
which is a contradiction.
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Case 2: lims,,) = —oo.
It follows from (ii) and , — u in E that ¥, (s,,) > ¥, (s,), and s,, * u, — s, * u in E. Accordingly,
Y, (s,,) = YPu(s,) + 0,(1), and by Fatou’s lemma, we have

limsup ¥, (s,,) = Pu(s,) > 0,

n—oo

which is a contradiction with lims,,, = —co due to lim ¥,(s) = 0" (see Lemma 3.1(i)).

n—o0 §——00

In conclusion, we obtain that {s,, } is bounded € R; then, there exist an s;, and a subsequence still
denoted by {s,, } such that s,, — sy, and s,, * u, — sy * u in E. On the other hand, P(s,, * u,) = 0 for
any n € N, and it follows that P(s; * u) = 0. Based on the uniqueness mentioned in (i), we have s; = s,,
and (ii1) is completed. O

Lemma 3.4. Assume that the hypotheses (V1)—(V,) and (F1)—(F3) hold. Then:
(i) P+ @.
(ii) I(u) is coercive on P..
(iii) L}?;of IVullf > 0.
(iv) L}??{ I(u) > 0.
Proof. (1) On the basis of the definition of . and Lemma 3.3(i), we know that  # @.

(i1) For any u € P, by (2.2) and (2.3), under the assumption of (V;) and (V,), we obtain

N _
(1 + 0») ||Vu||§ > ||Vu||§ - Wx)ulPdx = — F(u)dx
RV P JrN

> g(a —p)f F(u)dx
p RN

and
_ p(l + o)

N@ =) IVull) . (3.4)

I(u) > l(1 —-01) IIVMIIZ —f Fudx >
p RN

1
—(1-01)
p

Thus, I(u) is coercive on ..
(iii) Based on (F;), we know F > 0 a.e. in RY. If there exists {u,} € P, such that IVu,l|l, — 0, then
P(u,) = 0. On the other hand,

N _
P(u) = [|Vull} - fN W(x)|ulPdx — ; fN F(u)dx > (1 —02)[[Vull; > 0.
R R

Combining with the above two aspects, we get a contradiction, and in?f [Vul, > 0.
UEP,.

(iv) At the beginning, we claim that for any ¢ > 0, there exists 6 > 0 small enough such that
I(w) > (1 = o) [IVully /(2p) foru € S and ||Vull, < 6.
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For any u € S, it follows from (V;), (2.1), and the Gagliardo—Nirenberg inequality that
1 1
I(u) = — IVulPdx + —f V(x)lulPdx — f F(u)dx
P Jr¥ P Jr¥ RV

1
> —(1-o)|Vulll) - F(l)f |l + |uf dx
p RN

a(l-ya) _ ﬁ(]—Yﬁ) ﬁ'}’ -p
P IVule — FQ)CE e I9ulfy? ™| IVull.

>

1
—(1=0oy) = F(1)CY%, ¢
- :

So, we can take ¢ > 0 small enough such that
1- (o]
2 VGl -

For u € $,., based on (2.6) and Lemma 3.3(i), we know that I(u) = ¥,(0) > ¥,(s) for all s € R. Let
& > 0 small enough and 5 = In (6/|Vul|,): then, V(5 * )|, = 6.

I(u) >

1) > P,5) = IGGx ) > =T

IVG * wll, > 0.

Therefore, the proof of (iv) is completed. O

Lemma 3.5. Let {u,} be a bounded sequence in E and {a,} be a sequence satisfying lima, = 1. Then,
lim|l(a,u,) — I(u,)| = 0.

