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Abstract: In this paper, we consider the L1/ finite element methods for solving time-fractional Keller-
Segel equations with a singular solution. For time direction, the L1 scheme under the nonuniform
mesh is considered to approximate the Caputo derivative to handle the singularity of the solution. To
further reduce computational storage requirements, we consider a fast L1 scheme based on the sum-of-
exponentials skill for calculating fractional derivatives. Then, we derive a fully implicit discrete scheme
by combining the finite element method in the spatial direction. Subsequently, unconditional stability
and a-robust error estimates of the fully discrete scheme are derived. Finally, numerical examples are
presented to verify our theory.
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1. Introduction

Chemotaxis, the directed movement of biological entities in response to chemical concentration
gradients, is a fundamental process underlying numerous biological phenomena. In the 1970s, Keller
and Segel [1, 2] first proposed Keller-Segel (KS) equations, which have since become the classical
mathematical model for describing chemotaxis. Generally, the simplest form of this model can be
written as

{8,u—Au+V-(qu):0, xeQ 0<t<T, (D)

ov—Av+v=u, xeQ, 0<t<T.

Here, Q is a bounded domain in R%(d > 1) with a smooth boundary dQ, u(x, t), which represents
the density of bacteria, and v(x, ¢) stands for the concentration of oxygen. This model exhibits rich
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mathematical structures, and the properties of its solutions, such as global boundedness and blow-up
behavior, are closely related to the spatial dimension. There are already very rich theoretical results;
see [3]. At the same time, researches on the numerical schemes of this model have also conducted
extensive research via the finite difference method [4, 5], finite volume method [6], finite element
method [7], and spectral method [8,9].

Biological systems often exhibit memory-dependent dynamics. An example is delayed responses
to chemical signals or non-Markovian migration patterns wherein the evolution of the system depends
not only on the current state but on its entire history [10, 11]. These characteristics cannot be
adequately modeled by integer-order derivatives, motivating the extension of the classical KS
framework to time-fractional Keller-Segel (TFKS) equations. Because the Caputo derivative has a
nonlocal time dependence via a convolution kernel 7%, it enables the modeling of anomalous
diffusion and long-range temporal correlations. Here, we replace the first-order time derivative in the
density equation and concentration equation with the Caputo fractional derivative, yielding

Ou—Au+V-uVv)=0, xeQ, 0<t<T,
(1.2)

v —Av+v=u, xeQ, 0<t<T.

For the subsequent numerical simulation, we assume that the initial condition and the boundary
condition are

{u(x, 0) = up(x), v(x,0) = vo(x), X€Q, 13
u(x, 1) =v(x, 1) =0, xeodQ0<t<T.
Here, uy, vo are known functions, and d¢u is defined as
!
0'u = j; W (= ()dE, O<a< ] (1.4)

with the kernel w,(f) = t*7'/T'(a). The 0%v is defined analogously. This generalization enhances the
model biological realism: the fractional order @ quantifies the “memory strength” of the system, with
a — 1 recovering the classical KS equation.

The theoretical analysis of TFKS equations presents unique challenges compared to the KS
equations. Key problems include the well-posedness and nonnegativity of solutions, their long-time
behavior, and the persistence of critical phenomena such as finite time blow up. In [12, 13], the
existence and uniqueness of weak solutions were established under suitable regularity conditions.
Bezerra et. al. [14] derived the long-time behavior of solutions and studied the well-posedness and the
asymptotic stability of solutions in Marcinkiewicz spaces. In [15], the well-posedness and blow-up
behavior of solutions was studied. At the same time, several techniques have been used to derive
analytical solutions, such as Adomian decomposition methods and homotopy function methods [16].
However, the aforementioned methods require the imposition of strict conditions to get analytical
solutions, and the analytical solutions obtained are limited. It is therefore of great significance to
consider the numerical solution of TFKS equations.

As far as we know, the numerical schemes of TFKS equations were only mentioned in [17]. The
authors developed a fractional class of explicit Adams—Bashforth and implicit Adams—Moulton
schemes on the uniform meshes for solving nonlinear fractional-order differential systems with
Caputo derivatives and further applied these schemes to solve fractional KS equations. Meanwhile,
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first- and second-order accuracy are derived under the assumption of a sufficiently smooth solution.
Nevertheless, the ubiquitous feature of solution is weakly singular near the initial time ¢ = 0 [18-20].
This makes the existing numerical schemes with uniform time meshes often less accurate, such as the
convergence order derived by the uniform L1 scheme is only @ in [20]. The graded time meshes
provide an efficient way of computing a reliable numerical solution near time ¢ = 0. It be seen that the
L1 scheme based on the graded meshes can achieve the optimal convergence order of (2 — «)
from [21-23], and this technique can be extended to higher-order numerical schemes, such as the L.2
scheme [24] and L2-1, scheme [25]. Moreover, the nonlocality of the fractional derivatives shall
cause all the aforementioned schemes to require O(N?) computational cost for N time steps, which are
too expensive. Then, the fast algorithms to reduce computational cost have been developed. For
instance, Jiang et al. [26] presented the sum-of-exponentials (SOE) method to speed up the evaluation
of a weakly singular Caputo derivative kernel, which greatly reduces the computational cost.
Similarly, the fast L1, L2, and L2-1, schemes are presented on both uniform and nonuniform meshes
in [27,28].

