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Abstract: Symbolic functions, as an important class of nonsmooth functions, play a key role
in many fields such as system control and optimization theory. In this study, the special case of
nonlinear optimization problems with sign function constraints is discussed in depth. Based on the
smooth approximation theory, the study first adopts an approximate substitution method to smooth
the nonsmooth constraints and then transforms them into differentiable optimization problems, thus
effectively avoiding the numerical computational difficulties caused by the sign function. Second,
the constrained optimization problem is transformed into an unconstrained optimization problem by
constructing an exact penalty function. Third, two forms of second-order dynamical systems are
established to solve the problem, and a rigorous theoretical analysis of the stability of these systems
is conducted. Finally, the convergence and computational efficiency of the proposed method are
verified by numerical simulation experiments of the system, and the simulation results fully prove
the effectiveness and practicality of the algorithm.

Keywords: symbolic functions; nonlinear optimization problems; smooth approximation; penalty
function method; second-order dynamical systems

1. Introduction

Nonlinear optimization problems incorporating discontinuous constraints are extensively
employed across a multitude of disciplines, encompassing engineering design and economic
management, among others. Notable instances of such problems involve optimization scenarios with
setup costs or impulse control mechanisms, control issues pertaining to discrete-event systems [1–3],
and state-control problems characterized by the discontinuous evolution of system parameters. Given
the widespread application of these problems, conducting in-depth research on the solution
methodologies for discontinuous optimization problems holds substantial significance. At present,
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many types of discontinuous optimization problems have been developed, and this study focuses on
the special class of optimization problems whose constraints contain “sign” functions. However,
owing to the mathematical intricacies stemming from their discontinuous characteristics, the
resolution of such problems is confronted with formidable theoretical and computational hurdles. To
overcome this challenge, the study documented in [4] delved into the optimization problem
characterized by constraint functions that incorporate jump discontinuities. It revealed that employing
continuous extension methods alongside the introduction of auxiliary variables can be an effective
strategy. These approaches facilitate the construction of an equivalent mixed-integer optimization
model, which serves as a viable solution pathway for the given problem.

In optimization theory research, the solution of smooth optimization problems has obvious
computational advantages compared with discontinuous optimization problems, and this consensus
provides important methodological insights for dealing with discontinuous optimization problems.
Based on this theoretical knowledge, researchers have proposed the innovative idea of using smooth
functions to approximate discontinuous functions. The theoretical roots of this approach can be traced
back to the groundbreaking work presented in [5]. This foundational study systematically delved into
the treatment strategies for optimizing discontinuous functions and, for the first time, proposed a
solution paradigm grounded in smoothing techniques. Building upon this foundation, the authors
of [6] further advanced this research trajectory by offering a rigorous mathematical analysis of the
optimality conditions pertinent to discontinuous constrained optimization problems, thereby
reinforcing and expanding the theoretical framework established by its predecessor. As research
progresses in depth, scholars have gradually refined the approximation technique centered around the
average function within the realm of optimization theory. This method has undergone systematic
theoretical elaboration and algorithmic realization, as detailed in the existing literature [7–9]. It serves
as a potent numerical computational instrument for addressing discontinuous optimization problems.
Furthermore [10–12] provide applications of averaging functions to nonlinear and
semifinite programming.

Drawing inspiration from the pioneering research conducted by Cui et al. [13], this study, based on
smooth approximation theory, puts forward two optimization methods to tackle a specific class of
nonlinear optimization problems. Given the prominent discontinuity characteristic of the sign
function within the constraints, this paper first proposes a novel technical approach to handle the sign
function. This handling process is achieved by constructing a smooth approximation function, thereby
effectively overcoming the numerical computational challenges posed by the sign function and further
reformulating the original discontinuous constrained optimization problem into an equivalent
continuous and differentiable optimization model. Second, during the solution process, this study
draws on the theoretical foundations presented in the existing literature [14–16]. By introducing
parameters, it employs the exact penalty function method to transform the reformulated differentiable
constrained optimization problem into an unconstrained optimization form. Third, building upon
previous research that utilized first-order dynamical systems to solve continuous optimization
problems [17], this study innovatively devises two distinct forms of second-order dynamical systems
and provides rigorous stability proofs for each form. Ultimately, numerical case studies are simulated
and analyzed individually to substantiate the superior performance of the proposed algorithms in
terms of convergence properties and computational efficiency.

This study is organized as follows: Section 2 offers a systematic exposition of the fundamental
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concepts of relevant knowledge and the modeling of optimization problems; Section 3 delves into an
in-depth discussion on the implementation process of the smooth approximation method; Section 4
constructs the first form of the second-order dynamical system and analyzes its stability; Section 5
builds the second form of the second-order dynamical system and gives a rigorous proof of global
convergence; Section 6 provides a theoretical comparison between second-order dynamical system
approaches and first-order dynamical system approaches; Section 7 verifies the performance of the
algorithm through numerical simulation experiments. Finally, the paper concludes with a summary of
the key findings and an outlook on future research directions.

2. Model for the optimization problem of the symbolic function

Definition 2.1 The sign function sgn(x) is defined as

sgn(x) =


1, x ∈ (0,+∞),
0, x = 0,
−1, x ∈ (−∞, 0).

(2.1)

The graph of the symbolic function defined above is shown in Figure 1:

Figure 1. Symbolic function image.

