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Abstract: In this paper, we propose normalized time-fractional diffusion equations in two and three
spatial dimensions, where the normalization guarantees that the total memory weight remains equal to
one and allows a consistent interpretation of memory effects for different fractional orders. An efficient
Fourier spectral method in space combined with a finite difference approximation in time is used to
solve the governing equations in both two- and three-dimensional (2D and 3D) settings. A rigorous
error analysis shows that the proposed scheme achieves a temporal convergence rate of order O(∆t2−α),
and numerical experiments confirm exponential accuracy in space. Extensive 2D and 3D numerical
tests demonstrate the robustness of the method, and the numerical results show that smaller fractional
orders slow down the evolution dynamics due to stronger memory effects. A comparison with the
standard Caputo time-fractional diffusion model indicates that the normalized formulation provides
a more uniform temporal decay behavior while preserving the essential dynamics. These computa-
tional results suggest that the proposed method offers an accurate and reliable numerical algorithm for
simulating multidimensional diffusion processes with memory effects.

Keywords: normalized time-fractional derivative; high-order diffusion equations; fourier spectral
method

1. Introduction

In the past decades, diffusion models with time-fractional derivatives have been extensively studied
in various disciplines. By incorporating memory effects, time-fractional derivatives [1–5] general-
ize classical models, provide a better representation of real-world processes with non-constant rates
of change, describe non-standard diffusion behavior that leads to nonlocal temporal effects, and cap-
ture long-memory systems accurately. As a result of these properties, time-fractional derivatives have
been applied to partial differential equations used in various fields. The time-fractional Allen–Cahn
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equation [6, 7] has been applied to the description of phase separation in binary alloys and spinodal
decomposition. Recently, Sun et al. [8] developed a second-order approximation scheme for the time
Caputo–Hadamard fractional derivative and applied it to the Allen–Cahn equation. They established
rigorous L2-norm error estimates together with H1 superconvergence results and demonstrated that
different fractional operators may lead to distinct evolution behaviors. This work highlights the impor-
tance of accurately treating fractional memory kernels in phase-field models.

We consider the following normalized time-fractional diffusion equation:

∂αu(x, t)
∂tα

= ∆u(x, t), x ∈ Ω, t ≥ 0, (1.1)

where u(x, t) is the concentration at spatial position x ∈ Rd and time t for d = 2, 3. The normalized
time-fractional derivative is defined as

∂αu(x, t)
∂tα

=
1 − α
t1−α

∫ t

0

∂u(x, s)
∂s

ds
(t − s)α

,

where the fractional order 0 < α < 1, and the following identity holds:

1 − α
t1−α

∫ t

0

ds
(t − s)α

= 1.

The diffusion equation is one of the most fundamental equations and has been widely used as a foun-
dation for many models. Moreover, various equations based on the diffusion equation have been ex-
tensively studied in forms with normalized time-fractional derivatives. For example, Wang et al. [9]
proposed a normalized time-fractional Fokker–Planck equation in one-dimensional (1D) space:

∂αu(x, t)
∂tα

=
∂2u(x, t)
∂x2 − P(x)

∂u(x, t)
∂x

−
dP(x)

dx
u(x, t) + f (x, t), x ∈ Ω, t > 0,

which is based on the diffusion equation and includes convection and external force terms. It is ap-
plied to the modeling of stochastic processes and probability density evolution. The normalized time-
fractional Fisher equation proposed in [10] is based on the classical diffusion model and takes the
following form:

∂αu(x, t)
∂tα

= D
∂2u(x, t)
∂x2 + p(1 − u)u, x ∈ Ω = (Lx,Rx), 0 < α < 1.

However, although real-world problems are inherently three-dimensional (3D), the extension of
time-fractional models to higher dimensions has been difficult due to limitations in memory capacity.
Therefore, studies of the diffusion equation in two and three dimensions support the analysis of these
problems and allow a comprehensive description of volumetric diffusion that cannot be captured by 1D
models. Although the theory is well established, for example, rigorous existence and uniqueness results
have been derived for initial value problems involving the Caputo–Hadamard derivative with delay and
nonlocal conditions using measures of non-compactness and fixed point theorems, and such analyti-
cal approaches have also been used in the study of time–space fractional diffusion equations [11], it
is difficult to find exact analytical solutions for these equations. Therefore, numerical methods are
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essential, and many methods have been proposed and developed. However, the development of effi-
cient schemes for multidimensional problems remains an important research area. In 2D problems,
several approaches have emerged. With respect to Fourier spectral approaches, Lin and Xu [12] ana-
lyzed both finite difference and spectral schemes for time-fractional diffusion equations. This approach
improved numerical stability and reduced computational cost. By combining Chebyshev collocation
and the Laplace transform, Shah et al. [13] introduced an effective computational method for the time-
fractional diffusion–wave equation. These studies demonstrate the utility of spectral and high-order
methods in resolving spatial derivatives with high accuracy.

