
Electronic  
Research Archive

https://www.aimspress.com/journal/era

ERA, 34(3): 1885–1899.
DOI: 10.3934/era.2026084
Received: 20 January 2026
Revised: 20 January 2026
Accepted: 13 February 2026
Published: 03 March 2026

Research article

Weierstrass-type constructions, variational analysis and integral-free
minimal immersions in Rn
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Abstract: We study conformal minimal immersions into Rn via the classical correspondence
with holomorphic null curves in Cn. After recalling a convenient Weierstrass-type parametrization
of null data on simply connected domains, we present an explicit integral-free construction that
produces minimal immersions directly from a single holomorphic seed function, meaning that the
coordinate functions are obtained through closed-form algebraic expressions involving derivatives of
the seed rather than through path integration of null data. This viewpoint leads to a reconstruction
identity for the seed and gives concrete formulas for the induced metric and the associated Gauss
map. For polynomial seeds, we obtain explicit families in arbitrary codimension with closed-form
conformal factors. As an analytic application, we derive a second-variation formula for the area under
holomorphic perturbations of the seed, expressed in terms of the third derivative of the perturbation.
The discussion is local and formula-driven: we do not consider global period problems, completeness,
embeddedness, or topological classification, as our goal is to develop explicit analytic constructions
rather than a global classification theory.

Keywords: minimal immersions; holomorphic null curves; Weierstrass-type formulas; conformal
parametrizations; integral-free construction; second variation of area

1. Introduction

A conformal minimal immersion X : D → Rn on a simply connected planar domain D ⊂ C can be
described in terms of holomorphic Cn-valued data satisfying the classical nullity condition.
Equivalently, X is locally the real part of a holomorphic null curve in Cn. This correspondence is
well known.

The novelty of the present work lies not in the correspondence itself, but in the explicit closed-form
parametrization of null data generated from a single holomorphic seed together with a reconstruction
identity and a variational formulation written directly in terms of derivatives of the seed.
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The emphasis here is local and explicit. We work on simply connected domains and focus on
closed-form null data, an integral-free realization built from one holomorphic seed, and the resulting
computable expressions for the metric, Gauss map, and area variation.

In contrast with classical formulations, where the immersion is reconstructed through integration
of holomorphic null curves, the present framework provides algebraic coordinate expressions derived
directly from derivatives of the seed function, which simplifies explicit construction and
perturbation analysis.

Global questions, such as period conditions, completeness, embeddedness, and classifications are
intentionally left aside.

Let n ≥ 3 and let D ⊂ C be simply connected.
The paper is organized as follows:

i) Section 2 recalls a Weierstrass-type parametrization.
ii) Section 3 gives an explicit integral-free construction.
iii) Section 4 treats polynomial seeds.
iv) Section 5 derives a second-variation formula.

Since the correspondence between conformal minimal immersions and holomorphic null curves is
classical, we avoid claims of providing a new representation in a global sense.

Instead, the contribution is the construction of a concrete parametrized class of null data with
explicit coordinate realization and a direct variational interpretation.

Background research on minimal surfaces in Euclidean space was initiated by Beckenbach [1],
who studied minimal surfaces in higher-dimensional Euclidean spaces. Fundamental global results for
complete minimal surfaces were established by Chern and Osserman [2] and further developed in the
seminal works of Osserman [3, 4]. The classical lecture notes of Nitsche [5] and the comprehensive
monograph by Dierkes et al. [6] provide systematic treatments of the theory. A modern and broad
perspective on submanifold theory can be found in the book Dajczer and Tojeiro [7].

The topology of complete minimal surfaces with finite total curvature was studied by Jorge and
Meeks [8], while the geometry of the generalized Gauss map was investigated by Hoffman and
Osserman [9]. For curvature functionals and Willmore-type energies in space forms, we refer to the
works of Gruber et al. [10–12] .

In pseudo-Riemannian and δ-invariant settings, Chen’s monograph [13] provides important
background material, as does the work of Chen et al. [14]. For codimension-two formulas and
generalized Weierstrass-Enneper representations in R4, see [15].

We stress again that the present paper does not pursue global classification questions.