Definition 2.2 Penalty function method
In practical problems, most optimization problems involve constraints, and an effective way to deal

with constraints is the penalty function method. The basic principle of the penalty function method is
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given below, and the mathematical model of the optimization problem with constraints is as follows:

min f (x)
s.t. gi(x) ≤ 0, i = 1, . . . , n,

h j(x) = 0, j = 1, . . . ,m,
(2.2)

where f (x), gi(x), and h j(x) are continuous functions on x ∈ Rn.
The penalty function method to transform the constrained optimization problem comprises the

following basic process: the constrained optimization problem is converted into an unconstrained
optimization problem, and the resulting sequence of optimal solutions will gradually approximate the
optimal solution of the original problem. The constructed penalty function can be expressed in the
following form:

min F(x, rk) = f (x) + rkP(x), (2.3)

where P(x) =
∑n

i=1 ϑ(gi(x)) +
∑m

j=1 φ(h j(x)), ϑ = max(0, gi(x))2, φ =
∣∣∣h j(x)

∣∣∣2, rk is the penalty factor.
Definition 2.3 Model of the optimization problem with sign function constraints

In this paper, we consider the following class of nonsmooth constrained optimization problems:

min f (x)
θi(x)sgn(ki(x)) ≤ b, i = 1, . . . , n,
h j(x) = a, j = 1, . . . ,m,

(2.4)

where sgn(•) denotes the sign function; see Definition 2.1 for details.
Obviously, the constraints increase the complexity of the problem, and assuming that this symbolic

function does not exist, the analysis of the problem will be relatively simple. So, a new idea arises to
replace the symbolic function with a smooth approximation, thus overcoming the discontinuity of the
symbolic function and further simplifying the problem.

3. Smooth approximation of constraints

Definition 3.1 Let ψ : R2 → R be a real-valued function and satisfy the following two conditions:
1) Function ψ(x, a) is a smooth function, where a is an argument;
2) lim

a→+∞
ψ(x, a) = sgn(x).

Then, the function ψ(x, a) is said to be a smooth approximation to the symbolic function sgn(x).
Proposition 3.2 When a > 0, assume that the function ψ(x, a) has the following properties:
A. When x > 0, ψ(x, a) is monotonically increasing with respect to a, and ψ(x, a) is monotonically
decreasing with respect to a when x < 0;
B. ψ(x, a) is monotonically increasing about x;
C. ψ(x, a) is higher-order differentiable about x;
D. For any x ∈ R, ψ(x, a) ∈ [−1, 1], and ψ(0, a) = 0 , lim

a→+∞
ψ(x, a) = sgn(x).

In this paper, consider the function ψ(x, a) = ax/
√

1 + a2x2, where a > 0. Next, verify that ψ(x, a)
satisfies Proposition 3.2.
Proof. The partial derivatives of ψ(x, a) = ax/

√
1 + a2x2 with respect to a are first calculated
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as follows:
∂ψ

∂a
=

x(1 + a2x2) − a2x3

(1 + a2x2)
3
2

=
x

(1 + a2x2)
3
2

.

When x > 0, ∂ψ/∂a > 0, ψ(x, a) monotonically increases with respect to a; when x < 0, ∂ψ/∂a < 0,
ψ(x, a) monotonically decreases with respect to a, so Property A holds.

Next, calculate the partial derivative of ψ(x, a) = ax/
√

1 + a2x2 with respect to x:

∂ψ

∂x
=

a(1 + a2x2) − a3x2

(1 + a2x2)
3
2

=
a

(1 + a2x2)
3
2

.

Because a > 0, and therefore ∂ψ/∂x > 0 , ψ(x, a) is monotonically increasing with respect to x.
Therefore Property B holds.

Because functions T1(x, a) = ax and T2(x, a) = 1 + a2x2 are higher-order differentiable for any x,
and ψ(x, a) is composed of T1(x, a) and T2(x, a) by division, ψ(x, a) is higher-order differentiable with
respect to x; thus, Property C holds.

Because lim
x→−∞

ψ(x, a) = −1, lim
x→+∞

ψ(x, a) = 1, and ψ(x, a) is monotonically increasing with respect
to x, for any x ∈ R, ψ(x, a) ∈ [−1, 1], ψ(x, a) = 0 holds if and only if x = 0.

When x > 0, lim
a→+∞

ψ(x, a) = 1; when x < 0, lim
a→+∞

ψ(x, a) = −1; and when x = 0, lim
a→+∞

ψ(x, a) = 0,
so lim

a→+∞
ψ(x, a) = sgn(x) holds. □

To summarize, for x ∈ R, the function ψ(x, a) = ax/
√

1 + a2x2 is a smooth approximation of the
symbolic function sgn(x).

Figure 2 shows the image of the smooth approximation of the symbolic function sgn(x) by ψ(x, a) =
ax/
√

1 + a2x2 at different parameters a.

Figure 2. ψ(x, a) smooth approximate curves with different parameters a.

It is noteworthy that although it can be clearly observed from the relevant charts that as the value
of parameter a continuously increases, the adopted smoothing approximation method demonstrates
extremely favorable results. Specifically, during the process of parameter a increasing, the degree of
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fit between the smoothing approximation curve and the real curve gradually improves, and the error
range continuously narrows. However, it is essential to recognize that this smoothing approximation
method, constructed based on specific conditions and models, may exhibit the following limitations:
1) The accuracy of the smoothed approximation may exhibit certain precision errors relative to the
original problem;
2) The smoothing approximation may affect the optimal solution of the original optimization problem.

Although smooth approximation may have certain limitations, it offers us a new approach to
handling symbolic functions. Thus, we can obtain a smooth approximate constrained optimization
problem for the discontinuous optimization problem (2.4) as follows:

min f (x)
s.t. θi(x)ψ(ki(x), a) ≤ b, i = 1, . . . , n,

m j(x) = a, j = 1, . . . ,m,
(3.1)

where ψ(ki(x), a) = aki(x)/
√

1 + a2ki(x)2.

