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Abstract: Operator learning has become a powerful tool for accelerating the solution of parameterized
partial differential equations (PDEs), enabling rapid prediction of full spatiotemporal fields for new
initial conditions or forcing functions. Existing architectures such as the deep operator network
(DeepONet) and the Fourier neural operator (FNO) show strong empirical performance, but often
require large training datasets, lack explicit physical structure, and may suffer from instability
in their trunk-network features, where mode imbalance or collapse can hinder accurate operator
approximation. Motivated by the stability and locality of classical partition-of-unity (PoU) methods,
we investigate PoU-based regularization techniques for operator learning and develop a revised
formulation of the existing POU-PI-DeepONet framework. The resulting physics-informed partition
penalty deep operator network (PIP? Net) introduces a simplified and more principled partition penalty
that improves the coordinated trunk outputs, which leads to more expressiveness without sacrificing the
flexibility of DeepONet. We evaluate PIP? Net on three nonlinear PDEs: the viscous Burgers equation,
the Allen—Cahn equation, and a diffusion-reaction system. The results show that it consistently
outperforms DeepONet, PI-DeepONet, and POU-DeepONet in prediction accuracy and robustness.

Keywords: deep operator networks; physics-informed learning; partition-of-unity; nonlinear PDEs;
spatiotemporal dynamics

1. Introduction

Many problems in engineering and physics are described by parameterized partial differential
equations (PDEs) [1-3]. In such problems, we often need to solve the same PDE many times, for
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different initial conditions, boundary conditions, source terms, or physical parameters [4,5]. Standard
numerical methods, such as finite difference, finite element, or spectral schemes, can be very accurate
for a single solution, but they quickly become too expensive in multi-query settings like uncertainty
quantification, inverse problems, design optimization, and real-time control [6—8]. The demand for
such computational efficiency becomes especially clear in complex systems in engineering. For
example, in autonomous maritime operations, real-time adaptive collision avoidance for unmanned
surface vehicles (USVs) in perception-limited environments demands rapid simulation of guidance
laws and surrounding traffic dynamics [9-11]. Similarly, in climate science, real-time forecasting and
data assimilation under sparse and noisy observations require fast surrogate simulations of coupled
multi-models to support timely risk assessment and decision-making [12—-14]. This motivates the use
of operator learning [15, 16], a framework that learns nonlinear mappings between
infinite-dimensional function spaces, which further allows input data such as initial conditions to be
mapped directly to the full PDE solution. Operator learning has therefore become a powerful tool for
accelerating PDE-related simulations. Instead of predicting a single output for fixed inputs, operator
learning approximate the solution operator itself with the mapping of an given function,e.g., an initial
condition or forcing function to the corresponding spatiotemporal field of the governing
equations [17, 18].

Operator learning can be broadly categorized into two different architectures: deep operator
network (DeepONet) and Fourier neural operator. Both tends to learn solution operators between
infinite-dimensional function spaces, but they differ in how the mapping is represented and evaluated.
The deep operator network (DeepONet), introduced by Lu et al. [16] and supported by the universal
operator approximation theorem of Chen and Chen [19], learns operators by splitting the
representation into two components: a branch network that takes the input function, and a trunk
network that includes spatial-temporal coordinates. The branch network outputs a set of coeflicients
derived from the input function, while the trunk network evaluates features at the desired coordinates.
The final prediction is obtained by combining these two outputs. In this way, DeepONet can infer the
entire solution field for new inputs that captures nonlinear operator mappings without requiring
explicit spatial discretization of the underlying PDE. On the other hand, the Fourier neural operator
(FNO) adopts a spectral approach [15]. Rather than working in physical space, FNO learns the
operator by applying trainable convolution kernels in Fourier space that enables efficient
representation of global interactions across the domain. By working in the frequency domain, FNO
can efficiently capture broad spatial influence and still scale well as resolution increases, since updates
are performed with fast Fourier transforms instead of pointwise operations. Purely data-driven
operator networks, however, often require large quantities of high-fidelity training data and may
generalize poorly outside the distribution they are trained on. A natural strategy to reduce this data
burden is to incorporate physics information into the learning process. Physics-informed neural
networks (PINNs) [20] introduce this idea by adding the governing PDE residual, along with initial
and boundary conditions directly into the loss function through automatic differentiation. Building on
this formulation, the physics-informed deep operator network (PI-DeepONet) [21] extends physics
regularization to operator learning by adding the standard DeepONet data loss with physics residual
terms. This physics-informed mechanism potentially improves data efficiency and robustness, and has
motivated a growing number of research on physics-informed neural operator networks. Recent
research has pushed PI-DeepONet forward in several important ways. Adaptive loss balancing
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approaches have been introduced to mitigate competition between data and physics residuals and
improve training stability [22—-24]. Multiscale and domain-decomposed extensions [25-28] have also
been shown to improve performance in problems with sharp gradients, heterogeneous media, or
stiff dynamics.

A key difficulty underlying these challenges lies in how the operator is represented;specifically, in
the features generated by the trunk network. In DeepONet, the trunk outputs act as
coordinate-dependent modes that combine with branch coefficients to form the predicted solution
field. When no structural guidance is imposed, these modes may become unbalanced: certain
components grow disproportionately while others collapse toward zero. This imbalance can degrade
conditioning, increase sensitivity to hyperparameters, and reduce interpretability of the learned
operator. In contrast, classical numerical methods often maintain stability through structured local
representations. Among them, the partition-of-unity (PoU) framework is especially notable: PoU
basis constructions have long been used in meshfree and radial-basis-function (RBF)
approximations [29-34] to assemble globally smooth solutions from balanced local components.
Motivated by these advantages, PoU concepts have recently begun to appear in learning-based models
as well, including probabilistic regression [35] and PoU-augmented DeepONets [36]. These
developments show that the trunk network’s representation is not just a side effect of training, it in fact
directly affects how well the operator is learned.

Building on these developments, in this work, we propose a more general way to bring PoU
structure into physics-informed operator learning. In particular, we propose the physics-informed
partition penalty deep operator network (PIP? Net). PIP? Net retains the branch—trunk architecture of
DeepONet and the physics-based loss used in PI-DeepONet, and introduces a partition penalty (P?)
applied to the trunk outputs. This penalty encourages the trunk outputs to satisfy a global
normalization condition, either on their values or on their magnitudes. Intuitively, this makes the
collection of trunk outputs behave more like a coordinated family of basis functions, similar in spirit
to PoU used in classic numerical methods. This allows us to separate the effects of physics-based
losses and partition-based regularization, and to see how they interact in the full PIP?> Net. We then
study these models on three representative nonlinear PDEs: the viscous Burgers equation, the
Allen—Cahn equation, and a diffusion-reaction system.

