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Abstract: This paper addresses the numerical solution of a fractional evolution equation with a weakly
singular kernel. The temporal discretization is carried out by the Crank—Nicolson (CN) method based
on graded time steps, while the spatial discretization is carried out using an alternating direction implicit
(AD]) finite difference method. Stability and convergence rate are also discussed. The convergence rate
is O(k* + h? + hi), where k is a parameter of the maximal time steps and h,, h, are the uniform grid steps
in space. Three numerical examples are employed to demonstrate the errors and convergence behavior
in practice.
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1. Introduction

This work is devoted to the analysis of the following two-dimensional initial-boundary value problem:

U, + f Bt — )Au(x,y, s)ds = f(x,y,1), (x,y) € Q, 0<t<T, (1.1)
0

u(x,y,t) =0, (x,y) €0Q, 0<t<T, (1.2)

u(x,y,0) = v(x,y), (x,y) € Q. (1.3)

Here, u, = ‘3—’; denotes the partial derivative of u with respect to time. The spatial domain is given by

Q = (0, 1), with 0Q representing its boundary, and A denotes a linear operator that is self-adjoint
and positive definite. The kernel S(f) = % is positive definite and exhibits singular behavior, where

« is a fractional integration operator with @ > 0. Such equations are commonly used to model wave
propagation phenomena.
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In recent years, fractional differential equations (FDEs) have been increasingly employed to model
problems arising in various fields, including economics [1,2], meteorology and biology [3], physics [4],
and chemistry [5]. A wide range of numerical techniques has been developed to study this class of
fractional convolution equations, such as finite difference methods [4—7], finite element methods [8—10],
compact difference methods [11], spectral methods [12], and orthogonal spline collocation methods
[13-15]. In the present paper, we investigate the numerical solution of a class of fractional evolution
equations with a weakly singular kernel. An alternating direction implicit (ADI) finite difference method
is employed for the spatial discretization, while a variable time-step Crank—Nicolson (CN) method is
used for the temporal discretization.

Due to the singular behavior of fractional derivatives, the convergence order of the numerical
solution may deteriorate when standard numerical methods are applied to discretize such fractional
evolution equations. To overcome this difficulty, several researchers have focused on employing novel
iterative algorithms or variable time-step meshes [16—18]. Nonuniform mesh methods have been widely
used by many researchers to solve various types of FDEs. The study presented in [19] employed a
generalized CN scheme for temporal discretization on a nonuniform grid, together with linear finite
element approximations in space, to study a fractional wave equation. The approach proposed in [20]
used a Newton linear approximation on graded time grids to discretize a time-fractional quasi-linear
diffusion equation. As reported in [21], Qiu et al. applied the CN scheme, together with graded meshes
for temporal discretization, to handle a three-dimensional nonlocal evolution equation. The approach
proposed in [22] applied an ADI Galerkin method on nonuniform grids for a nonlocal heat model.
Liao et al. [23] proposed an adaptive time step that effectively captures the initial singular behavior of
solutions. Motivated by the above studies, which demonstrate that graded meshes can efficiently handle
the weak singularities in fractional derivatives, we adopt graded meshes in the present paper. For the
time discretization, the CN method is applied on graded meshes, and its performance is investigated.
The resulting discrete scheme will show that the numerical solution obtained by the CN method on
graded meshes attains full-order convergence.

It is well known that the high-dimensional fractional derivative problems are challenging to ap-
proximate numerically. While standard methods perform efficiently for one-dimensional models, their
extension to multidimensional problems becomes computationally prohibitive due to excessive storage
requirements. In order to solve this problem, some researchers have proposed ADI schemes for the high-
dimensional issues, such as [24—27]. Li et al. [24] studied a two-dimensional fractional diffusion-wave
equation using an ADI Galerkin finite element method. In previous work [25], Khebchareon proposed
an ADI difference method for an evolution equation with a positive-type memory term. The backward
Euler formula, the CN formula, and the second-order differentiation formula were combined with an
ADI finite element Galerkin method to solve a two-dimensional temporal derivative equation [26]. As
reported in [27], Chen et al. applied a backward Euler ADI method for a three-dimensional fractional
evolution equation. To reduce storage requirements, we design an ADI finite difference scheme in space
that transforms the original two-dimensional problem into a sequence of uncoupled one-dimensional
problems, thereby significantly reducing the computational complexity.