In contrast, relatively fewer studies have focused on 3D time-fractional diffusion equations. Nev-
ertheless, many diffusion-dominated processes in physics, engineering, and materials science are in-
herently 3D. For example, a truly meshless numerical method combined with high-order temporal
discretization has been proposed to efficiently and accurately solve 3D variable-order time-fractional
diffusion equations [14]. It significantly reduces storage and computational cost by using a fast high-
order L2 scheme accelerated with the sum-of-exponentials technique [15], while preserving stability
and accuracy. An unconditionally stable alternating direction implicit (ADI) method with second-order
spatial accuracy and third-order temporal accuracy increases computational efficiency and accelerates
convergence through extrapolation and the PageRank algorithm [16].

The main purpose of this study is to extend the 1D normalized time-fractional diffusion model to
higher-dimensional spaces, specifically 2D and 3D cases.

The remainder of this article is organized as follows. Section 2 presents the computational solutions
and the derivation of the Fourier spectral method for 2D and 3D normalized time-fractional diffusion
equations. Section 3 presents numerical tests to verify the convergence and accuracy of the method.
Finally, Section 4 provides the conclusions.

2. Computational solutions

We present a Fourier spectral method to solve the normalized time-fractional diffusion equation.
Although the method is not restricted to periodic boundary conditions, we adopt periodic boundary
conditions in each spatial direction in this study, and all numerical simulations are carried out under
this setting.

2.1. 2D normalized time-fractional diffusion equation

In the 2D case, we consider the computational domain Ω = (Lx, Rx) × (Ly, Ry). The discretized
domain is Ωh = {(xa, yb)|xa = Lx + (a − 0.5)h, 1 ≤ a ≤ Nx and yb = Ly + (b − 0.5)h, 1 ≤ b ≤ Ny},
where h = (Rx − Lx)/Nx. To present the computational solution algorithm based on the Fourier spectral
method in a self-contained manner, we summarize the 2D procedure. Let uk

ab = u (xa, yb, tk), where
tk = (k − 1)∆t. The set {uk

ab | 1 ≤ a ≤ Nx, 1 ≤ b ≤ Ny} represents the given data, and we define the
discrete Fourier transform as

ûk
pv =

Nx∑
a=1

Ny∑
b=1

uk
abe−i(ξp xa+ηvyb), −

Nx

2
+ 1 ≤ p ≤

Nx

2
, −

Ny

2
+ 1 ≤ v ≤

Ny

2
, (2.1)
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where ξp = 2πp/Lx and ηv = 2πv/Ly. The inverse discrete Fourier transform is defined as

uk
ab =

1
NxNy

Nx/2∑
p=−Nx/2+1

Ny/2∑
v=−Ny/2+1

ûk
pve

i(ξp xa+ηvyb). (2.2)

We define u(x, y, t) to be a continuous extension of uk
ab. The derivatives of u(x, y, t) are given by

∂

∂x
u(x, y, t) =

1
NxNy

Nx/2∑
p=−Nx/2+1

Ny/2∑
v=−Ny/2+1

(iξp)û(ξp, ηv, t)ei(ξp xa+ηvyb),

∂

∂y
u(x, y, t) =

1
NxNy

Nx/2∑
p=−Nx/2+1

Ny/2∑
v=−Ny/2+1

(iηv)û(ξp, ηv, t)ei(ξp xa+ηvyb).

The normalized time-fractional derivative at tk+1 can be approximated by

∂αu(xa, yb, tk+1)
∂tα

=
1 − α
t1−α
k+1

k∑
r=1

∫ tr+1

tr

∂u(xa, yb, s)
∂s

ds
(tk+1 − s)α

=

k∑
r=1

1 − α
t1−α
k+1

∫ tr+1

tr

ds
(tk+1 − s)α

ur+1
ab − ur

ab

∆t
+ R∆t

=

k∑
r=1

(tk+1 − tr)1−α − (tk+1 − tr+1)1−α

t1−α
k+1

ur+1
ab − ur

ab

∆t
+ R∆t. (2.3)

