ERA, 34(3): 2038-2065.

EE Elect . DOI: 10.3934/era.2026091
AIMS ectronic Received: 28 November 2025

@ Research Archive Revised: 18 February 2026

Accepted: 28 February 2026
https://www.aimspress.com/journal/era Published: 06 March 2026

Research article

Quasi-resolving subcategories in triangulated categories

Weili Gu!, Zhaoyong Huang', Lingling Tan>* and Tiwei Zhao?

' School of Mathematics, Nanjing University, Nanjing 210093, China
2 School of Artificial Intelligence, Jianghan University, Wuhan 430056, China

* Correspondence: Email: tanlingling@jhun.edu.cn.

Abstract: We have introduced the notion of quasi-resolving subcategories in a triangulated category
with a proper class of triangles. We provided some criteria for computing the resolution dimension of
objects relative to a quasi-resolving subcategory. We also provided a method to construct quasi-resolving
subcategories from given ones.

Keywords: triangulated category; proper class of triangle; quasi-resolving subcategory; resolution
dimension; Auslander-Buchweitz approximation

1. Introduction

In analogy to relative homological algebra in abelian categories, Beligiannis [1] introduced a relative
version of homological algebra in a triangulated category by introducing the notion of proper classes of
triangles. This theory has been studied widely. For example, Asadollahi and Salarian [2] studied the
Gorenstein homological theory in a triangulated category. Furthermore, in a triangulated category, Ren
and Liu [3] studied Gorenstein homological dimensions, and Yang and Wang [4] studied the stability of
the Gorenstein category by constructing a proper resolution (resp., coproper coresolution). Recently, Fu
et al. [5] introduced the notion of balanced pairs and established a bijection between balanced pairs and
proper classes in a triangulated category. Ma et al. [6] studied the relationship among left Frobenius
pairs, left (n-)cotorsion pairs and left (weak) Auslander-Buchweitz contexts.

Resolving subcategories and resolution dimensions play an important role in the study of relative
homological theory in abelian categories and triangulated categories. In abelian categories, resolving
subcategories and resolution dimensions are closely related to tilting theory (see [7]) and some homologi-
cal conjectures (see [8]). In triangulated categories, Ma et al. [9] introduced the notions of (pre)resolving
subcategories and homological dimensions relative to these subcategories, which give a parallel theory
analogy to that of abelian categories in [8]. Then, Ma and Zhao [10] studied the properties of resolving
subcategories and relative homological dimensions in triangulated categories relative to a resolving
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subcategory, and obtained the Auslander—-Buchweitz approximation theory relative to resolving subcat-
egories in triangulated categories, which gives a parallel theory analogy to that of abelian categories
in [11]. On the other hand, Zhu [12] introduced the notion of quasi-resolving subcategories in an abelian
category and generalized some results about resolving subcategories to quasi-resolving subcategories.
More generally, Zhang et al. [13] introduced the notion of ext-quasi-resolving subcategories, which is a
generalization of quasi-resolving subcategories. Cao and Wei [14] introduced and studied the Gorenstein
quasi-resolving subcategories relative to a quasi-resolving subcategory in an abelian category.

In this paper, we study further properties of quasi-resolving subcategories and relative homological
dimensions relative to a quasi-resolving subcategory in triangulated categories.

The paper is organized as follows. In Section 2, we give some terminology and some preliminary
results. In Section 3, we introduce the notion of quasi-resolving subcategories of a triangulated category,
and prove the following result. Let 7 be a triangulated category with enough &-projective and &é-injective
objects, where £ is a proper class of triangles in 7. If X is a quasi-resolving subcategory of 7~ and

0—B—X,—X,1—  —Xx—X  —M—0
is a &-exact complex with all X; € X, then there exists a £&-exact complex
0O—-B—X—P, ,— - —P,—P —M—0

with X € X and all P; € Py (Theorem 3.7). In Section 4, we study resolution dimensions relative to
quasi-resolving subcategories and obtain Auslander-Buchweitz approximation triangles for objects
having finite quasi-resolving resolution dimension (Proposition 4.9). We provide some criteria for
computing the resolution dimension of objects relative to a quasi-resolving subcategory (Theorem 4.12).
In Section 5, given a quasi-resolving subcategory X of 7, we construct a new quasi-resolving subcategory
GP xx(£) with a éxt-injective é-cogenerator X N +X. Then combining with Theorem 4.12, we obtain a
generalization of [10, Proposition 5.5].

2. Preliminaries

Let 7 be an additive category and X : 7~ — 7 an additive functor. All subcategories involved are
full, additive, and closed under isomorphisms. One defines the category Diag(7, X) as follows:
e An object of Diag(7,X) is a diagram in 7~ of the form
X—=Y->Z-3X
e A morphism in Diag(7, X) between

X, %y, %7 25X,
where i = 1,2 is a triple (@, 8, y) of morphisms in 7 such that the following diagram

X| =Y, —Z; =X,

lw LB lv \LZQ

X, =Y, —>7,-+3X,

commutes.
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Recall that a triangulated category is a triple (7, 2, A), where 7 is an additive category, X : 7 — T
is an autoequivalence of 7 (called the suspension functor), and A is a full subcategory of Diag(7, %)
which is closed under isomorphisms and satisfies the axioms (T;)—(T4) in [1, Section 2.1] (also see [15]),
where the axiom (T,) is called the octahedral axiom. The elements in A are called triangles.

The following result is well known, which is useful in studying the properties of triangulated categories.

Proposition 2.1. ( [1, Proposition 2.1]) Let 7 be an additive category and X : T~ — T an autoequiva-
lence of T, and let A be a full subcategory of Diag(7T , X), which is closed under isomorphisms. Suppose
that the triple (T, X, A) satisfies all the axioms of a triangulated category except possibly the octahedral
axiom. Then the following statements are equivalent.