The main goal of this paper is to develop a numerical scheme to efficiently solve the problems (1.2)
and (1.3). Obviously, the design of an efficient technique to numerically solve this problem is not an
easy task. The main difficulties are given by the singularity and nonlocality of fractional derivatives
and the strong nonlinearity of the problem itself. To overcome these difficulties, we first apply the L1
scheme and the fast L1 scheme on the graded mesh to approximate the time-fractional derivative and
use the finite element method to discrete the spatial direction, thus deriving a fully implicit scheme.
This scheme is stable and has higher accuracy compared to explicit schemes. We then provide a
rigorous proof process. Furthermore, we shall utilize the theoretical framework presented in [29,30] to
investigate an a-robust error estimate for the fully discrete scheme. The main contributions of our work
are as follows: 1) We firstly consider the numerical method for solving time-fractional KS models with
singular cases. Compared to the smooth case in reference [17], our numerical method is more in line
with the characteristics of fractional order models. 2) We prove the stability of the numerical scheme
both the L*(Q) and H'(€2) norms under some constraints on the time-step ratio and obtain an a-robust
error estimate by the fractional Gronwall inequality. We note that this theoretical analysis framework
is also applicable to the more complex time-fractional coupled diffusion systems.

The outline of this paper is as follows. In Section 2, we recall the finite element space and the L1
scheme, and the fully discrete scheme is introduced. In Section 3, the unconditional stability of the
fully discrete scheme in both L?(Q) and H'(Q) norms is proved. In Section 4, we derive an a-robust
error estimate in both L?(Q) and H'(Q) norms. In Section 5, we present a fast L1/finite element scheme
for solving TFKS equations, and provide a brief description. In Section 6, we present an example with
numerical results to verify our theorems. Some conclusions are provided in Section 7.

2. A fully discrete L1/finite element scheme for the time fractional Keller-Segel equations

Let LP(Q) be the Lebesgue space with norm || - [|p, for 0 < p < co. We denote as WhP(Q) the
Sobolev space with norm || - [|, given by

1/p
(2 (IDeully )", 1< p<eo,
lullp = { etk @.1)

max || Dul|o o p =oo.
lal<k
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When k = 0, we have W(Q) = LP(Q), and we have W53(Q) = H*(Q) is Hilbert space for p = 2.
Specially, we define as Hi(Q) = {v € H*(Q) : vlsg = 0}. For the sake of simplicity, we write
IVllz2) = VIl and |[v]|gxq)y = |IVIlk. and use the letter C to denote a positive constant independent of the
mesh size and the time step size.

A weak formulation of problems (1.2) and (1.3) reads: Find (u,v) € Hé Q) x Hé (€2) such that

(0%u, w) + (Vu, Vw) — uVv,Vw) = 0, w € Hj(Q),
(0%v, w) + (Vv, Vw) + (v, w) = (u,w), w € Hy(Q), (2.2)

u(x,0) = up, v(x,0) = vy.

According to the results of [13], it is known that there exists a unique weak solution
u,v € L=([0, TT; L*(Q)) N L*([0, T'1; Hy()) for the above weak formulation.

Now, we recall the L1 scheme on the graded meshes for approximating the Caputo fractional
derivative. Let 0 =ty < #; < --- < ty = T be a nonuniform partition of the time interval [0, 7] with
step size 7, = t; — 1—1(1 < k < N) and the time points

tv =Tk/N)Y, k=1,2,---,N, (2.3)

where r > 1 is the grading parameter. Note that the time mesh is uniform when r = 1. Assume that
there exists a constant p such that 7 /7, < p for 1 < k < N. We set ¢" = ¢(t,) and V.¢* = ¢* — o*~!
for 0 < k < N. Thus, for the Caputo fractional derivative 97 ¢(¢) at t = t,, the nonuniform L1 scheme is
given by

n—-1 Ti+1
o =Y, [ ot - o @

k=0 Y

N 1 "z—ll (Pk+1 _ ()Dk fl/m ds (24)
Tl-o) & 1w Jy G-9)°

= Z an,kvrsok = 53 ",
k=1

where the corresponding coefficients is

1 tk (ty — i)™ = (t, — )
k= ————— t,— 8) %ds = ,1<k<n. 2.5
k=TT - a) L_,( s) " ds [ 2—a) " 2:5)

Especially, a,,, = 7,“/I'(2 — @), and by the mean value theorem, it is shown that

0<an,k<an,k+l’ k: 192"“ 9n_1- (2.6)
Assume that [®(1)] < C(1 +1*") for [ = 0, 1,2. We shall derive the following truncation error [19]:

< Cl’l_ min{Z—(x,m}’ n= 1’ 2, .. .’N. (27)

&gt - By

Moreover, it is shown in [31] that the inner product of operator 4 satisfies the the following inequality

- 1.
(07 e(tn), @(tn)) = Eafllso(tn)IIQ- (2.8)
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Inspired by [21], we define the discrete convolution kernels as

1 n
P,o= s Pupj=— Z (ak,k—j—l - ak,k—j) Popni, 1 <j<n-1.
A, ajj k=j+1

It is known that the above-mentioned convolution kernel satisfies the following properties [28,29]:

n T+l —a) 0\
p, e o T“(—) N0 e (0. 1), 2.9
2Pl S iy g we 1) 2:9)

< CTN—min{2—a,ra}’ (2 10)

Z Pn,n—j |a?u(tn) - agu(tn)

=1
Pypej < 1 2.11
Z i = 4r(1 o) 2.11)

The last property can be derived by setting [y = « in Eq (2.9).
To derive the robust theoretical results, we shall introduce the improved discrete fractional Gronwall
inequality [28,32,33].