Equation (2.3) can be rewritten as follows by using the definition tk = (k − 1)∆t:

k∑
r=1

(k + 1 − r)1−α − (k − r)1−α

k1−α

ur+1
ab − ur

ab

∆t
+ R∆t =

k∑
r=1

wk
r

ur+1
ab − ur

ab

∆t
+ R∆t

= wk
k

uk+1
ab − uk

ab

∆t
+

k−1∑
r=1

wk
r

ur+1
ab − ur

ab

∆t
+ R∆t,

where wk
r = [(k + 1 − r)1−α − (k − r)1−α]/k1−α, these weights satisfy

k∑
r=1

wk
r = 1, and R∆t is the truncation

error.
To analyze the truncation error R∆t, we consider the difference between the exact derivative and

the discrete approximation. For brevity, we omit the spatial indices (xa, yb) in the following analysis.
Following the analytical method of [12, 17], we obtain the following estimate for the truncation error:

|R∆t| =

∣∣∣∣∣∣∣1 − αt1−α
k+1

k∑
r=1

∫ tr+1

tr

(
∂u(s)
∂s
−

ur+1 − ur

∆t

)
ds

(tk+1 − s)α

∣∣∣∣∣∣∣ . (2.4)

We use the Taylor expansion at the midpoint tr+1/2 = (tr+ tr+1)/2 to analyze the term inside the integral.
Assuming that the solution satisfies sufficient temporal regularity, specifically u ∈ C3([∆t,T ]), we
carry out a formal truncation error analysis to illustrate the expected temporal accuracy of the proposed
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scheme. The exact derivative at any s ∈ (tr, tr+1) can be expanded. Note that since |s − tr+1/2| ≤ ∆t/2,
the quadratic remainder term is uniformly bounded by O(∆t2):

∂u
∂s

(s) =
∂u
∂s

(tr+1/2) +
∂2u
∂s2 (tr+1/2)(s − tr+1/2) + O(∆t2).

Similarly, the central difference quotient approximates the derivative at the midpoint with second-order
accuracy:

ur+1 − ur

∆t
=
∂u
∂s

(tr+1/2) + O(∆t2).

Subtracting the two expressions and noting that s − tr+1/2 =
1
2 (2s − tr − tr+1), we obtain

∂u
∂s
−

ur+1 − ur

∆t
=
∂2u
∂s2 (tr+1/2)(s − tr+1/2) + O(∆t2)

=
1
2
∂2u
∂s2 (tr+1/2)(2s − tr − tr+1) + O(∆t2). (2.5)

Substituting this approximation back into |R∆t| implies

|R∆t| =

∣∣∣∣∣∣∣1 − αt1−α
k+1

k∑
r=1

∫ tr+1

tr

(
1
2
∂2u
∂s2 (tr+1/2)(2s − tr − tr+1) + O(∆t2)

)
ds

(tk+1 − s)α

∣∣∣∣∣∣∣ . (2.6)

Since u ∈ C3([∆t,T ]), |∂2u/∂s2| is bounded on [∆t,T ]. Let Mu = max
t∈[∆t,T ]

|∂2u/∂t2|. Factoring out this

constant and noting that the O(∆t2) term contributes to a higher-order error after integration [12], we
obtain

|R∆t| ≤

(
1 − α
2t1−α

k+1

Mu

) ∣∣∣∣∣∣∣
k∑

r=1

∫ tr+1

tr

2s − tr − tr+1

(tk+1 − s)α
ds

∣∣∣∣∣∣∣ + O(∆t2)

≤ C1

∣∣∣∣∣∣∣
k∑

r=1

∫ tr+1

tr

2s − tr − tr+1

(tk+1 − s)α
ds

∣∣∣∣∣∣∣ + O(∆t2). (2.7)

To evaluate the integral term, we introduce the change of variable s = tr + η∆t for η ∈ [0, 1]. Con-
sequently, ds = ∆tdη, and the term 2s − tr − tr+1 simplifies to ∆t(2η − 1). The denominator becomes
(tk+1 − s)α = ∆tα(k + 1 − r − η)α. Substituting these into the summation gives∣∣∣∣∣∣∣

k∑
r=1

∫ tr+1

tr

2s − tr − tr+1

(tk+1 − s)α
ds

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣

k∑
r=1

∫ 1

0

∆t(2η − 1)
∆tα(k + 1 − r − η)α

∆tdη

∣∣∣∣∣∣∣
= ∆t2−α

∣∣∣∣∣∣∣
k∑

r=1

∫ 1

0

2η − 1
(k + 1 − r − η)α

dη

∣∣∣∣∣∣∣ . (2.8)

The remaining summation of integrals converges to a finite constant for 0 < α < 1. Therefore, we
conclude

|R∆t| ≤ C2∆t2−α + O(∆t2−α) ≤ C∆t2−α, (2.9)
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where C is a positive constant and does not depend on ∆t. Thus, the theoretical temporal convergence
rate is O(∆t2−α). We remark that this error estimate is derived under sufficient smoothness assumptions
and should be understood as a formal analysis. In practice, the numerical scheme is applied for t ≥ ∆t,
where the solution is less affected by the initial weak singularity.