4. The first form second-order dynamical system

Next, the above smooth constrained optimization problem (3.1) using the penalty function method
can be written as the following unconstrained optimization problem:

min Φ(x) = f (x) + rk(
n∑

i=1

ϑ(gi(x)) +
m∑

j=1

φ(h j(x))), (4.1)

where ϑ(gi(x)) = {max(0, gi(x))}2, φ(h j(x)) =
∣∣∣h j(x)

∣∣∣2, gi(x) = θi(x)ψ(ki(x), a)−b, and h j(x) = m j(x)−a.
In previous studies, methods for solving the unconstrained optimization problem (4.1) include

Sun et al. [17] giving a first-order dynamical system with the following dynamical system model:
d (x(t))

dt
= −ρ▽Φ (x(t)) ,

x(t0) = x0,
(4.2)

where ρ > 0 is a scaling factor.
In order to solve the above unconstrained optimization problem, we build a second-order dynamical

system (4.3) of the first form to solve the above unconstrained optimization problem, inspired by the
studies in literature [18, 19]:

ẍ(t) + γ(t)ẋ(t) + β(t)▽Φ(x(t)) = 0, (4.3)

where γ(t) = α/t is the positive viscous damping coefficient, and β(t) is the time-scale coefficient.
Next, we analyze the convergence of the trajectories of the damped gradient dynamical system (4.3).
In the case of Φ(x) ≡ 0, the dynamical system (4.3) is transformed into the following form:

ẍ(t) + γ(t)ẋ(t) = 0. (4.4)

Multiplying both sides of the system (4.4) by the integrating factor p(t) = e
∫ t

t0
γ(u)du , we have

p(t)ẍ(t) + p(t)γ(t)ẋ(t) = 0. (4.5)
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Integrating the system (4.5) over the interval [t0, t], we have that

p(t)ẋ(t) = A. (4.6)

Bringing t = t0 into Eq (4.6) gives A = ẋ(t0). Thus, the above equation (4.6) can be further written as

ẋ(t) =
ẋ(t0)
p(t)

. (4.7)

Integrating Eq (4.6), we obtain

x(t) = x(t0) + ẋ(t0)
∫ t

t0

1
p(u)

du. (4.8)

It can be seen from above that the trajectory x(t) converges if and only ẋ(t0) = 0 or

(H0) :
∫ +∞

t0

1
p(u)

du < ∞.

Indeed, this condition is identified as necessary for the convergence of the trajectories when Φ is a
convex function with a continuous minimum; see [20, 21].

So, the following assumes that the condition

(H)0 :
∫ +∞

t0

1
p(u)

du < +∞

holds, for the choice γ(t) = α/t; this condition can be derived explicitly. Further, the function Γ(t) is
formulated as follows:

Γ(t) = p(t)
∫ +∞

t

1
p(u)

du. (4.9)

Derivation of the Eq (4.9) yields
Γ̇(t) = γ(t)Γ(t) − 1. (4.10)

In addition, the global energy function W(t) and the anchor function h(t) are defined as
follows, respectively:

W(t) =
1
2
∥ ẋ(t) ∥2 +β(t)(Φ(x(t)) −min

H
Φ), (4.11)

and
h(t) =

1
2
∥x(t) − x∗∥2, (4.12)

where x∗ ∈ argmin Φ; the solution set argmin Φ is nonempty. The Lyapunov analytic function ξ(t),
which plays a key role in the convergence analysis of damped gradient systems, is given next and is
mathematically defined as follows:

ξ(t) = Γ(t)2W(t) + h(t) + Γ(t)ḣ(t). (4.13)

Combining the definitions of the above several functions and substituting the mathematical
expressions for h(t) and W(t) into the function ξ(t), the following equation can be obtained:

ξ(t) = Γ(t)2β(t)(Φ(x(t)) −min
H
Φ) +

1
2
∥x(t) − x∗ + Γ(t)ẋ(t)∥2. (4.14)
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Because β(t) ≥ 0, and Φ(x(t)) − minΦ ≥ 0, there is ξ(t) ≥ 0. Therefore, ξ(t) is a nonnegative function.
Now, assume ξ(t) = ξ1(t) + ξ2(t), where ξ1(t) = Γ(t)2β(t)(Φ(x(t)) − minΦ),

ξ2(t) = 1
2∥x(t) − x∗ + Γ(t)ẋ(t)∥2.

Theorem 4.1 Let Φ : H → R be a convex function with nonempty solution set argmin Φ, whereH is
a Hilbert space. The positive viscous damping coefficients γ(t) and the time scale coefficients β(t) are
both continuous functions in t ∈ [t0,+∞) whose growth conditions (H)γ,β are expressed as follows:

Γ(t)β̇(t) ≤ β(t)(3 − 2γ(t)Γ(t)). (4.15)

Therefore, the trajectories x(t) and Γ(t)ẋ(t) of the dynamical system are bounded on t ∈ [t0,+∞), and
the rate of convergence is when t → +∞:

Φ(x(t)) −min
H
Φ = O(

1
β(t)Γ(t)2 ). (4.16)

Proof First, the derivation of ξ(t) is performed so that we have

ξ̇(t) = ξ̇1(t) + ξ̇2(t), (4.17)

where ξ̇1(t) is formulated as follows:

ξ̇1(t) = (β̇(t)Γ(t)2 + 2β(t)Γ̇(t)Γ(t))(Φ(x(t)) −min
H
Φ) + β(t)Γ(t)2 ⟨▽Φ(x(t)), ẋ(t)⟩ ,

and ξ̇2(t) is expressed as follows:

ξ̇2(t) =
〈
ẋ(t) + Γ̇(t)ẋ(t) + Γ(t)ẍ(t), x(t) − x∗ + Γ(t)ẋ(t)

〉
.