The main contributions are as follows:

e Since the convolution-integral term in a fractional derivative involves the solution at all previous
time levels, the resulting discrete scheme depends on numerical solutions over the entire temporal
history. Consequently, the inner product inequalities arising in the stability and convergence analysis
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contain contributions from each time level. To address this issue, a specialized quadrature rule of
product-integration type is employed to discretize the fractional evolution term, yielding a discrete
scheme whose coeflicients can be bounded by expressions involving the maximum time step.

¢ To simplify the stability and convergence analysis, upper bounds for the relevant coeflicients and
perturbation terms are derived in the preliminary section.

¢ By adopting an ADI finite difference scheme, the two-dimensional problem is reduced to a sequence
of one-dimensional problems, thereby decreasing the computational complexity in space.

To the best of our knowledge, no existing study has employed an ADI finite difference scheme
combined with graded meshes to discretize fractional convolution equations with weakly singular
kernels, such as (1.1)—(1.3). Therefore, in this paper, we investigate the discretization of Eps (1.1)—(1.3)
by applying the CN method on graded time steps together with an ADI difference scheme.

The remainder of this paper is organized as follows. Section 2 introduces the notation and several
preliminary results. The fully discrete scheme is formulated in Section 3. Stability and convergence rates
are derived from the fully discrete scheme in Section 4. Section 5 presents a set of numerical experiments
that corroborate the theoretical findings. Finally, concluding remarks are given in Section 6.

2. Preliminaries

Before deriving the numerical scheme, some necessary notations are defined, and several supporting
lemmas are presented. Let Q = (0, 1) x (0, 1) ¢ R? be a bounded spatial domain. We define x; = ih,
andy; = jh, (0 <i< M, 0<j <M,), wherei, j, M,, and M, are positive integers and A, and h,
denote the uniform spatial grid sizes in the x-direction and y-direction, respectively. Thus, i, = 1/M,
and h, = 1/M,. The discrete spatial grid is defined as Q; = {(x;,y)1 <i<M,—-1,1<j <M, -1},
and its boundary is given by 0, = {(x;,y)li =0, ori = M,, or j =0, or j = M,}. The full grid is
denoted by Q;, = Q;, U 69,

We denote the grid function V = {V;;}, W = {W, ;} (where V;; = V(x;,y;), W;; = W(x;,y;), and
1<i<M,-1,1<j<M,-1),and V;; = W;; = 0 on the boundary 9€2;,. We denote

1 1
5§Vi,j = ﬁ(VHl,j =2Vij+ Vier ), 5§Vi,j = E(Vi,jﬁ—l =2V + Vi),
X y

+ _ + _
AVig=Vii— Vi, AV =Vig = Vi,

M—1 My—1

V,Wy=hhy > > ViWi; and VI =(V,V).

=1 j=1

Let0 =¢# <t <thb <---<t, <--- <ty =T be a sequence of temporal grids, with the
corresponding time step k, = t, — t,-; (n = 1,2,--- ,N), where N is a positive integer. In this paper, we
adopt the following graded temporal meshes:

t,=mk'yYY, n>=0 and y=>1, 2.1

where k¥’ = T/N and v is a grading parameter. The motivation for choosing #, = (nk’)” is discussed
in [18]. It is easy to see that when y = 1, the meshes are uniform meshes. When y > 1, the time levels
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1, are increasingly clustered near ¢ = O as 7y increases. Thereby, the graded meshes compensate for the
singular behaviour near the initial time. The following elementary inequalities show the relationship
between k,, and t,,:
Y Ky
1 < W <vy forn > 2. 2.2)
Denote I, = [t,_1,t,]. To derive the discrete scheme using the CN method, we employ the following
quadrature rule of product-integration type:

1 ! a -
Gue112(9) = f f Bt = HP()dsdt = wakip' + ) wike ™, (2.3)
n ],, 0 j:2
where
1 min(t,t;)
i = t— s)dsdt 24
w J knk]‘f];fl;_l ﬁ( S) N ( )
and
1
—Cc, N _J ¥ (to <t <t),
7= { eV (1o <t <ty), 25

with /12 = (¢/! + ¢/)/2 and ¢’ denoting the value of ¢(s) at the point 7.
The following lemmas will be needed for the theoretical analysis.
Lemma 2.1 ([ [28], Lemma 2.1]). Let V; ; be an arbitrary grid function. Then we have