Furthermore, we have

∆u(x, y, t) =
1

NxNy

Nx/2∑
p=−Nx/2+1

Ny/2∑
v=−Ny/2+1

∆û(ξp, ηv, t)ei(ξp xa+ηvyb)

=
1

NxNy

Nx/2∑
p=−Nx/2+1

Ny/2∑
v=−Ny/2+1

−(ξ2
p + η

2
v)û(ξp, ηv, t)ei(ξp xa+ηvyb).

This leads to the following numerical algorithm for the considered equation:

wk
k

uk+1
ab − uk

ab

∆t
= ∆uk+1

ab − sk
ab, (2.10)

where sk
ab =

k−1∑
r=1

wk
r(u

r+1
ab − ur

ab)/∆t. Therefore, Eq (2.10) can be written as

wk
k

ûk+1
pv − ûk

pv

∆t
= −

(
ξ2

p + η
2
v

)
ûk+1

pv − ŝk
pv.

Rearranging the above equation yields

ûk+1
pv =

wk
kû

k
pv − ∆tŝk

pv

wk
k + ∆t(ξ2

p + η
2
v)
.

Finally, uk+1
ab is obtained by using Eq (2.2):

uk+1
ab =

1
NxNy

Nx/2∑
p=−Nx/2+1

Ny/2∑
v=−Ny/2+1

ûk+1
pv ei(ξp xa+ηvyb).

2.2. 3D normalized time-fractional diffusion equation

We expand the 2D Fourier spectral method to 3D on the domain Ω = (Lx, Rx) × (Ly, Ry) × (Lz, Rz)
to solve the normalized time-fractional diffusion equation. The discretized domain is defined as

Ωh = {(xa, yb, zc)|xa = Lx + (a − 0.5)h, yb = Ly + (b − 0.5)h, zc = Lz + (c − 0.5)h},

where 1 ≤ a ≤ Nx, 1 ≤ b ≤ Ny, and 1 ≤ c ≤ Nz. Let uk
abc = u (xa, yb, zc, tk), where tk = (k − 1)∆t. The

discrete Fourier transform is defined as

ûk
pvr =

Nx∑
a=1

Ny∑
b=1

Nz∑
c=1

uk
abce

−i(ξp xa+ηvyb+ωrzc), (2.11)
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where −Nx
2 + 1 ≤ p ≤ Nx

2 , −
Ny

2 + 1 ≤ v ≤ Ny

2 , and −Nz
2 + 1 ≤ r ≤ Nz

2 . Here, ξp = 2πp/Lx, ηv = 2πv/Ly,
and ωr = 2πr/Lz. The inverse discrete Fourier transform is defined as

uk
abc =

1
NxNyNz

Nx/2∑
p=−Nx/2+1

Ny/2∑
v=−Ny/2+1

Nz/2∑
r=−Nz/2+1

ûk
pvre

i(ξp xa+ηvyb+ωrzc). (2.12)

Analogous to the 2D case, we assume that the solution u(x, y, z, t) is sufficiently smooth and represents
a continuous extension of the discrete numerical solution uk

abc. Under this assumption, the spatial
derivatives of u(x, y, z, t) can be expressed in the Fourier space as

∂

∂x
u(x, y, z, t) =

1
NxNyNz

Nx/2∑
p=−Nx/2+1

Ny/2∑
v=−Ny/2+1

Nz/2∑
r=−Nz/2+1

(iξp)û(ξp, ηv, ωr, t)ei(ξp xa+ηvyb+ωrzc),

∂

∂y
u(x, y, z, t) =

1
NxNyNz

Nx/2∑
p=−Nx/2+1

Ny/2∑
v=−Ny/2+1

Nz/2∑
r=−Nz/2+1

(iηv)û(ξp, ηv, ωr, t)ei(ξp xa+ηvyb+ωrzc),

∂

∂z
u(x, y, z, t) =

1
NxNyNz

Nx/2∑
p=−Nx/2+1

Ny/2∑
v=−Ny/2+1

Nz/2∑
r=−Nz/2+1

(iωr)û(ξp, ηv, ωr, t)ei(ξp xa+ηvyb+ωrzc).