Proof. Based on a direct calculation, we obtain

1 1
I(a,u,) — I(u,) = —(al - 1) \Vul’dx + —(a?’ — l)f V()lulPdx
p p RV

RN
- f F(a,u,) — F(u,)dx.
RN

By a change of form,
1
f F(a,u,) — F(u,)dx = f (f f (u, + (a, — DHou,) (a, — l)unde) dx
RV RV \Jo
1
=(a,-1) (f f (u, + (a, — 1)6u,) u,,d@) dx.
RV \Jo

Hence, we only need to prove that fRN ( fol f (u, + (a, — 1)6u,) undQ) dx is bounded.
On the other hand, combining 0 < |u, + (a, — 1)0u,| < (a, + 2)|u,| with |f(£)t| < BF(1) (ltl“ + Itlﬁ), we

have that
1
f (f f (u, + (a, — 1)0u,) undH) dx
rY \Jo

1
< BF(1) ( f (It + (@ = DO 10, + 1y + (@ — 1)9un|ﬂ—1un)d9) dx
R¥ \JO

1
< BF(1) ( f (@ + 2)" Nl + (a, +2>ﬁ—1|unr3)
0

RN
o 1Yo B, B(1-yp)
< C (Va5 1t + (Va1 el )
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is bounded because {u,} is bounded in E.

Lemma 3.6. For any u € S, e* either satisfies e*\ @~ PNP=rl < C||Vull? /|lully or e E=PNP=rl <

C ||VM||Z /||u||g, where C = C(0», p, N, @) is a constant.

Proof of Lemma 3.6. By Lemma 3.3(1), we have s, * u € $,, so the Pohozaev identity gives

N _
f [V(s, *u)Pdx — f W(x)|s, * ulPdx = — f F(s, «u)dx.
RN RN P Jrv

Using (V,) and Lemma 2.3, we obtain

(1+az>||V(su*u>||P>—<a ) f F(s, » u)dx.

RN

By (F») and (3.1), we have F(f) > F(1) min{|#|*, |#{} for all € R. Hence,
f F(s,,*u)dx>F(1)f min{|s, * ul%, |s, * ul}dx
RN
Note that |, * u|* = eN**/P|y|* and |s, * ul’ = e"P*/P|yP. Therefore,

min{|s, * ul%, |s, * ul’} > min{eN*/P, VP5/P} . min{|ul®, |ulP}.

Integrating and using the fact that ||V (s, * u)llZ = e’”“lqull,’;, we obtain
Nasy NBsu. . a
(1 + c2)e™[Vullh > —(a p)F(1)minfe 7 ,e 7 } min{]lulf;, ||u||§}‘

Rearranging the terms, we get

min {e Pl ¥ Plulf} < HHWHZ-

Because Na/p — p = N(a — p)/p, and NB/p — p = N(B — p)/ p, we conclude that either

P
eGEN-D) < HVqu or e GEN-p) < ”V””
||u||(’ ||u||"”

where C = p(1 + 0,)/[N(a — p)F(1)]. This completes the proof.

O

O

Lemma 3.7. Assume that 1 < p < N and F satisfy (F)—(F3). Then, the function c — E. is continuous

and nonincreasing on (0,+).

Proof. For any 0 < ¢; < ¢y, we shall prove that E,, < E,,. Based on the definition of E., we first have

that, for any € > 0, there exists u € P., such that

€
I(u) <E. + —.
(u)— 2 2

(3.5)
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Lety € Cp (RV, [0, 1]) be a cut-off function that satisfies

1, x| < 1,
y(x) =4€[0,1], [x]€(1,2),
0, x| > 2.

For 6 > 0 small enough, we define us(x) = u(x) - y(6x) € E \ {0}. It is easy to check us — u in E as
0 — 0". Because u — s, is continuous, we then get (Slirgsua =s,=0and s, *us = s, *u=uinE as

60 — 0+. Therefore, there exists a constant 6 > 0 small enough such that
€

2 (3.6)

I(sy, * us) < I(sy, * u) + 2 =1I(u) +

Take v € Cg"(RN ) such that supp(v) € B(0,1+4/9) \ B(0,4/6), and set

1
_ (Cl—||ué||§)"
p=——"=] v
2
VIl

For any p < 0, we define w,, = us+u*v = u5+e%”17(e"x). Note that w, € S,, and supp(us)Nsupp(u*v) =
@. Next, we claim that s,,, is bounded from above as y — —oo. If 5, — +00 as u — —o0, we observe
that 1(s,, * w,) > 0 by Lemma (3.4)(iv). On the flip side, we obtain

X

I(5y, * wy) = l_lyepswu ||Va),1||§ dx + %f V(
RN

N Nsw#
— e Voo F(e P a)y)dx
RN

< %eww [V} dx = F(imin{ e e, o550 | fR i {ul®, [} dx

) ul? dx

e’en

— —00  as s, — +oo,

which is a contradiction, so the claim is true.
Next, because

Sw, T — —00 as 1 — —0o,

we deduce that
[VICsa, + 40 91| — 0,

f V(OI(sw, + ) = vdx
RN

(Sw, +) V>0 in  L7RY).