2. A Weierstrass-type null data formula in Rn

We record a standard holomorphic-null formulation.

Theorem 2.1 (Generalized Weierstrass representation in R4, [15]). Let f , g, h be holomorphic on D ⊂
C. Then,

X(ω, ω̄) = ℜ
∫ (

1
2

f (1 − g2 − h2),
i
2

f (1 + g2 + h2), f g, f h
)

dω (2.1)

defines a conformal minimal immersion into R4.
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We include this formulation to fix notation and highlight the parametrized structure that will be
exploited in the integral-free construction.

The preceding result admits a natural extension to higher-dimensional Euclidean spaces, in which
the role of the auxiliary holomorphic data is expanded to accommodate immersions into Rn. We record
this generalization below.

Theorem 2.2 (Generalized Weierstrass–Enneper representation in Rn). Let D ⊂ C be a simply
connected domain, and let f , g1, . . . , gn−2 be holomorphic functions on D. Define the holomorphic
Cn-valued differential

(ϕ1, . . . , ϕn) =
(
1
2

f
(
1 − g2

1 − · · · − g2
n−2

)
,

i
2

f
(
1 + g2

1 + · · · + g2
n−2

)
, f g1, . . . , f g n−2

)
.

Then, the map

X(ω, ω̄) = ℜ
∫ ω

(ϕ1, . . . , ϕn) dω (2.2)

defines a conformal minimal immersion X : D→ Rn, provided that the induced metric does not vanish.

Proof. A direct computation shows

ϕ2
1 + ϕ

2
2 + · · · + ϕ

2
n = 0.

Thus, (ϕ1, . . . , ϕn) is a holomorphic null curve in Cn. Assuming that the vector (ϕ1, . . . , ϕn) does not
vanish identically, the map

X(ω, ω̄) = ℜ
∫ ω

(ϕ1, . . . , ϕn) dω

is well defined up to translation on D and defines a conformal minimal immersion into Rn wherever
the induced metric does not vanish. The conformality follows from the nullity condition, and the
minimality follows from the holomorphicity of the data. □

3. Integral-free form generalization to Rn

We now construct an integral-free realization of the same representation.
The guiding idea is to replace the classical integral reconstruction step by explicit coordinate

expressions depending only on derivatives of a single holomorphic seed. This allows direct
computation of geometric quantities and facilitates perturbation analysis.

Let Φ be holomorphic on a simply connected domain D ⊂ C. Choose parameters λ1, . . . , λn−3

and set

λ0 := 1, Λ = 1 + λ2
1 + · · · + λ

2
n−3 =

n−3∑
j=0

λ2
j .

When we use the closed-form metric simplification in later sections, we assume λ j ∈ R so that
Λ ∈ R.

Define
f (ω) = Φ′′′(ω), g1(ω) = ω, g j(ω) = λ j−1ω, j = 2, . . . , n − 2.
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We consider the holomorphic map:

F(ω) = ( f1(ω), . . . , fn(ω)),

where

f1(ω) =
1
2

(1 − Λω2)Φ′′(ω) + ΛωΦ′(ω) − ΛΦ(ω),

f2(ω) =
i
2

(1 + Λω2)Φ′′(ω) − iΛωΦ′(ω) + iΛΦ(ω),

f j+3(ω) = λ j
(
ωΦ′′(ω) − Φ′(ω)

)
, j = 0, . . . , n − 3.

Differentiating gives

f ′1(ω) = 1
2 f (ω)

(
1 − Λω2), f ′2(ω) = i

2 f (ω)
(
1 + Λω2),

f ′j+3(ω) = λ j ωΦ
′′′(ω) = λ j ω f (ω), j = 0, . . . , n − 3.

Thus, with
ϕ1 = f ′1 , ϕ2 = f ′2 , ϕk+2 = f gk, k = 1, . . . , n − 2,

the nullity condition
ϕ2

1 + · · · + ϕ
2
n = 0,

holds identically, so F′ = (ϕ1, . . . , ϕn) is a holomorphic null curve.
Consequently, the map

X(ω) = ℜ F(ω)

defines a conformal minimal immersion into Rn wherever the induced metric is nonzero.