1) Octahedral axiom. For any two morphisms u: X —Y and v : Y — Z, there exists a commuta-
tive diagram:

Il v a Il
XMz Yoy Yoyx
u I Su
y—tez-VY.ox Yo yy
0 W’

0 X7 —3x7' 0,

in which all rows and the third column are triangles in A.
2) Base change. For any triangle

X5Y>Z7Z53X

in A and any morphism « : Z' — Z, there exists the following commutative diagram:

0 X ==X 0
B B
XLy Yoz Y. sx
I a a I
X—tsy—Ltoz- Y. 5x
vy Y

in which all rows and columns are triangles in A.
3) Cobase change. For any triangle

X—=Y->Z->3X
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in A and any morphism B : X — X', there exists the following commutative diagram:

0 7z =37 0

—271’}/ _zfl,y/

-y u v

>z X Y Z
I B B I

-1, 7 ’ ’
iz xy Y sy Y7
0 7 ———7 0,

in which all rows and columns are triangles in A.
In the following, 7" = (7, Z, A) is a triangulated category.

Definition 2.2. ( [1]) A triangle
X5Y5H7Z 53X

is called split if it is isomorphic to the triangle

(o) ©, 1) 0

X—X0Z——7—2X.

We use A to denote the full subcategory of A consisting of all split triangles.
Definition 2.3. ([1]) Let & be a class of triangles in 7.
(1) € is said to be closed under base change (resp., cobase change) if for any triangle
X—->Y—>Z-3X

in € and any morphism « : Z'’ —Z (resp., 8 : X — X’ ) as in Proposition 2.1(2) (resp., Proposi-
tion 2.1(3)), the triangle

XLy Lz 25X (resp., X -y 72X
1siné.
(2) £ is said to be closed under suspension if for any triangle
X—->Y—>Z-3X
in € and any i € Z (the set of all integers), the triangle

Siy (-1z'u siy (-1ygh siz (-1Efw

Zi+1X
isin &.
(3) & is called saturated if in the situation of base change as in Proposition 2.1(2), whenever the third
vertical and the second horizontal triangles are in &, then the triangle
XY —>Z-3X

isin &.
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Definition 2.4. ( [1]) A class & of triangles in 7™ is called proper if the following conditions are satisfied.

(1) & is closed under isomorphisms and finite coproducts, and Ay C &.
(2) & is closed under suspensions and is saturated.
(3) & 1is closed under base and cobase change.

In the following, assume that £ is a proper class of triangles in 7.
Definition 2.5. ( [1, Definition 2.4] and [16, Definition 8]) Let
X—->Y—>Z-3X
be a triangle in &. Then the morphism u (resp., v) is called &-proper monic (resp., €-proper epic), and u
(resp., v) is called the hokernel of v (resp., the hocokernel of u).

We use Hoker v to denote the hokernel of v : Y — Z, and use Hocok u to denote the hocokernel of
u:X-Y.
Let X be a subcategory of 77, and let

X—Y—7—2X

be a triangle in £&. We say that X is closed under &-extensions provided Y € X whenever X, Z € X.
We say that X is closed under hokernels of é-proper epimorphisms (resp., hocokernels of &-proper
monomorphisms) provided X € X (resp., Z € X) whenever Y, Z € X (resp., X, Y € X).

Definition 2.6. ( [1]) An object P (resp., I) in 7 is called &-projective (resp., é-injective) if for any
triangle
X—Y—7Z—-ZX

in &, the induced complex
0 — Homg (P, X) — Homg(P, Y) — Homg4(P,Z) — 0

(resp., 0 — Homg¢(Z, I) — Homy(Y, I) — Hom¢ (X, I) — 0)

is exact. We use P(€) (resp., Z(£)) to denote the full subcategory of 7~ consisting of &-projective (resp.,
&-injective) objects.
We say that 7 has enough &-projective objects if for any M € 7, there exists a triangle

K—P—M-—-3K

in ¢ with P € P(&). Dually, we say that 7 has enough &-injective objects if for any M € 7, there exists
a triangle
M—I1—K-—3XM

in & with [ € 7(¢).

Remark 2.7. ( [10, Remark 2.7]) P(¢) is closed under direct summands, hokernels of &-proper epi-
morphisms, and £-extensions. Dually, 7(£) is closed under direct summands, hocokernels of &é-proper
monomorphisms, and £-extensions.
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Definition 2.8. Let & be a subcategory of 7.

(1) A triangle
X—Y—-7Z—-3X

in £ is called Homy (&, —)-exact (resp., Homg(—, E)-exact) if for any E € &, the induced complex

0 — Homg(E, X) — Hom4(E,Y) — Hom4(E,Z) — 0
(resp., 0 — Homy(Z, E) — Homg (Y, E) — Hom4 (X, E) — 0)

is exact.
(2) ([2]) A &-exact complex is a complex

T n+1@Xnan—lé"' (21)

in 7 such that for any n € Z, there exists a triangle

Kn+1 i Xn A Kn i 2Kn+l (22)

in ¢ and the differential d, is defined as d, = g,_if,. A &-exact complex as (2.1) is called
Homg (&, —)-exact (resp., Homs(—, E)-exact) if the triangle (2.2) is Hom4 (&, —)-exact (resp.,
Homg(—, &)-exact) for any n € Z.

From now on, assume that 7 is a triangulated category with enough &-projective and &-injective
objects.