< 0 [|VIGs, +p) %71, = 0,

By [[11], Lemma 2.3], we obtain F((s,, + ) * V) — F(0) in L'(R"). Then, we deduce that for any
X > 0 large enough, when u < —X,

I((S0, + 1) % V) < 3.7)

&~ m
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In the end, in view of Lemmas 3.3(ii) and (3.5)—(3.7), we obtain

Ee, < I(50, % @) = I(50, % tt5) + (54, * (1 7))
< I(syy % ) + (5, + 1) % 7)

< I(u) + CvS<E+
<Iuw+-+-< €.
4 4 e
Hence, the function ¢ — E. is nonincreasing on (0, +00).
Next, we prove the continuity of the function ¢ — E.. For any fixed ¢ > 0, we know that
E.,>E.>E.,for h > 0. Consequently, hlir(r)1+ E.,>E > hlirg E..n. So, it is sufficient to prove

that hlirg E._,<E < hlir(r)1+ E..;. In the first, we claim hlir(r)1+ E., <E. Letue®P.c>h>0,and then

P(u) = 0. Setting u,(x) = (1 — h/c)% u(x), it is easy to check u; € S._;; thus, there exists s, € R such
that P(s;, * u;,) = 0. It follows from Lemma 3.6 that

P (1 — ﬁ) p
esh(%N_P) S ”Vuh'('lp — C c ”Vullp
llanlly (1 _ ﬁ%) [aell

c

or
P 1=% P
ey _ AVully _ (1=2) IVl

Tty (l_gfi) lalfy

In either case, it follows that s;, is bounded as # — 0*. Hence, s, * u is bounded in E. Based on
Lemma 3.5, we deduce

E._, < I(s, *up) < I(s, = u) +o0,(h) < I(w) + o,(h).

By the arbitrariness of u € P, the claim is true.
1
For hlir(r)1+ E .., < E., wetake u € P, and for any 2 > 0. Let v,(x) = (1 + h/c)? u(x). The rest is similar,

SO we omit it.
So far, we have completed the proof that under the assumptions () and (F,), the function ¢ — E,
is continuous and nonincreasing on (0,+c0). |

Lemma 3.8. Assume that V(x) satisfies (V1)—(V3), and f satisfies (F)—(F3). If there exist u € S, with
I(u) = E, and A € R such that

—Apu + VOOl 2u + AulPu = f(u),

then the function c — E_ is strictly decreasing in a right neighborhood of c if A > 0, and the function
¢ — E. is strictly increasing in a left neighborhood of c if 1 < 0.

Proof. Forany t > 0 and s € R, we set u,, := s * (tu) = e"*/Ptu(e*x) € S, when u € S, and it is clear
that u,; — uin E as (¢, s) — (1,0). Define

a(t,s) = l(u,s) = I(s * tu)

1 | S
_ Lppers f VulPdx + 17 f v(ﬁ)mv’dx—e-m f F (te u() dx.
p RN p Jry \€° RN
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We compute that
0
9t s) = et f VulPdx + 1! f V(i)|u|de
31‘ RN RN e’

—eNs f f (te% u(x)) e u(x)dx
RN

1,
= ;I (ut,s)ut,s

and

FWW:“VW5+J;VUWWUX—j;fWde=—Mmﬁz—da

R R
If A > 0, then there exists a constant 6 > 0 small enough such that

0 _ -
o-alt,s) <0 forany (t,s) € (1.1+5]x]|-5.5].
It follows from the mean value theorem that

a(t,s) =a(l,s)+ (t— 1)%(1(& n) < a(l,s), (3.8)

where (£,7) € (1, 1+ 5] X [—5, 5]. Because the mapping u — s, is continuous, one has s, — s, = 0 as
t — 1. In particular, for any ¢’ in a right neighborhood of ¢, we set

’

c - - -
t:= = € (1,1+6] and s:=s, € [—6,5].
Therefore, we conclude that
E. < a(t, su) < a(l, sy) = I(sy = u) < I(u) = E..