Mx—l My_l

h
(GVWy= =2 D) D (V@I W)), (2.6)
Y oi=0  j=1
h M—1 My—1
GV, Wy === 3" 3 (Vi) ai W) and 2.7)
Y=l j=0
1 M,—1 My—1
(6282V, W) = i Z; Z(;(A; AL V(AL BT W) (2.8)
1= J=

Lemma 2.2 ([28]). Let V; ;((x;,y)) € Q,, 1 <n<N)bean arbitrary grid function. Then, it holds
that

1
(5302[0,V", V") = Ea,wﬁaiv", v, (2.9)

where [0,V"] = V‘k—vn_l

Lemma 2.3 ( [1n8]). If B is a positive-definite operator, 8 € L(0,T), and g, > is defined in Eq (2.3),
then

N
On-12(9p) = Z knGn-12(0)¢"* > 0.
n=1
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Lemma 2.4. Let T = 1, and define 7, = (nk’)”, where y > 1 and k¥’ = 5. By choosing B(1) = mt‘l/z,
we obtain

N-1 N
4.2 _ i3 4. 2 2
(1);1( Z 9F(1/2)2 i, Zk w:<CK  and (2.10)
Q). - P<1

where C is a constant.

Proof. (1) For the first equality, by applying the definition of w;; and 8(¢), we can conclude that
= ) ol 4 1 min(t,t;) )
;kiwii = Zkl(k_kff B(t — s)dsdr)
min(t, t,
- 12 g sdry?
F(1/2)2 Z(ff — sy dsdr)

16 PE
= 2.11
Z 9or(1/2)? i @11
Using the above equality, we have
N N
16
Kwr = ———— ) kk?
; lwll 91’*(1/2)2 ; 1
16 22 &
S =iy K ) ki
oor(/2 v ;
< Ck.

(2) The second inequality follows directly from the definition of k;:

Dy oy e

k,‘ —k,' =
+ = N N N

).

Supposing f(x) = (x+1)Y =2x7+(x = 1) = [(x+ 1)Y = x7] = [x¥ = (x = 1)”], we have k;;1 — k; = Nyf(l).
Letting g(x) = (x + 1)” — x” and differentiating the function g, we can get

g =ylx+1"'=x">0 and (x=1,y>1).

Therefore, the function g(x) is monotonically increasing for x > 1 and y > 1. It then follows that
g(x) > g(x — 1), which implies f(x) = g(x) — g(x — 1) > 0. Accordingly, we obtain the following
conclusions: ki1 —k; > k; — ki-y > 0 and k7 < k2, . Moreover,

[k} i k3] - [k3 _1] = (kis1 — ki )(kl+1 + kip1k; + k,z) - (ki — ki—l)(k,~2 + kiki_y + k,~2_1)
(ki = kic)(k7 oy + kiiki + k) = (ki = ki) + ikt + k7))
(ki = ki )[(K7y — k7) + (ki ki — kikiot) + (k7 = k7]

\%
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> 0.

Thus, the sequence k., — k; is monotonically increasing. Therefore, we can draw the following
conclusion:
k3

i+1

1
—k Sk =k Sk =y -y == (1= 2P <
O

Remark 1. In this paper, C denotes a positive constant that may take different values in different
estimates and is independent of the spatial and temporal discretization parameters.

Remark 2. Throughout this paper, the centinuity of gxff g;ff, 3 fz gyz , ?)L;’ and £v =7 is assumed in the
domain Q X (0, T'). The corresponding regularity results can be found in Reference [15,28]:

et DI < Cy Mty (5 DI < C.
Lemma 2.5. Let V; ; be an arbitrary grid function and Vl.”j = 0((x;,y;) € 0, 1 <n < N). Then, one
has

IVl
w2

l636; V"l < C

Proof. By applying the definition of |I5§6§ V"l and using the boundary condition V}; = 0 on €2, we can
conclude that

M,

M
Z By (8252VIN(S252VE)
1 :

22 2
||6x6yvn” XUy g XUy oy

M, M,
ZZ 2h2 2[( et = 2Vi Vi) = 20V = 2V + Vi)

=1 j=
+(Vn1/+1 2Vt 1,j + Vn i-1,j— 1)]
2
< c vi=
WY

In the derivation of the above inequality, Young’s inequality is employed after multiplying the
corresponding terms. O