Let M be an object in 7. Beligiannis [1] defined the £-extension groups £xt7(—, M) to be the nth
right &-derived functor of the functor Homg-(—, M), that is,

Exty(—, M) := R Homy (=, M).
Remark 2.9. ([10, Remark 2.10]) Let
X—Y—Z7Z—3X
be a triangle in &. By [1, Corollary 4.12], there exists a long exact sequence

0 — éxtY(Z, M) — Ext(Y, M) — Ext)(X, M) —
EXIUZ, M) — ExtL(Y, M) — Extl(X, M) — -+

of “&éxt” functors. For an object N € 77, there exists a long exact sequence

0 —= Ext2(N, X) — Ext2(N, ¥) — Ext%(N, Z) —
ExtL(N, X) — Extl(N, Y) — éxtl(N, Z) — -+

of “&éxt” functors.
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Following Remark 2.9, we usually use the strategy of “dimension shifting”, which is an important
tool in relative homological theory of triangulated categories. We write

X+ = {M€T|§xté(X,M) =0forall X e Xandi > 1},

X = {MeT | Ext(M,X)=0forall X € Xandi> 1}.

For two subcategories H and X of 7, we say H L X if H C +X (equivalently, X € H™*).
Taking & = P(¢) in [9, Definition 3.1], we have the following definition.

Definition 2.10. (cf. [9, Definition 3.1]) Let H C X be two subcategories of 7. Then H is called a
&-generator of X if for any X € X, there exists a triangle

Z—H—X—27

in ¢ with H € H and Z € X. Dually, H is called a é-cogenerator of X if for any X € X, there exists a
triangle
X—H—7—2%2X

in ¢ with H € H and Z € X. In particular, a £-cogenerator H is called &xt-injective if X L H.
We need the following observation in the sequel.

Lemma 2.11. (1) We are given a commutative diagram

0 ' ——7 0
>z X’ Y’ Z
I Il
>z X Y Z
0 X7 —=37' 0,

in which all rows and columns are triangles in A.

(a) If the third vertical triangle and the triangle
X—Y—7Z—32X
are in &, then so are the second vertical triangle and the triangle
X —Y —7Z—ZXX.
(D) If the second vertical triangle and the triangle
X —=Y —7Z—=3X
are in &, then so are the third vertical triangle and the triangle

X—Y—7Z—2X.
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(2) We are given a commutative diagram

0—=3S177 =317 .0

X X’ Y’ X
I I
X Y V4 X
0 7 ———7 0,

in which all rows and columns are triangles in A.

(a) If the second horizontal triangle and the triangle
X —Y—27 —ZXX
are in &, then so are the third horizontal triangle and the triangle
Y —-7—7 —%YY.
(b) If the third horizontal triangle and the triangle
Y -~7—7 —%Y
are in &, then so are the second horizontal triangle and the triangle
X —Y—27 —Z%XX.
Proof. Assertion (1) follows from [17, Propositions 2.4 and 2.7], and assertion (2) is adual of (1). O

3. Quasi-resolving subcategories

Let X be a subcategory of 7 and M € 7. By an X-resolution of M, we mean a &-exact complex
"'Q'XZQ'X] e-Xv()ﬁ']‘4€'0

with all X; € X.
We write

res (X) :={M € 7 | M has an X-resolution},
Px = XNPE).

Now, we introduce the notion of a quasi-resolving subcategory in a triangulated category, which is
an analogue of that in [12].

Definition 3.1. A subcategory X of 7 is called quasi-resolving if the following conditions are satisfied.
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(1) X is closed under hokernels of &-proper epimorphisms.
(2) X is closed under &-extensions.
(3) X Cres* (Px).

In fact, a quasi-resolving subcategory X is called a P(£)-resolving subcategory in the sense of [9,
Definition 3.2].

Remark 3.2. (1) If X is closed under hokernels of &-proper epimorphisms and closed under £-extensions,
then so is Px by Remark 2.7. Moreover, P is quasi-resolving. In general, Py is not resolving in the
sense of [10, Definition 2.12]. In fact, if Px is resolving in the sense of [10, Definition 2.12], then
P¢) € Px C X, and thus X is resolving. If 7~ has enough projectives and P(¢) C X, then X is a
resolving subcategory of 7, and res* (Px) = 7. So each resolving subcategory of 7~ is quasi-resolving,
and hence

{resolving subcategories} C {quasi-resolving subcategories}.

(2) In the following Proposition 3.5, we will show that if X is a quasi-resolving subcategory of 7,
then res*(X) = res” (Px). However, if X is a resolving subcategory of 7, then res*(X) = res”(Px)=
res*(P(€)). In general, Py C P(£). This shows that the notion of a quasi-resolving subcategory has a
comparative advantage over resolving subcategories.

Proposition 3.3. Let C C P(€) be a subcategory of T closed under hokernels of &-proper epimorphisms
and closed under &-extensions. Then res*(C) is quasi-resolving and closed under hocokernels of é-proper
monomorphisms.

Proof. Since C € P(€) Nres™(C) = Pres(c)» We have
res”(C) C res” (Prestc)) -

Let
M1—>M2—>M3—>2M1

be a triangle in &.
Claim 1. If M, M5 € res*(C), then M, € res*(C).
By assumption, we have the following £-exact complexes:

M M M M
'H_>C"1_>Cn—llﬁ.”_>cl]_>C01%M1_>O

and
M- M M M-
-~—>C,,3—>Cn_31—>---—>(213—>CO3—>M3—>O

with all M, C/* e C(C P(&)).
By using an argument similar to that in the proof of [1, Proposition 4.11], we consider the following
commutative diagram:

m ©) wm MO D g 0
ci 2 oM g M 22 Oy e

X

M, M, M; —=3IM,
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and we get the following &-exact complex:
M M M M M M
e—=C'eC)—=ClleCh —-—CjloC;  —M,—0

in 7. Thus M, € res*(C).
Claim 2. If M,, M5 € res*(C), then M; € res*(C).
By assumption, we have the following £-exact complexes:

M M M M.
-~~écn2écn_21a—-néClzq—COzéMze-O

and
M M M M
---—>(n3—>-(n_31—>---—>-(13—>(03—>M3—>O

with all Cle, C,% € C(C P(£)). By [9, Theorem 3.7], we get a £-exact complex

"'—>C£/[3®C3{21—>CM3

mecl —...—ClecC” ~K—M —0

and a triangle
K—C"eCl*—CF —3K

in £. It follows that K € C by assumption. Thus M, € res*(C).
Claim 3. If M, M, € res*(C), then M3 € res*(C).
By assumption, we have the following £-exact complexes:

M M M M
"'+Cn1_>Cn_11_>”'_>C11_>C01_>M1+0

and
M M M M
=M M ) = M, —0

with all ClMl, Cle € C(C P(£)). By [9, Theorem 3.8], we have the following &-exact complex:
= ClelM — .. —=CYec" —=ClteC)' —C)F —M;—0

in 7. Thus M3 € res*(C). O
By Remark 3.2 and Proposition 3.3, we immediately have the following corollary.