In the case of 4 < 0, we can similarly obtain the desired result. O

In the next, in order to establish the existence of a normalized ground state of (1.1); inspired by [31], we
introduce the homotopy stable family to construct a Palais—Smale sequence for the constrained functional
I|s, at the level E,.. To begin, we introduce the homotopy stable family introduced in [ [31], Section 5].

Definition 3.9. [[31], Definition 5.1] Let B be a closed subset of X. We shall say that a class F of
compact subsets of X is a homotopy-stable family with extended boundary B if for any set A in ¥ and
any n € C([0,1] x X; X) satisfying n(t,x) = x for all (¢t,x) € ({0} x X) U ([0, 1] X B), we have that
n({1} x A) e F.

We remark that because B = @ is admissible, it is sufficient to adopt the usual convention sup(@) =
—00

Inspired by [30], we define the functional ¥ : E \ {0} — R by

WY(u) = I(s, * u)

1 . 1 Nsy
= —er | Vupdx+ - f v( al )lul”dx _ e Vs f F(epu(x))dx,
p RN p Jry  \e¥ RN
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where s, € R is a unique number mentioned by Lemma 3.3. Moreover, it is clear that W(u) is of class
C', and

)Iul”_zuvdx

d¥(u)[v] = e’””f IVuI”‘ZVqudx+f V( al
RN RN

e’u
_ Nsu Nsu
— e N f(evu)evvdx
RN

= f [V(s, * u)|P~2V (s, * u)V(s, * v)dx
RN

+l[ Vuﬂw*mr%%*uX%*VMx—ufLﬂ%*uX%*VMx
RN RN
=dI(s, * u)[s, *v]

forall s, *v € Ty .,S .. In addition, for any ¢ > 0, we can define the constrained functional
J =Y. :5. >R
It is clear that the constrained functional is class of C! and
dJw)[v] = d¥w)[v] = dI(s, = u)[s, * v]

forallu € S, and v € T,S .. The following result show the existence of a Palais—Smale sequence at the
level E. .

Lemma 3.10. Assume that ¥ is a homotopy stable family of compact subsets of S . with B = @, and let

E.+ = inf max J(u).
e AeF ueA ( )

If E.& > O, then there exists a Palais—Smale sequence {u,} C P, for the constrained functional I|s_ at
the level E. .

Proof. Let {A,} be an arbitrary minimizing sequence at the level E.#. We define a continuous mapping
n:0,)xS.— S,

(t,u) — (ts,) * u.

We observe that n(t, u) = u for all (¢, u) € ({0} X S.). It follows from Definition 3.9 that
M, = U(I’An) = {su * ulu € An} eEF.
Based on Lemma 3.3(i), it is obvious that {M,} € .. In addition,

= E
n]lwanx J(u) HEX J(Ww) — E.g,

so {M,} is another minimizing sequence of E.#. By Theorem 3.4 in [31], there exists a sequence
{v,} € S. such that

(i) imJ(v,) = E,.+.
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(i1) lim [[dJ ()| = 0.
(ii1) limdistg(v,, M,) = 0.

Set u, = s,, * v,, and then, {u,} € P, and ||Vun||Z = eldm ||an||§. Due to Lemma 3.4(iii), e P =
||an||1’; / ||Vun||§ is well-defined, and ||Vu||§ is bounded from below by a positive constant. Furthermore,
{M,} c P.c S, for any n, and

inf max J =inf max I — E_ .

n Mﬂ
By virtue of Lemma 3.4(ii), we know that {M, } is bounded in E for every n € N. On the other hand, it
follows from limdistg(v,, M,) = O that |[Vv,]|, is bounded. Combining with the above argument, we

n—0oo0

know that e?* is bounded, that is, s,, is bounded from below. Therefore, for any ¢ € E, there exists a
constant C such that

=51, % @), < Cligll, » V=5, x@)]|, < ClIVell, -

Based on the initial analysis, we obtain
lim I(u,) = lim J(u,) = lim J(v,) = E.#.
n—+oo n—+o0o n—+oo

