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Abstract: Brucellosis is a zoonotic disease caused by bacteria of the genus Brucella, posing a sig-
nificant threats to human health and the development of the livestock industry. Experimental studies
have demonstrated significant differences in infection rates among sheep of different ages and sexes.
Based on this, this paper develops a time-delayed dynamical model for brucellosis transmission with
age-sex structure, coupling the sheep population with environmental contamination, and incorporates
a latency time delay to characterize the temporal delay in disease transmission. First, the basic repro-
duction number is calculated, and the global stability of both disease-free and endemic equilibria is
established. Second, for three control measures (i.e., vaccination, isolation of infected sheep, and en-
vironmental disinfection) the target reproduction numbers are computed to quantitatively evaluate the
relative effectiveness of each strategy in mitigating brucellosis transmission. Numerical simulations
reveal that increasing the time delay reduces the number of infected sheep and the concentration of
Brucella in the environment. When the target reproduction number exceeds 1, vaccination achieves
optimal control efficacy, with required coverage decreasing as the time delay increases. In addition,
by adjusting the input rates of female and male lambs and the time delay, the cost-effectiveness of
age-based and sex-based vaccination strategies is compared, identifying the parameter regions where
each strategy is economically dominant.

Keywords: time-delayed dynamical model of brucellosis; target reproduction number; stability;
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1. Introduction

Brucellosis, also referred to as Mediterranean fever or Malta fever, is a zoonotic infectious disease
caused by bacteria of the genus Brucella, posing severe threats to livestock development and public
health security. Infected animals (e.g., sheep, cattle, and pigs) and their products serve as the pri-
mary sources of infection [1], with transmission occurring through direct contact with infected animals
or exposure to contaminated environments [2, 3]. The disease frequently causes infertility and abor-
tion in livestock, and may lead to serious complications in humans, including encephalitis, myelitis,
spondylitis, and prostatitis [4]. It is worth noting that brucellosis mainly spreads among animals or
from animals to humans, with human-to-human transmission being extremely rare [5]. Therefore,
blocking the transmission chain among animals is the core of disease prevention and control.

A substantial body of evidence suggests that brucellosis transmission in sheep is markedly struc-
tured by both age and sex: the infection rate of lambs is significantly lower than that of adult sheep, and
the infection rate of rams is significantly lower than that of ewes [6,7]. Based on this epidemiological
evidence, scholars have successively constructed dynamical models that take into account age or sex
heterogeneity in order to reveal the transmission mechanism of brucellosis and formulate prevention
and control strategies [8—10]. For example, Bai et al. [3] constructed a two-stage sheep-environment
coupled dynamical model for brucellosis transmission, systematically analyzed the stability of the
model’s equilibria, and compared the intervention effects of different control measures, providing the-
oretical support and practical references for the precise prevention and control of brucellosis in sheep.
Building upon this foundation, Bai et al. [11] further considered the impact of cross-regional livestock
transportation on disease transmission, established a two-patch two-stage model for the transmission
dynamics of brucellosis in sheep, and explored the stability of its equilibria; at the same time, based on
lamb recruitment rates and basic reproduction numbers in the two patches, they proposed the optimal
transportation plans for lambs and adult sheep, providing feasible guidance for blocking the cross-
regional transmission of brucellosis. Yang et al. [7] constructed a class of sheep-environment coupled
transmission dynamical model with age-sex structure; analyzed the stability of the model’s equilibria;
and quantitatively evaluated the control effects of vaccination, environmental disinfection, and isola-
tion measures based on the target reproduction number. In addition, they formulated differentiated
vaccination strategies according to the input rates of lambs and the costs of vaccination. Meanwhile,
time delay, as a key factor influencing the spread of brucellosis, has received extensive attention in epi-
demic modeling [12—14]. For instance, Hou et al. [15] developed a time delayed susceptible-exposed-
infected-Brucella (SEIB) dynamical model with indirect transmission, demonstrating that time delay
does not affect the stability of equilibria but can delay the emergence of the infection peak. Lolika et
al. [16] analyzed a brucellosis model incorporating two discrete time delays, revealing that delays may
induce Hopf bifurcation and consequently lead to periodic solutions. Wu et al. [17] integrated stage
structure, seasonality, density-dependent growth, maturation delay, and time-varying latent period to
construct a dynamical model of brucellosis transmission. Their research indicates that ignoring time
delays can lead to overestimation or underestimation of brucellosis transmission: when the latent pe-
riod is a constant delay or absent, the number of infected animals will either be higher or lower than
that with a periodic delay. However, there are still significant gaps in the above studies: although schol-
ars have explored the effects of age structure or sex heterogeneity [7, 18] on transmission dynamics, no
study has yet incorporated the time delay effect and the dual structure of age and sex simultaneously
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into the model of sheep brucellosis. This gives rise to three key scientific questions: (1) How can
a transmission dynamical model be constructed that explicitly characterizes the coupling of age-sex
stratification and time delay? (2) How can the effectiveness of prevention and control measures, such
as vaccination, environmental disinfection, and isolation of infected sheep, be quantitatively evaluated?
What regulatory roles does time delay play in these measures? (3) Which specific groups (e.g., lambs,
adult sheep, ewes, or rams) should be targeted for intervention to achieve optimal cost-effectiveness?

To address the above questions systematically, the remainder of this paper is organized as follows:
Section 2 establishes a sheep-environment coupled time delayed dynamical model for brucellosis trans-
mission, incorporating age and sex heterogeneous infectivity. The existence and stability of the model’s
equilibria are analyzed in Sections 3 and 4, respectively. Section 5 introduces the target reproduction
number in the time-delayed context and derives its expressions for three control measures: vaccination,
environmental disinfection, and isolation of infected sheep. Section 6 validates the theoretical results
through numerical simulations, evaluates the effectiveness of the three control measures, and further
investigates how time delay modulates brucellosis transmission and control efficacy. Finally, Section 7
summarizes the main findings and outlines promising directions for future research.