Lemma 2.1. For any nonnegative sequences {&"\N_ ("} .and {4, }""!, suppose there exists a constant

A such that Z A < A for N > 1. Let the grid function {¢ }k:O satisfy
k=0

FE < ) @) + &'+ ). (2.12)
k=1

If the maximum step size v < (2I'(2 — @)A)~"V® holds, it follows that, for 1 <n < N,

1<j<n

¢n < 2Ea(2A1) | o + max Z P (&' + 1) + max{n’} |, (2.13)
SK=n j:l

where .
Z
E, = P ——
£() Zk:O (B + ka)
is the Mittag-Leffler function, and E,(z) = E,1(2).

Based on the L1 scheme (2.4), we introduce the following semidiscrete scheme at time ¢,: Find
", vh e (Hé(Q) X Hé(Q)) forn=1,2,---, N, such that

(02U, w) + (VU", Vw) — (U"VV",Vw) =0, we Hy(Q).
@2V", wy) + (VVL, Vw) + (Vh,w) = (U™, w), wEe H(Q). (2.14)

0 _ 0 —
U —I/to,V =1y.

Utilizing the Duhamel’s principle, we derive the representation to the solution of the problem (1.2):
f
u(®) = E,(tANugy — f(t - s)"_lEa,a((t — YAV - (uVv)(s)ds, (2.15)
0
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!
v(t) = Eo(1°(A = D)vy + f (t = )" Eqa((t = )"(A = D)u(s)ds, (2.16)
0
Furthermore, we calculate the gradient of (2.16) to yield
!
Vu(t) = E(t“(A = 1))Vvy + f(t — ) WVE, o((t = $)*(A = D)u(s)ds. (2.17)
0
Usually, we refer to the above solutions as “mild solutions”. By the mild solution (2.15)—(2.17), we

can obtain a prior bounds of the solution in the problem (1.2).

Lemma 2.2. [14] Assume that uy € L'(Q), vy, Vvo € L'(Q) N L*¥(Q) are necessarily small. Then, there
exists a unique global solution (u,v) € R? x (0, +0) to the problem (1.2), and it that

sup([[u()llr=@) + IVDll=@) < 00,  sup |[[Vv(D)||~@q) < oo,
>0 >0

and it has the following time decay behavior:

sup([lu()ll=) + IV(D)llz=@) < C(1 + )™,

>0

sup [[Vv(®)ll=@) < C(1 + 1)~

>0
where 1 < u < 2.

Inspired by Lemma 2.2, we suppose that Vv is bounded, that is, there exists a positive constant M,
such that
IVV]|o@) < M. (2.18)

We now split [|[VV"||~q) into
IVV*lo@) < [IVV ]l + IV = VOl
Then, we will derive the boundedness of VV” forn = 0, 1,2, ... N, satisfying
IVV¥ L) < M, (2.19)

whenever T < 7, = (CoCy)~ !/ min¢@2=® "and here M = 0rnax [IVV*]|.=) + 1, and Cq is a constant related
<n<N

only to the domain €, and C7 is a constant related only to the final time 7.

Let 7, = | K be a uniform mesh partition of Q with mesh size 7. We denote by S, C Hé (Q) the
standard finite element space satisfying the homogeneous Dirichlet condition. Let R, : Hy(Q) — S,
be a Ritz projection operator satisfying

(V(u — Ru),w,) =0, weS,. (2.20)
Then, the following error estimate holds [34]:
llu = Ryull + hllu — Ryully < CH* [lullis (2.21)

for any u € H*"'(Q) N Hy(Q).
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Combining the L1 scheme (2.4) and finite element method, we construct a fully implicit discrete
scheme: Find (U}, V}) € S;, X Sy, forn =1,2,..., N, such that

O2U,wy) + (VUL Vwy) = (UIVVEVw,) =0, wy €5,
@2V, wi) + (VVILVwy) + (Vi wa) = (U, i), wi € S, (2.22)

Ug = Rhuo, V}? = RhV().

Similar to (2.19), and utilizing the inverse inequality, we have

IVVill=(Q) < VR, V||1=(Q) + V(R V" = V)|~ (€2)
<|IVR V"l + CHIVR, V" = VI
< IVR, V" ||y + CH™ RE [Vl

Thus, when v is sufficiently smooth, we shall obtain that the solutions of the problem (2.22) is bounded,
re,forn=0,1,2,---, N, there exists a positive constant M, such that

IVVillo@) < M. (2.23)
3. Stability analysis of the L1/finite element scheme

In this section, we shall discuss the stability of the full discrete scheme (2.22) in both L?(Q) and
H'(Q) norms, and the results are as follows.

Theorem 3.1. For n = 0,1,2,...,N, the fully discrete scheme (2.22) satisfies the following
stability results:

U+ vyl < C (lopl + 1vell). (3.1)
[ e A el (1A A VAT B (3.2)

where C is an a-robust constant.