Below, we prove that {u,} is a Palais—Smale sequence for I at the level E. #. Forany ¢ € T, S ., it is
easy to check that (-s,,) *¢ € T, S., and ”(—Svn * w)” < Cllyll. We take ||]|, g+ to denote the norm of
(TS .)"; then,

Il e = sup  |dI(u)[¥]|

QPETMHSL- JWHSI

= sup  |dI(s,, xvo)ls,, * (=5,) * )|

el s HlYlI<]

= sup  |dII=s,) * ¥

YeT s lIWlI<1

<NdI@lly, - sup |(=s0,) = |

lPGTu,,SC ,||¢||Sl

< ClldJwally, e -
Because {v,} C S is a Palais—-Smale sequence of J at the level E. &, we yield that ||dI(u,)||,, g — O.
Therefore, we have proved that {u,} is a Palais-Smale sequence for [ at the level E, +. O

Lemma 3.11. There exists a Palais—Smale sequence {u,} C P, for I|s, at the level E. = inf I(u).

UeP,
Proof. In virtue of Lemma 3.4(iv), we know E. > 0. By Lemma 3.10, we only need to prove E. = E, +.

First, we note that

E.7= i?; max J(u) = L}g?;fc I(sy * u).

On the one hand, foranyu € S, s, *u € P.and I(s, *u > E.), E.# > E. is implied. On the other hand,
for any u € P, taking s, = 0, we have I(u) = I(0 *xu) > E. 4, and thus, E. > E.#. Combining the above
two aspects, we obtain E, = E_.#. O

Lemma 3.12. Assume that {u,} € P, is any bounded Palais—Smale sequence for I|s, at the level E..
Then, there exists (u, A) € (S, R") such that up to a subsequence, still denote by {u,}, u, — u € E and

~Apit + VO 2u + Aul”u = f(u).
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Proof. Because {u,} C S. is bounded in E, we obtain the existence of lim ||Vu,,||§, lim fRN V(x)|lu,|Pdx,
n— oo n—oo

and lim ||u,,||§. Moreover, lim fRN F(u,)dx and lim fRN f(u,)u,dx exist according to (F3), (3.1), and the
Gagliardo—Nirenberg inequality. By applying Lemma 3 from [35] and ||dI(u,)I|,, - — 0, we have

—Apu, + VOO |21y + Aplun|”u, — f(m,) >0 on E* as n— oo,

where
L l( f Funutaddx = (V] - f V<x>lun|”dX)
c C \URN RN

is bounded. Thus there exists A € R such that 1,, — A.

Next, we claim that {u,} is nonvanishing. By contradiction that {u,} is vanishing, by Lemma I.1 in [36],
we get u, — 0 in L*(RY) for a between p and Np/(N — p). Afterward in virtue of Lemma 2.3 in [11],
we derive that F(u,) — 0 in L'(RY), and f(u,)u, — 0 in L'(RY), and therefore, ﬁw F(u,)dx — 0.
Combining with P(u,) — 0 and (V>), we get

A, =

N _
(1 = o) IVuully < IVuylly —f W()lun|"dx — —f F(up)dx — 0.

R P Jr

Hence,

1 1
I(u,) = —f |Vu,|Pdx + —f V(xX)|u,|Pdx — f F(u,)dx — 0,
P JRrN D JRrv RN

which contradicts with E. > 0. Therefore, {u,} is nonvanishing. Then, there exist {y!} € R" and
u' € E \ {0} such that the translated sequence

Vu(X) = up(X + yn)
satisfies (up to a subsequence)

vo(x) = u' in E;
(RY) forall 1<r<p* (3.9)

vo(x) = u' ae. in RV

vy(x) > u' in L

By translation, we have

IVvallp = IVunllp, [Ivallp = lluall, f F(vn)dx=f F(uy)dx
RN RN

and

fV(x)lv,,l”dx:f V(x_yn)lunlpdx’f W(x)|vn|”dx:f W(x = yu)lu|"dx.
RN RN RN RN

From P(u,) = 0, we obtain
P(v,) = f [W(x) = Wx = ya)llual dx. (3.10)
RN
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Subsequently, we employ the Lions concentration—compactness principle to prove the boundedness
of {y,}. Assume by contradiction that |y,| — co. Because v, — u!, there exist R > 0 and 6 > 0 such that

f [ValPdx > 6 >0, f lu,|Pdx > 6 > 0 for all sufficiently large n. (3.11)
Br(0) Br(yn)