2. Dynamical model

The infection characteristics and transmission mechanisms of brucellosis exhibit significant popula-
tion heterogeneity and environmental dependence. At the host level, the infection rate varies differently
by gender and age. In terms of sex, the infection rate of ewes is significantly higher than that of rams,
where adult or sexually mature ewes have an especially high risk of infection due to increased exposure
to pathogens through physiological activities, such as pregnancy and childbirth [7,18]. In terms of age,
adult sheep are more susceptible than lambs [10, 19]. At the environmental level, infected sheep acts as
the main source of infection, releasing Brucella into the environment through aborted fetuses, placen-
tas, and excretions. Brucella exhibits extremely strong survival capabilities outside the body, surviving
for weeks in feces at room temperature and even months under favorable conditions. This character-
istic significantly increases the risk of indirect transmission [20,21]. Based on these epidemiological
features, the following simplifications are made in model formulation:

(i) Regarding the age-sex structure, since the environmental-host transmission efficiency is relatively
low and there is a significant difference in susceptibility between lambs and adult sheep [10, 19],
the indirect transmission only distinguishes between the two age groups of lambs and adult sheep,
and sex differences are not considered for the time being.

(i1) Based on references [2, 10], it is known that infected sheep during the incubation period are
undetectable, and the infectivity during this period remains unclear. Furthermore, reference [22]
indicates that the infectivity of infected animals in the early stage of incubation is almost zero,
and hosts only excrete Brucella and exhibit a certain degree of infectivity in the late stage of
incubation. Therefore, we disregard the infectivity of sheep during the incubation period.

Based on the above considerations, the sheep population N(¢) is divided into six categories (i.e.,
S11(), S12(8), S21(8), Sxn(t), E(t), and I(t)), which represent the number of susceptible ram lambs,

rams, ewe lambs, ewes, exposed sheep, and infected sheep at time ¢, respectively. W(t) denotes the
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Brucella load in the environment at time 7. The total sheep population at time ¢ can be expressed as
N@) = S11(0) + S12(0) + S21(1) + S22(0) + EQ) + 1(1).

For simplicity, we abbreviate S;(¢),S 12(¢), S21(t), S 22(8), E(t), I(t), W(t), and N(¢) as S11,S12,521,
S, E,I,W, and N, respectively. 7 > 0 denotes the time delay characterizing the latent period
of brucellosis and the transition rate from exposed sheep to infected sheep at time ¢ is given by
BiiS 11t —7) +B12S 12(t —1) + B21S21(t = 7) + S22 S 0t =D (E = T)e " + [p1 S 1t —T) + 28 2 —7) +
@18 21(t = T) + P28 0(t — T)]W(t — T)e™#7. Thus, the transmission flowchart of brucellosis among sheep
of different ages and sexes is shown in Figure 1, and the dynamical model is formulated as follows:

I
1 kI
|

v
aw

Figure 1. Transmission flowchart of sheep brucellosis (the black arrows indicate the trans-
ferring of sheep, while the red arrows represent the transferring of Brucella and X =
BuS1(t = 1) + B12S12(t = 7) + BaS 20t = 7) + BoaS ot — DU — T)e™ " + [p1S 1t — 1) +
@28 12(t = T) + @15 201t = T) + @25 22t = DIW(t — T)e 7).

dit]l =A -BuSul-e1SuW-a1S1 — S,

di;z =a1511 = BrSl — @S W - 1S 1,

% = Ay = BuSul —o1SuW — 2821 — 1S,

% = a2821 = 02S 0l — 9250 W — 115 »,

(il_lt? = BuSn +P1S 12+ P28 +BuSn) + (ei1S11 + @25 12 + @152 + 92522)W
= [BuS1ut=1) + 128 12(t = 7) + LS 21t = ) + B22S200(t — T)U(t — 7)™ (2.1)
— 1S —1)+ @S2t =)+ 1521t = T) + @2S 0t = DIW({t — 7)e ™7 — I3 E,

j—j = [BuSnult—1) +B12S12(t = 1) + B215 21 (t = 7) + BaS 0t — Dt — T)e™7
oS —1) + @S 12t = 1) + 918211 = T) + @25 0t = DIW(E — T)e ™7
— 3l = hl,

ddlf =kl — dW.
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All parameters in model (2.1) are non-negative and the biological meanings are shown in Table 1. The
initial conditions for model (2.1) take the following form:

S11(0) = $1(6), S 12(0) = ¢2(0), $21(0) = ¢3(0), $22(0) = $4(6), E(0) = p5(6),
1(0) = ¢6(0), W(6) = ¢7(0),60 € [, 0],

where ¢;(6)(i = 1,2,---,7) is a continuous function with domain [-7,0] and range in R* and the
sup-norm is ||¢[| = sup g g; 1#(x)].

Table 1. The biological meanings of the model parameters.

Parameter Meanings

A Input rate of the ram lambs

A Input rate of the ewe lambs

Bi1 Transmission rate between infected sheep and ram lambs

B2 Transmission rate between infected sheep and rams

B2 Transmission rate between infected sheep and ewe lambs

B2 Transmission rate between infected sheep and ewes

©1 Transmission rate from Brucella to susceptible lambs

© Transmission rate from Brucella to susceptible adult sheep

U Natural mortality rate of lambs

o Natural mortality rate of adult sheep

U3 Natural mortality of exposed and infected sheep (u; < us < )
h Slaughter rate of infected sheep

k Emission rate of Brucella from infected sheep to the environment
d Apoptosis rate of Brucella in the environment

a Transition rate from ram lambs to rams

a, Transition rate from ewe lambs to ewes

For continuity of the initial conditions, we need to further require

0 2
E(0) f Z BiiS i(O)(0)e*d6 + f > oS a@OW ) do
~T =l

i,j=1

f Z 28 n(OW(O)e"do.

Furthermore, through simple calculations, we derive that the positively invariant set of system (2.1)
is

k(A; +A2)

A
2 IVl < — }
v

2
A+
= {S11.5 12,525 E LW € R Y. S+ B+ 1] < 2

i,j=1
where Rz_ = {('xla X2, ,.X7)|.Xi = Oal = 1529 e 57}a/'1 = min{/’lla/'lZalu3}'
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3. Existence of equilibria and basic reproduction number

3.1. Disease-free equilibrium and basic reproduction number

The disease-free equilibrium of model (2.1) is

P A 1A Ay @A,
i+ ar oy + @)+ @ o + @)’

0,0,0].