The rest of the paper is organized as follows. In Section 2, we first review DeepONet and
PI-DeepONet and then introduce the partition penalty and the resulting PIP?> Net architecture. We
then show numerical results for the Burgers, Allen—Cahn, and diffusion-reaction equations,
comparing DeepONet, PI-DeepONet, POU-DeepONet, and PIP? Net in Section 3. Finally, in
Section 4, we summarize the findings and discuss possible extensions in the future work.

2. Physics-informed partition penalty deep operator network (PIP?> Net)

2.1. Physics-informed deep operator network (PI-DeepONet)

Lu et al. [16] proposed the general deep operator network (DeepONet) that relies on the universal
operator approximation theorem [19] that describes the learnability of nonlinear operator mappings
between infinite-dimensional function spaces. To illustrate the DeepONet framework for a general
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partial differential equation (PDE), consider a PDE of the form
F (u(x, 1);k) = 0, (x,1) € Qx[0,T], (2.1)

where ¥ denotes a (possibly nonlinear) differential operator, and « represents the input information
associated with the problem such as initial or boundary data, forcing terms, or physical parameters.
DeepONet aims to learn the corresponding solution operator

G(k) = u(:; ), (2.2)

which maps the input « to the full solution field u. A DeepONet can be interpreted as a class of neural
network models to approximate G. In particular, we choose the notation Gy to represent the DeepONet
approximation of G,

G ~ Gy, (2.3)

where 6 is the set of trainable network parameters. Then, a DeepONet usually consists of two
subnetworks [16,37]: the branch net and the trunch net, where the estimator at X € M is obtained as
the inner product of their outputs:

14
Go(k(E)(x) = Z bri(k(&1), k(&2), . . ., K(Ep)) tri(X) + bry, (2.4)
k=1
where bry € R is a bias, {br, br,, ..., br,} are the p outputs of the branch net, and {tr|, tr,, ..., tr,} are

the p outputs of the trunk net. More specifically, the branch network represents « in a discrete format
is given by

K(B) = {k(&1), k(£2), - - ., k(Em)}, (2.5)

where «(Z) is a vector which consists the evaluation of input functions at different sensors
2 ={4,&,...,&,). The trunk network may take as input a spatial location x € M [16,21,37] which
yields the following:

tr(x) = (try(x),...,tr,(x)) € R?, (2.6)

where x denotes the spatial-temporal coordinate. Our goal is to predict the solution corresponding to
a given k, which is also evaluated at the same input location x € M. The representation of « through
pointwise evaluations at arbitrary sensor locations provides additional flexibility, both during training
and in prediction, particularly when « is available only through its values at these sensor points.

Given the training data with labels in the two sets of inputs and outputs,

input: (.2, M)ici,) (2.7)

k
output: (x5 K s N ket N (2.8)

.....

We minimize a loss function that measures the discrepancy between the true solution operator G(k¥)
and its DeepONet approximation Gy(x¥):

Naaa N

3 S Gak@NED) - G| (2.9)

k=1 i=1

Zdata(g) =

N, dataN
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where X% = {x (k), e 5\],‘)} denotes the set of N evaluation points in the domain of G(x®). In practice,

however, the analytical solution of the PDE is not available. Instead, we rely on numerical simulation
obtained from high fidelity numerical solvers, which can be denoted as:

(057 N ket (2.10)

Then, the practical training tends to minimize the loss function

N, dala

@Wuﬂ%(®®> 2.11)

Nda‘aN k=1 i= 1

The physics-informed deep operator network (PI-DeepONet) [21] integrates the idea of physics-
informed neural networks (PINN) [20] with the DeepONet framework. The PI-DeepONet introduces
the additional PDE residual loss function and boundary condition loss function. Consequently, the loss
function for PI-DeepONet is defined as

~£(6) = Wdata~£data(0) + thysics£physics(9) + Wbc~£bc(9)» (212)

where Lnysics(#) enforces the PDE residual, Ly,.(6) enforces the boundary conditions, and Ly, (6)
accounts for available observational data, which also includes the initial condition. The weights
Waata> Wphysics and wy are tunable hyperparameters that balance the contributions of the individual loss
terms. The boundary-condition loss yields the following:

1 N P )
&ﬁ)—Zwaw&)@Wmﬁ\

NP & =
1 G . _
ﬁ 121: JZ: 8,Go(u)(0, l,(,lc) p—0 Go(u)(1, té’z ]) , (2.13)
which enforces periodicity and consistency of spatial derivatives, while the PDE residual term
1 & &
Lonysies(0) = 5 Z Z \‘r’ (Gouy; x, 1 (2.14)

i=1 j=1

guarantees that the predicted solution satisfies the PDEs (2.1) at a set of residual points.

2.2. The partition penalty (P?) in trunk net

The partition of unity (PoU) framework has a long and influential history in scientific
computing [29-34], where it provides a principled mechanism for blending local approximations into
globally smooth representations. Its flexibility, numerical stability, and compatibility with meshfree
discretizations have also motivated a growing number of applications in scientific machine learning.
Notably, [35] adopts PoU ideas for probabilistic regression, while [36] incorporates PoU
constructions within the deep operator network (DeepONet) architecture to enhance expressivity and
local adaptability.
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Motivated by these developments, we introduce the partition penalty (P?), a mechanism that extends
the PoU philosophy to physics informed operator learning framework by explicitly regularizing the
trunk network. Conceptually, P? encourages the trunk outputs to behave like a coordinated collection
of basis functions, analogous to PoU weight functions. Practically, this is achieved by augmenting the
loss function (2.12) with an additional penalty term applied to the trunk network (2.6). The goal is
to promote a global structure among the trunk outputs that supports stable and interpretable operator
approximation. Formally, the partition penalty enforces a normalization constraint of the form

)4
D wi(x) = e(0), (2.15)
=1

where the normalization factor c(6) may be prescribed a priori or depend on trainable parameters 6. A
widely used and practically effective choice is the unit normalization

c®) =1, (2.16)

which forces the collection {trj}f=1 to collectively form a partition over the evaluation domain. In
situations where sign changes in the trunk outputs are desirable, for example, when representing
mixed-mode or oscillatory structures, a natural surrogate of the penalty enforces normalization on
their magnitudes yields the following:

)4
> i = e, 2.17)
=1

where || - || denotes the norm of interest. This preserves the essential balance of the normalization while
allowing each trunk component to take positive or negative values.