Proposition 3.1 (Reconstruction of the seed function). With notation as above, the holomorphic seed
function Φ can be recovered from the data f1, . . . , fn by

Φ(ω) =
Λω2 − 1

2Λ
f1(ω) − i

Λω2 + 1
2Λ

f2(ω) −
ω

Λ

n−3∑
j=0

λ j f j+3(ω).

Proof. From the definition of the last (n − 2) components, we have

n−3∑
j=0

λ j f j+3 =

n−3∑
j=0

λ2
j
(
ωΦ′′ − Φ′

)
= Λ

(
ωΦ′′ − Φ′

)
.

Using the explicit expressions for f1 and f2, one verifies by direct substitution that the coefficients
of Φ′′ and Φ′ cancel each other out, while the coefficient of Φ is equal to 1, yielding Φ(ω). □

Remark 3.2. The reconstruction identity shows that the seed function is uniquely encoded in the
coordinate functions of the immersion. This fact is crucial for the perturbation analysis developed
later, since variations of the seed correspond directly to geometric deformations of the immersion.
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4. Polynomial seed functions and explicit minimal surfaces

We now focus on polynomial seed functions and obtain explicit families of minimal surfaces in
all dimensions.

Theorem 4.1. Let n ≥ 3 and letΦ(ω) = ωm with m ≥ 3. Fixing real parameters λ1, . . . , λn−3 and setting

Λ = 1 + λ2
1 + · · · + λ

2
n−3,

let us consider the immersion
X(ω) = ℜ

(
f1(ω), . . . , fn(ω)

)
determined by the integral-free formulas above.

Then:

1) Each coordinate function fk(ω) is a polynomial of degree m − 1 or m.
2) The induced metric is

ds2 = C2
m |ω|

2m−6 (1 + Λ|ω|2)2 |dω|2,

where Cm = m(m − 1)(m − 2).
3) The generalized Gauss map takes values in the complex quadric

Qn−2 = {[z1 : · · · : zn] ∈ CP n−1 ; z2
1 + · · · + z2

n = 0}

and is a rational map of ω.

This theorem demonstrates that polynomial seeds generate families of minimal immersions whose
metric and Gauss map admit closed-form expressions, providing explicit test cases for analytic and
numerical investigations in higher codimension.

Proof. Let Φ(ω) = ωm with m ≥ 3. Then

Φ′(ω) = mωm−1, Φ′′(ω) = m(m − 1)ωm−2, Φ′′′(ω) = Cm ω
m−3.

Substituting these into the integral-free formulas yields the stated polynomial structure and
metric expression. □

Example. Let n = 5, Φ(ω) = ω4, and choose λ1 = λ2 = 1. Then C4 = 24 and the induced
metric becomes

ds2 = 242|ω|2(1 + 3|ω|2)2 |dω|2,

yielding an explicit polynomial minimal surface in R5.

Remark 4.2. Polynomial seed functions yield infinite families of explicit minimal surfaces in all
dimensions. The parameters λ j distribute curvature among normal directions, while the exponent m
controls growth and complexity of the Gauss map.
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5. Stability under holomorphic null deformations in Rn

In this section, we study how the minimal immersions constructed from polynomial seed functions
Φ(ω) = ωm behave under holomorphic perturbations of the seed. The key point is that in our integral-
free representation, all geometry is encoded in the third derivativeΦ′′′, so that varying the seed byΦ 7→
Φ+εh produces a very transparent expression for the induced metric and hence for the area functional.

We fix once and for all the Weierstrass parameters

λ1, . . . , λn−3 ∈ R, Λ = 1 + λ2
1 + · · · + λ

2
n−3,

and work with the corresponding integral-free representation of the previous section. For the
polynomial seed Φ(ω) = ωm, m ≥ 3, we obtain the minimal immersion X : D → Rn of Theorem 4.1
with conformal factor

λ0(ω) = C2
m|ω|

2m−6(1 + Λ|ω|2)2, Cm = m(m − 1)(m − 2).

We now describe how the area of X changes when the seed Φ is perturbed holomorphically.