Bringing Γ̇(t) = γ(t)Γ(t) − 1 into ξ̇2(t), we have

ξ̇2(t) = ⟨γ(t)ẋ(t)Γ(t) + Γ(t)ẍ(t), x(t) − x∗ + Γ(t)ẋ(t)⟩ . (4.18)

Based on the established dynamical system (4.3), Eq (4.18) can be further transformed into the
following Eq (4.19):

ξ̇2(t) = ⟨−β(t)▽Φ(x(t))Γ(t), x(t) − x∗ + Γ(t)ẋ(t)⟩ . (4.19)

Bringing ξ̇1(t) and ξ̇2(t) into Eq (4.17), we get

ξ̇(t) = (β̇(t)Γ(t)2 + 2β(t)Γ̇(t)Γ(t))(Φ(x(t)) −min
H
Φ) − β(t)Γ(t) ⟨▽Φ(x(t)), x(t) − x∗⟩ .

Also, because the function Φ is convex, it is deduced that the following inequality holds:

ξ̇(t) ≤ Γ(t)(β̇(t)Γ(t) + 2β(t)Γ̇(t) − β(t))(Φ(x(t)) −min
H
Φ). (4.20)

Bringing Γ̇(t) = γ(t)Γ(t) − 1 into (4.20), we have

ξ̇(t) ≤ Γ(t)(β̇(t)Γ(t) + β(t)(2γ(t)Γ(t) − 3))(Φ(x(t)) −min
H
Φ). (4.21)
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Because of the growth condition (H)γ,β : Γ(t)β̇(t) ≤ β(t)(3 − γ(t)Γ(t)), there is ξ̇(t) ≤ 0 as ξ(t) is
nonincreasing. When this result is further combined with ξ(t) ≥ 0 , it can be deduced that ξ(t) is
bounded. From the above definition of the function ξ(t), it follows that its fundamental component
∥x(t) − x∗ + Γ(t)ẋ(t)∥2 is also bounded, and there is

1
2

(∥x(t) − x∗∥2+2Γ(t) ⟨x(t) − x∗, ẋ(t)⟩) ≤ ξ(t0). (4.22)

Combined with the above definition of the anchor function h(t), it follows that

ḣ(t) = ⟨x(t) − x∗, ẋ(t)⟩ . (4.23)

Bringing h(t) and ḣ(t) into (4.22), we have

h(t) + Γ(t)ḣ(t) ≤ ξ(t0). (4.24)

Suppose

f (t) =
∫ +∞

t

1
p(u)

du.

Because

(H)0 :
∫ +∞

t0

1
p(u)

du < +∞,

the function f (t) is bounded when t0 ≤ t.
Divide both sides of Eq (4.21) simultaneously by p(t), so that

h(t)
p(t)
+
Γ(t)
p(t)

ḣ(t) ≤
ξ(t0)
p(t)

(4.25)

holds.
Because ḟ (t) = −1/p(t) and Γ(t) = p(t) f (t), Eq (4.25) can be equivalent to Eq (4.26):

− ḟ (t)h(t) + f (t)ḣ(t) ≤ − ḟ (t)ξ(t0). (4.26)

Shifting the terms of Eq (4.26), we get

f (t)ḣ(t) − ḟ (t)(h(t) − ξ(t0)) ≤ 0. (4.27)

It is further possible to introduce

d
dt

(
h(t) − ξ(t0)

f (t)
) =

f (t)ḣ(t) − ḟ (t)(h(t) − ξ(t0))
f (t)2 ≤ 0. (4.28)

Integrating the above Eq (4.28) yields that there exists K such that h(t) ≤ K f (t) + ξ(t0) so that the
trajectory x(t) of the solution to the dynamical system can be obtained to be bounded, and that Γ(t)ẋ(t)
is bounded on t ∈ [t0,+∞).

It is known that the function ξ(t) is bounded and on (t0, t), so there is ξ(t) ≤ ξ(t0). Eventually, based
on the definition of ξ(t), for any t ≥ t0, there are

Φ(x(t)) −min
H
Φ ≤

ξ(t0)
β(t)Γ(t)2 , (4.29)

its equivalent in terms of

Φ(x(t)) −min
H
Φ ≤ O(

1
β(t)Γ(t)2 ). (4.30)

Therefore, Theorem 4.1 holds. □
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5. The second form second-order dynamical system

In order to demonstrate whether external perturbations have any effect on solving the unconstrained
optimization problem, a second form of the second-order dynamical system (5.1) will be built in this
section to solve the above unconstrained optimization problem (4.1):

ẍ(t) + γ(t)ẋ(t) + β(t)▽Φ(x(t)) = g(t), (5.1)

where g(t) , 0 but is sufficiently small.
The convergence of the second-order dynamical system (5.1) based on the external action is

analyzed next.
Let Φ : H → R be a convex continuous differentiable function, where H is a Hilbert space, and

argmin Φ is nonempty. Take γ(t), β(t) to be continuous functions and γ(t) to satisfy the (H)0 condition
and g(t) to be locally integrable.
Theorem 5.1 If condition (H)g :

∫ +∞
t0
Γ(t)∥g(t)∥dt < +∞ holds, then the following two statements hold

for any solution x ∈ H belonging to the dynamical system (5.1):
1) Under condition (H)γ,β : β̇(t)Γ(t) ≤ β(t)(3 − 2γ(t)Γ(t)), x(t) and Γ(t)ẋ(t) are bounded on

t ∈ [t0,+∞), and when t → +∞, the rate of convergence between the dynamical system and the
optimization problem is as follows:

Φ(x(t)) −min
H
Φ = O(

1
β(t)Γ(t)2 ). (5.2)

2) Under condition (H)+γ,β : β̇(t)Γ(t) ≤ β(t)(3 − ρ − 2γ(t)Γ(t)), the following conclusions hold:∫ +∞

t0
β(t)Γ(t)(Φ(x(t)) −min

H
Φ)dt < +∞. (5.3)

Proof As a Lyapunov function, the same analytic function ξ(t), which is defined when t ≥ t0, is used
as in the previous section:

ξ(t) = ξ1(t) + ξ2(t), (5.4)

where ξ1(t) = β(t)Γ(t)2(Φ(x(t)) −minH Φ), ξ2(t) = 1
2∥x(t) − x∗ + Γ(t)ẋ(t)∥2.