Proof. Taking w;, = U} in the first equation of the fully discrete scheme (2.22), using the Cauchy-
Schwartz inequality and Young’s inequality yields

02U}, U + (VU VU = (UVVL, VU
< IVVill=@ U IIIVUR]

M
< lVUIP + —IIU;IP, &€ (0, 1).
By the discrete fractional Gronwall inequality (2.12) and (2.8), we have
2M
WUl < 2E, (?lff) U3 (3.3)

Setting wy, =V} in the second equation of the fully discrete scheme (2.22), we have
@V VY + (VVL,VV) + (VL Vi = (UL VY. (3.4)
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Then, using Young’s inequality and (2.8), we get
ANV < 2004V < NURIP + IVAIP.
Therefore, by the discrete fractional Gronwall inequality for (2.12) and (3.3), we get

V]I < 2E, (1) (||V,9|| + max ||U,{||)

2M
< 2E,(21,)) (IIV,?II +2E, (?fff) IIU,?II) :

The proof of Eq (3.1) has been completed.
Let w, = 0°U » in the first equation in the fully discrete scheme (2.22). We have

(B°UL U + (VUL U = (UV V), 9V U}
< IVVill=@ U165V UL
By the definition (2.4) and (2.6), we have

n
B k
162V U = 1| Y ans V-V U
k=1
n—1
k 0
= llan, YU}, = > (@ninr = a,)VU} = a, VUS|
k=1
n—1
k 0
< a,lIVU @l + ) (@nper = an)IVUSI + @, [IVUD)
k=1
n—1
k
< Ann + Z(an,k+l - an,k) + ay,1 | max ”VUh”
P 0<k<n

T—(}.’
= 2a,, max ||[VU¥|| = " max ||[VUY.
" O<k<n VU I'2 — @) 0sk=n VU

By using Poincaré inequality in (3.7) and (2.8), we can get

FIVU* < 4a,,,M max |[VU;|*.
0<k<n

Thus, using the fractional Gronwall inequality yields
max [[VUJ| < 2E4(8a,.Mi)IVU;I
Taking w;, = —AV}' in the second equation of the fully discrete scheme (2.22), we can have
(B°VV!,VV) + (AV), AV + (VV), YV = (VUL VV)).
Then, using Young’s inequality and (2.8), we get
ONVVHIE < 2IVUIIV VI < IVURIP + IV VRIP.
Therefore, by discrete fractional Gronwall inequality (2.12), we get

IV < 22,210 191+ max 1901

Together with (3.10), we can derive (3.2).

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

O
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4. a-robust error analysis of the L1/finite element scheme

In this section, we shall consider the error estimates of the L1/finite element scheme. Firstly, We
begin by discussing the spatial error estimates of the fully discrete scheme (2.22) in both L*(€2) and
H'(Q) norms.

Theorem 4.1. Let U", V" € H*'(Q) N Hé(Q) be the solution of the semidiscrete scheme (2.14), and
U, V) € V), be the solution to the fully discrete scheme (2.22). Then, for 1 < n < N, the following
error estimates hold:

|U" = Upll + IV" = VyIl < CH (4.1)
U™ = Uplly + V" = Vil < CH, (4.2)

where C is an a-robust constant.

Proof. Denoting that
U'-U,=U"-R,U"+R,U"-U, =6, +1,,

V-V =V RV + RV =V =l + B,

subtracting the first equation in the fully discrete scheme (2.22) from the first equation in the
semidiscrete scheme (2.14) yields

020}, wi) + (Vi) Vwy) = (U"VV" = UIVV], Vwy,) — (026, wy)

< %IIU” — ULl + &llVwill® + 1026wl (4.3)
< %(IIHZII2 + 16417 + el Vwall® + 1026, llwall

By the interpolation estimation (2.21) and the definition of (2.4), we have
1026}l < 2a,,,CH**".

Let wy, = 1, in (4.3), we can obtain that
- 2M 2M
A2y < (1 - —) 711> + (4a,m + —) Ch***D,
& &
Also, we have |[)|| = 0. So, we use the fractional Gronwall inequality to get

2M 2M
Iyl < 2E, (2 (1 + ?tﬁ‘f)) (4a,,,n + ?) CH!, (4.4)

Similarly, subtracting the second equation in the fully discrete scheme (2.22) from the second equation
in the semidiscrete scheme (2.14) yields

(028}, wi) + (VB}, Ywy) = =(B} + pl}s wi) — (0205, wi) + (8] + 17}, wp). 4.5)
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Let w, = ;. Then, using Young’s inequality and the interpolation estimates (2.21) to get

@285, 81 < B + 1o BsT + 10} BL+ NGB + ;s

3 . 1 (4.6)
< SUBHIE + (2CH™" + 132l B3I + 5l P
Similar to (3.8), we have
10200 = || > @i Vep}| < 2an, max llpll < 2a,,CH". (4.7)
r 1<i<n
Also, 3?(|BJI1* < 2(82B;, By and ||BY]| = 0. Thus, it follows from Lemma 2.1 and (2.11) that
1B}l <2E,(61) [ILBZII +max > P (22 +2a,,)CH !+ [l + max ||n;;||)
S £ 2
112 + 2a,,)* 1122 .
<2E,(61% L B gy i S —— j
<2Ed )(?l"lx{ (1 +a) ATl +a) ?2?33”’7'1”}
(4.8)

+ max J
lg,-s,z””h”)

<, 6y (L 20 e (T )
a n max
= 20(1 + ) AT(1 + ) | 125en T

<C, (hk“ + max |Ini;ll),
I<j<n

where

11(1 + 2a, ,)E. (61t 117
C; = max - 1+ .