Theorem 5.1 (Holomorphic stability). Let n ≥ 3 and let Φ(ω) = ωm with m ≥ 3. Fix real parameters
λ1, . . . , λn−3 and set

Λ = 1 + λ2
1 + · · · + λ

2
n−3.

Let X : D→ Rn be the minimal immersion associated withΦ and these parameters via the integral-free
representation. Consider a holomorphic variation of the seed

Φε(ω) = Φ(ω) + ε h(ω),

where h is holomorphic on D, and let Xε be the family of immersions obtained from Φε by the
same construction.

1) The first variation of the area vanishes:

d
dε

∣∣∣∣∣
ε=0

Area(Xε) = 0.

In particular, every holomorphic perturbation of the seed produces a Jacobi field along X.
2) On any relatively compact subdomain Ω ⊂ D where the immersion X is regular, the second

variation of area is given by the weighted L2-norm of the third derivative of h:

d2

dε2

∣∣∣∣∣∣
ε=0

Area(Xε) = 2
∫
Ω

(1 + Λ|ω|2)2 |h′′′(ω)|2 dA,

where dA denotes the Euclidean area element in the parameter ω.
3) For every holomorphic h, the second variation is nonnegative. Moreover, it vanishes identically

if and only if h′′′(ω) ≡ 0 on D, that is, precisely when

h(ω) = a + bω + cω2

for complex constants a, b, c. In particular, modulo these obvious degeneracies (which do not
change the Weierstrass data), the immersion X is strictly stable under holomorphic deformations
of the seed.

Electronic Research Archive Volume 34, Issue 3, 1885–1899.



1891

Proof. We divide the argument into several steps.

Step 1: By construction, for each fixed ε, the map Xε is a conformal minimal immersion on the
regular set of Φε. Indeed, its Weierstrass data are obtained from the same null-holomorphic recipe as
in Section 3, applied to the seed Φε, and the nullity condition is preserved for all ε.

It is a standard fact in the theory of minimal surfaces that if Xε is a smooth 1-parameter family of
immersions with X0 minimal, then the first variation of area at ε = 0 is given by the L2-pairing of the
variation field

V =
d
dε

∣∣∣∣∣
ε=0

Xε

with the mean curvature vector of X0. Since X0 = X is minimal, its mean curvature vanishes identically,
and hence

d
dε

∣∣∣∣∣
ε=0

Area(Xε) = 0.

This proves item (1). In particular, the variation field V is a Jacobi field along X.

Step 2: We now use the explicit form of the Weierstrass representation. Set

f (ω) = Φ′′′(ω),

so that for the unperturbed seed Φ(ω) = ωm, we have f (ω) = Cmω
m−3. As in the integral-free

construction, the components of the holomorphic null curve are

ϕ1 =
1
2 f (1 − Λω2), ϕ2 =

i
2 f (1 + Λω2), ϕk+2 = f gk, k = 1, . . . , n − 2,

with g1(ω) = ω and g j(ω) = λ j−1ω for j ≥ 2. It is convenient to write these in the factored form

ϕi(ω) = ai(ω) f (ω), i = 1, . . . , n,

where the coefficients ai(ω) depend only on ω and the fixed parameters λ j, but not on the particular
choice of seed. In particular, the same functions ai(ω) appear for every member of the family Xε.

For the perturbed seed
Φε(ω) = Φ(ω) + εh(ω),

we have
Φ′′′ε (ω) = f (ω) + εh′′′(ω),

so that the Weierstrass data of Xε are

ϕi(ε, ω) = ai(ω)
(
f (ω) + εh′′′(ω)

)
, i = 1, . . . , n.

Step 3: For a conformal immersion in complex coordinates ω, the induced metric has the form

ds2
ε = λ(ε, ω) |dω|2, λ(ε, ω) = 2

n∑
i=1

|ϕi(ε, ω)|2.

Using the factorization from Step 2, we obtain

λ(ε, ω) = 2
∣∣∣∣f (ω) + εh′′′(ω)

∣∣∣∣2 n∑
i=1

|ai(ω)|2.
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At ε = 0, this reduces to

λ(0, ω) = 2| f (ω)|2
n∑

i=1

|ai(ω)|2.