Consequently, the Laplacian operator in the physical space corresponds to a multiplicative coefficient
in the Fourier space, namely,

∆u(x, y, z, t) =
1

NxNyNz

Nx/2∑
p=−Nx/2+1

Ny/2∑
v=−Ny/2+1

Nz/2∑
r=−Nz/2+1

∆û(ξp, ηv, ωr, t)ei(ξp xa+ηvyb+ωrzc)

=
1

NxNyNz

Nx/2∑
p=−Nx/2+1

Ny/2∑
v=−Ny/2+1

Nz/2∑
r=−Nz/2+1

−(ξ2
p + η

2
v + ω

2)û(ξp, ηv, t)ei(ξp xa+ηvyb+ωrzc).

By applying the same procedure as in the 2D case, we obtain

ûk+1
pvr =

wk
kû

k
pvr − ∆tŝk

pvr

wk
k + ∆t(ξ2

p + η
2
v + ω

2
r )
.

Finally, uk+1
abc is obtained by performing the inverse discrete Fourier transform:

uk+1
abc =

1
NxNyNz

Nx/2∑
p=−Nx/2+1

Ny/2∑
v=−Ny/2+1

Nz/2∑
r=−Nz/2+1

ûk+1
pvr ei(ξp xa+ηvyb+ωrzc).

3. Numerical experiments

3.1. 2D convergence test

We first conduct a 2D convergence test in the domain Ω = (0, 10)2. The parameters are set to
α = 0.3, 0.5, 0.7 and T = 0.2. The initial condition is chosen as

u(x, y, 0) = cos(4πx) sin(4πy).
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The L2-norm is defined as ∥uk∥2 =

√(
Nx∑
i=1

Ny∑
j=1

(uk
i j)2

)
/(NxNy). The relative error is defined by

Error =
∥uk − uk

re f ∥2

∥uk
re f ∥2

, (3.1)

where uk
re f denotes the reference solution. Temporal errors are evaluated by successively reducing the

time step by a factor of two, with ∆t = T/25 to ∆t = T/28. A fixed 256 × 256 spatial grid is used, and
the reference solution uk

ref is obtained with ∆t = T/212. Table 1 summarizes the temporal discretization
errors and the associated convergence rates for different time step sizes.

Table 1. Temporal discretization errors and convergence rates in 2D.

α ∆t = 0.2/25 ∆t = 0.2/26 ∆t = 0.2/27 ∆t = 0.2/28

Error Order Error Order Error Order Error
0.3 1.89 × 10−3 1.58 6.30 × 10−4 1.66 1.99 × 10−4 1.71 6.06 × 10−5

0.5 4.10 × 10−3 1.43 1.52 × 10−3 1.48 5.44 × 10−4 1.52 1.89 × 10−4

0.7 7.62 × 10−3 1.27 3.15 × 10−3 1.30 1.28 × 10−3 1.33 5.07 × 10−4

20 30 40 50 60 70

10
-2

10
0

Figure 1. Exponentially decreasing spatial errors in 2D with the number of grid points
N = Nx = Ny.

Next, the time step is fixed at ∆t = T/28 to ensure sufficient temporal accuracy, which allows
an isolated assessment of spatial discretization errors. The reference solution uk

re f is computed on
a 210 × 210 grid. Furthermore, several spatial resolutions Nx × Ny = 2ρ × 2ρ with ρ = 4, 5, 6 are
tested, and the corresponding errors are reported in Figure 1. Spatial discretization is conducted using
the Fourier spectral method, under which the discretization error decreases progressively as the mesh
is refined.
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3.2. 3D convergence test

We investigate the 3D convergence test in the domain Ω = (0, 1)3. We set the mesh size h = 1/128
and end time T = 0.2. The initial condition is given by

u(x, y, z, 0) = exp(sin(2πx) cos(2πy) sin(2πz)).

The L2-norm is defined as

∥uk∥2 =

√√√ Nx∑
i=1

Ny∑
j=1

Nz∑
l=1

(uk
i jl)

2

 /(NxNyNz),

and the relative error is given by Eq (3.1). We choose the time step sizes T/22, T/23, T/24, and T/25

to test the temporal accuracy. The reference solution is computed using the time step size T/29. The
computational results are listed in Table 2.

Table 2. Temporal discretization errors and convergence rates in 3D.