Corollary 3.4. Let X be a subcategory of T closed under hokernels of &-proper epimorphisms and
closed under &-extensions. Then res™(Py) is quasi-resolving and closed under hocokernels of &-proper
monomorphisms.

Let M € 7. We use add M to denote the full subcategory of 7, whose objects are the direct
summands of finite direct copies of M. For a &-projective object P, it is clear that add P is closed
under hokernels of &€-proper epimorphisms and closed under &é-extensions, and then res*(add P) is a
quasi-resolving subcategory of 7~ by Corollary 3.4.

Proposition 3.5. If X is a quasi-resolving subcategory of T, then res*(X) = res” (Px).
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Proof. Clearly, res*(X) 2 res*(Px).
Conversely, let M € res*(X). Then there exists the following é-exact complex:

i —=X, —X; — Xy — M —0.
Consider the triangle
Ky — Xo— M — XK, 3.1
in &. Since X is quasi-resolving, there exists a triangle
Ly— Py— Xy — XLy (3.2)
in & with Py € Py and L, € X. Applying base change to the triangle
>S'M—Ky—Xo—M

along the morphism Py, — X, yields the following commutative diagram:

0 Ly—— L 0

0 XLog—=2Lg 0.
Notice that the triangles (3.1) and (3.2) are in &, so we get the following triangles:
L0—> WO—>K0—>ZLO (33)

and
W()é'POQ'MéZWO

in £ by Lemma 2.11(1)(a). Consider the triangle
Kl —>X1 —>K0é2K1

in £. Applying base change to the triangle (3.3) along the morphism X; — K, yields the following
commutative diagram:

0 K, —K; 0

Lo U X, >L,

Ly Wo Ky XLy

0 2K, — 2K, 0,
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in which the second horizontal triangle is in £. Since Ly, X; € X, we have U € X. Since K € res*(X),
we have W, € res*(X).
Repeating this process for W), we get a triangle

W1 —>P1 +W0—>ZW1
in &€ with P; € Py and W, € res*(X). Continuing these steps, we obtain a &-exact complex
é—Pnﬁ-Pn_lé—é—PI—)-POé-Méo

with all P; € Py. Thus M € res* (Px) and res*(X) C res*(Px). The proof is finished. O

Corollary 3.6. If X is quasi-resolving in T, then so is res*(X). Moreover, res*(X) is closed under
hocokernels of é-proper monomorphisms.

Proof. This follows from Corollary 3.4 and Proposition 3.5. O

Theorem 3.7. Let X be a quasi-resolving subcategory of T and let
0—B—X,—X, 1 —  —X,—X—M—0
be a &-exact complex with all X; € X. Then the following assertions hold.
(1) There exists a é-exact complex
0—B—X—P,,—+—P,—P —M—0

with X € X and all P; € Py.
(2) If X has a &-cogenerator H, then it holds that:

(i) There exists a é-exact complex
0O-»B->H,,»>--->H,>H »>X->M-0

with X € X and all H; € H.
(ii) For any 1 < i < n, there exists a &-exact complex

OéBéHné"'%-HH_lé—X%—Pi_lé-~-€-P1Q-Méo

withXe X, allHie H(i+1<j<n),andall P, e Px (1 <t<i-1).
(iii) There exist a &-exact complex

0—=B—>H,—> - —=Hy—H, — W —=0
with all H; € H and a triangle
M—W-—X—3M

inéwith X € X.
(3) If X has a é-cogenerator H and B € X, then:
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(i) There exists a &-exact complex
0—H,—H, ——H,—H —X—M—0

with X € X and all H; € ‘H.
(ii) For any 1 <i < n, there exists a é-exact complex

0O—H,yy—H,——HyW—X—P——P —M—0

withXeX allHie H(i+1<j<n+1),andallP,ePx(1<t<i-1).
(iii) There exist a &-exact complex

OéHn+l_>Hné""_>H2_>H1_>W_>O
with all H; € H and a triangle
M—W-—X—3M

in & with X € X.

Proof. (1) We proceed by induction on n. The case for n = 1 is true clearly. Following [9, Proposition
3.3], the case for n = 2 is true. Now suppose n > 2. By assumption, we get the following triangle:

B—X,— K—2ZXB
in ¢ and the following £-exact complex:
0—K—X,. 1 —X,p——X—M—0. (3.4)
By the inductive hypothesis, we obtain from (3.4) the following &é-exact complex:
0O—K—X —P,)——P —M—0
with X’ € X and all P; € Px. This yields a &-exact complex
0—B—X,—X —P,,——P —M—0.
Consider the following &-exact complexes:
0—B—X,—X —L—0 (3.5)
and
0—L—P,,——P —M—0. (3.6)
From the &é-exact complex (3.5), we get the following é-exact complex:
0—B—X—P,,—L—0 (3.7)

with X € X and P,_; € Px. Now splicing (3.6) and (3.7) yields the desired &-exact complex.
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(2) (1) It is a dual of (1).
(i1) By assumption, we get the following &-exact complexes:

0—B—X,—X,1— - —X 11— K —0 (3.8)
and
0—K,—X,— X, |1——X—M—0. 3.9

Applying the assertions (2)(i) and (1) to the £&-exact complexes (3.8) and (3.9), respectively, we get the
following &é-exact complexes:

0—B—H,—++— Hyy — Y, — K; —0,

0—>K,'—>Y1—>Pi_1—>"‘—>P1—>M—>O
with Y1, Y, € X, all H; € H, and all P, € Px. It induces the following £-exact complex:
0—-B—H,— - -—H,Hr,—Y,—Y —P_ 11— - —P —M—0.