~C, 2E, (617 _
I'a+a) (©1,) 4I(1 + a)
By using the triangle inequality, (4.4) and the interpolation error (2.21), we can obtain (4.1).
Incorporate w;, = 5;’ 17, into the first equation of (2.22) and (2.14), then subtract the two equations
to get

(00}, 0°n) + (Vp}, 0°Vg)) = (U'VV" = UV V), 89V} — (0%6), 077}

n 71 paves n na aa,,n (49)
< M|yl + 116,IDNO Vil + 1107 G, 07 7.
This leads to _
152V}l < 24, max [Vmjll, 15264111 < 24, CH*".
<Jj<n
Based on (2.8) and (2.21), we have
NV < Aan,Milyl max (Vo) || + 4a,,MCh* max |[Vr)|| + 8a; ,CH*" max |l
T ’ 0<j<n h ’ 0<j<n h i O<j<n M
< 4a,,M max |V |* + 4@, M + 2a>,)CH* max [|[Vr]]].
T 0<j<n h ’ i 0<j<n h
By applying the fractional Gronwall inequality, ||V772|| = (, and (2.8), we have
; 11
J @ n 2 k
(r)rsljag)};1 Vi || < 2Ea(8an,thn)r(1 - a/)(a,,,,,M +2a,,)Ch". 4.10)
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Let w;, = —AB) in the Eq(4.5), then use Young’s inequality and interpolation estimation (2.21) to get
02VB;, VB <IVBHIE + IVELIIVBLI -+ 1102 Vop VB
+IIVGIIVBLI + [V, lllIVB, @.11)

3 = 1
<SIVBHIE + (2Calt + 132 VRilI) VA3 + IV

By (3.8) and (2.21), we can get
||53Vp2|| < 2a,,,,1Chk.

Then, referring to the deduction of (4.8), it can be concluded that

VB < €4 (hk +max ||Vn{;||). (4.12)
Finally, the triangle inequality and (4.10) can be used to prove (4.2). O

Assume that
l0lu()] < C(1 +1*") forl=0,1,2.

olv(@) < C(1+t*7 forl=0,1,2.

Based on the above spatial error results, we further discuss the space-time error estimates of fully
discrete schemes (2.22).

Theorem 4.2. Assume that u(x,t), v(x,t) are the weak solution of problem (2.2), Then,
forn=0,1,2,...,N, the fully discrete scheme (2.22) satisfies

la(ta) = Upll+ (t,) = Vil < € (N2l 4 pet) (4.13)
le(ta) = Uplly + lIv(,) = Villy < € (N2l 4 ) (4.14)

where C is an a-robust constant.

Proof. Define
E, =u(t,)-U", E}=vt,)-V"

Subtract the second equation of the the weak form (2.2) and the second equation of the semidiscrete
scheme (2.14) to yield

(0°E",w) + (VE",Vw) = (l"VV" = U"VV", Vw) + (0°u" — 8°u"), w)

Tu

n o n @ n (415)
< MIEVNIVWI| + (07u" = 07 u™), w).
Let w = EJ, in the above equation, and using the Young’s inequality, we have
_ M -
GNP + 2VEP < —NEP + el VEP + 2067 ~ i) IE,.
Thus, by Lemma 2.1, ES = 0, and the error (2.7), we obtain that
2M 11 :
El < 2E,|—1 | =——CN™"®rd, 4.16
IEI < (8 ")F(1+a) (4.16)
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Subtract the second equation of the the weak form (2.2) and the second equation of the semidiscrete
scheme (2.14) to obtain

@E2, wi) + (VE!, Vwy) = — (Elwy) + @0(t,) — 97 (1,), wy) + (Ely ). (4.17)

Let w, = E} in (4.17). We then apply Young’s inequality, (2.8) and (2.7) to get
OUNENP < IESIP + 109v(t,) — S va)IESN + E; . (4.18)

It follows from (2.11) and Lemma 2.1 that
k . .
IEX <2E,(61) [IIESII +max " P (182v(t,) — 9w, + IE) + max ||E{,||)
1<k<n P 1<j<n

11 : 11 .
<2Ew 6t(¥ n CN— min{2—a,ra} + 1 + n EJ (419)
<2Fal ”)(4F(1+a) ( 4r(1+a))52?£§” u”)

<C, (N‘ M) 4+ max ||E;||) ,
<

<j<n

where

11E,(6:7) 11
C, = max{ —o—12" 1+ —2r |4,

~C,2E,(6tY
2I(1 + ) (©r,) 4I'(1 + @)
By the conclusion in (4.1) and (4.16) and using the triangle inequality, we can derive (4.13).
Let w = —AE" in Eq (4.17) and setting w = 6“E" in Eq (4.15). Then, we can repeat the above
process to get

max IVE/|| < CN~miniz-aral (4.20)
<J<n
and

||VE:|| < CN—mm{Z—a,r(z}. (421)
By the conclusion in (4.2), applying the triangle inequality can derive (4.14). O