Denoting f1 = ,8115(1)1 +,812S(1)2 +,821S(2)1 +,822S(2)2 and f2 = (,015(1)1 + QOQS(I)Z + (,01531 + ()OzS 32 and using the
next generation matrix method [23,24], we can derive the basic reproduction number

= i et + _kh e 15T
M3+ h d(usz + h)
= Ho1 + Koo,

0

where Z and %, denote the expected number of secondary infections generated by direct transmis-
sion from one infected sheep and by indirect transmission via environmental contamination per unit
time, respectively.

3.2. Existence and uniqueness of endemic equilibrium
In this subsection, we will prove the existence and uniqueness of the endemic equilibrium.
Theorem 3.1. There exists a unique endemic equilibrium P* of model (2.1) when %, > 1.

Proof. We prove this theorem by the following two steps:
Step 1: Existence. The endemic equilibrium P* = (§7,,57,,55,,55,, E*, I", W*) satisfies

A =BuSHl" =S W =S — Sy, =0,

187 = BuSHl" = @S HW =187, =0,

A _1321531]* - 901S;1W* - CVZS; _ﬂ15§1 =0,

@285 = B2S5I" = 028 5,W* — 1S5, =0,

(B11S Ty + L1281, + B2S 5y + LS ) + (015 + ¢S, + @155,
+02S5)W* = (BuiS T, + B12S 1, + Ba1S 5, + BuSi) e™ T
—(@187 + @287, + @155, + a8 5,)Wre T — iz E* = 0,

[(Bi1ST, +B12S T, + PS5, + BuaSi)I* + (1St + 9257,
+0185, + ©285,)W*]e " — usI* — hI* = 0,

kI —dw* = 0.

(3.1

By calculating, we can obtain

k
W* ==I",
d
dA,

1 :dﬂlll* + (,01](1* +da; + d,u1 ’
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§* = da, dA;

12 _dﬂlgl* + (,02](1* +d/12 . dﬁ”[* + QO]kI* +da; + d,ll] ’
§r = dA,

A _dﬁ21l* + (,lel* + daz + d/.ll,

" da’z dAz
Sy =

dﬂzzl* + (,02]{1* + d[.lz . dﬁzll* + QD]kI* + da, + d/.ll ’
* 1 * * * * * * *
E :,U_ BiS 11 +B12S 1 + 8BSy + Sl + (1S + ¢S,
3
+ @155 + @2S)W = (BuiS 1y + 1281y + BuS sy + LSyl e

— (@181 + @S 1, + 0185 + @S 5)Wie T
Substituting S7,,57,,55,,55,, E*, and W* into the sixth equation of (3.1), we have

e‘“”[ Ai(dBi + ¢ik) N Ax(dpa + ¢ik) N dAa(dBi2 + ¢2k)
dﬂ111*+501k1*+da’] +d/l1 dﬁ21l*+<p1kl*+da/2+d/11 d,Blzl*+902kI*+d/12
. 1 L AA20(dBn + oK) 1

dﬁlll* + (plkl* + dal + d,u1 dﬁgzl* + (,Ozkl* + d/,tz dﬁﬂl* + (,lel* + da/2 + d/.l]

Furthermore, we denote the above equation as F'(/*) = 0. Obviously,

Bi1A1 Bra1A; Br1Az BrarAs

lim F(I") = (us +h)[ artn  plartpn) C pitas  pa(utaz) o157
I*—-0* M3 + h
(901A1 1A ¢142 20242 )
aitpn  pplartpn) Copiter  pp(ntas) T _ 1]
d(us + h)

= (uz + ) (% - 1) > 0,
lim F(I")= — s —h < 0.

I*—+o

]—N3—h=0,

(3.2)
(3.3)

According to (3.2) and (3.3), there must be at least one zero point on the interval (0, +c0). In other

words, there must exist at least one endemic equilibrium.

Step 2: Uniqueness. Since the derivative of F(I*) is

A(dB11 + pik)? dA i (dBiy + ¢2k)?

F’ I* = - “H3T _
&) (dBiI* + @ ikI* + da; + dﬂl)ze (dBioI* + okl + dyy)?

. 1 T _ dAa(dBiz + prk)
dﬂlll* +()01k1* +da’1 +d,ul dﬁlzl* +Q02k1* +d/.12

) dpi + ik T Ay(dBy + 901]()2 st
(dﬁlll* + QD]kI* + da/l + d/.l])z (dﬁml* + ngkI* + da’z + d,ul)z

B dAsay(dfan + ‘sz)z ) 1 ot

(dﬂzzl* + (,Dzkl* + d/.tz)z dﬁzll* + (,01](1* + da/z + d,Ll]
_dAsan(dfa + k) dpa + @1k o < )

ABpl* + @2kI* + dpy (Ao I* + @ikI* + day + duy)?
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the function F(I*) is strictly monotonically decreasing on the interval (0, +c0).
Combining Steps 1 and 2, there exists a unique endemic equilibrium P* for model (2.1) when
%0 > 1. O

4. The stability of equilibria

Model (2.1) can be decoupled into the following model

ds

dr
dS»

dr
ds,
as"
—2_ @2S821 = B2S 0l — S0 W — 11r8 2,

dr (4.1)

=A -BuSul-—eiSuW—-a1S11 — S,
=a1S11 — PSS 12l — 28 oW — 1r8 12,

=Ay = BuSoul —oiSuW —a2S2 — 1S,

% = [BuS11(t=7) +B12S 12(t = T) + B21S21(t = 7) + B22S 00t — T)(t — T)e ™7
+ 1S 1 —=17) + @S 12t = 7) + @150t = 7) + @25 0(t — DIW({E — )"
— szl —hl,

dd—V;/ =kl — dW.

4.1. The stability of the disease-free equilibrium
Theorem 4.1. The disease-free equilibrium P is globally asymptotically stable when %, < 1.