Consider the following &-exact complexes:

0—~B—>H,—--—=H;;p — T, —0, (3.10)
O—>T2éY2—>Y1éT1—>O, (311)
OéTlépi_lé"'épléMﬁ'O. (312)

Applying the assertion (2)(1) to (3.11) yields the following &-exact complex:
0—T,—H,W—X—T,—0 (3.13)

with H;,; € H and X € X. Now splicing (3.10), (3.13), and (3.12) yields the desired £-exact complex.
(iii) By (2)(i), we get the following &-exact complex:

0—B—H,——H—X—M—0
with X’ € X and all H; € H. Consider the following &-exact complex:
0O—-B—H,—-—H,—K—0
and the triangle
K—X —M—ZXK (3.14)
in &. For X’ € X, there exists a triangle

X' —H —X—2X (3.15)
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in & with H; € H and X € X. Applying cobase change for the triangle
X' — M —ZXK —XX

along the morphism X’ — H, yields the following commutative diagram:

0 TIX=31Xx 0

K X’ M 2K
Il Il
K H, W 2K
0 X——X 0

Notice that the triangles (3.14) and (3.15) are in &, so the triangles
K—H —W-—3K

and
M—W-—=X—3M

are in £ by Lemma 2.11(2)(a). Thus we get the desired &-exact complex and the desired triangle.
(3) (i) We proceed by induction on n. When n = 1, since B € X, there exists a triangle

B—H—X —2%XB

in ¢ with H € H and X’ € X. Applying cobase change for the triangle B— X; — M —XB along
the morphism B — H yields the following commutative diagram:

0— 31X =-31X' —0

> 'M B X, M
I [
M H X M
0 X —=—-X 0.

It follows that the triangles
X —X—X —3X;

and

H—~X-—>M-—3H (3.16)

are in &. Since X is closed under &é-extensions, we have X € X. Then the triangle (3.16) is as desired.
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Now suppose n > 2. Consider the é-exact complex
0—B—X,— - —X,—K —0

and the triangle
Kl — X1 — M — ZKI

in £. By the induction hypothesis, we get a £-exact complex
0O—H,—H,,— - —H,—X — K —0.
Then we get the following &-exact complex:
0O—H,—H, |, ——H—=X —X,—M—0.
Consider the £é-exact complexes
0—H,—H, ,— - —H—K—0
and
0—K—X —X,—M—0.
Applying (2)(1) to the é&-exact complex (3.17) yields the following é-exact complex:
0—K—H —X—M—0
with H, € H and X € X. Then we get the desired £-exact complex
0—H,—~H,,——H —H —X—M—0.
The proofs of (3)(ii and iii) are similar to that of (2)(ii and ii1), respectively.
Theorem 3.8. Let X be a quasi-resolving subcategory of T and let
0—B—X,—X. 11— —Xx—X —M—0

be a &-exact complex with all X; € X. Then the following assertions hold.

(1) There exist a é-exact complex
0—L—>P,——=Py—= P, —M—0

with all P; € Px and a triangle
X—L—-B—%X

inéwith X € X.
(2) If M € X, then:

(3.17)
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(i) There is a &-exact complex
0—B—X—P,—+—P,— P —0

with X € X and all P; € Px.
(ii) There is a &-exact complex

0—T— Py —P,—+—= P, — P —0

with all P; € Px and a triangle

X—T—B—3X
inéwithX € X.
Proof. (1) It is dual to Theorem 3.7(2)(iii).
(2) The assertions (i) and (ii) are dual to Theorem 3.7(3)(i and iii), respectively. |

4. Resolution dimensions relative to quasi-resolving subcategories

We first recall the following definition.

Definition 4.1. ( [10, Definition 4.1]) Let X be a subcategory of 7 and M € 7. The X-resolution
dimension X-res.dim M of M is defined by

X-res.dim M =inf{n > 0| there exists a £&-exact complex
0—X,— —X —Xo—M—0in7 with all X; € X}.
For a £-exact complex
...ﬁi;Xné...ﬁXILXOAMéO
with all X; € X, the Hoker f,_; is called an nth £-X-syzygy of M, denoted by Q' (M).

In the case of X = P(£), we write &-pd M := X-res.dim M and Q"(M) := Q;(f)(M). We use X to
denote the full subcategory of 7~ whose objects have finite X-resolution dimension.

Lemma 4.2. Let X be a quasi-resolving subcategory of T and M € res*(X). If
0—X,— - —=X—Xo—M—0

and
0—Y,— - —Y —Yy—M—0

are &é-exact complexes with all X;, Y; € X forany 0 <i<n—1, then X,, € X ifand only if Y,, € X.

Proof. By Proposition 3.5, we have M € res*(Px). Then there exists a £-exact complex

Pn Pn—l
K,
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with all P; € Px. Consider the following triangles:

K, —Xo— M —3K,,

K —Yy—M—3K

in £. By using an argument similar to that in the proof of [1, Proposition 4.11], we get the following two
&-exact complexes:

0—K,—X,eP,.1— X, 1®P,— - —=X,06 P —X;®Py—Xo—0,

O_>Kn_>Yn®Pn—l_>Yn—1€BPn—2_>"'_>Y2€BP1_>Y1@PO_>YO_>O-

Set
X := Hoker(X,_.1® P,_» » X, »®P,3)

and
Y := Hoker(Y,_; ® P,» = Y, » ®P,_3).