Now, apply the Lions concentration—compactness principle [36] toLemma I.1 to {u,}. Because {u,} is
bounded in E, there exists a subsequence such that one of the following three cases occurs:

(i) Compactness: there exists z, € R" such that u,(x + z,) converges strongly in L?(R");
(i) Vanishing: lim,_. sup,py fBR(y) |u,|Pdx = O for all R > 0;
(iii) Dichotomy: there exist @ € (0, 1) and R,, — oo such that

f lu,|Pdx — ac| — 0, f |up|Pdx — 0,
Bg, (0) Bog, \Bg, (0)

f lu,|Pdx — (1 — a)c.
RN\Bag, (0)
(3.11) excludes the vanishing case.

Assume dichotomy occurs. By the Lions concentration-compactness principle [36] Theorem II.1, for
the energy functional I at level ¢, we claim that the strict subadditivity inequality

E.<E, + E(l—a)c (312)

holds for all @ € (0,1). For any € > 0, choose u; € Pq, s € P(i-a) such that I(u;) < E,. + €/2,
I(uy) < E(1_4)c + &€/2. By translation, we may assume supp(u;) N supp(up) = @. Set u = u; + up, and
then ||u||§ =ac+(l—a)c=cand I(u) = I(u) + [(uz) < Eqc + E(1_4)c + €. By Lemma 3.3, there exists a
unique s, € R such that s, * u € P. and ¥, (s,) > ¥,(0) = I(u). Hence,

E <I(sy*u)=",(s,) <I(u) < Eoc + E1_g)c + €.

Letting € — 0 gives E. < E,. + E(1_a).-

If equality holds, then the above argument forces s, = 0 and u € P, with I(u) = E.. But then,
¥"(0) < 0 by Lemma 3.2, contradicting the fact that s, = 0 is a global maximum of ¥, (a maximum
would require ¥/ (0) < 0). Thus, the inequality is strict. This completes the proof of (3.12).

Next, we construct splittting sequences in the dichotomy case. Take a cut-off function ¢ € C2(R"Y)
satisfying 0 < ¢ < 1,¢(x) = 1 for |x| < 1, ¢(x) = 0 for [x| > 2 and |V¢| < 2. Define

o\ (x) = so(Ri) G =1- w(%)

and set
r_ 1 2 _ 2
U, = ¢,un, U, = @plin-

Then, we have

® u, =ul +u;
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e supp(u)) C Bag, (0), supp(u2) C RY \ By (0);
o lllly = ac, gl > A=, [fy o lwal” dx = 0.

From Vu!, = ¢' Vu, + u, V¢, we get

- C
f |, Ve, |Pdx < —pf lu,|Pdx — 0.
RV Ry JR,<ixi<2R,

IVull2 = (Va2 + VI + o(1).

Hence,

By the disjointness of supports,
f V()|u,|Pdx = f Viu!|Pdx + f VIuPdx + o(1),
RN

RN

On the other hand, by the Brezis—Lieb lemma and the growth condition in (F3),

f F(u,)dx = f F(u))dx + f F(u?)dx + o(1),
RN

f F(u,)dx = f F(u!)dx + f Fw?) dx + o(1).
RN

Based on P(u,) = 0 and the above discussions, we obtain
P(u)) + P?) = o(1), I(u,) = I(u}) + I(u?) + o(1).
By Lemma 3.3, for each u/, there exists a unique s/, € R such that
Sy * Uy, € Py and 1(s, + 1) = Eyp.

By the mean value theorem,
0

Iy —I(s' «u') = f P(t * u')dt.

Sh

The boundedness of the sequence {u} implies that there exists a constant C; > 0 such that

|P(1 % up)| < C,

for all n and all [¢| < |s’|. Hence,
[I(ul) — I(s' = u)| < Cyls').