3. Discretization by CN scheme and ADI difference scheme

In this section, problems (1.1)—(1.3) are approximated by applying the CN scheme for temporal
discretization and an ADI finite difference approach in the spatial direction. Following the procedure
described earlier, both sides of Eq (1.1) are integrated over the interval [#,_1, t,] and then divided by k,.
The spatial discretization is handled using the ADI finite difference scheme, while the integro-differential
term is discretized by the quadrature rule (2.3). The set {U" I(x;,y;) € &4} represents the numerical
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approximation of Eqgs (1.1)—(1.3) at the grid point (x;,y;, f,). Omitting the error terms, the resulting
discrete scheme is given by

”k—u - W"Ikl((si + 5§)Ui1j + Z kanp(‘szc + 5§)U5_1/2 + fl.rjl._l/z, (3.1)
n p=
Uln] = 0’ (xi’yj) € th’ 1 <n< N and (32)
Ujy = v(xi,y)) € Qu, (3.3)
where fi’j’._l/2 = M and U?/—I/Z _ Uflj_l;uf.l/

Set Ef] = U?j - U;’j‘l and we can rewrite Eq (3.1) as

n—1
1 -
Ejy = Shawm (8 + ODE) = kkiwin (83 + DU + K, > k(6 + SHUL?
p=2

2 2 2\ 7 -1 n—1/2
+h,Wiun (65 + 6 U3 + kuf;;

= FI. (3.4)

The discrete scheme given below is derived by incorporating the small term Z—ﬁwﬁn(6§6§)Elff/ into the
left-hand side of Eq (3.4):

1 1
E} - 5k,%w,,,,(ai +6))E]; + Zkﬁwﬁn(aﬁ(si)E;; = F},, (3.5)
Ui =0, (xi,y)) € 0y, 1<n<N and (3.6)
UY = v(xi,y)) € Q. (3.7)

Suppose that [ is the identical operator, and we can rewrite the above scheme as follows:
1 1
- 5k,%w,m(si)(l - Ek,%wmaﬁ)E;; = F..

If we denote

ij?

1
Ej = - Skwmd)Ej,  0<i< M, -1, (3.8)

then the original problem is decomposed into two decoupled one-dimensional problems. The first one is
Eq (3.8), which is associated with the x direction. The second one is given by

1 . .

- Ekiwnndi)Eij = F7,

It is easy to see that this equation corresponds to the y direction. First, we can use Eq (3.9) to obtain the

solution of E;“j at each time level 7, (1 < n < N). Then we can use Eq (3.8) to get the solution of E,n,

Last, we can get the numerical solution {U}|(x;, y;) € £} by using the definition of E7..
The stability analysis and the study of convergence rates are carried out in the following section.

1<j<M,—1 (3.9)
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4. Theory analysis for the ADI CN scheme

4.1. Stability analysis

We establish the following stability result for the ADI CN scheme.
Theorem 4.1. Let {U{’jl(xi,yj) € Q;,0 < n < N} be the numerical solutions of Eqs (3.5)—(3.7), and 8
is a positive-definite operator. Then it holds that

N N-1
; + ;
I0M < WU%I+2 D all ™21+ G s D ki = kDI U+ KIS Ul @)
n=1 i=1

or(1/2)?

Proof. Note that Eq (3.5) can be rewritten as

n—1

1 _
Ul = U + 2kaw?, (26D[0,U3] = wakiky(6% + SHUL + Ky > kywinp(62 + SHUL 2 + ko f1712.(4.2)

4 n' nn . J
p=2

Applying a summation over all interior grid points after weighting the above equation by h.h,(U ntu fj‘l ),
one obtains

1
U1 = N0 + 2w, (S6)(U" = U™D, U™ + U™ = wankiki((& + 6)U", U™ + U™)

4 n'"nn
n—1
Ur + U”
ko ) kw8 + 6) =5 U" + U") + k(72 U 4 U,
p=2

i.e.,

1
IO =0 P + 2k (GO = U, U" + U = kg1 p((8% + S)U), U

+h, (112, U, (4.3)
Using the discrete Green formula, we have

(G = U™ H,U" + U = ((6:5,)(U" = U"™), (6,6,)(U" + U"™)) = [16:6,U"I” = 116,:6,U""|I*.