Since X is quasi-resolving, we have that X and Y are in X. Consider the following triangles:
K,—~X,®P, , — X — 3K,

and
K,—Y ®P,, —Y—2K,

in &. We have that X, ® P,_; € X if and only if K,, € X, and if and only if ¥, ® P,_; € X.
On the other hand, from the following triangles

X,—~X, &P, ,—P, | —>3%X, and ¥,—~Y,®P, , — P, | >3V,

in &, we get that X, € Xifandonly if X, @ P,_; € X, and that ¥,, € X if and only if ¥, ® P,_; € X. Thus
X, e Xifandonlyif ¥, € X. O

By Lemma 4.2, we have the following result.

Proposition 4.3. Let X be a quasi-resolving subcategory of T and M € T . Then for any m > 0, the
following statements are equivalent.

(1) X-res.dim M < m.
(2) Qp (M) € X for any n > m.

A

(3) QL(M) € X for any n > m.

Let A— B— C — XA be atriangle in £. The following comparison proposition shows that the
resolution dimensions of any two terms may induce an upper bound for that of the third term.

Proposition 4.4. Let X be a quasi-resolving subcategory of T, and let
A—B—C—ZA

be a triangle in &. It holds that
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(1) X-res.dim B < max{X-res.dim A, X-res.dim C}.
(2) X-res.dimA < max{X-res.dim B, X-res.dimC — 1}.
(3) X-res.dim C < max{X-res.dimA + 1, X-res.dim B}.

Proof. For any M € 7T, if X-res.dim M = m, then there exists a £-exact complex
0—PY —pY ...~ PM PV

in 7 with P¥ € Py forany 0 < i < m— 1 and P} € X by Proposition 4.3.

(1) Assume X-res.dimA = m and X-res.dim C = n. Without loss of generality, we assume m < n,
and then we may assume P# = 0 for any i > m. By using an argument similar to that in the proof
of [1, Proposition 4.11], we get the following £-exact complex:

0—PloPl—P ®P° — .- —Pl®P5—B—0

in 7, and thus X-res.dim B < n.

(2) Assume X-res.dim B = m and X-res.dim C = n. Without loss of generality, we assume m < n—1,
and then we may assume P? = 0 for any i > m. By [9, Theorem 3.7], we have the following &-exact
complex:

0—P oP —P @®P,— .- —PloP}—-K—A—0
and the following triangle:
K — PS¢ ® P§ — PS5 — XK

in £&. By Remark 3.2, we have K € Py and X-res.dimA < n — 1.

(3) Assume X-res.dim A = m and X-res.dim B = n. Without loss of generality, we assume m + 1 < n,
and then we may assume P# = 0 for any i > m. By [9, Theorem 3.8], we have the following &-exact
complex:

0—PloP! —..-.—PloP! —-PloP),—P—C—0
in 7, and thus X-res.dim C < n. O

As an immediate consequence of Proposition 4.4, we get the following equivalent characterization of
quasi-resolving subcategories.

Corollary 4.5. Let X be a subcategory of T with X C res*(Px). Then X is quasi-resolving if and only if
for any triangle
A—B—C—ZA

in &, it holds that
X-res.dim B < max{X-res.dim A, X-res.dim C}

and
X-res.dim A < max{X-res.dim B, X-res.dimC — 1}.

We have the following closure property for the subcategory X.
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Remark 4.6. Let X be a quasi-resolving subcategory of 7. Then X is closed under hokernels of
&-proper epimorphisms, hocokernels of &é-proper monomorphisms, and £-extensions by Proposition 4.4.
On the other hand, we have

XcC res”(X) =res"(Px) (by Proposition 3.5)
C res" (Py).

Thus X is a quasi-resolving subcategory of 7.
By Proposition 4.4, we also have the following corollary.
Corollary 4.7. Let X be a quasi-resolving subcategory of T, and let

A—B—C—2A

be a triangle in &. Then the following assertions hold.

(1) If C € X, then X-res.dimA = X-res.dim B.
(2) If B € X, then either A € X or X-res.dimA = X-res.dim C — 1.
(3) If A € X and neither B nor C is in X, then X-res.dim B = X-res.dim C.

Now we recall the following definition.

Definition 4.8. ( [10, Definition 3.8]) Let X be a subcategory of 7 and M € 7. A &-proper epimorphism
X — M is called a right X-approximation of M if

Homg(X, X) — Homy(X, M) — 0
is exact for any X € X. In this case, there is a triangle
K—X—M-—3%K
né.
The following result is an analogue of the Auslander-Buchweitz approximation (see [11, 18]).

Proposition 4.9. Let X be a quasi-resolving subcategory of T, and let H be a &-cogenerator of X.
Then for any M € T with X-res.dim M = m < oo, there exist two triangles

K—X—M—3K 4.1)

and
M—W—X —3IM (4.2)
inéwith X, X’ € X, H-res.dimK = m — 1, and H-res.dmW = X-res.dmW = m (if m = 0O, this

should be interpreted as K = 0).
In particular, if X L H, then the &-proper epimorphism X — M is a right X-approximation of M.
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Proof. By the assertions (i) and (ii1) in Theorem 3.7(3), there are two triangles (4.1) and (4.2) in &
with H-res.dim K < m — 1 and H-res.dim W < m. Notice that X-res.dim M = m by assumption, so
X-res.dim K = m — 1 and X-res.dim W = m by Corollary 4.7. Since X-res.dimA < H-res.dim A for
any A € 7, we have H-res.dimK = m — 1 and H-res.dim W = X-res.dim W = m. |

Proposition 4.10. Let X be a quasi-resolving subcategory of T, and let H be a &-cogenerator for X.
Then for any M € X, the following statements are equivalent.