α ∆t = 0.2/22 ∆t = 0.2/23 ∆t = 0.2/24 ∆t = 0.2/25

Error Order Error Order Error Order Error
0.3 3.04 × 10−4 1.48 1.09 × 10−4 1.55 3.71 × 10−5 1.64 1.20 × 10−5

0.5 4.55 × 10−4 1.42 1.71 × 10−4 1.43 6.33 × 10−5 1.48 2.27 × 10−5

0.7 5.12 × 10−4 1.38 1.96 × 10−4 1.31 7.90 × 10−5 1.33 3.15 × 10−5

10 20 30 40 50 60 70

10
0

10
1

Figure 2. Exponentially decreasing spatial errors in 3D with the number of grid points
N = Nx = Ny = Nz.

For the spatial convergence test, we consider the computational domain (0, 10)3 and the initial con-
dition as follows:

u(x, y, z, 0) = sin(4πx) sin(4πy) sin(4πz).

We set the end time to T = 0.005, fix the time step size at ∆t = T/28, α = 0.7, and consider spatial
resolutions 24 × 24 × 24, 25 × 25 × 25 and 26 × 26 × 26 to examine the spatial discretization errors. The
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reference solution is computed on a mesh size of 27 × 27 × 27. As shown in Figure 2, the numerical
behavior is similar to that observed in the 2D case.

3.3. Effect of α on the temporal evolution

It is known that, for the 1D normalized time-fractional diffusion equation, the evolution dynamics
are similar for different values of α [18]. In this section, we investigate the evolution dynamics in
higher dimensions (2D and 3D) for different values of α. For the computational tests, we consider
Ω = (0, 1)2, the number of grid points Nx = Ny = 256, the spatial step size h = 1/Nx, and the time step
size ∆t = 0.0001. The initial condition is defined as follows:

u(x, y, 0) = sin(2πx) sin(2πy).

Figure 3 presents the temporal evolution dynamics for α = 0.999 and 0.001 at t = 0, 0.005, and 0.01.
In 2D, similar evolution dynamics are observed for different values of α. However, the evolution be-
comes slower as α decreases. This suggests that the memory effect influences the evolution dynamics.
Furthermore, we compare the temporal evolution of the amplitude height defined in Figure 4(a) for var-
ious values of α, where h(t) = max(x,y)∈Ω u(x, y, t). Figure 4(b) shows the temporal evolution of h(t) for
α = 0.9, 0.7, 0.5, 0.3, and 0.1. This supports that the memory effect influences the evolution dynamics.

(a) t = 0 (b) t = 0.005 (c) t = 0.01

Figure 3. Temporal evolution dynamics for different values of α at t = 0, 0.005, and 0.01.
From top to bottom rows, α = 0.999 and α = 0.001, respectively.

In addition, we investigate simulations with increased periodicity. The parameters are the same as
those in Figure 3, and the initial condition is defined as follows:

u(x, y, 0) = sin(4πx) sin(4πy). (3.2)

Figure 5 shows the temporal evolution of the solution to Eq (3.2) for α = 0.999 and α = 0.001, with
snapshots taken at t = 0, 0.005, and 0.01. When the periodicity of the initial condition is high, the
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temporal evolution becomes faster, and the reduced evolution speed due to memory effects is clearly
observed.

0 0.5 1
-1

0

1

(a)
0 0.002 0.004 0.006 0.008 0.01

0.5

0.625

0.75

0.875

1

(b)
Figure 4. (a) Definition of the amplitude height h. (b) Temporal evolution of the height h(t)
for different values of α.

(a) t = 0 (b) t = 0.005 (c) t = 0.01

Figure 5. Temporal evolution dynamics with a higher-periodicity initial condition for differ-
ent values of α at t = 0, 0.005, and 0.01. From top to bottom rows, α = 0.999 and α = 0.001,
respectively.

In the 3D experiment, we consider Ω = (0, 1)3, the number of grid points Nx = Ny = Nz = 200, the
spatial step size h = 1/Nx, and the time step size ∆t = 0.0001. The initial condition is given as follows:

u(x, y, z, 0) = sin(2πx) sin(2πy) sin(2πz).

Figure 6 shows the temporal evolution dynamics for α = 0.999 and 0.001 at t = 0, 0.004, and 0.008.
Similar to the 2D case, it is observed that in the 3D case, the evolution dynamics are slower as the
fractional order α decreases.
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(a) t = 0 (b) t = 0.004 (c) t = 0.008

Figure 6. Temporal evolution dynamics of 3D initial condition for different values of α at
t = 0, 0.004, and 0.008. From top to bottom rows, α = 0.999 and α = 0.001, respectively.