5. Fast L1/finite element scheme for time-fractional Keller-Segel equations

It is known that the direct algorithm of the L1 scheme (2.4) has the computational cost O(N?),
whose large size is prohibitive for small-time size or long-time simulations. Thus, we shall consider
the SOE-based fast nonuniform L1 scheme introduced in [26,27]. Its idea is mainly based on using the
sum-of-exponentials (SOE) skill to approximate the convolution kernel 1~ over an interval [T, T] with

7 = min 74, which is given as follows:
1<k<N

Lemma 5.1. [26] For the given parameters a € (0, 1), tolerance error €, cut-off time step size T, and
the final time T, there exist positive points s; and corresponding positive weights
wi (i =1,2,-- -, Nexp) satisfying

N, exp

- —sit
r - Z w;e !
i=1
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where
1 1 T 1 1 1
Nexp =0 (log - (log log — + log 7) + log — (log log — + log 7)) .
€ € T T € T

With the help of above lemma, the SOE-based fast L1 scheme of the Caputo derivative is given [27,
35]:

n
Iy = ) BU Vg, (5.1)
k=1
where
) ) 1 RS
BY=a,, B"Y =——-— wie s, 1<k<n-1.
0 n,n n—k Tkr(l _ a,) o 5 i
If e < ¢ = min{%a)l,a(T), cm)z,(,(T)}, then the convolution coefficient Bﬁl"_)k satisfies the

following properties [27]:

2 (" wi_g(t, = 5)

(1) (1) (n) 1-a\ln

B">B_",>0, B~ > —f —ds
3 Ih—1 Tk

for2 < k < n < N. When || < C( + t*7) for I = 0,1,2, we shall derive the following
truncation error [27]:

< Cpmin-erdd Lo -1 2 L. N. (5.2)

8% p(t,) — 07"

In addition, we note the following property [35]:
1 ; n aa, . non
5 2 BUVHAGP < @ ). (5.3)
k=1

Lemma 5.2. [33] For any nonnegative sequences {f”}nNzl,{n”}nNzl,and {/lk}nNz‘ll, there exists a constant

N-1
A such that Y, A < A for N > 1. Let the grid function {¢*}Y_ satisfy
k=0

TPV < ) @ + 89"+ (') (5.4)
k=1
If the maximum step-size v < (2I'(2 — @)A)~"9, it holds that, for 1 < n < N,
on<C (900 + {naX{f}y(-fj +n)) + {nax{ﬂj} , (5.5)
<jsn <jsn

where C is a-robust.

Next, by replacing the L1 scheme in the fully discrete scheme (2.22) with the above fast L1
scheme (5.1), we can derive a fast L1 finite element scheme: Find (U}, V}) € S, X §;, for
n=1,2,...,N, such that

(E%Uz,wh) + VU, Vwy,) = (UpVVE, Vwy) =0, w, €8y,
OV wi) + (VVEVwy) + (Vi wy) = (U, wy),  wy € S, (5.6)
U,? = Rhl/l(), Vg = RhVO.
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By observing the properties of the coefficients in the fast L1 scheme (5.1), we can see that they
are consistent with the properties of the L1 scheme (2.4). Then, by combining the fractional Gronwall
inequality provided in [33], we can similarly derive the stability and error estimation of the fast L1
finite element scheme. The results are as follows.

Theorem 5.1. Forn =0,1,2,...,N, the fast L1 scheme (5.6) satisfies the following stability results:

ozl + vl < ¢ (19 + 1van). (5.7)
1Ozl + Vil < € (09I + VL) (5.8)
where C is an a-robust constant.
Proof. By Lemma 5.2 and (5.3), similar to Theorem 3.1, we can obtain the above conclusion. O

Theorem 5.2. Assume that (u(x,1),v(x,t)) € C?([0,T]; LX) n C' ([0, T1; H**'(Q)) are the weak
solution of problem (2.2). Then, forn =0,1,2,...,N, the fast L1 discrete scheme (5.6) satisfies

le(t) = Upll+ lIv(t) = Vil < C (N2 4 kel g), (5.9)
luta) = Uplly + Iv(t) = Villy < € (N7"7rh 4 k1 e), (5.10)

where C is an a-robust constant.

Proof. According to the deduction of Theorem 4.1, we have

IU" = Upll + V" = Vil < CR*,
IU" = Upll +IV" = Vylh < CH-.

Then, by Lemma 5.2, (5.2) and (5.3), similar to the deduction of Theorem 4.2, we can obtain the
above conclusion. O

6. Numerical example

In this section, we shall present a numerical example to verify the effectiveness of our numerical
scheme and the reliability of our theoretical results. To derive the numerical solution, we adapt the
L1 or fast L1 scheme to approximate the time Caputo fractional derivative with the mesh parameter
r > (2—a)/a, and apply the linear finite element to discrete the spatial direction. Moreover, we choose
the tolerance error € = 1072 and the cut-off time ¥ = 107!2 to speed up the convolution computation
of the L1 scheme. At each time level, the nonlinear algebraic system is solved by using fixed-point
algorithms with the termination error 1072, For simplicity, we define

|E = max [lu(t,) — Upll, [IE.lli = max |[u(,) — Uy,
1<n<N 1<n<N

IE|l = max [v(z,) — V}/II, IElli = max |[v(z,) = V}lli.
1<n<N 1<n<N

Then, we consider the following example.
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Example 6.1. Assume the domain Q = (0, 1)?, and the final time T = 1 x 1075, Then, we consider the
following time-fractional order KS equations:

Nu—Au+V-wVv)=f, xe€Q, 0<t<T,

(6.1)
ov—Av+v—-—u=g, xeQ, 0<t<T,
and the exact solutions (u,v) are given by
u = 4n(t* + t*) sin(zx) sin(ny), v = (£ + ) sin(7rx) sin(zry). (6.2)

Thus, the right-hand f and g are determined from the choice for u and v.