(1) X-res.dim M < m.
(2) There exists a é-exact complex

0—H,—H, ——H —X—M—0

withall H € Hand X € X.
(3) There exists a triangle
M—W-—X—IM

in & with H-res.dimW < mand X € X.
(4) For any 0 < i < m, there exists a é-exact complex

0_>Hm_>Hm—l_>'"'_>'Hi+l_>X_>Pi—l_>"'_>Pl_>PO_>M_>O

withallHie H(i+1<j<m),all P,ePx(0<t<i-1),and X € X.

Proof. (1) & (2) & (3) By Corollary 4.7 and Proposition 4.9.
(1) &= (4) By Theorem 3.7(3)(ii). |

The following result is a consequence of Proposition 4.10.

Corollary 4.11. Let X be a quasi-resolving subcategory of T, and let H be a &-cogenerator for X such
that H C Px. Then for any M € X, we have that X-res.dim M < m if and only if for any 0 < i < m,
there exists a é-exact complex

O—>Pm—>Pm_]—>~~-—>Pi+1—>X—>Pi_]—>~~-—>P1ﬁPO—>M—>O

with all P, € Px and X € X.
We are now in a position to provide some criteria for computing the resolution dimension of objects.

Theorem 4.12. Let X be a quasi-resolving subcategory of T, and let H be a éxt-injective E-cogenerator
for X. Assume that H is closed under hokernels of &-proper epimorphisms or closed under direct
summands. Then for any M € X, the following statements are equivalent.

(1) X-res.dim M < m.
(2) Q;)X(M) € X for any n > m.
(3) QL(M) € X for any n > m.
(4) There exists a triangle
M—W-—X—ZIM

in & with H-res.dimW < mand X € X.
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(5) There exists a é-exact complex
0—H,—H, 1 — —H —X—M—0

with all H; € H and X € X.
(6) For any 0 < i < m, there exists a é-exact complex

O—>Hm+Hm_1—>----—>Hl~+1—>-X—>-Pi_1—>---+Pl—>PO+M+O

withallHie H(i+1<j<m),all P,ePx(0<t<i-1),and X € X.
(7) .fxtg(M, H) =0 foranyn > mand H € H.
(8) .fxtg(M, L)=0foranyn>mandL € H.
(9) M admits a right X-approximation ¢ : X — M, where ¢ is &-proper epic, such that
H-res.dim Hoker o < m — 1.
(10) There are two triangles
K—X—M—3K

and
M—W-—X —3M
in & such that X, X’ € X, H-res.dimK <m — 1, and H-res.dim W = X-res.dim W < m.
Proof. By Propositions 4.3 and 4.10, we have (1) &< (2) & (3) and (1) &= (4) & (5) < (6),

respectively.
(1) = (7) Suppose X-res.dim M < m. Then there is a £&-exact complex

0—X,,——Xg—M—=0

with all X; € X. Since H is a éxt-injective &-cogenerator of X, we have fxt?‘ (X;,H) =0forany H € ‘H.
So §xtg’(M, H) = fxtg""(Xm, H) = 0 for any n > m.
The implication (7) = (8) follows from [10, Lemma 3.9], and the implication (8) = (7) is clear.
(7) = (1) Since M € }(\ there is a triangle

K—X—M—2K

in & with H-res.dimK < oo and X € X by Proposition 4.9. Since fxt?l(X, H) = 0 for any H €
H, we have £xty(K, H) = éxt;t'(M, H) for any i > 1. So fxtfm(l(, H) = 0 by assumption. Since
H-res.dim K < oo, there is a £-exact complex

with all H; € H. Then
foé(Qf;’{_](K),H) e gxtgm—l([(, H) =0

for any i > 1 and H € H, which means Q}'(K) € ~H. Notice that H- res.dim Q;'(K) < oo, s0

Qy\(K) e H N +H. Tt follows from [10, Lemma 3.12] that Q' (K) € H. Thus H-res.dimK < m — 1
and X-res.dim M < m.
By Proposition 4.9, we have (9) < (1) < (10). O
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The following result gives a sufficient condition such that the X-resolution dimension and the
H-resolution dimension of an object in 7~ are identical.

Proposition 4.13. Let X be a quasi-resolving subcategory of 7, and let H be a Ext-injective &-
cogenerator for X. Assume that H is closed under hokernels of é-proper epimorphisms or closed under
direct summands. For any M € T, if H-res.dim M < oo, then X-res.dim M = H-res.dim M.

Proof. Tt is trivial that X-res.dimM < H-res.dim M. Suppose H-res.dimM = n < oco. Then
X-res.dimM < n. Now suppose X-res.dimM = m. If m < n, then we consider the following
&-exact complex:

O—)Hn—>Hn_1—>---—>Hm—>Hm_l—>---—>H0—>M—>O
with all H; € H. By Theorem 4.12, we have éxt7" (M, H) = 0 for any H € H. Then
Ext QU (M), H) = éxt;™ (M, H) = 0

for any i > 1, and hence Q7 (M) € ~H. Notice that H-res.dim Q7 (M) < oo, so Q7 (M) € HNAH. Tt
follows from [10, Lemma 3.12] that QF (M) € H. Thus H-res.dim M = n < m, which is a contradiction.
Then m > n, and thus X-res.dim M = H-res.dim M. O

Corollary 4.14. Let X be a quasi-resolving subcategory of T, and let H be a Ext-injective £-cogenerator
for X. Assume that H is closed under hokernels of &-proper epimorphisms or closed under direct
summands. For any X € X, if H-res.dim X < oo, then X € H.

Proof. By Proposition 4.13, we have H-res.dim X = X-res.dim X = 0, and thus X € H. O
5. A construction

In this section, we will construct a new quasi-resolving subcategory from a given quasi-resolving
subcategory. The following notion is a generalization of that of GP x(¢)-Gorenstein categories in [10].