Proof. Define the Lyapunov function V; as follows:

Si o (S12 o (Sa 0o (S22
Vi= S(l)lg(_) + Sug(_) + 5218(_) + Szzg(_) +e7
S St S S

018 + 8% + 1S + 89 !
y 00 12d 21 22W+,811f S 11(O)1(0)do
-7

+/312f 512(9)1(9)619"‘,321[ 521(9)1(9)619"‘,322[ S2(0)1(0)do

+901f 511(9)W(9)d9+802f 512(9)W(9)49+<P1f S21(OW(6)do

-7

+ ¢ f S 2(0)W(6)d0, (4.2)

where function g : (0, +00) — [0, +00) is defined as g(x) = x— 1 —Inx and b, = %[(/13 +h)— (BUS?] +
B12S (1)2 + 618 31 + B82S gz)] > (0. Calculating the derivative of (4.2) along the solutions of model (4.1),
we obtain

dv, ( AR
dr

1- S_“)(Al —BuSul—piSuW-—aSu—mSn)
1
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SO
+(1 - S—lz)(fllsn =Bi2S 12 — 28 oW — 128 12)
12

SO
+(1- S_ZI)(AZ —BuSul = piSaW =S — a2821)
21

SO
+(1 - 5—22)(02521 = BnSnl — S nW — ur8 )
%)
+e[BnS 11t = 1)+ L12S 12(t = T) + Bo1S21(t = T) + oS 0t — Dt — T)e ™7
+ 1S 11— 1) + S 120t = 1) + 1.8 21 (2 — T) + @St —T)IW(E - 1)e7

901511 +‘:02512 Z¢1S21 + ¢S 22(k1 dw)

+BuSul —BuSnul -0t — 1)+ B12S12] — 128 12t — (1 — 1)
+BauSul = 2182t = Dt = 7) + B0S 0l — S0t — 1)t - 1)
+oSuW -1 St —W(E - 1) + 25 12W = 2S p(t =)Wt — 7)
+@1SaW =182t = DW= 7) + 250 W — 250t — )W ([t — 1)

S% S S S%,8 1
= - g(g) -t ) ool 57 ) + ol )
18 St MH19 118 S?] ICETES S(l)z 8 5?1512

SO S S SZISO
- g ) st ) - esslo(57) + ol 575
28 Soi MH19 718 581 2971|8 ng 8 531522

+ (s + h)( Ry — DI
<0.

—psl = hi} +

Denote $ = {(S11,812,821,82,[,W) € T : & = 0}, When % < 1, &4 = 0 implies S;, =
dr

89,81 =58%.,851 =89.,8» =5%,1=0. Let (S11(1),Slz(l),Sm(l),Szz(f),I(f), W(1)) be a solution

to model (4.1) that lies in set S for all time. Then, I = 0 implies % = 0, which in turn implies

W = 0. Thus, the only solution to model (4.1) that lies in set S for all time is the trivial solution
(S 11(2), S 12(8), S 21 (1), S (D), 1(1), WD) = (S9,.59,,59,,59,,0,0). According to LaSalle’s invariance
principle, the disease-free equilibrium P° is globally asymptotically stable when %, < 1. O

4.2. The stability of the endemic equilibrium
Theorem 4.2. The endemic equilibrium P* of model (4.1) is globally asymptotically stable if %, > 1.

Define the Lyapunov function V; as follows:

Vz—Sng(S )+S12g(S ) Szlg(SZI) 5228(5—52)4'6111 g(l_*)"‘azw g(W)’ (4.3)
11 12 21 2

where a; and a, are positive constants to be determined later. Differentiating V, along the direction of
the solutions to the model, we can obtain

dv. ST
—2= 1—¢ (Al—,3115111—901511W—C¥1311—,Ulsll)
dr S
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S*
+({1 - 5—12 (@181 = B12S 2] — @28 oW — 1r8 12)
12
SHi
+({1- S_ (Ay = BSoil —o1SuW — 11821 — @28 21)
21
S5
+(1- S_ (@282 —,3225221— 902522W—,u2522)
22
I*
+a (1 - 7) [BiiS 11t =7) +B12S 12(t = T) + B21S21(t = T) + S 0(t — 7))

At =1)e T+ (1S 11 =T) + @S 12t =) + @152 (t = T) + S 20(t = 7))

W*
-W(t—T)e_‘m—,uﬂ—hI]+a2(1— W)(kl—dW). 4.4)
For simplicity, we denote

. _Su . _Sn B Sy . _S» . _Su@-1)

1= =BT M= X T

ST ST S5 S ST

_Sp-1) _Sut-1) _Spt-1) 1

Xor = T a7 X3 T o oM T T —]_*
St S21 S2

y -7 W W@ -1)

I* ) W* E) ZT - W*
Then, (4.4) becomes

% B (1 - Xll) (A1 =BuxiSiyl" — eS| Wz—aixi Sy — xSy
+(1- xiz (@1x187; = Br2xaS [y — 2081, Wz = 1x587,)
+|1- x% (Az = B X3Sy ¥I" = 0138 5 W'z — 1133875, — 2x38 5y)
+(1- xi4 (@238 51 = BroxaS Y™ — p2x4S 5 W'z — p12x4S 55)

1 * * * * * —U3T
+a; (1 - ;) [((Bi1X1:8 7] +B12X2:S 15 + P21X3:8 5 + BroXxsS5)y I e

+ (p1x1:S7) + @2x2:8 T, + ©1X3.:8 5 + ©2X4.:85,) W e — payl™ — hyl']
1

+a (1 - —) (kyI" — dzW™)
Z

= [A] + CZlSi +/.11S41<1 +/.12STZ +A2 +/.11S;1 + G’QSZI +,leS;2 + al(,u31* + ]’ll*)
+adW'] =S|I (ay —y) —eiSH Wiz —2) — iShx — S X

1 X % PR % % *
- Alx— - a1x—1511 = B12S I (x2y =) = 2§ 1, Wiz = 2) — 1S 5,43
I 2
* ok * * l *3 * X
—BuSyHl (xy —y) — 1S3 Wiz —2) — Azx_ - “2;521 ~H2S X
3 4
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Denote

— B2S5 I (x4y = y) — 0285, W' (x4z2 — 2)

+a1(BuiS T X1+ B12S [ Xor + B85 X3 + 228 50 X4 ) (Ve — —)I* et
+ay (18T X1 + @28 X0 + @185 X3 + 028 50 X4 )2 — ;)W*e_’m

— @ Gy + hyl") + ax(kyl — dW*2) — ank> T
Z

Ho= —BuSiy (Inxiy—Iny) - S7,Wlnxiz—Inz) — 87, Inx,

—ayuslIny —aihl* Iny + axkl* Iny — a,dW* Inz — axkl” In =.