3.4. Comparison with standard Caputo time-fractional model

In this section, we compare the proposed normalized time-fractional model with the conventional
Caputo time-fractional model. The Caputo derivative operator differs from the normalized one and is
defined as follows:

∂βu(x, t)
∂tβ

=
1

Γ(1 − β)

∫ t

0

∂u(x, s)
∂s

ds
(t − s)β

, 0 < β < 1, (3.3)

where Γ(z) =
∫ ∞

0
τz−1e−τdτ is the gamma function and β is the fractional order of the Caputo derivative.

The derivative reduces to the standard first-order derivative when β = 1. Here, we take the initial
condition

u(x, y, 0) = sin(0.4πx) sin(0.4πy).

Numerical tests are performed on the square domain Ω = (0, 5)2 with 200 × 200 grid points. We
take h = 1/Nx, T = 3, and ∆t = 0.003 for the computations. The time evolution of the standard
Caputo model with fractional orders β = 0.1 and 0.9 is shown in Figure 7. For smaller values of
β, the system evolves rapidly. When β is large, the decay process is slower and more gradual. The
temporal evolution of the normalized model for α = 0.1 and 0.9 is presented in Figure 8. Although the
parameter α still affects the evolution speed, the decay rate remains more uniform in time compared
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with the conventional Caputo model. In particular, for β = 0.1, the solution decreases very rapidly,
while as shown in Figure 8(a), when α = 0.1, the decay behavior is more uniform in time. Although the
Caputo derivative has been extensively studied and is mathematically well established, the normalized
formulation provides a fair approach for comparing fractional-order effects.

(a)

(b)

t = 0 t = 0.003 t = 3

Figure 7. Time evolution for the conventional Caputo model with (a) β = 0.1 and (b) β = 0.9.

(a)

(b)

t = 0 t = 0.003 t = 3

Figure 8. Time evolution for the normalized model with (a) α = 0.1 and (b) α = 0.9 at t = 0,
0.003, and 3.
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3.5. 3D normalized time-fractional Fisher–Kolmogorov–Petrovsky–Piskunov (Fisher-KPP) model

The normalized time-fractional Fisher–KPP equation is given as

∂αu(x, y, z, t)
∂tα

= D∆u(x, y, z, t) + Kpqup(x, y, z, t)[1 − u(x, y, z, t)]q, (x, y, z) ∈ Ω,

where D is the diffusion coefficient, Kpq is the nonlinear parameter, and p and q are the exponents that
are all assumed to be positive. The nonlinear term Kpqup(1−u)q varies depending on the specific values
of p and q. Specifically, Kpq = Γ(p + q + 2)/(Γ(p + 1)Γ(q + 1)) and Γ(z) =

∫ ∞
0

tz−1e−tdt.
In this section, we carry out numerical experiments with the following initial condition:

u(x, y, z, 0) = 0.2 cos(2πx) cos(2πy) cos(2πz) + 0.5.

Here, the final time is set to T = 0.12 with time step ∆t = 0.003. The spatial discretization uses
Nx = Ny = Nz = 64, and we take p = q = 1 on the domain Ω = (0, 1) × (0, 1) × (0, 1). Figure 9 shows
the 0.5 level isosurfaces of temporal evolution dynamics for α = 0.999 and α = 0.001. It is observed
that when the fractional order α is small, the evolution becomes faster and the interface shrinks more
rapidly. Conversely, a larger α leads to slower change and more persistent structures over the same
time interval, which indicates stronger memory effects in the system under identical conditions.

(a) t = 0 (b) t = 0.06 (c) t = 0.12

Figure 9. 0.5 level isosurfaces of temporal evolution dynamics for different values of α at
t = 0, 0.06, and 0.12. From top to bottom rows, α = 0.999 and α = 0.001, respectively.
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4. Conclusions

The main purpose of this study was to extend the 1D normalized time-fractional diffusion model to
higher-dimensional settings, specifically 2D and 3D cases. This study used a Fourier spectral method
combined with a finite difference approximation in time to solve normalized time-fractional diffusion
equations in 2D and 3D spaces. The normalized formulation guaranteed that the memory kernel asso-
ciated with the fractional derivative integrated to one, which allowed a consistent and fair interpretation
of memory effects across different fractional orders. This property clearly distinguished the proposed
model from conventional Caputo-type time-fractional derivatives and provided a reliable basis for com-
parative analysis. Numerical experiments confirmed a temporal convergence rate of orderO(∆t2−α) and
exponential accuracy in space.