On the other hand, by Theorem 4.1, we already know that for Φ(ω) = ωm, the conformal factor is

λ(0, ω) = C2
m|ω|

2m−6(1 + Λ|ω|2)2.

Recalling that f (ω) = Cmω
m−3, we may cancel C2

m|ω|
2m−6 from both expressions and obtain the identity

2
n∑

i=1

|ai(ω)|2 = (1 + Λ|ω|2)2.

Substituting back into the general expression for λ(ε, ω) gives the clean formula

λ(ε, ω) = (1 + Λ|ω|2)2
∣∣∣∣f (ω) + εh′′′(ω)

∣∣∣∣2.
Step 4: Let Ω ⊂ D be a relatively compact domain on which X is regular. The area of Xε over Ω is

Area(Xε) =
∫
Ω

λ(ε, ω) dA =
∫
Ω

(1 + Λ|ω|2)2
∣∣∣∣f (ω) + εh′′′(ω)

∣∣∣∣2 dA.

Differentiating twice with respect to ε and evaluating at ε = 0 yields

d2

dε2

∣∣∣∣∣∣
ε=0

Area(Xε) =
∫
Ω

(1 + Λ|ω|2)2 d2

dε2

∣∣∣∣∣∣
ε=0

∣∣∣∣f (ω) + εh′′′(ω)
∣∣∣∣2 dA.

Since for any complex numbers u, v we have

|u + εv|2 = |u|2 + 2εℜ(uv) + ε2|v|2,

it follows that
d2

dε2

∣∣∣∣∣∣
ε=0

|u + εv|2 = 2|v|2.

Applying this with u = f (ω) and v = h′′′(ω) gives

d2

dε2

∣∣∣∣∣∣
ε=0

∣∣∣∣f (ω) + εh′′′(ω)
∣∣∣∣2 = 2|h′′′(ω)|2,

and hence
d2

dε2

∣∣∣∣∣∣
ε=0

Area(Xε) = 2
∫
Ω

(1 + Λ|ω|2)2|h′′′(ω)|2 dA.

This proves the formula in item 2).

Step 5: The integrand in the expression of the second variation is nonnegative at every point of Ω, so
the second variation is always ≥ 0. It vanishes over Ω if and only if

(1 + Λ|ω|2)2|h′′′(ω)|2 ≡ 0 on Ω,
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which is equivalent to h′′′(ω) ≡ 0 on Ω. By the identity principle for holomorphic functions, this
implies h′′′(ω) ≡ 0 on the whole domain D.

Conversely, if h′′′(ω) ≡ 0 on D, then h must be a polynomial of degree at most 2, say

h(ω) = a + bω + cω2,

with complex constants a, b, c. For such h, we clearly have h′′′(ω) = 0, and the second variation
vanishes identically.

Thus, the null-space of the quadratic form, given by the second variation, consists precisely of
quadratic polynomials, and for any holomorphic h with h′′′(ω) . 0, the integrand is strictly positive
on a nonempty open subset of D, which implies that the second variation is strictly positive. This
establishes item 3) and completes the proof. □

Remark 5.2. Theorem 5.1 shows that the family of minimal immersions arising from polynomial seeds
Φ(ω) = ωm is remarkably rigid with respect to holomorphic deformations of the seed: apart from the
obvious degeneracies coming from adding a quadratic polynomial

h(ω) = a + bω + cω2,

every holomorphic perturbation increases the area to second order. At the level of the Weierstrass data,
these quadratic perturbations are precisely the ones that do not change Φ′′′ and therefore leave the null
curve and its associated immersion unchanged up to translation.

6. Examples and projection visualization

Although the representations developed in this work apply to all dimensions n ≥ 3, it is instructive
to restrict to n = 4 in order to obtain concrete two-dimensional projections that can be plotted. Let

X = (X1, X2, X3, X4) : D ⊂ C→ R4

be a conformal minimal immersion obtained from the integral-free Weierstrass representation of the
previous section. Then, each ordered pair of coordinate functions

(Xi, X j), 1 ≤ i < j ≤ 4,

defines a map from D into R2. Thus, there are six canonical orthogonal projections:

(X1, X2), (X1, X3), (X1, X4), (X2, X3), (X2, X4), (X3, X4).