1

—,leSlz 111)(2 —A1 h’lx— —CZ]STI 111— ﬁ12S121 (lll.ny lny)
1

— S LW (Inxz —Inzg) — 4S5, lnx3 —B2S5"(Inx3y — Iny)

1
— 0155 W(nx;z—1Inz) —AyIn — — @55, In B — 2S5, Inxy
X4

X3

—ﬁzzs ;2]*(111 X4Y — In y) — 902S ;2 W*(ln X4Z — In Z)
+a (BuSy Inxioye +B12S Ty Inxo e + Ba1S 5 In X3 :yr + B85, In xg oy ) Fe™7

. Vr Ve Vr o
—al(ﬁnSUlnxlry +ﬁ12512111X27y + 2155 1HX3Ty +ﬁ225221nx4r;)1 e’s
+ai(piSInx1 20 + 0281 Inxp 020 + 0185, In X320 + 285 In Xy 2 We ™"

Zr Zr Zr _
—01(901511 lnx” +(p2S1211'1X2T +()01S21 11’1)63-,— +(,02522 lHX4T—)W* KT
y y y

Y
4

Obviously, Hy = 0. Therefore,

dv,

dr
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dv,

da °

1
—Alg(—)—alS 1g( ) 11ST18(x1) — S 1,8(x2) — Azg( ) H1S 5,8(x3)

- @S 21g( ) H2S zzg(x4) —a (s3I + hI")g(y) — axdW* g(z) BuiS I g(x1y)
+BuST I g(y) -1 S Wig(xi2) + 0181, Wg(2) — B12S 1,17 8(x2y)

+ L1281, 1°8(y) — 028 1, W g(x22) + 028 1, W g(2) — B21S 5,17 g(x3y)
+,8215311*g(y) - 901531 W*g(x3z) + 901531 W*g(z) - B2nS ;zl*g(My)

+ $2285,1°8(y) — 028 5, W g(x42) + 255, W' g(2)

X T)T * X TT
" all*e_#ﬂ{ﬂllslkl[g(xl,TyT) _ g( ljyy )] —I—ﬂlZS 12[g(x2,‘ry‘r) - g( Zyy )]

+B21S 5 [g(x3,ryr) - g( X3,;Yr )] +PuSy [g(m ) = g( X4):yT )]}

¥ —U3T * X174 * X2 121
oWt {golsn[gmzf)—g( : )]+<,ozsu[g(xz,fzf>—g( : )]
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% X372V % X473
+ 01838z — o727 + a8 iz — 577 )|

+ arkI"g(y) — agkl*g(X).
Z

Define the Lyapunov functional

L (S1OI) Lo e (S12(OI(0)
V=V, +311f St1 g(—l;* - )de +,6’12f Slzl'g(—lé* -
-7 11 = 12

d SH1(I(O ! S ()I(0
+'82‘f Szll*g( 2;(* )1*( ))d9+ﬂzzf 5321*8( 2;(* )1*( ))dH
-7 21 =7 22

! !
e v (S11(O)W(0) o e (S 120)W(0)
+<,01f S Wg(—* - )+902f S Wg(—* - )
-1 ! SuWw -t . SHLW

4 t
e v (S21(0)W(O) . (Sn(OW(O)
=7 . SuW -1 2 SHW

)de

Thus, we can get

d_ = -Aig(—)-a1$ Ug(—l) SN 118(x1) - ,Uzsizg(xz) —Ayg(—) _,ulSzlg(x3)
t X1 X? X3

% 'x * * * *
- azszlg<x—j> — 128 75,8(xa) + [=a1(us + h) + B SE, + B12S™, + BiSS,

+ B80S 5 + ackll'g(y) + [01S ], + 0281, + 0185 + 285 — axd]W'g(2)

+ (ale_m‘r - 1)1* [,Bllsjlﬁlg(xl,‘ry‘r) + ﬂ]lS ng(xz,‘ryr) +ﬁ21S§1g(x3,‘ry‘r) + ﬁ22532g(x4,‘ry‘r)]
+ (ale_#ST - 1)‘}‘/>k [QDIST]g(xl,TZT) + QDZS ng(xz,TZT) + (plSZIg(xi‘rZT) + ()DZS ;2g(-x4,‘rz‘r)]
X47Yr

X1t

v it " « X2 1Yt
—al"e™ [,3115118(7)+,312512g(

X3yt

)+,321S§18( )+,3225§28(

X1 ,TZT x2,TZT x3,TZT

- alW*e““’[cplS Tlg( ) + ¢S ng( ) +¢1S Zlg( ) + @S Zzg(

- Clgkl*g()—;)
<

To ensure that ‘fi—‘; < 0, each coefficient must satisfy the following inequality relations:

QS+ eSSy Sy

0<a <, y <a, <b,

X4 137

where b = %[al(/.l3 + h) — (ﬁllSTl +ﬁ125?2 + ,821531 +,322S;2)]. So, we can obtain a; = €47,a, =

*

2 With this choice, we have

S . S S S (1
V= ST]é’(%) + 57,8 (%) + 5318(5_51) +808 (%) +e g (I_*)

¢15T1+¢25T2+€01531 +@2§
d

Sll Slz 21 SZZ
ST+ @S L+ @18y @S5, (W)
+ W
d E\we
! SO ! (S (@O
+ﬁ“f i u O ))d9+ﬁlzf st 2O ))dg
=7 Slll =7 Slzl
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’ S (O ’ S n(O)I(0
+Bon f S;ll*g(%)a@ +Bon f S;zl*g(—zé(* )1*( ))de
-7 21 -7 22

t !
e e (STIOW(O) e e (S12(O)W(O)
+<p1f S Wg(—* - )+902f S Wg(—* - )
o Suw O SpW

t !
e e [S21(O)W(O) . (Sn(OW(O)
+<P1f S Wg(*—*)‘i‘sozf S Wg(*—*) 4.5)