The introduction of P? introduces several important advantages. First, by enforcing a global
normalization, it mitigates pathological behaviors in which a subset of trunk outputs dominates while
others collapse toward zero; such imbalance is a known issue in operator networks, especially for
operators with multiscale or spatially heterogeneous structure. Second, a near-partition constraint
improves the conditioning of the operator map by ensuring that all trunk outputs contribute
meaningfully and comparably during training. Finally, the P? mechanism encourages the trunk
network to generate basis-like functions whose collective behavior resembles classical PoU systems.

2.3. The Physics-informed partition-penalty deep operator network (PIP? Net)

Building on the PI-DeepONet framework and the partition-penalty (P?) regularization of the trunk
network, we propose the physics-informed partition-penalty deep operator network (PIP?> Net). This
architecture combines a physics-informed operator learning framework with PoU inspired by structural
regularization. Figure 1 illustrates the PIP? Net framework. In general, the PIP? Net retains the standard
DeepONet representation

p
Go(KEN(X) = ) bri(k(2)) tri(x) + br, (2.18)
k=1

where the branch network encodes the input function « and the trunk network provides a set of
basis-like outputs {rr(x)};_,. The physics-informed component imposes the PDE residual, boundary
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conditions, and available data through the loss (2.12), ensuring that the predicted operator adheres to
the governing equation (2.1).

Branch Net

Ov79%50 Lonysics
. R
Kok :

\ Laata
07970
O XX
O o @)

+ Total loss £
Trunk Net

Lie
+
L;mu

Sz

=

Lpz =%, lItrjll — <(6)

Figure 1. Illustration of PIP? Net.

To further improve the stability and representational structure of the trunk outputs, PIP? incorporates
the partition penalty (P?) introduced in the previous subsection. Specifically, at each spatial-temporal
coordinate x, the trunk outputs are constrained by the P? loss:

p
Lp = ) llryll = (), (2.19)

J=1

p denotes the output dimension of the trunk network, each tr,(x) represents the kth trunk component at
x, which is paired with the corresponding branch coefficient in the operator representation.

With ¢(0) either a prescribed constant or a learnable parameter. This penalty loss includes the PoU-
like structure among the trunk outputs, preventing mode collapse and reducing ill-conditioning in the
learned operator representation. Then, the combined loss function for PIP? Net therefore takes the form

-£PIP2 (9) = Wdata-Edata(H) + thysics‘gphysics(e) + Wbc-Ebc(g) + APZ-EPZ(H)’ (220)

where Wqata, Wphysics and wy, are pre-determined or adaptive coeflicients, and Ap2 is the regularization
coefficient. By integrating physics-informed losses with partition-based trunk regularization, the PIP?
Net provides a consistent operator-learning framework that enforces the governing PDE and boundary
conditions with specific stabilization of the trunk representation.

3. Numerical tests
To evaluate the proposed PIP? Net, we test a series of numerical examples for three representative
nonlinear PDEs: the Burgers equation, the Allen—Cahn equation, and a diffusion—reaction equation.

As summarized in Table 1, our comparisons include four different operator learning frameworks:
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DeepONet, PI-DeepONet, POU-DeepONet, and the proposed PIP? Net. In all test problems, we
provide quantitative comparisons of different models using the standard relative L? error between the
predicted solution % and the benchmark solution u:

T 1/2
( f f lu(x, 1) — ulx, t)|2dxdt)
0 Q

Ep = , 3.1

T 1/2
( f f u(x, t)lzdxdt)
0 Q

where () denotes the spatial domain and [0, 7'] is the time interval over which the solution is evaluated.

Table 1. Summary of models used in numerical tests.

Acronym Full Name Physics-informed Partition Normlization

DeepONet Deep Operator Network N/A N/A N/A

PI-DeepONet Physics-informed Deep Operator  Yes N/A N/A
Network

POU-DeepONet Partition Of Unity Deep Operator N/A Yes N/A
Network

PIP? Net Physics-informed Partition  Yes Yes Yes

Penalty Deep Operator Network

3.1. One-dimensional Burgers’ equation

We first consider the one-dimensional viscous Burgers’ equation, which is a standard model for
nonlinear advection and shock dynamics [15,37-39]. Let u(x, ) denote the velocity field that evolves
from an initial profile u(x) with viscosity v. The dynamics are governed by the following PDE with
initial condition (IC) and periodic boundary conditions (BCs):

Operator learning seeks to approximate the solution operator that maps an initial condition u, to the
corresponding solution u(x, ¢) of (3.3). In the numerical experiments, we fix the viscosity parameter to
v = 0.01. Following [15,37], the initial fields uy(x) are sampled from a Gaussian random field (GRF)
with zero mean and a Matérn-type covariance operator,

Uy ~ N(o, o (A + 721)-7), (3.2)

which provides a rich family of spatially correlated and potentially rough initial profiles for training
and testing the operator-learning model.

Training and testing data For each initial function u”(x), collocation points are sampled as

follows. At the spgtial grid points xf?j = Xx;, we randomly sample temporal po'ints' to form the
boundary sets {(0, tfé)/.)}le and {(l,tgé)j)}le, as well as the interior residual set {(xf’}, tﬁ’})}jg:l, where

P = 100 and Q = 2500. A total of 1000 initial functions are randomly generated from a Gaussian
random field N(0, 5*(-=A + 521)~*). For each realization, training and testing data are obtained by
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numerically solving the governing equation with periodic boundary conditions and initial condition
s(x,0) = u(x) for x € [0, 1]. The numerical solutions are computed using the Chebfun package [40] in
MartLa, which employs a Fourier spectral discretization in space together with a fourth-order
exponential time-differencing scheme for temporal integration. The Adam optimizer is used to
minimize the loss function during training. From the 1000 generated initial functions, 200 are
selected for training.

Neural network architectures Both the branch and trunk networks are implemented as seven-layer
fully connected neural networks, with 100 neurons in each hidden layer and the hyperbolic tangent
(tanh) activation function. The branch network takes the discretized initial condition as input, while
the trunk network takes the spatial coordinates as input.