(4.4)
Substituting Eq (4.4) into Eq (4.3) and summing » from 1 to N, Eq (4.3) can be rewritten as
1 N N
NP =IUF + 3 D Kiwi(16:6,U"1F = 16:8,U" 1) = 3 kage12((8 + SHU U™
n;l n=1
DL AVARGN 4.5)
n=1

The third term on the left-hand side of the above equation is equal to

N-1

Kawillond, UNIP + 3 (kiwy = ke wh s IS0, UIP

: —_

n'-"nn

N
D ki, (16.:6,U"P = 116,6,U"'|1P)
n=1

n=1
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—kiwi 16,6,U°|1. (4.6)

Combining Egs (4.5) and (4.6), we can obtain

k4 . 1
NUMIZ = U + =Swipllo., UM = Z(k,+1W,+1,+1 k?wizi)lléxéyUlllz+é—lk‘fwﬁl||6x6yU°||2

+Zk (G128 + U, U2 + Zk . @

n=1

From Lemma 2.3, it follows that Qy_12(¢) = SN, kugu_12(0)g" "'

obtain

> 0. Applying Lemma 2.1, we

N
Z knGn-12((62 + 6)U), U"%) Z kpW,p((0% + 6 UP2 U1?)

N
n=1 ;é; p=1
N M,—1 My— 1
= >k Zk Wl Z e U e U
n=1 i=0 j=1
M.~ 1M} 1h
S ey
i=1 j=
M1 My~ lh M1 My~ h
= = On1p(8x Uy - Z Z Q1225 U
i=0 j=1 * i=1 j=0 Y
< 0. 4.8)
Due to Lemma 2.4, it is easy to see that k!, \ w7, .., — kw; = 9F(1/2>2 (k,, — k). Substituting Eq (4.8)

into Eq (4.7) and using [|6,6,U|* = (636, U’, U"), we can obtain

\wrE - 1uo? — k) U'| - 1V

I < 49r(1 ST 2R Z(k,+1

1 _ .
+ kWL lIs s Ul - U0l + Z kall "2 NIT™ 2.

n=1

So,

4 N-1 N
UM < UM S U0+ s ) (K = DI Ul + ==K 1026 U0 + 2 ) Kall 2,
UM< 1011 < 1071+ G Z( = KIGE U + g kil U Z [Vl
which completes the proof. O

Theorem 4.2. If we denote {U,T’jl(x,-, v;) € ;,0 < n < N} as the set of numerical solutions of Eqs
(3.5)—(3.7), supposing that ﬁ < C’ (where C’ is a constant), then it holds that

10" < Ui+ Z Kall 7120+ KIS2S2 U1,
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Proof. From Lemma 2.4, it follows that ¥ ' (k) — k)lI6303 U] < pIp 636;U'|l. Applying Lemma

i+1
2.5 and the discrete Gronwall inequality, Theorem 4.1 can be bounded as follows:

N N-1
4 . 4
UMl < 10%+2) kllf"?|| + ———— 282U || + ———k3|662U°
I < o Z]] [Vial 9I,(1/2)2;”“ I+ sr ke vl
C < U
< UN+2 ) kllf" P+ =5k 1636, U°
< U+ Z] 121+ S a0 Ul + G o e
< W2 Ykl e e S
- i or(1/2)> 'Y Or(1/2y?~ 4
N 4 N-1
< NUN+2) kllf" Y+ ——Kk3||6%62U°|| + C U’
< U Z 1P+ Sra e kile s Ul ;n I
N
< CUUN+ D kallf 20+ RlIs2s2 Ul
n=1
which completes the proof. m|

4.2. Convergence analysis

Theorem 4.3. Suppose that 7, is the exact solution of problems (1.1)~(1.3) and U7, is the numerical
solution of Eqs (3.5)—(3.7) at point (x;,y;, t,). Denote that e?j =U z"] - ufj Assume that the exact solution
satisfies

NAu O+ 2lAd (O < C' and  Alf Ol +AIlf Ol <Ct forO<t<T,

where o is a positive constant for r > 0. If ﬁ < (', then as k, h,, and h, tend to be zero independently,
we have ’
kK ifl1 <y<2/o,
el < Clle’ll + CiNI635,€°l + C(h; + b)) + Cp oM { KPlog(ta/ty) if y = 2/0, (4.9)
K’ ify>2/c,

where C is a generic constant independent of k, h,, and h, and C, .7 is a constant that depends on y, o,
and T. Here, kK = max,k, denotes the maximum graded time steps.