Choice of Weierstrass data in R4: When n = 4, the general Weierstrass data specialize to

f , g1, g2 holomorphic on D,

and the null curve is

ϕ1 =
1
2 f (1 − g2

1 − g2
2), ϕ2 =

i
2 f (1 + g2

1 + g2
2), ϕ3 = f g1, ϕ4 = f g2.
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In the integral-free setting of the previous section, the Weierstrass data are determined from a
holomorphic seed Φ by setting

f (ω) = Φ′′′(ω), g1(ω) = ω, g2(ω) = λω,

where λ ∈ R is a fixed parameter and
Λ = 1 + λ2.

The minimal immersion is given by

X(ω) = ℜ
∫ ω

(ϕ1, ϕ2, ϕ3, ϕ4) dω.

Let
Φ(ω) = ω4,

so that
Φ′(ω) = 4ω3, Φ′′(ω) = 12ω2, Φ′′′(ω) = 24ω.

We now take
g1(ω) = ω, g2(ω) = λω,

with λ ∈ R. The Weierstrass data become

ϕ1 = 12ω
(
1 − ω2 − λ2ω2), ϕ2 = 12iω

(
1 + ω2 + λ2ω2), ϕ3 = 24ω2, ϕ4 = 24λω2.

The induced metric is

ds2 = 242 |ω|2 (1 + Λ|ω|2)2 |dω|2, Λ = 1 + λ2.

By introducing polar coordinates ω = reiθ, with u = r cos θ and v = r sin θ, the immersion can be
expressed in the trigonometric form

X(r, θ) =


6r2 cos(2θ) − 3(1 + λ2)r4 cos(4θ)

−6r2 sin(2θ) − 3(1 + λ2)r4 sin(4θ)

8r3 cos(3θ)

8λ r3 cos(3θ)


, λ ∈ R.

The projections of the minimal surface X in the (u, v) coordinates are shown in Figures 1–2, while
those in the (r, θ) coordinates are given in Figures 3–4.

The immersion may be sampled numerically on a bounded domain Ω ⊂ C. For each ordered pair
1 ≤ i < j ≤ 4, we consider the projection

(Xi, X j) : Ω→ R2.

Similarly, one may consider three-dimensional projection surfaces obtained from triples of
coordinate functions:

(Xi, X j, Xk) : Ω→ R3, 1 ≤ i < j < k ≤ 4.
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Figure 1. Projections of the minimal surface X(u, v) into the X1X2X3-space (left) and X1X2X4-
space (right).

Figure 2. Projections of the minimal surface X(u, v) into the X1X3X4-space (left) and X2X3X4-
space (right).

Remark 6.1 (Orthogonal projections in R4). Let X = (X1, X2, X3, X4) : D→ R4 be a minimal immersion
obtained from the integral-free representation. Each ordered pair of coordinate functions

(Xi, X j), 1 ≤ i < j ≤ 4,

defines a canonical orthogonal projection D → R2. Since there are
(

4
2

)
= 6 such coordinate pairs, one

obtains six distinct planar projections:

(X1, X2), (X1, X3), (X1, X4), (X2, X3), (X2, X4), (X3, X4).
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Figure 3. Projections of the minimal surface X(r, θ) into the X1X2X3-space (left) and X1X2X4-
space (right).

Figure 4. Projections of the minimal surface X(r, θ) into the X1X3X4-space (left) and X2X3X4-
space (right).

In addition, the corresponding three-dimensional projection surfaces arise from triples of coordinate
functions. Since

(
4
3

)
= 4, these surfaces are given by

(X1, X2, X3), (X1, X2, X4), (X1, X3, X4), (X2, X3, X4).