Derivation of ξ(t) gives
ξ̇(t) = ξ̇1(t) + ξ̇2(t), (5.5)

where

ξ̇1(t) =
d(β(t)Γ(t)2)

dt
(Φ(x(t)) −min

H
Φ) + β(t)Γ(t)2 ⟨▽Φ(x(t)), ẋ(t)⟩ ,

and

ξ̇2(t) =
〈

d(x(t) − x∗ + Γ(t)ẋ(t))
dt

, x(t) − x∗ + Γ(t)ẋ(t)
〉

.

The dynamical system (5.1) is next shifted to first turn it into:

ẍ(t) + γ(t)ẋ(t) = g(t) − β(t)Φ(x(t)). (5.6)
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Eq (5.6) is then obtained by multiplying both sides of Γ(t), simultaneously:

ẍ(t)Γ(t) + γ(t)ẋ(t)Γ(t) = g(t)Γ(t) − β(t)Φ(x(t))Γ(t). (5.7)

By combining Γ̇(t) = γ(t)Γ(t) − 1, Eq (5.7) can be equivalently transformed into the following
Eq (5.8):

ẍ(t)Γ(t) + ẋ(t)Γ̇(t) + ẋ(t) = g(t)Γ(t) − β(t) ▽ Φ(x(t))Γ(t). (5.8)

Obviously, the above Eq (5.8) can be further expressed as:

d(x(t) − x∗ + ẋ(t)Γ(t))
dt

= g(t)Γ(t) − β(t)Φ(x(t))Γ(t). (5.9)

Bringing Eq (5.9) into Eq (5.5), it follows that

ξ̇(t) =
d(β(t)Γ(t)2)

dt
(Φ(x(t)) −min

H
Φ) + β(t)Γ(t)2 ⟨▽Φ(x(t)), ẋ(t)⟩

+

〈
d(x(t) − x∗ + Γ(t)ẋ(t))

dt
, x(t) − x∗ + Γ(t)ẋ(t)

〉
=

d(β(t)Γ(t)2)
dt

(Φ(x(t)) −min
H
Φ) + ⟨g(t)Γ(t), x(t) − x∗ + Γ(t)ẋ(t)⟩

− ⟨β(t) ▽ Φ(x(t))Γ(x), x(t) − x∗⟩

. (5.10)

Using the convexity of Φ, we have

⟨▽Φ(x(t)), x(t) − x∗⟩ ≥ Φ(x(t)) − Φ(x∗). (5.11)

It is further possible to introduce

ξ̇(t) ≤(
d(β(t)Γ(t)2)

dt
− β(t)Γ(t))(Φ(x(t)) −min

H
Φ) + Γ(t)∥g(t)∥∥x(t) − x∗ + Γ(t)ẋ(t)∥.

Combining Γ̇(t) = γ(t)Γ(t) − 1 with (H)γ,β : β̇(t)Γ(t) ≤ β(t)(3 − 2γ(t)Γ(t)) gives:

d(β(t)Γ(t)2)
dt

− β(t)Γ(t) =β̇(t)Γ(t)2 + 2β(t)Γ(t)Γ̇(t) − β(t)Γ(t)

=β̇(t)Γ(t)2 + 2β(t)Γ(t)(γ(t)Γ(t) − 1) − β(t)Γ(t)
=β̇(t)Γ(t)2 + β(t)Γ(t)(2γ(t)Γ(t) − 3)
=Γ(t)(β̇(t)Γ(t) + β(t)(2γ(t)Γ(t) − 3))
≤0

. (5.12)

Thus, ξ̇(t) ≤ Γ(t)∥g(t)∥∥x(t)− x∗ + Γ(t)ẋ(t)∥ holds. Because ξ(t) = β(t)Γ(t)2 +
1
2
∥x(t)− x∗ + Γ(t)ẋ(t)∥,

it follows that
.ξ̇(t) ≤ Γ(t)∥g(t)∥∥x(t) − x∗ + Γ(t)ẋ(t)∥≤ Γ(t)∥g(t)∥

√
2ξ(t). (5.13)

By integrating the above Eq (5.13) and combining it with condition (H)g, it can be derived that√
ξ(t) ≤

√
ξ(t0) +

1
√

2

∫ +∞

t0
Γ(t)∥g(t)∥dt < ∞. (5.14)
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Therefore, the first conclusion in Theorem 5.1 holds.
Additionally, it follows that ∥x(t) − x∗ + Γ(t)ẋ(t)∥2 is bounded, and so there is:

∥x(t) − x∗∥+2Γ(t) ⟨x(t) − x∗, ẋ(t)⟩ ≤ C. (5.15)

Letting

k(t) =
1
2
∥x(t) − x∗∥,

Eq (5.15) can be simplified to:

k(t) + Γ(t)k̇(t) ≤
1
2

C. (5.16)

It is clear to show that the trajectory x(t) is bounded and that Γ(t)ẋ(t) is also bounded.
Assuming W = x(t) − x∗ + Γ(t)ẋ(t) > 0 , we have

ξ̇(t) ≤ (
d(β(t)Γ(t)2)

dt
− β(t)Γ(t))(Φ(x(t)) −min

H
Φ) +W · Γ(t)∥g(t)∥. (5.17)

Integrating Eq (5.17), it can be derived on the basis that condition
β̇(t)Γ(t) ≤ β(t)(3 − ρ − 2γ(t)Γ(t)) holds:∫ +∞

t0
β(t)Γ(t)(Φ(x(t)) −min

H
Φ)dt ≤

1
ρ

(
ξ(t0) +W ·

∫ +∞

t0
Γ(t)∥g(t)∥dt

)
< +∞. (5.18)

Therefore, the second conclusion in Theorem 5.1 holds.
Thus ends the proof. □

6. Comparison of first-order and second-order gradient dynamical systems

Next, the first-order dynamical system method, the second-order dynamical system method without
external action, and the second-order dynamical system method based on external action proposed in
this paper are compared theoretically; the results are summarized in Table 1.