Proof. The discrete scheme (3.5) can be rewritten in the following form:

1 C _ -
Uy = U + 2kown (36U = Ui = kikown (6 + ) U, + Ky D w0+ SHUL ke 171,
p=2

Meanwhile, the exact solution u;’j of Egs (1.1)—(1.3) satisfies

In f In
w; — uf‘/-_l - f f B(t = $)Au(x;,yj, s)dsdt = f f(xi,y), ndt.
’ Ih—1 0 th-1
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By comparing the above two equations, we can obtain the relationship between them:

4 n’"nn
= kg, (4.10)

1 Iy ! _
ei—els + —kywn (6367)(€]; — el ) — f, j; Bt = (67 + ) U (s) — (67 + 6,)is(()dsdt
n—1

where

1
Z(s) = ‘Pi_j,l/z (to <t <t),
Y IJ}' , (tj—l <t< Zj)

n—1/2

n—1/2 _ .n—1/2 n—1/2 +773

-1/2
=" +n, )

and 77 +m, 7, with

1 (™
m =P — | findt,
l kn th-1

1 [
ng—l/Z _ _k_f f’B(t — $)[Au;i(s) — Aﬁg(s)]dsdt,
n -1 0
L[
77,31_1/2 _ k_f fﬁ(t _ s)[(gi + 5§)ﬁl~cj(8) — Aﬁfj(s)]dsdt,
n Ih-1 0

n- 1 0o
= _Zkgwﬁn((si(sg)(u,.j —ufh).
With the help of Theorem 4.2 and the initial condition ¢ = 0, Eq (4.10) has a similar structure as Eq
(4.2). Therefore, we can get the following inequality:

N
le™ll < Clle°ll + Z kall"™ 211 + K} 1167357 ). (4.11)

n=1

n—1/2

Next, we consider the magnitude of the error 7 . Since

lkowa (S26D[0u" Il < lkywi (536" + lkywi, (536" |
< Ckiwinluxxyy(g ;1,1
< Ckiw?

n’ nn’

we have Y | knllnz_l/ %l < Ck*w?, < Ck%. Consider the term of 7""/?. According to the error analysis

n'nn 3
of the finite difference method, the error of the following expression is given:

2 2\~C -C 2 2
(62 + 62§ — AGS| < Ch2 + ),

so we can get the following inequality:
e 1 I t
a2l < Ch? + hg)k— f f B(t = s)dsdt < C(h, + E)IBlIL,a,)- (4.12)
n th-1 0
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Applying the result from the demonstration of Corollary 3.4 in [19], we have
7} 2Nl < Coy MR + C, M ks, (4.13)

where C,, is a constant independent of o~ and y and C, is a constant independent of . It is easy to see
that [la~"2I1 < I, 21l + 7,1l according to [18], where

= L f f B(t = )[Augj(s) - Ai(s))dsdt, ;"> = f " f Bt = 9)[Ali(s) — At (s))dsdt
n th-1 YO

and
i(s) = u(ty), (to <t<t),
K@ = D) + (= tiut), (G <t<r),  andi>2.
The norms of 77,; and 7,, satisfy the following inequalities, which are described in [19]:
o , n 1 ,
Zk 211 < C( f AW ()lldt + > K} f IAW" (Ol and (4.14)
0 =2 tj-1
f N-1
Z Fellityy Il < Cr (s f A ()lide + Y 6)), (4.15)
n j=2
where C7 is a constant independent of 7" and
6j = IKAAW — kit AW || + [lkGAAW = ki AN || + (ki — kDIAAW | + kG 1K AAW™ — IGAAW|
1jv1 t; , 1jvl ,
< 3k f A’ (¢)l|dt + 6k; f AU (Dlldt + 3(kjs1 — k;) f |Au (1)dt. (4.16)
i1 tj-1 tj-1

Here, r; denotes the midpoint of the interval [z, 7;,,], and Aw’ = u(t;) — u(t;-1). By applying the mesh
assumption, it follows that

51 15}
f AU (D)t + Ky f lAu (Dl\dt < C,, MK (4.17)
0 n

and
£l . '} , Lj+1 ,
K f AW (0)\|dt + k; f 1AW (D)l\dt + (kjyy — k;) f A (t)lldt < Cory ME*tT2 " kj. (4.18)
tji-1 tj-1 tj-1

The sum is estimated by

1712 ly - o) ify <2/0,
Z (77 < Cro d log(t/1) ify=2/o, )2y -0)<C k7 (4.19)
6 (o =2/y) ify=2/o,

Substituting inequalities (4.12)—(4.19) into (4.11) and using the boundedness of ||8]|.,0.,), W€ can
obtain the convergence result. O
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5. Numerical experiment

Numerical simulations of three examples are presented in this section. The L, errors and the
corresponding convergence rates are computed. Examples 1 and 2 are selected from Reference [28]. In
both examples the CN scheme on graded meshes ¢, = (nk’)” (k" = T/N) is employed. In this paper, we
set B(t) = F(1/2)’ T=1,and Q=(0,1) x (0, 1).