Remark 6.2 (Complex visualization parameter). In the theoretical discussion of Sections 2–5, we
restricted to real values of the Weierstrass parameter λ ∈ R, so that Λ = 1 + λ2 ∈ R; and hence, the
induced metric takes the closed form stated in Theorem 4.1. The figures appearing in this paper have
been generated from the same Weierstrass data, but with the complex choice λ = 1 + i (see
Figures 1–4).
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This choice is made purely for visualization: the holomorphic nullity condition

ϕ2
1 + ϕ

2
2 + ϕ

2
3 + ϕ

2
4 = 0

continues to hold, so that X(ω) = ℜ
∫

(ϕ1, ϕ2, ϕ3, ϕ4) dω remains a conformal minimal immersion in
R4. However, since

Λ = 1 + λ2 = 1 + 2i

is now complex, the compact real metric formula from Theorem 4.1 does not simplify in the same way,
and the metric must be computed directly from

ds2 = 2
4∑

i=1

|ϕi|
2 |dω|2.

7. Applications to physics and related sciences

In string theory and M-theory, extended objects such as membranes (2-branes) and
higher-dimensional branes minimize the Nambu-Goto action, which is the area functional in ambient
spacetime. The null-holomorphic representation offers an explicit analytic construction of such
extremal embeddings. Polynomial seed functions correspond to branes of polynomial growth, while
the deformation theory from Theorem 5.1 relates to the stability of small fluctuations around
these configurations.

In nonlinear sigma models and harmonic map theory, minimal immersions represent
energy-minimizing field configurations. The higher-dimensional Gauss map into the quadric Qn−2

captures orientational degrees of freedom associated with these fields, and the explicit stability
formula can be interpreted as a quadratic energy functional for perturbations of the
corresponding fields.

7.1. Applications to materials science

Materials exhibiting triply periodic minimal surface (TPMS) geometry appear in nanofabrication,
photonic crystals, and self-assembled block copolymers. Our representation allows systematic
construction of higher-codimension generalizations of TPMS patterns, offering templates for
multi-phase or anisotropic materials, where several independent normal directions encode different
physical interactions. The parameters λ j play the role of anisotropy parameters in the normal bundle.

Minimal surfaces describe the equilibrium geometry of amphiphilic interfaces, with the isotropic
nullity condition corresponding to vanishing mean curvature. By varying the parameters λ j, one can
distribute the curvature among multiple normal directions, thus modeling elastic anisotropy in complex
fluids and liquid crystalline phases.

7.2. Applications to biology and biophysics

Cellular membranes and protein assemblies often approximate minimal geometries to reduce
bending energy. The polynomial seed families X(ω) derived above provide explicit models for
membrane folds, branching, and geometric transitions. The stability framework of Theorem 5.1 gives
a way to analyze which perturbations increase or decrease bending energy at second order.
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During biological growth, surfaces evolve through curvature-driven flows. Our representation
gives closed-form examples of candidate equilibrium states and stable perturbations around them, as
quantified in Theorem 5.1. Such explicit models may be useful for testing numerical schemes and for
understanding qualitative features of morphogenetic patterns.

Remark 7.1. The ability to model minimal surfaces in all dimensions n ≥ 3 with explicit analytic
formulas, stability criteria, and curvature control makes the present framework suitable for applications
where geometry, energy minimization, and multidimensional interaction structures play central roles.
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15. M. Toda, E. Güler, Generalized Weierstrass-Enneper representation for minimal surfaces in R4,
AIMS Math., 10 (2025), 22406–22420. https://doi.org/10.3934/math.2025997

© 2026 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

Electronic Research Archive Volume 34, Issue 3, 1885–1899.

https://dx.doi.org/https://doi.org/10.1007/s10455-019-09661-0
https://dx.doi.org/https://doi.org/10.1063/5.0081304
https://dx.doi.org/https://doi.org/10.1016/j.difgeo.2022.101971
https://dx.doi.org/https://doi.org/10.1142/8003
https://dx.doi.org/https://doi.org/10.36890/iejg.1216024
https://dx.doi.org/https://doi.org/10.3934/math.2025997
https://creativecommons.org/licenses/by/4.0

	Introduction
	A Weierstrass-type null data formula in Rn
	Integral-free form generalization to Rn
	Polynomial seed functions and explicit minimal surfaces
	Stability under holomorphic null deformations in Rn
	Examples and projection visualization
	Applications to physics and related sciences
	Applications to materials science
	Applications to biology and biophysics