O Si W 2 SEW
and

dv

1 * x * * 1 *
i -Ag(—) - a’lsilg(—l) —m1S71,8(x1) — 128 1,8(x2) — Arg(—) — p155,8(x3)
t X1 X3 X3

*

@187 + @S, ; ¢155; + 902522k1*g(X)
Z

* * % * ‘x3»TyT * ‘x4,TyT
~r|BuS g P )+ B8 g P ) + B P2 + S e 727 |
* X1,7%r * X227 * X3,73r * X4.2x
N g( )+<P25 g( )+¢S g(—)+<pzS g( )]

1911 y 12 y 1921 y 22 y

< Oand‘fj—‘t/ =0ifand only if x; = x, = x3 = x4 = 1and§ = 1, which means

* x *
- a2521g<x—j> — 28 5,8(xs) —

X17Yr X271Vt

- W

Therefore, &

dr
Suo= S - Su - Sw - gpg IW® — 1. It can then be easily verified that the maximal invariant set
Sll S]Z SZI 522 rw

within the set where % = 0 1s the singleton set {P*}. According to LaSalle’s invariance principle, the

endemic equilibrium P* is globally asymptotically stable when %, > 1.

5. Target reproduction number and its applications

In this section, we will employ the target reproduction number to evaluate the control effects of
different measures on brucellosis.

5.1. Target reproduction number

The time-delayed target reproduction number represents an important extension of the classical
target reproduction number to time-delayed models. Its core concept lies in incorporating time delay
effects, such as incubation and maturation periods, into the processes of new infection generation,
population internal evolution, and state transitions. By addressing the limitation of classical approaches
that neglect time delays, this framework enables precise assessment of control strategy effectiveness
in delayed systems, thereby providing systematic theoretical foundations and practical guidance for
targeted interventions in epidemiology, ecology, and related fields.

The basic reproduction number is given by the spectral radius of the next generation matrix: %, =
o(F Vﬁl), where F is to capture the new infection and V is to describe internal transitions within the
infected compartments. According to Reference [25], define £ = F V' = M+N , where M is a target
operator satisfying 0 < M < L and N is a non-target operator. If p(N) < 1, the target reproduction
number associated with M is defined as

Tp=p(MI-N)"). (5.1)

The explicit formulas for computing the time-delayed target reproduction number are given as follows:
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(i) The control objective is new infection.
LetS c{l,---,m}x{l,---,m}denote a given target set. The new infection matrix is decomposed
as
F:FS +(F—F5),
where Fg is the matrix containing only the elements of F whose indices belong to S, with all other

elements set to zero. pr((i? - FS)V 1) < 1, substituting M = FSV_I and N = (F - FS)V_I

into (5.1) yields the time-delayed target reproduction number as
Ts = p(Fs(V = (F = Fs))™). (5.2)

(ii) The control objective is internal transition.
When V is adjusted by controlling its entries located in the target set S, the inverse matrix v
will be correspondingly altered. C = C(S, 17) c{l,---,mix{l,--- ,m}denotes the corresponding

index set that encompasses all indices in V™' affected by this adjustment. The matrix B = (V_I)C
consists exclusively of the elements of ¥~ whose indices belong to C (with all other elements set
to zero), where both V' and B are positive linear operators satisfying the inequality B < v
pr(ﬁ' (f/_l - B)) < 1, substituting M = FB and N = F(V™' — B)into (5.1), the time-delayed

target reproduction number is defined as
-1
T = p(FB (1 _ F(V‘1 - B)) ) (5.3)

5.2. Applications of target reproduction number in brucellosis control

In this subsection, we conducte a quantitative evaluation of the effects of three common brucellosis
control measures using the target reproduction number: vaccinating the susceptible sheep, isolating the
infected sheep, and disinfecting the environment.

For model (4.1),

. {fle_’m fze_“T
k 0 |

/J3+h 0]
0 d|

The target reproduction numbers for the above three control measures are computed as follows.

5.2.1. Vaccination

Vaccination reduces the risk of susceptible sheep acquiring brucellosis through direct contact with
infected sheep or indirect exposure to contaminated environment. In this context, the first row of F
represents the incidence of new infections among sheep. Therefore, the target setis S = {(1, 1), (1, 2)}.
By (5.2), we can know the target reproduction number of vaccination is

T1=p(Fs(V—(F-Fs)™

= p(FsG7")
I R 2 - B (5.4)
wth Ao+ h)°
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where

0 0

s | fie?T freT B
FS - [ s G] - _k d .

ﬂ3+h O]

. s . . o ..
Let ram-to-ewe ratio m = S}f. For a given vaccine supply, vaccination can be administered by age or

sex. Using these relations and (5.4), the target reproduction numbers for both strategies are given by:

(i) Age-based vaccination: the target reproduction number for age-based vaccination is expressed
as

dporima; + kpopiman + dpnBoay + ke,
0 7L
+ dBiomaga;y + kpymayay + dBpaias + kpraia;
C
where O = d(B11mas+Ba1aam+aipofa+Bna1 @) +k(Uapimas+mer s+ @12+ 9201 @),
71 and T4 denote the target reproduction numbers for vaccinating only lambs and adult sheep,
respectively, and are given by

T =

e

7 = dusfy + daiBio + kpoer + kgpa g0
L —
dus(us + h)
N dusBr + dazBan + kurp + kasp, o7 g0
dus(us + h) 2
d +d +k +k
T, = Biipz + dBray + ke + kaygr TS0
dal(/,t3 + ]’l)
A1y + dasBan + ks + kares S0
+ S5
day(us + h)

(ii) Sex-based vaccination: the target reproduction number for sex-based vaccination is expressed as

durrima; + kpppima, + dBomaya;s + kgama;a;
®
N dina B + kpppia) + dayasfan + kajases
®

where 7, and 7, represent the target reproduction numbers for vaccinating only rams and ewes,
respectively, and are given by