Neural network parameters We perform a grid search over wy., € {1, 5,10, 20,50, 100} and 4> €
{0.25,0.5,0.75, 1} by minimizing the loss function. The optimal values are found to be wy,,, = 20 and
4,2 = 0.5. Following the settings in [21], the weights for the physics loss and boundary-condition loss
are set to Wphysics = 1 and wy,e = 1, respectively. The batch size for both training and testing is set to 10,
and a fixed random seed is used for data generation and model initialization to ensure reproducibility.
The same loss weights and coefficients are used for all test cases to keep consistency. The model is
trained using a learning rate of 10~ for 10,000 iterations.

Table 2. Comparison of the relative L? error &> for different operator-learning models for
the one-dimensional Burgers’ equation.

Model DeepONet POU-DeepONet PI-DeepONet PIP? Net
Ep2 2.44x1071  2.05x107! 1.01x107! 9.94x1072

Exact s(x, t)

0.010

r 0.005

F 0.000

—0.005

—0.010

1.0
x

Figure 2. Benchmark solution of Burgers’ equation with one initial condition.
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Figure 2 presents the benchmark solution of Burgers’ equation with one initial condition. Table 2
compares the relative L? error &, of different operator-learning models for the one-dimensional
Burgers’ equation. The baseline DeepONet shows the largest error, indicating limited capability in
accurately capturing nonlinear spatiotemporal dynamics using data alone. Introducing a
partition-of-unity structure in POU-DeepONet yields a moderate reduction in error, suggesting that
localized representations improve approximation quality but remain insufficient without additional
physical guidance. Enforcing physics constraints through PI-DeepONet leads to a substantial
improvement, reducing the relative error by approximately a factor of two compared to
POU-DeepONet. The proposed PIP?> Net achieves the smallest L? error among all models which
shows that the combination of physics-informed learning and partition-penalty regularization further
improves the results.

Table 3 reports pointwise absolute errors at selected spatial locations at the final time r = 1 that
provides a localized comparison of model performance. Consistent with Table 2, DeepONet exhibits
increasing errors toward the right boundary due to accumulated inaccuracies in nonlinear transport
regions. POU-DeepONet reduces pointwise errors over the domain and physics-informed models
further improve accuracy, with PI-DeepONet achieving uniformly lower errors at all locations. The
proposed PIP? Net attains the smallest average error and maintains low pointwise errors, particularly
near x = 1.

Table 3. Pointwise absolute errors at selected spatial locations x at time ¢ = 1 for different
operator-learning models on the one-dimensional Burgers’ equation.

Model x=0.2 x=04 x=0.6 x=0.8 x=1 Avg. Error
DeepONet 247x 1073 510x 1073 7.61x107 993x107° 121x102% 7.40x 1073
POU-DeepONet 1.58 x 107 1.92x 107 2.02x 1072 1.92x 103 1.66x 1073 2.01x 1073
PI-DeepONet 1.00x 107* 4.19%x10™* 524x10™* 6.81x10* 9.65x10™* 574 x 107
PIP? Net 1.86x 107 3.65x10™* 5.83x10™* 7.67x10™* 849x10™* 5.56x107*

Oou ou % u

N +u - (x,t) € [-m,n] X [0,T], (3.3a)

IC: u(x,0) = up(x), x € [-n, 7], (3.3b)
BCs: u(-m,t) = u(m, 1), (3.3¢)
%(—n, 1) = %(n, 1), te[0,T]. (3.3d)

As illustrated in Figure 3, all models capture the solution reasonably well at early time, while
discrepancies become larger at later times. Among all models, DeepONet exhibits noticeable phase
shifts and amplitude errors, particularly near regions of steep gradients. POU-DeepONet improves
local accuracy, but still shows visible deviations near the right boundary. Physics-informed models
achieve closer agreement with the benchmark across all time instants, with PI-DeepONet reducing
phase and amplitude errors. The proposed PIP? Net most accurately reproduces the benchmark solution
at all three time instances that are consistent with Tables 2 and 3.
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Figure 3. Comparison of the benchmark and model solutions in Table 1 for Burgers’ equation
at three different time instants: (left) r = 0.05, (middle) ¢ = 0.75, and (right) ¢ = 1.0.

uatx=0.10 uat x=0.45 uat x=0.60

u(x—0.10,7)
u(x—0.45,1)

0014 0010

Figure 4. Comparison of the benchmark and model solutions in Table 1 for Burgers’ equation
at three different locations: x = 0.1 (left), x = 0.45 (middle), and x = 0.60 (right).

Consistent with the temporal slices in Figure 3, Figure 4 shows that discrepancies among models
become more remarkable at locations with step gradient, i.e., x = 0.45 and 0.6. While all models
perform similarly at x = 0.1, DeepONet shows larger temporal error at x = 0.45 and x = 0.60, and
POU-DeepONet shows moderate improvement. Physics-informed models maintain closer agreement
with the benchmark across all locations, with PIP? Net most accurately matching the reference solution,
consistent with Tables 2 and 3.

Figure 5 compares the predicted spatiotemporal fields and corresponding absolute error. DeepONet
and POU-DeepONet show noticeable larger spatiotemporal errors particularly near regions with strong
gradients. Physics-informed models substantially reduce these errors. Between the two, the proposed
PIP? Net most accurately captures the spatiotemporal evolution and yields the smallest error level that
is consistent with Figures 3 and 4 and Tables 2 and 3.

All models were trained for the same number of epochs on the same computing device. In
particular, DeepONet and POU-DeepONet require an average 60 s and 80 s per epoch, respectively.
Due to the evaluation of PDE residuals, PI-DeepONet takes about 54 min per epoch, and the PIP?
takes approximately 60 min.
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DeepONet POU-DeepONet PI-DeepONet PIP® Net

1.0 1.0 1.0 1.0
0.015

0.8 0.8 0.8 0.8 0.010
0.005

0.6 0.6 0.6 0.6

- - - - 0.000

0.4 0.4 0.4 0.4 —0.005

0.2 0.2 0.2 0.2 oo
—0.015

0.0 0.0 0.0

0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0 0.5 1.0
X X X X

(a) Comparison of model solutions in Table 1 for the spatiotemporal field of Burgers’ equation.