Next, we fix the time step N = 100 and space mesh size & = 1/32. We see that the errors change
little as @ — 17 in Table 1, which implies that our method is a-robust. In Figure 1, it shows that the
numerical solution is consistent with the exact solution.

x10° x10°3

(b) Left: Numerical solution V}, Right: Exact solution v".

Figure 1. Comparison figure of the exact solution and numerical solution for N = 100, h =
1/64, « =0.5,r =2/a.
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Table 1. a-robustness test with N = 100, A = 1/32,and r = 2/a.

Method Error a =090 a=0.95 a = 0.99 a =0.999
IEN 4076x10° 1512x10° 3.734x10°  2.692x 107
IE,|  3244%107°  1203x10°  2971x 10710  2.142 x 10710

L1/FEM scheme IE I, 5471x10°  2743x10°  1.579%x 1076  1.395x 10°°
IE|l,  4354%x107  2182x107 1257x107  1.110x 1077
IE  4.076x10°  1512x10%  3.734x10°  2.692 x 107
IE,|  3244%10°  1203x10° 2971x 10710  2.142 % 10710

FastLI/FEM scheme b\ 5 4715106 2743x 106 1579%10°  1.395 x 106
IE|l,  4354%x107  2182x107 1257x107  1.110x 1077

Table 2. The spatial error convergence orders of L1/FEM for N = 500 and r = 2/a.

a h 1E. Rate E.Ih Rate [lE,|| Rate E Rate
1/4 1384 x 1073 - 4523 %1072 - 1.105x107%  — 3597x 1073 —
04 1/8  2745x10™* 23345 2209x 1072  1.0342 2.192x 1075 23335 1.757x 1073  1.0335
1/16  6.324x 107 21179 1.095x 1072 1.0129 4.996x 10 2.1333 8.710x 10™* 1.0126
132 1.677x107° 19151 5459x 1073 1.0035 1.229x107° 20236 4.340x10™*  1.0035
1/4 8227 x 107 - 2928 x 1073 - 6.547x 107 — 2330x107%  —
06 1/8 1498 x 107> 24570 1.410x 1073  1.0545 1.192x 107 24569 1.122x10™*  1.0545
' 1/16  3.061x10°° 22916 6938x107* 1.0226 2436x1077 22915 5521x107° 1.0226
1/32  7.007x1077 2.1270 3.450x10™* 1.0080 5.576x10°® 2.1270 2.745x 107  1.0080
1/4  5187x10° - 1.851x 1074 — 4.128x 1077 - 1473x 1075 —
08 1/8  9.440x 1077 24581 8907x 107 1.0553 7.512x10°® 24581 7.088x10°° 1.0553
' 1/16  1.926x 1077 22927 4384x107° 1.0227 1.533x10% 22927 3.489x10° 1.0227
132 4.814x 107 20006 2.179x 107 1.0083 3.831x10™° 20005 1.734x10°° 1.0083
Table 3. The spatial error convergence orders of fast L1/FEM for N = 500 and r = 2/a.
a h [IE, Il Rate IE,I1 Rate IlE, |l Rate [1E I Rate
1/4 1.385x 1073 - 4523 %1072 - 1.105x 10™* - 3.597 x 1073
04 1/8  2745x107% 23345 2209x1072  1.0342 2.192x107° 23335 1.757x 107  1.0335
' 1/16  6325x 107 21179  1.095x 1072  1.0129 4.996x10°° 21333 8.710x10™* 1.0126
132 1.677x 107 19151 5459x 1073 1.0035 1.229x10° 20236 4.345x10* 1.0035
1/4 8227 x 107 - 2928 x 1073 - 6.547x 107 — 2330x107%  —
1/8 1498 x 107> 24570 1410x 1073  1.0545 1.192x107° 24569 1.122x10™*  1.0545
06 1/16  3.061x10°° 22916 6938x107* 1.0226 2436x1077 22915 5521x107° 1.0226
132 7.007x 1077 21270 3.450x107* 1.0080 5.576x 10~ 2.1270 2.745x 10~  1.0080
/4  5187x10° - 1.851x10™* - 4.128x 1077 - 1473x 1075 —
08 1/8  9.440x 1077 24581 8907 x 107 1.0553 7.512x10°% 24581 7.088x10°° 1.0553
' 116  1.927x 1077 22927 4384x107° 1.0227 1.533x10% 22927 3.489x10° 1.0227
132 4815x10%  2.0006 2.179x 10 1.0083 3.831x10™° 2.0005 1.734x10°  1.0083

Electronic Research Archive

Volume 34, Issue 3, 2066-2086.