T, = T,

Te,

dpopii + daBin + kipn + kaigr eg0
dpo(us + h)
L Bty + desfion + Koy + ka0
dmaz(m + ]’l) 122

T =

mas(dBy1pz + dBray + ks + kaigr) _””SO
dayuy(us + h)
dBaipty + desfio + kpipts + ks o
+ S5
day(us + h)

T, =
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5.2.2. Isolation

Isolating the infected sheep is a key strategy for reducing direct contact; therefore, the target set is
S ={(1, 1)}. Using (5.2), the target reproduction number of isolation is

T2 =p(Fs(V - (F - Fg)™)

= p(FsG;")
_ 1 ﬁe_ﬂST
= . |- kb gt (5.5)

d(uz+h)
where

F, [flfm 0

1 o o]’ G, =

s +h —freer
-k d ’

5.2.3. Disinfection

Disinfection refers to the reduction of Brucella pathogen load in the environment. Correspondingly,
the element in the second row and second column of matrix V represents the removal rate of Brucella
from the environment. Therefore, the target set is defined as S = {(2,2)}. Using the formula (5.3), we
obtain the target reproduction number for environmental disinfection as follows:

1 kfze"m

S duz+h) - ﬁe‘ﬂﬂ.

K (5.6)

Combining Theorem 2.1 in [26] and Corollary 5.1 in [27], the following conclusions can be easily
obtained.

A —

Corollary 5.1. Suppose that FV s irreducible, p ((F - FS) f/_l) <lorp (ﬁ’ (V - B)) <1, then
(i) The disease-free equilibrium P° is globally asymptotically stable in T when T < 1,
(ii) The endemic equilibrium P* is globally asymptotically stable in int(I') when 7 > 1.

Here, T denotes any one of T; (i = 1,2, 3).

6. Numerical simulations and analysis of control measures

In this section, we first evaluate the stability of the equilibria of model (4.1) through numerical sim-
ulations, and examine the impact of time delay 7 on the number of infected sheep / and Brucella load
W in the environment. We then investigate how time delay 7 influences the target reproduction num-
ber, and assess the effectiveness of three control measures (i.e., vaccination, isolation, and disinfection)
based on the target reproduction number. Finally, we analyze the cost-effectiveness of age-structured
and sex-structured vaccination strategies under various scenarios.

6.1. Stability analysis of equilibria in model (4.1) and the impact of T on infected sheep and Brucella
6.1.1. The stability of equilibria for model (4.1)

The initial values of model (4.1) are set as S 1;(0) = 900, S ,(0) = 1600, .5,;(0) = 1200, 5,,(0) =
2420,1(0) = 61, and W(0) = 127. The parameter values of model (4.1) are adopted from [6, 7, 10]:

Electronic Research Archive Volume 34, Issue 4, 2279-2302.



2295

ay = 1.06,a, = 1.06,k = 15,d = 3.577, 41 = 0.1, = 0.25, 3 = 0.25,h = 0.15,¢; = 5.4 x 1075, ¢p, =
1.35% 1073, 81 = B = 1.52x 1072, 81, = 2.15% 1075, and 5, = 4.57 x 107>. The time delay is set to
7 = 0.05 year.

To begin with, it can be calculated that %, = 0.6372 < 1 when A; = 300, A, = 400. As shown in
Figure 2(a), the solution (S 11,5 12, S 21,5 2, I, W) converges to P° ~ (258, 1096, 344, 1462, 0, 0) as time
progresses, indicating that the disease-free equilibrium P° of model (4.1) is globally asymptotically
stable. This result is consistent with Theorem 4.1. Next, keeping all other parameters fixed, we obtain
Fy = 1.3747 > 1 when A; = 600,A, = 900. As illustrated in Figure 2(b), the solution approaches
the unique endemic equilibrium P* =~ (500, 1617,751, 2259, 1000,4191) as time evolves, verifying the
globally asymptotic stability of P*. This result is in perfect agreement with Theorem 4.2.

3000 T T T T T 5000
i S0 —S,,00]
300 == S0 = =1 4000 S S 1
t) —— t
......... SZl(t) W(t) 11( ) 22( )
2000 - ] - =S, = 1)
3000
5 5 [\ ......... S, W)
2 1500 - £ SN—
E ~. g --
__________________ 2000 ;" T T =~4 L ]
1000 f 2 L
500 -\, 10008 SN oo S S
................................................................................... 2
e
0 — e ] 0= - L . I .
0 5 10 15 20 25 30 0 20 40 60 80 100
time(years) time(years)
(@) Z < 1 (b) %y > 1

Figure 2. The time series plot of the solutions of model (4.1).

6.1.2. The impact of 7 on infected sheep and Brucella

First, Figures 3(a),(b) demonstrate that, regardless of whether %, < 1 or %, > 1, different time
delays 7 do not alter the final epidemic trend of brucellosis. However, a larger 7 leads to a smaller
number of infected sheep. Second, the results in Figure 3(c),(d) further indicate that the time delay
does not affect the final epidemic trend of brucellosis under all scenarios, while larger T corresponds
to a relatively lower Brucella load in the environment. These observations collectively suggest that an
extended prolonged time delay can mitigate the transmission potential of brucellosis.

6.2. Effectiveness of control measures and formulation of vaccination strategies

In this subsection, we first perform a sensitivity analysis of the basic reproduction number %,. We
then conduct numerical simulations to examine how time delay 7 influences the time-delayed target
reproduction number and compare the effectiveness of various control measures by comparing their
respective time-delayed target reproduction numbers. Finally, we explore vaccination coverage under
different time delays 7, as well as the cost-effectiveness of age-structured versus sex-structured vacci-
nation strategies across different scenarios, characterized by varying lamb sex ratios and time delays.
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Figure 3. Variations in the number of sheep and Brucella under different 7 of model (4.1).