PIP® Net

DeepONet

POU-DeepONet

PI-DeepONet

0.0025

0.8 0.0020

0.6 0.0015

0.44 0.0010

0.2 0.0005

0.0000

0.0 0.5 10 o 05 0.5 1.0
X X X X

(b) Comparison of the model solutions in Table 1 for the absolute error of Burgers’ equation.

Figure 5. Predicted spatiotemporal fields and absolute errors for Burgers’ equation obtained
from the models summarized in Table 1.

3.2. One-dimensional Allen-Cahn equation

Next,we consider the one-dimensional Allen—Cahn equation, a prototypical model for phase
separation and interface dynamics in materials science. Let u(x, ) denote the order parameter, i.e., the
local phase state, with prescribed initial condition u,(x), governed by the following PDE subject to
Dirichlet boundary conditions (BCs):

% = % ~ %,f’(u) (x,1) € [-m, ] X [0, 1], (3.4a)
IC: u(x,0) = up(x), x €|-m n], (3.4b)
BC: u(-m,t) = u(r,t) =0, t€[0,1]. (3.4c)
Here, c is a model parameter and the nonlinear function f(u) is given by the double-well potential
flu) = @. (3.5)

The Allen—Cahn equation models the evolution of an order parameter during phase transitions by
minimizing a free-energy functional composed of gradient and bulk energy terms. Similar to the
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one-dimensional Burgers equation in Section 3.1, operator learning seeks to approximate the solution
operator that maps an initial condition u, (and, when applicable, the parameter c) to the corresponding
spatiotemporal solution u(x, t) of (3.4). The benchmark solution of the Allen—Cahn equation is shown
in Figure 6.

Benchmark

1.0
0.75
0.8
0.50
0.25
0.6
- 0.00
0.4
-0.25
-0.50
0.2
-0.75
0.0
0.0 0.2 0.4 0.6 0.8 1.0
X

Figure 6. Benchmark solution of Allen-Cahn equation with one initial condition.

Traning and testing data The training and testing datasets are generated by numerically solving the
Allen—Cahn equation. The initial condition is prescribed as uy(x) = 0.2 sin(x), with the parameter €2
randomly sampled from [0.1, 0.5]. The spatial domain is discretized using 100 uniform grid points,
and the temporal interval is resolved with 1000 time steps. An energy-decreasing numerical scheme
is employed to obtain the reference solutions. In total, 1000 samples are generated, of which 200 are
randomly selected for training.

Neural network architectures Similar to the Burgers’ equation test case in Section 3.1, both the
branch and trunk networks employ seven-layer fully connected architectures with 100 hidden units
per layer and hyperbolic tangent (tanh) activations. The branch network takes the discretized initial
condition as input, while the trunk network uses the spatial coordinates as input.

Neural network parameters A grid search over wgy, € {1,5,10,20,50,100} and
wy € {0.25,0.5,0.75,1} is performed by minimizing the loss function, which yields the optimal
values wyy, = 20 and w2 = 0.5. The batch size for both training and testing is set to 10, and a fixed
random seed is used for model initialization to ensure reproducibility. To make a fair comparison, we
choose the same weights for each loss function for all different models. The model is trained using a
learning rate of 1073 for 20,000 iterations.
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Table 4. Comparison of the relative L? error ;> for different operator-learning models for
the one-dimensional Allen—Cahn equation.

Model DeepONet POU-DeepONet PI-DeepONet PIP? Net
Ep 8.10x 1072 7.75x 1072 2.54 x 1072 1.48 x 1072

Table 4 compares the relative L? error &, of different operator-learning models for the
one-dimensional Allen—Cahn equation. Similar to the Burgers’ equation results in Table 2, the
baseline DeepONet exhibits the largest error that shows the limitations of purely data-driven operator
learning for nonlinear phase-field dynamics. Introducing a partition-of-unity structure in
POU-DeepONet yields a modest improvement, while enforcing physics constraints through
PI-DeepONet leads to a substantial reduction in error. The proposed PIP?> Net achieves the smallest L?
error among all models that also indicates the combined effect of physics-informed learning and
partition-penalty regularization further improves the accuracy. Compared to the Burgers’ equation,
the relative improvement of PIP? Net over PI-DeepONet is more remarkable, which is due to the fact
that the Allen—Cahn dynamics are more sensitive to interface resolution.

Table 5. Pointwise absolute errors at selected spatial locations x at time ¢ = 0.9 for different
operator-learning models on the one-dimensional Allen—Cahn equation.

Model x=0 x=02 x=04 x=0.6 x=0.8 x=1 Avg. Error

DeepONet 589x1073 739x 102 132x107 124x10" 1.17x 107" 1.06x 107" 1.11 x 10~!
POU-DeepONet 1.19x 1072 523x 102 7.93x 102 9.04x 102 1.01x107" 1.17x 107" 9.04 x 1072
PI-DeecpONet 694 x 107 1.07x 102 7.66x 103 199x 102 220x 102 2.56x 102 1.85x 1072
PIP? Net 3.68x 107 831x 107 5.03x 107 635x 1073 642x 1073 6.09x 103 7.17 x 1073

Table 5 shows pointwise absolute errors at selected spatial locations at time ¢t = 0.9, which provides
a localized comparison of model performance. Consistent with the Burgers’ equation results in Table 3,
DeepONet still shows large pointwise errors, for most spatial locations, particularly away from the
boundaries. POU-DeepONet reduces these errors but remains less accurate near regions associated
with interface motion. Physics-informed models significantly improve pointwise accuracy, with PI-
DeepONet achieving uniformly lower errors across the domain. The proposed PIP? Net attains the
smallest average error, and maintains consistently low pointwise errors at all spatial locations.

As illustrated in Figure 7, all models capture the qualitative solution behavior at early time, while
discrepancies become more remarkable as the phase separation dynamics evolve. Similar to the
temporal results observed for the Burgers’ equation in Figure 3, DeepONet exhibits strong phase lag
and amplitude errors at later times. POU-DeepONet improves local accuracy, but still deviates from
the benchmark solution. Physics-informed models achieve closer agreement across all time instants,
with PI-DeepONet reducing temporal errors. The proposed PIP? Net most accurately reproduces the
benchmark solution at all three time instances, consistent with the error trends reported in Tables 4
and 5.
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Figure 7. Comparison of the benchmark and model solutions in Table 1 for the Allen-cahn
equation at three different time instants: (left) # = 0.05, (middle) ¢ = 0.75, and (right) t = 1.0.
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Figure 8. Comparison of the benchmark and model solutions in Table 1 for the Allen-cahn
equation at three different locations: x = 0.1 (left), x = 0.35 (middle), and x = 0.60 (right).