In the numerical implementation of the ADI finite difference scheme, a uniform spatial mesh with
grid sizes h, = h, = h is employed. The L, errors and the corresponding convergence rates are then
calculated using the following formulas:

e(k',h) = Oma)glIIU'" —u"|| and
<m<

log(e(2k’, h)/e(k’, h)) and _ log(e(k’,2h)/e(kK’, h)) '

C te € ~ -
onvergence rate € log(Zk’/k’) € IOg(Zl’l/h)

The focus of this paper is twofold. First, the ADI scheme is employed to decompose the discrete system

into two one-dimensional problems, thereby reducing the computational complexity. Second, a variable

time-step method is adopted to decrease the weak singularity in the temporal direction and to achieve

full-order accuracy. Consequently, in the numerical experiments, in order to avoid redundancy, the

spatial convergence order is reported only for Example 1. For the remaining two examples, the spatial

convergence behavior is omitted, and only the numerical results in the time direction are presented.
Example 1. We focus on the following nonhomogeneous problem:

A = 1, <t<T,
mrmmf(” u(r,y,s)ds = fxry,0,  0<xy<l, 0<r
w©,y,0) = u(l,y,1) = u(x,0,0) = u(x, 1,0 =0, 0<1<T and

u(x,y,0) = sin(rx)sin(nry), 0<x,y<]1.
The function f is chosen as f(x,y,t) = 2= z (27r sin(x)sin(ry) — sin(2rx)sin(2ry)) —
4n?sin(2rx)sin(27y), so that the exact solution is given by

3/2

3n

u(x,y, t) = sin(mrx)sin(mry) — sin(2mrx)sin(27y).

Thus, for ¢ > 0, the exact solution satisfies
A @) + 2l Au" ()] < €7 and  AIf @)l + 2If (0l < Cr2

Considering the CN scheme, the parameter o in Theorem 4.3 is chosen to be o = 3/2. According to
the theoretical analysis in Theorem 4.3, the following results are obtained: For 1 <y =1 < 2/0, the
convergence rate is O(k*/?). For y = 2/0 = 4/3, the convergence rate is O(k?). Fory = 3 > 2/0, the
mesh is over-graded, and the convergence rate is O(k?).
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To compute the convergence rate in a temporal direction, we choose the spatial step £ to be sufficiently
small. Similarly, a sufficiently small time step is used when computing spatial convergence rates. Table
1 displays the errors and convergence rates €, in the temporal direction at 4~ = 1/500 by choosing
v =1, y=4/3,and y = 3, respectively. In Table 1, the numerical results show that the convergence
rates are O(k*/?) and O(k?) when y = 1 and y = 4/3, respectively, and the numerical results show that
the convergence rate is over O(k?) when y = 3. These data show that the numerical solution matches
the theoretical analysis. By comparison with the numerical results reported in Reference [28], we note
that the discretization in Reference [28] is based on uniform meshes. Consequently, when /4 = 1/500
and N = 20, 40, 80, 160, the observed convergence rates are 1.1656, 1.0395, and 1.0330. However,
by employing graded meshes in this paper, the convergence order reaches 2 or even exceeds 2. In
Reference [28], the minimum L, error is reported as 8.7962¢ — 04 when N = 160, whereas in the present
paper, the minimum L, error is reduced to 7.96951e — 04 for the same value of N when y = 3.

We observe that the convergence rates also match well with the theoretical convergence rates in the
spatial direction in Table 2. In Table 2, we display the errors and convergence rates ¢, in the spatial
direction at k = 1/1000. By using the finite difference method, the convergence order in space is 2.

To evaluate the efficiency of the difference scheme, numerical results for the homogeneous problem
are also presented.