6.2.1. Analysis of the effectiveness of control measures

To assess the impact of all model parameters on the transmission of brucellosis, we conduct a
sensitivity analysis on the basic reproduction number %, using the partial rank correlation coefficient
(PRCC) method. From Figure 4, it can be observed that Ay, A,, Bi1, B12, P21, B2y @1, $2, @2, and k
are positively correlated with %, while a1, d, and h show a negative correlation with %,. The PRCC
values of 511 and 3, are significantly smaller than those of 81, and S3,,, indicating that adult sheep play
a significant role in brucellosis transmission by age. Additionally, the PRCC values of 81, and 3, are
smaller than those of 8, and ,,, suggesting that ewes play a more prominent role with respect to sex.
Notably, the PRCC value of ¢, is significantly greater than those of 511, 812, 521, and SB»,, highlighting
that environmental factors also play a crucial role in brucellosis transmission.

Based on the above analysis, we focus on the four parameters that most significantly influence %,
namely ¢», k, d, and h, and investigate how their variation affects the control strategies.

Figure 5 reveals that the time-delayed target reproduction number is inversely related to 7 (i.e., larger
7 values correspond to smaller target reproduction number, thereby reducing the required intensity of
control measures). Furthermore, when 7~ > 1, vaccination is the most effective control measure,
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Figure 4. Sensitivity analysis of the basic reproduction number %,,.

followed by disinfection, with isolation being the least effective.

6.2.2. Cost analysis of vaccination strategies and plan formulation based on 7

The above studies have shown that vaccination of sheep is a key measure for the prevention and
control of brucellosis. In addition, the results in Section 5 indicated that the vaccination rate is inde-
pendent of time delay. However, does the time delay 7 affect the formulation of the group vaccination
strategy? Therefore, this subsection will explore the impact of the time delay 7 on the vaccination
coverage and vaccination cost.

From the perspective of vaccination coverage rate 1 — 1/77, Figure 6 demonstrates that as 7 in-
creases, the required vaccination coverage rate gradually decreases. This phenomenon can be inter-
preted as follows: a longer incubation period implies delayed disease progression, which effectively
reduces the force of infection at any given time, thereby reducing the necessary vaccination coverage
to achieve effective disease control. Based on the above coverage rates, further compare the implemen-
tation costs of the two vaccination strategies: age-based vaccination and sex-based vaccination, and
then formulate the corresponding vaccination plans.

According to reference [28], the S2 vaccine is a commonly used vaccine for the prevention and
control of sheep brucellosis. Considering the pregnancy contraindications, adult ewes are administered
oral vaccination (with a dose twice that of the injection vaccine), while the rest of sheep are vaccinated
by injection. Assuming the unit cost of the vaccine is 1, the cost functions for the two strategies are
defined as follows:

Cuge = [ai(S], +S3) +ax(ST, +255,)1(1 = 1/T7), 6.1)

Coex = [D1(ST) +S15) + ba(S 5y + 255)1(1 = 1/7T), (6.2)

where a; and b; (i = 1,2) denote the coefficients corresponding to 7, 74, 7,, and 7,. For different
values of A, /A and 7, the costs of age-based and sex-based vaccination strategies are calculated using
Eqgs (6.1) and (6.2), with the results presented in Figure 7. Based on these results, the following
conclusions are drawn as follows:
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Figure 5. Effectiveness of control measures under different parameters.

Figure 6. Variation of vaccination coverage in the sheep.
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Figure 7. Cost of vaccination under different values of A,/A; and 7 (L is the intersection line
of Regions K; and K5).

(i) Figure 7 reveals that when the time delay 7 is fixed, the vaccination cost of sheep increases
continuously as the ratio A,/A; rises. Sex-based vaccination is more cost-effective in region K,
whereas age-based vaccination is more cost-effective in region K;. Additionally, when the ratio
A, /A, is held constant, the vaccination cost exhibits an overall trend of first increasing and then
decreasing as the time delay 7 increases. This is because, during the phase of small 7 variations,
the change in vaccination coverage is minimal, while the number of susceptible sheep increases
with the rise of 7, resulting in a slight increase in vaccination cost. In contrast, when 7 undergoes
large variations, the vaccination coverage is significantly reduced, thereby leading to a decrease
in vaccination cost.

(ii) When A;/A; and 7 are considered simultaneously, age-based vaccination achieves higher cost-
effectiveness if sheep input and time delay 7 fall within region K;, while sex-based vaccination
performs better in terms of cost-effectiveness when they lie in region K.

7. Conclusions
Based on the transmission characteristics of sheep brucellosis, this study developed an age-sex
structured sheep-environment coupled time-delayed transmission dynamical model. After the stability

analysis of the equilibria for model (4.1), we calculated the target reproduction numbers for three con-
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trol measures: vaccination, isolation, and disinfection. Numerical simulations revealed that a larger
time delay 7 corresponds to a smaller number of infected sheep and Brucella in the environment. Al-
though 7 does not alter the fundamental epidemic trend, the presence of T mitigates brucellosis risks by
depressing peak infection levels. Subsequently, sensitivity analysis of the basic reproduction number
confirmed that the Brucella load in the environment is a key factor in brucellosis transmission, high-
lighting the importance of indirect transmission routes. During outbreaks, vaccination outperforms
isolation and disinfection. Notably, while the vaccination proportion for each subgroup remains invari-
ant with 7, the overall vaccination scope narrows as 7 increases. Finally, based on different values of
A, /A, and 7, we investigated the cost-effectiveness of age-based and sex-based vaccination strategies:
age-based vaccination is preferred in region K, whereas sex-based vaccination is more economical in
region K.

Given the limitations of this study and existing research gaps, future research directions should
focus on developing multi-factor coupled and multi-scale integrated infectious disease models with
improved predictive capacity. Specifically, future research should transcend the limitations of ordinary
differential equation models in capturing heterogeneity and nonlinear dynamics by exploring coupling
mechanisms between socioeconomic factors (e.g., price fluctuations and cross-regional livestock trans-
portation) and biological factors (e.g., environmental pathogen survival and herd immune status), in-
corporate empirical data (e.g., sheep migration trajectories and environmental monitoring records) to
construct intelligent decision-making systems capable of dynamic risk assessment and real-time strat-
egy optimization, and strengthen the application of stochastic dynamics and optimal control theory to
quantify uncertainties and identify cost-effective intervention solutions. Ultimately, these efforts will
facilitate the transformation of brucellosis prevention from passive response to proactive, precision-
based comprehensive management.
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