Definition 5.1. Let X be a subcategory of 7 and M € 7. A complete PxX-resolution of M is a
Homg(—, X)-exact £&-exact complex

o> P —=Py— X' — X! — ...
in 7~ with all P; € Px and X € X N +X such that both
K, —Py—M—3K, and M— X' —K' —~3M

are corresponding triangles in &. The relative Gorenstein category GPx x(€) is defined as
GPxx(€) :={M € T | M admits a complete P xX-resolution}.

Remark 5.2.
(1) Since Px = X NPE) € X N +X, we have Py € X N +X. Then both

K2—>P1—>K1—>2K2 and K] —>P0—>M—>2K1

are the corresponding triangles in &, and thus K; € GPx x ().
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(2) If M € GPxx(£), then fxtg(M, X) = Hom4(M, X) and fxté(M, X) = 0 for any X € X. In fact, the
following &-exact complex:
e Py == Py— M —0

with all P; € Py is a &-projective resolution of M (see [1]), which is Homg(—, X)-exact.
(3) () IfP(¢) C X, then GPx x(&) coincides with GP (&) defined in [10].
(ii) If X = P(&), then X N+ X = P(£), and thus GP x x(€) coincides with GP(€) defined in [2].

In the following result, we provide a method to construct new quasi-resolving subcategories from
given ones, which generalizes the result in [10, Theorem 5.3].

Theorem 5.3. If X is a quasi-resolving subcategory of T, then GPxx(€) is also a quasi-resolving
subcategory of T .

Proof. Let P € Px. Consider the following &é-exact complex:
0% p e p O g
in 7. Clearly, it is Hom#(—, X)-exact. In particular,
0%P%poand P P20 3P
are corresponding triangles in &. Since P € Px C X N X, we have Px C GPyx(£). So

Px € GPxx(&) NPE) = Pope)-

It follows that GP xx (&) C res* (Pgp, @)
By using an argument similar to that in the proof of [9, Theorem 4.3(1)], we get that GP xx(£) is closed
under &-extensions and hokernels of &€-proper epimorphisms. Thus GPyx(€) is quasi-resolving. O

Lemma 5.4. Let X be a quasi-resolving subcategory of T satisfying X N X C GPxx(&). Then X N +X
is a éxt-injective é-cogenerator for GP xx(€) and is closed under hokernels of é&-proper epimorphisms.

Proof. Let M € GP xx(€). Then there exists a Homgs(—, X)-exact triangle

M—X'—K'—3SM (5.1)
in £ with X° € X N+ X C GPxx(&). There exists a Homy(—, X)-exact triangle

K| — P, — X" —3K; (5.2)

in & with P € Px, so K| € GP xx(€) by Remark 5.2.
Applying base change to the triangle

SIK'—M—X'—=K!
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along the morphism P, — X" yields the following commutative diagram:

0 K —~K ——=0
y-K! U A K!
I l I
>-IR! M X0 K!
0 SK| —= 3K — 0.

Notice that the triangles (5.1) and (5.2) are in &, so we have that the second vertical triangle in the
above diagram and the triangle

U—P,—K'—3U (5.3)

are in £ by Lemma 2.11(1)(a). Then U € GPxx(€) since GPxx(€) are closed &-extensions. So there
exists a Homg(—, X)-exact &-exact complex

o> P,— P, —U—0

with P} € Px (i = 1).
For any XelX, applying the functor Homq-(— ,X) to the triangle (5.1) yields the following commuta-
tive diagram:

0 — Homs(K', X) — Homs(X°, X) — Homg (M, X) 0

| | )

0 — ExtA(K", X) — £xt2(X°, X) — £xt2(M, X) — £xt}(K', X) — £xt}(X°, X)(= 0),

R

where the two 1s0m0r1ﬂ3vhlsms follow from the assumption that X°, M € GP (&) and Remark 5.2(2). It
follows that £xry(K', X) = 0 and gxto(K‘ X) = Homs(K', X). Then the triangle (5.3) is Homs(—, X)-
exact. So the followmg &-exact complex

—P,— P —P,— X' —X*—
is a complete P xX-resolution and
U—P)—K'—32U and K' — X' — K> —~3ZM

are corresponding triangles in &, so K!' € GPxx(&). Then X N 1X is a &-cogenerator of GP xx(&).
Obviously, X N+ X is a éxt-injective &-cogenerator for GP xx(£).
It is easy to check that X N *+X is closed under hokernels of &-proper epimorphisms. m|

By Theorems 4.12 and 5.3, and Lemma 5.4, we have the following result. It generalizes [10,
Proposition 5.5].
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Proposition 5.5. Let X be a quasi-resolving subcategory of T satisfying X N *X C GPxx(€) and
M e T. If M € GPxx(£), then the following statements are equivalent for any m > 0.

(1) GPxx(&)-res.dim M < m.
(2) Q;’,WXX(@(M) € GPxx(€) for any n > m.

(3) QEPXX@(M) € GPxx(€) for any n > m.

(4) There exists a triangle
M—W-—X—3IM

inéwith X N+ X-res.dimW < mand X € GP xx(&).
(5) There exists a é-exact complex

0—H,—Hy ——H —X—M—0

withall H; € X N*X and X € GP xx(&).
(6) For any 0 < i < m, there exists a &-exact complex

O_>Hm_>Hm—1_>"'_>Hi+1éXéPi—l_>"'_>Pl_>P0_>M_>O

withall Hi € XN *X, all P, € Pgp, &), and X € GP xx(&).
(7) Exti(M, H) = 0 foranyn>mand H € X N+ X,
(8) &xtz(M,L) =0 foranyn > mand L € XNIX.
(9) M admits a right GP xx(&)-approximation ¢ : X — M, where ¢ is &-proper epic, such that
X N+X-res.dimHokerp <m — 1.
(10) There exist two triangles
K—X—M—3%K

and
M—W-—=X —3IM

in & such that X, X' € GPxx(&), X N *X-resdimK < m — 1, and X N *X-res.dimW =
GPxx(&)-res.dim W < m.
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