The proposed higher-order normalized time-fractional diffusion equation can be extended to a wide
class of important partial differential equations. In particular, normalized time-fractional reaction–
diffusion models, as well as many other time-fractional systems, can be formulated on the basis of
the present diffusion model. In general, when the fractional order is small, stability issues tend to
arise, which pose additional challenges for numerical simulations. Moreover, time-fractional models
inherently require high computational cost due to the nonlocal memory effect.

This computational burden can be reduced by using a short-memory strategy, which restricts the
evaluation of the time-fractional derivative to a short temporal window. Such an approach proves
effective when the time-fractional order is close to one, and it significantly reduces memory usage
and computational cost. In addition, although the Fourier spectral method imposes periodic boundary
conditions, these limitations can be alleviated by adopting alternative numerical approaches, such as
multigrid methods, which allow greater flexibility in handling general boundary conditions and com-
plex geometries.

The proposed normalized time-fractional diffusion models, together with the Fourier spectral dis-
cretization, provide accurate and reliable numerical methods for simulating multidimensional diffusion
processes with memory effects. Future work will focus on extensions to nonlinear and coupled sys-
tems, variable-order normalized time-fractional derivatives, and alternative spatial discretizations that
overcome periodic boundary constraints while maintaining high accuracy and efficiency. In addition,
future studies will include 3D numerical experiments for the normalized time-fractional Fisher equa-
tion or other 3D nonlinear models. Furthermore, future work will focus on the development of a fully
rigorous stability and convergence analysis for nonlinear extensions of the proposed scheme, including
the establishment of uniform bounds for the numerical solution, as well as a rigorous error analysis
accounting for the reduced temporal regularity near t = 0 for time-fractional diffusion equations.
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Appendix

Listing 1 is MATLAB code for the considered equation.

Listing 1. MATLAB code for the considered equation.
c l e a r a l l ;
Nx=256; Ny=256; Lx=0; Rx=1; Ly=0; Ry=1; h=(Rx - Lx ) /Nx ;
x= l i n s p a c e ( Lx+0 . 5 *h , Rx -0 . 5 *h , Nx ) ; y= l i n s p a c e ( Ly+0 . 5 *h , Ry -0 . 5 *h , Ny ) ;
d t=0 .0001 ; T=0 . 0 1 ; Nt = round ( T / d t ) ; ns=round ( Nt / 2 0 ) ;
u0= s i n (2* p i *x ' ) . * s i n (2* p i *y ) ;
k=2* p i / ( Rx - Lx ) * [ 0 : Nx /2 -Nx / 2+ 1 : - 1 ] ; p=2* p i / ( Ry - Ly ) * [ 0 : Ny /2 -Ny / 2+ 1 : - 1 ] ;
k2=k . ˆ 2 ; p2=p . ˆ 2 ; [ kk2 , pp2 ]=meshgr id ( k2 , p2 ) ;
kp=kk2 '+ pp2 ' ; a l p=0 . 7 ; u = z e r o s ( Nx , Ny , Nt+1) ; u ( : , : , 1 )=u0 ;
f o r n = 1 : Nt
i f a l p==1

w( n ) =1;
F=0*u0 ( : , : ) ;
e l s e
deno = n ˆ ( 1 - a l p ) ;
f o r p = 1 : n
w( p ) = ( ( n+1 -p ) ˆ ( 1 - a l p ) - ( n - p ) ˆ ( 1 - a l p ) ) / deno ;
end
F = 0* u0 ( : , : ) ;
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i f n > 1
f o r p = 1 : n -1
F = F+w( p ) * ( u ( : , : , p+1) - u ( : , : , p ) ) / d t ;
end
end
end
v h a t = f f t 2 (w( n ) *u ( : , : , n ) - d t *F ) ; %C o n v e r t s t o F o u r i e r s p a c e
v h a t = v h a t . / ( w( n )+d t *kp ) ; %Backwards E u l e r t i m e s t e p p i n g
u ( : , : , n+1) = r e a l ( i f f t 2 ( v h a t ) ) ; %C o n v e r t s back t o r e a l s p a c e
i f mod ( n , ns )==0
f i g u r e ( 1 ) ; c l f ; view ( 3 ) ; g r i d on ; co lormap j e t ;
s u r f ( x , y , u ( : , : , n+1) ' ) ; s h a d i n g i n t e r p ;
a x i s ( [ Lx , Rx , Ly , Ry , - 1 , 1 ] ) ; c a x i s ( [ - 1 1 ] ) ;
end
end
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