Table 1. Errors and convergence rates in time wheny = 1, y = 4/3, and y = 3 with & = 1/500 for Example 1.

y=1 y=4/3 y=3
N Error € Error € Error €
20 1.77667e-02 - 4.14236e-02 - 9.41196e-03 -
40 6.93881e-03 1.35641 1.10280e-02 1.90928 1.39877e-03 2.75034
80 2.63213e-03 1.39846 2.81090e-03 1.97207 2.21484e-04 2.65888
160 9.77503e-04 1.42906 7.15204e-04 1.97461 3.77838e-05 2.55137

Table 2. Errors and convergence rates in space wheny = 1, y = 4/3, and y = 3 with k = 1/1000 for Example 1.

y=1 y=4/3 y=3
M Error & Error & Error &
5 5.51169e-02 - 5.51192e-02 - 5.51127e-02 -
10 1.30396e-02 2.07959 1.30413e-02 2.07947 1.30309e-02 2.08045
20 3.21348e-03 2.02070 3.21565e-03 2.01990 3.20909¢e-03 2.02170
40 7.98002e-04 2.00967 8.00557e-04 2.00603 7.96951e-04 2.00960
Example 2.

1 t
u, = 5fv(t— $)PAu(x,y, s)ds, O0<x,y<l, 0<t<T,
0

u,y,0) =u(l,y,t) = u(x,0,t) = u(x,1,1) = 0, O0<t<T and

u(x,y,0) = sin(rx)sin(ry), 0<ux,y<I1.

The exact solution of this problem is u(x, r) = M(x>/2*/*)sin(nx)sin(rry), where M denotes the entire
function

M(z) = Z(—l)"r(%n + 1)1z
n=0
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In Table 3, we present the maximal numbers of L, errors and convergence orders in the temporal
direction for the CN scheme on graded time steps. Considering the data in Table 3, we can see the
convergence rates are O(k*?) and O(k*) when y = 1 and y > 4/3, respectively. We note that, for both
nonhomogeneous and homogeneous problems, the numerical results coincide with the theoretical analy-
sis. Compared with the numerical results reported in Reference [28], we note that the convergence rates
in Reference [28] are 0.8964, 0.9303, and 0.9730 when 4 = 1/500 and N = 20, 40, 80, 160. However,
by employing graded meshes, the convergence order can reach second order for the homogeneous
problem. In Reference [28], the minimum L, error is reported as 0.0027 when N = 160, whereas in the
present paper, the minimum L, error is reduced to 9.50251e — 05 for the same value of N when y = 3.

Table 3. Errors and convergence rates in time wheny = 1, y = 4/3, and y = 3 with h = 1/500 for Example 2.

y=1 y=4/3 y=3
N Error € Error € Error €
20 2.22187e-03 - 8.31847e-04 - 4.94706e-03 -
40 8.74632¢-04 1.34503 2.40878e-04 1.78801 1.43522¢-03 1.78530
80 3.38517e-04 1.36945 6.34777e-05 1.92398 3.72884e-04 1.94447
160 1.28514e-04 1.39730 1.62956e-05 1.96177 9.50251e-05 1.97235

Example 3. We further consider an additional numerical example for which no explicit exact solution
is available. Specifically, we consider the homogeneous problem in Example 2 with the initial condition
u(x,y,0) = B = exp(—((x — x0)*> + (y — ¥0)*)/(2 * (p)?)), which represents a Gaussian pulse function. For
simplicity, we set B = 1, xo = yo = 0, and p = 1 to illustrate the temporal convergence behavior. The
numerical solution obtained with N = 1280 and /& = % is regarded as the reference solution. Then
numerical solutions with N = 40, 80, 160, 320 are compared against this reference solution. From
Table 4, it can be observed that the proposed methods are also effective for this class of equations whose
exact solutions are unknown. Moreover, the temporal convergence orders remain 3/2 and 2 fory = 1
and y > 4/3, respectively.

Table 4. Errors and convergence rates in time wheny = 1, v = 4/3, and y = 3 with h = 1/50 for Example 3.

y=1 y=4/3 y=3
N Error € Error € Error €
40 8.56640e-02 - 4.68134e-02 - 1.11338e-01 -
80 2.65970e-02 1.68743 1.19981e-02 1.96411 2.94067e-02 1.92072
160 8.37819¢-03 1.66655 3.08778e-03 1.95817 7.55917e-03 1.95985
320 2.54985e-03 1.71623 7.73763e-04 1.99661 1.87810e-03 2.00896

6. Conclusions

This study develops an ADI-based numerical approach for fractional evolution equations featuring
weakly singular kernels, where the time discretization is constructed on graded meshes. We choose the
temporal meshes to be 7, = (nk’)”, and we present the convergence orders for different y. The maximal
L, convergence order in time reaches 2. In subsequent work, we plan to investigate space-fractional
derivative equations by constructing high-order accurate spatial schemes on nonuniform grids.
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