In the Table 1, I refers to the first-order dynamical system, II refers to the second-order dynamical
system without external action, and III refers to the second-order dynamical system based on
external action.

From Table 1, we can see that the conditions for the first-order dynamical system are quite stringent,
whereas the conditions for the second-order dynamical system are more relaxed, but the objective
function needs to be convex. Therefore, the second-order dynamical system is preferred when solving
optimization problems with convex objective functions.

Table 1. Comparison of solution conditions for three dynamical systems.

Conditions I II III
The convexity of Φ ✓ ✓
argmin Φ , ϕ ✓ ✓ ✓
The compact of argmin Φ ✓
The non-singularity of ▽Φ ✓
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7. Numerical simulation analysis

In this section, in order to determine more intuitively the feasibility and validity of the second-order
dynamical system method constructed in this paper, we determine whether the presence or absence
of external perturbations will have an effect on the second-order dynamical system. On the basis
of employing the control-variable method, we conducted numerical simulation experiments on the
first-order dynamical system (4.2), the second-order dynamical system (4.3), and the second-order
dynamical system with disturbances (5.1). All numerical experiments were conducted in the MATLAB
R2023a computational environment. Based on our prior research experience, the relevant parameters
of the dynamical system in this paper were randomly selected as follows: the scaling factor of the
first-order dynamical system (4.2) was taken as ρ = 100, and the viscous damping parameter of the
second-order dynamical system was taken as α = 25.

In order to verify the advantages of the parameter β(t)in the proposed dynamical system, the first
three numerical cases were conducted at the standard time scale β(t) = 1. The fourth numerical
experiment used constant β(t) and nonconstant β(t) = 2t for comparison in order to verify that the
introduction of the nonconstant parameter β(t)in this paper is superior to the constant parameter β(t) =
1 in terms of convergence speed.
Example I: Consider the following optimization problem:

min f1(x) = 15 − x2
1 − x2

2

s.t. (x1 + 1)sgn(x1 − 1)

√
1 + 10000(x1 − 1)2

100
+

2
5

x2
2 − 1 ≤ 0,√

1 + 10000(x2 − x1 + 1)2

100
sgn(x2 − x1 + 1) ≤ 0,

− x2 ≤ 0.

(7.1)

First, the sign function is approximated and replaced using the smooth function
ψ(ki(x), a) = aki(x)/

√
1 + (aki(x))2 with a = 100. Consequently, it can be derived that:

min f (x) = 15 − x2
1 − x2

2

s.t. x2
1 +

2
5

x2
2 − 2 ≤ 0,

− x1 + x2 + 1 ≤ 0,
− x2 ≤ 0.

(7.2)

This is then transformed into an unconstrained optimization problem using the penalty function method
in the following mathematical form:

minΦ(x, rk) = 15 − x2
1 − x2

2 + rk(
3∑

i=1

{max(0, gi(x))}2), (7.3)

where g1(x) = x2
1 + 2x2

2/5− 2, g2(x) = −x1 + x2 + 1, and g3(x) = −x2. The penalty parameter was taken
as rk = 106.
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Next, we solve the problem (7.3) using first-order dynamic systems and the two forms of second-
order dynamic systems established in this paper.
1) Using the first-order dynamic system method (4.2) for the solution, the simulation results are shown
in Figures 3 and 4:

Figure 3. Trajectory of the solution x(t) for first-order dynamic system (4.2).

Figure 4. Error rate of ∥x(t) − x∗∥2 for first-order dynamic system (4.2).

2) Using the first form of the second-order dynamic system method (4.3) for the solution, the simulation
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results are shown in Figures 5 and 6:

Figure 5. Trajectory of the solution x(t) for second-order dynamic system (4.3).

Figure 6. Error rate of ∥x(t) − x∗∥2 for second-order dynamic system (4.3).

3) To determine whether external disturbances affect second-order dynamical systems, we employed
the second formulation of the second-order dynamical system method (5.1) for the solution with an
external disturbance g(t) = 0.00001. The simulation results are shown in Figures 7 and 8:
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Figure 7. Trajectory of the solution x(t) under external action g(t) = 0.00001.

Figure 8. Error rate of ∥x(t) − x∗∥2 under external action g(t) = 0.00001.

In light of the results depicted from Figure 3 to Figure 8, it can be concluded that both the first-order
and second-order dynamical systems are capable of driving the solution toward the optimal point. The
second-order systems show different convergence behaviors compared to the first-order one, and they
also exhibit a certain level of robustness when subjected to small external disturbances.

Table 2 illustrates the CPU runtime required to meet the termination condition, demonstrating that
the two forms of second-order dynamic systems exhibit similar efficiency, whereas the first-order

Electronic Research Archive Volume 34, Issue 3, 1957–1987.



1973

dynamic system shows the lowest efficiency.

Table 2. The CPU time required for the three dynamical systems in Problem I to reach the
termination condition.

Optimization Algorithm System (4.2) System (4.3) System (5.1)
Operating Time(s) 0.053421 0.013681 0.011929

The solutions to this problem are x1 = 1.3923 and x2 = 0.3923. As shown in Table 3, the solutions
from all three dynamical systems converge to the solution of the optimization problem. Despite their
structural differences (first-order versus second-order), the numerical solutions generated by these three
systems for Problem I are nearly identical.

Table 3. A comparison of numerical results for Problem I obtained using first-order
dynamical systems (4.2) and second-order dynamical systems (4.3) and (5.1).