Consistent with the temporal behavior, Figure 8 shows that discrepancies among models become
more evident at spatial locations influenced by interfacial dynamics. While all models perform
comparably at x = 0.1, larger deviations are observed at x = 0.35 and x = 0.60. Similar to the
Burgers’ equation case, DeepONet exhibits the largest temporal errors, and POU-DeepONet provides
moderate improvement. Physics-informed models maintain closer agreement with the benchmark
across all locations, with PIP?> Net most accurately matching the reference solution, consistent with
the pointwise error statistics in Table 5.

Figure 9 compares the predicted spatiotemporal fields and corresponding absolute errors for the
Allen—Cahn equation. Similar to the spatiotemporal results for the Burgers’ equation in Figure 5,
DeepONet and POU-DeepONet exhibit larger spatiotemporal errors, particularly near regions with
sharp gradients. Physics-informed models substantially suppress these errors, with PI-DeepONet
improving spatiotemporal coherence. Among all methods, the proposed PIP? Net most accurately
captures the spatiotemporal evolution and yields the smallest error levels.

Remark 3.1. All experiments were performed on a CPU. For the same number of epochs, DeepONet
and POU-DeepONet require about 3 min 50 s and 4 min 20 s per epoch, respectively, while
PI-DeepONet takes approximately 50 min per epoch and PIP? Net takes approximately 52 min.
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(b) Comparison of the model solutions in Table 1 for the absolute error of Allen-cahn equation.

Figure 9. Predicted spatiotemporal fields and absolute errors for Allen-cahn equation
obtained from the models summarized in Table 1.

3.3. One-dimensional diffusion-reaction equation

We finally consider the one-dimensional diffusion—reaction equation, a canonical model for coupled
material diffusion and chemical reaction processes [41]. Let s(x, f) denote the concentration field with
initial condition sy(x), evolving under diffusion with coefficient D, a quadratic reaction term with rate
k, and an external source term u(x). The dynamics are governed by the following PDE subject to
Dirichlet boundary conditions (BCs):

ds s 5

5 D et ks™ + u(x), (x,1) € [0,1] x [0, 1], (3.6a)
IC: s(x,0) = so(x), x€[0,1], (3.6b)
BC: s(0,1) = s(1,0) =0, te[0,1]. (3.6¢)

In this example, homogeneous initial and boundary conditions are imposed, with sy(x) = 0 and
s(0,1) = s(1,7) = 0. The diffusion coefficient and reaction rate are fixed at D = 0.01 and £ = 0.01,
respectively. The operator learning model aims to approximate the solution operator that maps a given
source term u(x) to the corresponding concentration field s(x, 7) satisfying (3.6). Following [21], the
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source terms u(x) are sampled from a Gaussian random field (GRF) with a radial basis function (RBF)

covariance kernel,
K(x1,x) = 0* ex —lzuz (3.7)
1, X2 p 3 i I > .
which provides a set of smooth source functions for training and testing. The benchmark solution is
shown in Figure 10.

Benchmark

0.0

X

Figure 10. Benchmark solution of diffusion-reaction equation with one initial condition.

Training and tesing data Consistent with the setups in Sections 3.1 and 3.2, for each training sample
u', we uniformly sample P points {(x;’;)j, tf{’;)j)}le from the boundary of [0,1] x [0, 1], excluding the
final time ¢ = 1, and Q collocation points {(xiz., tfg.)}JQ:l, where xi’; = x; and {tﬁf;.}jQ:l are uniformly
sampled in [0, 1]. We set P = Q = 100, and generate 500 training input functions u(x) by sampling
from a Gaussian random field (GRF) with length scale [ = 0.2 using a spatial resolution of m = 100
equidistant points. The test set consists of 50 independently sampled input functions from the same
GRF, with reference solutions computed using a second-order implicit finite difference scheme on

a 100 x 100 uniform grid.

Neural network architectures Consistent with the architectures used in Sections 3.1 and 3.2, the
branch network takes the input function u(x) and is implemented as a six-layer fully connected neural
network with 50 hidden units per layer and hyperbolic tangent (tanh) activations. The trunk network
uses the spatial coordinates as input and adopts the same six-layer fully connected architecture with
identical activation functions.

Neural network parameters Following the same hyperparameter tuning strategy as in Sections 3.1
and 3.2, a grid search over w,; € {0.05,0.1,0.15,0.2,0.5, 1} is performed by minimizing the loss
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function, yielding the optimal value w,>» = 0.1. For both training and testing, the batch size is set to
be 1000, and a fixed random seed is chosen for model initialization to ensure reproducibility. To make
a fair comparison, we choose the same weights for each loss functions for all different models. In this
example, we use a learning rate of 1073, and train the model for 10,000 iterations.

Table 6. Comparison of the relative L? error ;> for different operator-learning models for
the one-dimensional diffusion-reaction equation.

Model DeepONet POU-DeepONet PI-DeepONet PIP? Net
Ep 6.65x 1072 5.10 x 1072 4.49 x 1072 1.56 x 1074

Table 6 shows the relative L? error &;» for different operator-learning models applied to the
one-dimensional diffusion-reaction equation. Similar to the Burgers’ and Allen—Cahn cases, the
baseline DeepONet exhibits the largest error that indicates the limited accuracy when learning the
solution operator from data alone. Incorporating a partition-of-unity structure in POU-DeepONet
leads to a noticeable reduction in error. Physics-informed learning further enhances performance, with
PI-DeepONet achieving additional error reduction. Notably, the proposed PIP? Net yields a dramatic
improvement, attaining an L? error several orders of magnitude smaller than the other models.

Table 7. Pointwise absolute errors at selected spatial locations x at time ¢ = 1 for different
operator-learning models on the one-dimensional diffusion—reaction equation.