2082

Let the time step N = 500. We shall give the spatial error convergence orders of the L1/FEM
scheme and fast L.1/FEM scheme in Tables 2 and 3 for @ = 0.4,0.6, 0.8, respectively. It shown that
the L?-error convergence order is two and the H'-error convergence order is one, and we know that the
error estimate of these two methods are almost identical. We also fixed the space mesh size 7 = 1/100,
the time error order shown in Table 4 is approximately O(2 — «). However, we can know that the time
convergence order is only O(«@) when we use a uniform time mesh; see Table 5. Compared to the grade
mesh, this result is not optimal. Thus, the above numerical results are consistent with the conclusions
of Theorems 4.2 and 5.2. This also indicates that our method is efficient.

Table 4. The time error convergence orders of L1/FEM and fast L1/FEM with 2 = 1/100

andr = 2/a.
N L1/FEM scheme Fast L1/FEM scheme
¢ IEIl Rate lE, || Rate LEIl Rate IE, | Rate
8 5474 x 107 - 4.529 x 1073 - 5474 x 107 - 4.529 x 107 -
0.4 16 1.954 x 10~ 1.4859 1.603 x 1073 1.4987 1.954 x 107* 1.4859 1.603 x 107 1.4987
' 32 6.985 x 1073 1.4842 5.572 x 1076 1.5244 6.985 x 107 1.4842 5.572 x 107° 1.5244
64 2.630 x 1073 1.4090 1.936 x 107° 1.5248 2.630 x 107 1.4090 1.936 x 107° 1.5248
8 4.522 x 107 - 3.609 x 10— 4522x107° - 3.609x10°° -
0.6 16 1.813 x 1073 1.3189 1.447 x 107° 1.3189 1.813 x 1073 1.3189 1.447 x 10°° 1.3189
' 32 7.061 x 10°° 1.3602 5.635 x 1077 1.3603 7.061 x 107° 1.3602 5.635 x 1077 1.3603
64 2.718 x 107°° 1.3771 2.169 x 1077 1.3773 2.718 x 107° 1.3771 2.169 x 1077 1.3773
8 2525%x 107 — 2010x 1077 - 2525107 - 2010x 1077 -
0.8 16 1.172 x 107° 1.1078 9.327 x 1078 1.1078 1.172 x 107° 1.1078 9.327 x 1078 1.1078
' 32 5.265 x 1077 1.1543 4.190 x 1078 1.1543 5.265 x 1077 1.1543 4.190 x 1078 1.1543
64 2.328 x 1077 1.1775 1.853 x 1078 1.1775 2.328 x 1077 1.1775 1.853 x 1078 1.1775
Table 5. The time error convergence orders of L1/FEM and fast L1/FEM with A = 1/100
g
andr = 1.
N L1/FEM scheme Fast L1/FEM scheme
¢ IEIl Rate IE, || Rate IE.Il Rate E, | Rate
8 2.189x 1073 - 1.772x107* - 2189 x 1073 - 1.772x107* -
04 16 1.671 x 1073 0.3897 1.348 x 10™*  0.3954 1.671 x 107 0.38966 1.348 x 107*  0.3954
' 32 1.274 x 1073 0.3921 1.024 x 10™*  0.3966 1.274 x 1073 0.39211 1.024 x 10™*  0.3966
64  9.692x10™* 03940 7.772x 107 03974  9.692x107* 0.39398 7.772x 107? 0.3974
8 9380x 107 - 7470x10°° — 9380x 107 — 7469 x10°° —
0.6 16 6.191x107° 05994 4.929%x10° 05997 6.191x 107  0.59938 4.929x107°  0.5997
' 32 4.086%x107° 0.5996 3.252x107° 0.5998 4.086x 107> 0.59959 3.252x107°  0.5998
64  2.696%x107° 05997 2.146x107° 0.5999 2.696x 107>  0.59973 2.146x 10  0.5999
8 3.049x 107 - 2426% 1077 — 3.049x10°° - 2426x 1077 -
0.8 16 1.751x107°  0.7999 1.394x 1077 0.7999 1.751 x 107 0.79989 1.394x 1077 0.7999

32 1.006x107%  0.7999  8.004x 107 0.7999 1.006 x 107  0.79994  8.004 x 107  0.7999
64 5777x1077  0.7999  4.597x107% 07999 5777 x 1077 0.79996  4.597 x 107  0.7999
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Finally, we provide the computation time for both the L1/FEM scheme and fast L1/FEM scheme in
Table 6. Through comparison, we can see that the fast algorithm can greatly save computational cost.

Table 6. The computing time of the L1/FEM and the fast L1/FEM scheme with 2 = 1/16, @ =
0.5,and r = 2/a.

N 2000 4000 6000 8000 10000
L1/FEM scheme 21.0041 s 60.5883 s 119.1214 s 194.54 s 287.6419 s
Fast L1/FEM scheme 12.9594 s 27.7864 s 41.4982 s 55.8147 s 71.7922 s

7. Conclusions

This work presents an L1/FEM scheme and fast L1/FEM scheme for solving time-fractional KS
equations with weakly singular solutions. Based on an improved fractional Gronwall inequality and
the boundedness of Vv, VV, and VV}, we establish the stability and the a-robust error estimates for
numerical schemes under both L*(Q) and H'(Q) norms. According to theoretical results, the error
convergence order of our numerical scheme is optimal. Finally, a numerical example is presented to
illustrate the reliability of our algorithms and the correctness of our theoretical results. However, there
are still some minor flaws here, such as the small final time of our numerical simulation. For this
problem, we will further study the blow-up of the numerical solution to derive long-term
numerical simulations.
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