Optimization Algorithm System (4.2) System (4.3) System (5.1)

Experiment Results
(
1.3924
0.3923

) (
1.3923
0.3923

) (
1.3923
0.3923

)

Example II: Consider the following optimization problem:

min f2(x) = x2
1 + x2

2 + x2
3

s.t. (x1 + 2x2)sgn(x1 − x2) ≤ 1,
(2 − x2)sgn(x3 − 1) ≤ 2,
sgn(x2

1 − x3) ≤ 3.

(7.4)

It is approximated using the smooth function ψ(ki(x), 100) = 100ki(x)/
√

1 + (100ki(x))2, which can be
obtained by the following:

min f2(x) = x2
1 + x2

2 + x2
3

s.t. (x1 + 2x2)
100(x1 − x2)√

1 + (100(x1 − x2))2
≤ 1,

(2 − x2)
100(x3 − 1)√

1 + (100(x3 − 1))2
≤ 2,

100(x2
1 − x3)√

1 + (100(x2
1 − x3))2

≤ 3.

(7.5)

This is then transformed into an unconstrained optimization problem using the penalty function method
in the following mathematical form:

minΦ(x, rk) = x2
1 + x2

2 + x2
3 + rk(

3∑
i=1

{max(0, gi(x))}2), (7.6)
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where we take rk = 106, and


g1(x) = (x1 + 2x2) 100(x1−x2)√

1+(100(x1−x2))2
− 1,

g2(x) = (2 − x2) 100(x3−1)√
1+(100(x3−1))2

− 2,

g3(x) = 100(x2
1−x3)

√
1+(100(x2

1−x3))2
− 3.

Next, we solve the problem (7.6) using first-order dynamic systems and the two forms of second-
order dynamic systems established in this paper.
1) Figures 9 and 10 present the numerical results obtained by solving the optimization problem (7.6)
using the first-order dynamical system (4.2):

Figure 9. Trajectory of the solution x(t) for first-order system (4.2).

Figure 10. Error rate of ∥x(t) − x∗∥2 for first-order system (4.2).

Electronic Research Archive Volume 34, Issue 3, 1957–1987.



1975

2) Using the first form of the second-order dynamic system method (4.3) for the solution, the
numerical results of solving the optimization problem (7.6) for the undisturbed second-order
dynamical system (4.3) are shown in Figures 11 and 12 below:

Figure 11. Trajectory of the solution x(t) for second-order system (4.3).

Figure 12. Error rate of ∥x(t) − x∗∥2 for second-order system (4.3).

3) To determine whether external disturbances affect second-order dynamical systems under the same
preconditions, the solution is performed using the second-order dynamical system method (5.1) based
on the external perturbation under which g(t) = 0.00001. The simulation results are shown in
Figures 13 and 14:
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Figure 13. Trajectory of the solution x(t) under external action.

Figure 14. Error rate of ∥x(t) − x∗∥2 under external action.

In light of the results depicted from Figure 9 to Figure 14, it can be concluded that both the first-
order and second-order dynamical systems are capable of driving the solution towards the optimal
point. The second-order systems show different convergence behaviors compared to the first-order
one, and they also exhibit a certain level of robustness when subjected to small external disturbances.

Table 4 illustrates the CPU runtime required to meet the termination condition, demonstrating that
the two forms of second-order dynamic systems exhibit similar efficiency, whereas the first-order
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dynamic system shows the lowest efficiency.

Table 4. The CPU time required for the three dynamical systems in Problem II to reach the
termination condition.

Optimization Algorithm System (4.2) System (4.3) System (5.1)
Operating Time(s) 0.298994 0.119787 0.134705

The solution to this problem is x = [0, 0, 0]T . As shown in Table 5, the solutions from all three
dynamical systems converge to the solution of the optimization problem. Despite their structural
differences (first-order versus second-order), the numerical solutions generated by these three systems
for Problem II are nearly identical.

Table 5. A comparison of numerical results for Problem II obtained using first-order
dynamical systems (4.2) and second-order dynamical systems (4.3) and (5.1).

Optimization Algorithm System (4.2) System (4.3) System (5.1)

Experiment Results


6.9290 × 10−32

2.7090 × 10−09

0.0108



2.3641 × 10−06

1.5113 × 10−06

0.0138




2.6083 × 10−06

−9.7427 × 10−05

−0.0141


Example III: Consider the following optimization problem:

min f2(x) = 5x2
1 + 13x2

2 + x2
3 − 2x1x2 + 2x1x3 + 6x2x3

s.t. x3
1 − 6x2 −

sgn(x3)
5

√
1 + (20x3)2 ≤ 0,

x1 + x2 + x3 = 1,
x1 ≤ 0.

(7.7)

To begin, using the smooth function ψ(ki(x), 20) = 20ki(x)/
√

1 + (20ki(x))2 for approximation, we
can obtain:

min f2(x) = 5x2
1 + 13x2

2 + x2
3 − 2x1x2 + 2x1x3 + 6x2x3

s.t. x3
1 − 6x2 − 4x3 ≤ 0,

x1 + x2 + x3 = 1,
x1 ≤ 0.

(7.8)

Then, use the penalty function method to transform it into an unconstrained optimization problem and
then solve it using the methods proposed above.

The optimal solution to this problem is x = [−0.5,−0.5, 2]T . From Figures 15–17, it can be seen that
the solution of the second-order dynamical system converges to the solution of the original problem
with or without external disturbances. However, from Table 6, it can be seen that compared to first-
order dynamical systems, second-order dynamical systems have shorter operating times and faster
convergence speeds.
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Figure 15. First-order system (4.2).

Figure 16. Second-order system (4.3).

To further verify whether the two methods proposed in this article for solving Example III will
depend on the selection of initial points, we selected three randomly chosen initial points:
X1 = [0.5, 1, 0.5]T , X2 = [1.0, 0.5,−1]T , and X3 = [1.5, 2.5, 0]T . The simulation results are shown in
Figures 18 and 19.