Model x=0 x=02 x=04 x=0.6 x=0.8 x=1 Avg. Error

DeepONet 1.63x 102 2.61x102 3.59%x 102 449x 107! 535x 107" 6.08x 107" 4.75x 107!
POU-DeepONet  139x 1072 1.11x 107 636x 107 656x 107 6.71x10° 1.10x102 9.13x 1073
PI-DeepONet  1.37x 1072 120x103 123x103 122x102 1.06x 102 743x 107 1.36x 1072
PIP? Net 582x 107 7.53x 1073 519%x 1073 246x 1073 1.78x 1073 498x 103 555x 1073

Table 7 presents pointwise absolute errors at selected spatial locations at the final time ¢t = 1,
providing a localized comparison of model accuracy. DeepONet exhibits large pointwise errors,
particularly toward the right boundary, where the influence of the source term accumulates over time.
POU-DeepONet significantly reduces these errors across most spatial locations, while PI-DeepONet
further improves accuracy by enforcing the governing PDE residual. Consistent with the average L2
error trends in Table 6, the proposed PIP?> Net achieves the smallest average error and maintains
uniformly low pointwise errors throughout the domain. Compared to the Burgers’ and Allen—Cahn
results, the improvement here is especially large, which further indicates the robustness of PIP? Net
for source-driven diffusion processes.

As shown in Figure 11, all models capture the overall solution profile at early time, while
discrepancies become more evident as the diffusion—reaction dynamics evolve. DeepONet exhibits
noticeable amplitude and phase errors, particularly in regions influenced by the source term, which
grow over time. POU-DeepONet improves local accuracy, but still deviates from the benchmark near
regions of strong curvature. Physics-informed models provide closer agreement across all time
instants, with PI-DeepONet reducing both phase and amplitude errors. The proposed PIP?> Net most
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accurately reproduces the benchmark solution at all three time instances, especially in regions
highlighted by the zoomed-in views, consistent with the error trends reported in Tables 6 and 7 and
analogous to the improvements observed for the Burgers’ and Allen—Cahn equation.

satt=0.5 satt=0.75 satt=1

=0.75)

s(x,t

Figure 11. Comparison of the benchmark and model solutions in Table 1 for Diffusion-
Reaction equation at three different time instants: (left) r = 0.50, (middle) + = 0.75, and
(right) r = 1.0.
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Figure 12. Comparison of the benchmark and model solutions in Table 1 for Diffusion-
Reaction equation at three different locations: x = 0.5 (left), x = 0.75 (middle), and x = 0.85
(right).

Figure 12 presents the temporal evolution of the solution at fixed spatial locations. At x = 0.5, all
models closely follow the benchmark solution. Larger discrepancies emerge at x = 0.75 and x = 0.85,
where the influence of the source term and reaction effects becomes more pronounced. DeepONet
displays the largest temporal deviations, while POU-DeepONet provides moderate improvement.
Physics-informed models maintain closer agreement throughout the time interval, with the proposed
PIP? Net most accurately tracking the benchmark solution at all locations. This behavior is consistent
with the pointwise error trends in Table 7, and consistent with the results for the Burgers’ and
Allen—Cahn equations.

Figure 13 illustrates the predicted spatiotemporal fields and corresponding absolute error
distributions for the diffusion-reaction equation. While all models recover the overall solution
structure, DeepONet and POU-DeepONet exhibit substantial spatiotemporal error accumulation,
particularly in regions strongly influenced by the source term. Physics-informed models markedly
reduces these errors. Between the two, the proposed PIP? Net achieves the most accurate
spatiotemporal representation and the lowest error levels. This behavior is consistent with the trends
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observed in Figures 11 and 12 and Tables 6 and 7, and further corroborates the advantages of PIP? Net
observed for the Burgers’ and Allen—Cahn equations.
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(a) Comparison of model solutions in Table 1 for the spatiotemporal field of the diffusion-reaction equation.
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(b) Comparison of the model solutions in Table 1 for the absolute error of the diffusion-reaction equation.

Figure 13. Predicted spatiotemporal fields and absolute errors for the diffusion-reaction
equation obtained from the models summarized in Table 1.

Table 8. Relative error &;> with different partition penalty parameters Ap:.

Ap 0.05 0.10 0.15 0.20 0.50 1.00
& 1.56e-04 3.82e-04 6.13e-04 3.79e-04 2.85e-04 1.86e-04

Table 8 shows the relative L? errors with different partition penalty weights A2 that ranges from 0.05
to 1 for the diffusion—reaction problem. The results show that for different A values, all relative errors
stay at a similar order of 10~ with only small fluctuations, which indicates that the partition penalty
term provides effective regularization.
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Figure 14. PIP? net loss curves for different Ap».
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Figure 15. PIP? net loss curves for different w .

Remark 3.2 (Sensitivity of different loss weights). To assess whether the error reduction achieved by
PIP>-Net in the diffusion-reaction example is sensitive to the choice of loss-weighting
hyperparameters (rather than specific to a single setting), we report additional training loss curves
with different loss-weight configurations, as shown in Figures 14 and 15. Figure 14 shows that the
training loss evolution for different partition penalty strengths .. With different Ap2 in a broad range,
all loss curves exhibit similar convergence behavior and comparable final loss levels. This indicates
that the effectiveness of the partition penalty does not rely on a narrowly tuned value, and that the
optimization process remains stable under moderate changes of Ap2. Figure 15 shows the training loss
trajectories obtained under varying choices of the data-loss weight wg,,. Across all settings, similar to
Figure 14, PIP? Net exhibits comparable convergence behavior and reaches to similar loss levels,
indicating that its empirical performance is largely insensitive to the relative weighting between
physics loss and data loss.
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Table 9. Mean and standard deviation of trunk output £, norms across different models.

Model DeepONet POU-DeepONet PI-DeepONet PIP? Net
Mean £, Norm  5.0014 4.4577 8.3968 4.3893
Std. of £, Norm 2.7086 1.7250 3.8644 1.3429

Remark 3.3. To analyze how the partition penalty affects the operator learning framework, we compare
the £, norms of each individual in trunk net for different models. As shown in Table 9, PIP? Net exhibits
a substantially smaller standard deviation of trunk output norms compared with other models, which
indicates less bias in the learned trunk net. This supports the conclusion that the partition penalty
mechanism can effectively prevent dominant or vanishing modes that further reduces the mode collapse
in the trunk representation.

All experiments were performed on a CPU. For the same number of epochs, DeepONet and POU-
DeepONet require about 4 min 30 s and 5 min 10 s per epoch, respectively. The training time of
PI-DeepONet is approximately 6 min per epoch, while PIP? Net takes about 6 min 15 s.