W(x)|u,lPdx = f WlulPdx + f Wi Pdx + o(1).

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

Because P(f = u') is strictly decreasing in 7 (as P7/(r) < 0), there exists a constant k > 0 such that

|P(u)| = [P0 * ul)) — P(sh, * ul)| > kls|.

Thus,
Is'] < &7 P@).

(3.20)
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Suppose lim sup |P(«})| = 6 > 0. Then, there exists a subsequence such that |P(u,ll)| > 0/2. By 3.18,
it follows that |P(u2)| > 6/4 and P(u?) = —P(u)) + o(1). Using (3.18)~(3.20) and I(s’ * u’) > Eyyp, we
obtain

Iwy) > Eyye + i = Co” (1Pl + 1Pai)]) + o(1).

Taking the limit and using the continuity of E. (Lemma 3.7), we get
E.> Eye + E(_oc — C1k7'6. (3.21)

By the strict subadditivity (3.12) from the Lions principle, E, < E,. + E(_).. Hence, we must have
6 =0, that is, P(u}) — 0. Similarly, P(u?) — 0.
From P(u’) — 0 and (3.20), we have s/ — 0. Substituting into (3.19) yields

1uy) = I(s,, % uy) + 0(1) = Eyip + o(1). (3.22)
Inserting (3.22) into (3.18) gives
I(u,) > E”u,l?”g + E”u'%”ﬁ + o(1).
Taking the limit and using the continuity of E., we obtain
E. 2 Eoc + E(1-a)cs

which contradicts the strict subadditivity (3.12). Therefore dichotomy cannot occur.

Because vanishing and dichotomy are excluded, the only possibility is compactness, so there exists
7, € RY such that u,(x + z,) converges strongly in L”. By (3.11), the balls Bg(y,) and Bg(z,) must
intersect (otherwise, the mass would disperse to infinity, contradicting strong convergence); hence,
[y, — z2| < 2R. Strong convergence implies that {z,} is bounded (otherwise the translated sequence
would vanish), so {y,} is bounded. In addition, there exist yy,zo € RY such that y, — yo, z, — 2o, and
up(x + z,) = u'(x + z0 — yo) in LP(R"). Setting u(x) = u'(x — yo), we obtain [|u, — ull, > Oandu € ..

From the convergence established in front, for any ¢ € C®(RY), using the strong convergence u, — u
in LP(RY), the continuity of V(x), and the dominated convergence theorem controlled by (F,), we obtain

|VulP~2Vu - Vo dx + f

RN

VOOlulP2updx + A lulPup dx = f f(u)pdx.
RN RN

RN

By density, u satisfies
—Au+ VOl u+ Auf’u = f) inRY (3.23)

and P(u) = 0.
Applying the Brezis—Lieb lemma to the functional I, we obtain

E. = 1lim I(u,) = I(u) + lim Iy(u, — u),

where Io(u) = 1/pl|Vull) — fF(u) dx.
Due to I(u,) — E., it follows that

E. = I(uw) + lim Iy(u, — u). (3.24)
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On the one hand, because u € #., by Lemma 3.7, we have I(u) > E.. On the other hand, from
|l,, — ull, — O and (F,), we obtain that liminf,_,, Io(«, — u) > 0. Combining with (3.24), we finally
obtain I(u) = E. and |[Vu,l||, — |[Vul|,.

Finally, for u € P, it follows from (V;) and (V,), (2.2), and (2.3) that

ﬂ||u||§=f f(u)udx—IIVullﬁ—f V()lulPdx
RN RN

> f f(wudx — ||Vu||§ > B f F(u)dx — ||VM||Z
RN B—p Jrv

= B%% (nwug - fR i W(x)lul”dx) — IVull?

Bp
> (m(l —0) - 1) IVull; > 0.

Therefore, we deduce that A > 0 (because of Lemma 3.4(iii)). O

Proof of Theorem 1.2. In virtue of Lemma 3.4(i1), Lemmas 3.10 and 3.11, we obtain a bounded
Palais—Smale sequence {u,} C P, for the constrained functional /|y, at the level E. > 0. This together
with Lemma 3.12 gives the existence of a ground state iz € S . at the level E..
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