From Figures 18 and 19, it can be seen that even with different initial point selections, the second-

Electronic Research Archive Volume 34, Issue 3, 1957–1987.



1979

order dynamical systems (4.3) and (5.1) can converge to the optimal solution of the original problem.

Figure 17. Second-order system (5.1).

Table 6. A comparison of numerical results for Problem III obtained using first-order
dynamical systems (4.2) and second-order dynamical systems (4.3) and (5.1).

Optimization Algorithm System (4.2) System (4.3) System (5.1)

Experiment Results


−0.5
−0.5
2.0



−0.5
−0.5
2.0



−0.5
−0.5
2.0


Operating Time(s) 5.219891 4.924299 4.903694

The above three examples are all based on the standard time scale β(t) = 1. In order to further verify
the advantages brought by the dynamically changing time scale parameter β(t) to the dynamic system
methods (4.3) and (5.1), Example IV is given below, and simulation experiments are conducted using
fixed β(t) = 1 and dynamically changing β(t) = O(t) = 2t for comparison.
Example IV: Consider the following optimization problem:

min f4(x) = x2
1 + 2x2

2 + 2x1x2 − 10x1 − 12x2

s.t.
√

1 + (20sgn(x1 + 3x2 − 8))2sgn(x1 + 3x2 − 8) ≤ 0,
x2

1 + x2
2 + 2x1 − 2x2 − 3 ≤ 0.

(7.9)

First, using the smooth function ψ(ki(x), 20) = 20ki(x)/
√

1 + (20ki(x))2 for approximation, we
can obtain

min f4(x) = x2
1 + 2x2

2 + 2x1x2 − 10x1 − 12x2

s.t. 20(x1 + 3x2 − 8) ≤ 0,
x2

1 + x2
2 + 2x1 − 2x2 − 3 ≤ 0.

(7.10)

Electronic Research Archive Volume 34, Issue 3, 1957–1987.



1980

Then, we use the penalty function method to transform it into an unconstrained optimization problem.
Next, under the two conditions β(t) = 1 and β(t) = O(t) = 2t, the dynamic system (4.3) is used for
solving, and the simulation results are obtained.

Figure 18. Trajectory diagram of second-order system (4.3) under different initial points.

Figure 19. Trajectory diagram of second-order system (5.1) under different initial points.

For the undisturbed dynamical system (4.3), through the comparison of simulation experiments in
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Figures 20 and 21 as well as Figures 22 and 23, it was found that the nonconstant parameter β(t)
converges faster and has a stronger effect than the constant parameter β(t) = 1. This further indicates
that the introduction of the dynamic parameter β(t) in this paper can promote the solving speed of the
undisturbed dynamical system (4.3).

Figure 20. State solution trajectory diagram of second-order system (4.3) based on β(t) = 1.

Figure 21. State solution trajectory diagram of second-order system (4.3) based on β(t) = 2t.
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Figure 22. Error rate trajectory diagram of second-order system (4.3) based on β(t) = 1.

Figure 23. Error rate trajectory diagram of second-order system (4.3) based on β(t) = 2t.

Finally, under conditions β(t) = 1 and β(t) = O(t) = 2t, the dynamic system (5.1) was used for
solving, and the simulation results were obtained.

Regarding the disturbance dynamic system (5.1), through the comparison of simulation experiments
in Figures 24 and 25 as well as Figures 26 and 27, it was found that the nonconstant parameter β(t)
converges faster and has a stronger effect than the constant parameter β(t) = 1. This further indicates
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that the introduction of the dynamic parameter β(t) in this paper can promote the solving speed of the
dynamic system (5.1) under disturbance.

Figure 24. State solution trajectory diagram of second-order system (5.1) based on β(t) = 1.

Figure 25. State solution trajectory diagram of second-order system (5.1) based on β(t) = 2t.

Combining the simulation results of the above four numerical examples, it can be seen that the
trajectories of the solutions of the second-order dynamical system always all converge to the optimal
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solution of the original optimization problem with or without the presence of external perturbations,
thus verifying the effectiveness of the dynamical system. Further, the introduced dynamic parameter
β(t) can improve the convergence ability and problem-solving speed of the dynamical system compared
to the static parameter β(t) = 1.

Figure 26. Error rate trajectory diagram of second-order system (5.1) based on β(t) = 1.

Figure 27. Error rate trajectory diagram of second-order system (5.1) based on β(t) = 2t.
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8. Conclusions

This paper conducts an in-depth investigation into a class of nonlinear optimization problems which
hold significant theoretical importance and have extensive engineering applications.

First, based on relevant mathematical optimization theories, this paper proposes an innovative
smoothing approach that transforms the original optimization problem model into a differentiable
optimization problem model. Second, building upon this foundation, the penalty function method is
adopted. By introducing penalty parameter factors, an exact penalty function is formulated to
establish an equivalent unconstrained optimization problem. Subsequently, drawing inspiration from
first-order dynamical systems, this paper proposes two forms of second-order dynamical systems: one
without perturbation and the other with perturbation, aimed at solving the aforementioned
unconstrained optimization problem. Moreover, through Lyapunov analysis, positive energy functions
are constructed to separately analyze their global convergence. Finally, for the two forms of
second-order dynamical systems, the control variable method was employed to select identical
parameters, and relevant numerical experiments were conducted. The results demonstrate that both
forms of the dynamical systems exhibit good feasibility and effectiveness. Moreover, the presence or
absence of external perturbations has little to no impact on the constructed second-order
dynamical systems.

It is noteworthy that research focused on solving this specific category of nonlinear optimization
problems through the dynamical system approach remains at a nascent stage. In the realms of
theoretical analysis and algorithm design, numerous scientific challenges persist and await resolution.
This situation thus delineates a crucial avenue for subsequent research endeavors.
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