3.4. Two-dimensional Eikonal equation

We finally consider a two-dimensional Eikonal equation, which is a canonical nonlinear first-order
Hamilton—Jacobi equation and is widely used to model wavefront propagation, optimal control, and
distance functions [21,28]. Let s(x) denote the scalar field defined on a spatial domain Q C R?, where
x = (x,y) represents the two-dimensional spatial coordinates. The Eikonal equation is given by

IVs()ll. = 1, x€Q, (3.8a)
BC: s(x) =0, x € 09), (3.8b)

where Q is an open domain with a piecewise smooth boundary 0Q.
A solution to (3.8) is the signed distance function to the boundary dQ2, which quantifies the shortest
distance from a point x to the boundary. Specifically, the solution can be expressed as

d(x,0Q), xe€Q,
s(x) = 3.9
-d(x,0Q), xeQ°,

where Q¢ denotes the complement of Q.
The distance function d(x, 0Q) is defined as

d(x,0Q) := inf ||x — y||>. (3.10)
yeoQ

From an operator-learning perspective, the Eikonal problem can be viewed as learning a nonlinear
operator that maps the domain geometry (or an implicit boundary representation) to the corresponding
signed distance function s(x). Unlike time-dependent evolution equations such as Burgers’ equation,
the Eikonal equation represents a steady-state nonlinear PDE with strong geometric structure that poses
different challenges compared to other test cases for neural operator models.
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Training and testing data For each input curve I'”, training points are sampled as follows. The
curve I' is represented by a set of fixed sensor locations {(xi.’), y&’))}’}il obtained from a parametric
description of the boundary. At these boundary sensor points, the Dirichlet boundary condition

s(x(.i), yg.i)) = 0 1s enforced. In addition, a set of interior collocation points {(x%, y(ri})}jQ=1 is uniformly

sanjlpled within the computational domain D = [-2,2] X [-2,2] to evaluate the PDE residual of the
Eikonal equation. The residual points are used to enforce the physics constraint ||[Vs(x,y)|l, = 1. A
total of N = 2000 input curves are randomly generated. In the case of parametric circles, each curve
corresponds to a circle with radius 7 sampled from a uniform distribution. From the generated
dataset, 2000 input curves are selected for training, while the remaining 100 curves are reserved

for testing.

Neural network architectures Following the network architectures adopted in Sections 3.1 and 3.2,
the branch network is designed to take the input function u(x) as its input and consists of a six-layer
fully connected neural network, with 50 hidden units per layer and hyperbolic tangent (tanh) activation
functions. The trunk network takes the spatial coordinates as input and is implemented as a seven-layer
fully connected neural network, also with 50 hidden units per layer and the same activation functions.

Neural network parameters Following the same hyperparameter tuning strategy as in Sections 3.1
and 3.2, a grid search over w,, € {0.05,0.1,0.15,0.2,0.5, 1} is performed by minimizing the loss
function, yielding the optimal value w,» = 0.5. The batch size for both training and testing is set
to 10,000, and a fixed random seed is used for data generation and model initialization to ensure
reproducibility. The same loss weights and coefficients are used across all test cases for consistency.
In this example, we use a learning rate of 1073, and train the model for 15,000 iterations.

Table 10 shows the relative L? error &;» for different operator-learning models applied to the two-
dimensional Eikonal equation. Similar to the Burgers’ equation, the Allen—Cahn equation, and the
diffusion-reaction equation cases in previous sections, the baseline DeepONet exhibits the largest error
with limited accuracy when learning the solution operator from data alone. Incorporating a partition-
of-unity structure in POU-DeepONet leads to a slight reduction in error. Physics-informed learning,
on the other hand, improves significantly performance, with PI-DeepONet achieving additional error
reduction. Notably, the proposed PIP? Net is the best, reducing the L? error by more than 50% relative
to DeepONet. Figure 16 further confirms this result.

Table 10. Comparison of the relative L? error &;» for different operator-learning models for
the two-dimensional Eikonal equation.

Model DeepONet POU-DeepONet PI-DeepONet PIP? Net
& 241 x 1072 220x 1072 1.50 x 1072 1.01 x 1072

For this case, all experiments were conducted on a GPU. DeepONet and POU-DeepONet require
approximately 40 s and 1 min 15 s per epoch, respectively. PI-DeepONet takes about 3 min 40 s per
epoch, and the PIP? Net increases the training time to approximately 5 min 15 s per epoch.
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(a) Comparison of model solutions in Table 1 for the spatiotemporal field of Eikonal equation.
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(b) Comparison of the model solutions in Table 1 for the absolute error of Eikonal equation.

Figure 16. Predicted spatiotemporal fields and absolute errors for Burgers’ equation obtained
from the models summarized in Table 1.

4. Conclusions and future works

In this work, we propose a physics-informed operator-learning framework, termed PIP? Net,
which incorporates a partition penalty (P?) mechanism into the physics-informed DeepONet
architecture. The proposed framework tends to improve the structural instability of trunk-network
basis functions that can occur in existing operator-learning models, and may result in mode imbalance
or collapse [42]. The partition penalty refers to a partition-of-unity (PoU)-inspired penalty
regularization [32, 37], which encourages well-conditioned and coordinated trunk-network outputs,
that further enhances the stability of operator approximation. We evaluate PIP?> Net on three
representative nonlinear partial differential equations, i.e., the Burgers equation, the Allen—Cahn
equation, and the diffusion—reaction equation [1,2]. Comparisons with DeepONet, PI-DeepONet, and
POU-DeepONet [31,39] show that PIP?> Net consistently achieves lower L? errors for all test cases.

In the future, we plan to investigate several promising research directions. First, we will extend the
proposed PIP>-Net to substantially more complex physical systems, such as the Navier—Stokes
equations (NSEs) [43, 44] and the Boussinesq equations [45—47], where multiscale interactions and
chaotic dynamics pose significant challenges for existing operator-learning frameworks. Another
important direction is the integration of the P?> mechanism into Fourier neural operator (FNO)
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architectures [15] to develop PIP?-based FNO models with improved spectral stability and improved
ability to capture high-frequency dynamics. Additional directions include geometry-aware extensions
for problems defined on irregular or parameterized domains, coupling PIP? Net with data assimilation
techniques [48—50] to enable real-time digital twins in geophysical modeling [51, 52] and in disease
modeling [53, 54], developing probabilistic learning framework [55, 56] for uncertainty quantification
in sparse observation settings, and deriving theoretical analysis to better understand how the P?
regularization improves conditioning, generalization, and operator approximation.
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