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Abstract: This work investigates the dynamics of a diffusive viral infection model that incorporates
a nonlinear incidence and follicular dendritic cells (FDCs). First, the well-posedness is established.
Then, We show that the basic reproduction number serves as a critical threshold for global stabilities:
the infection-free steady state is globally asymptotically stable when the basic reproduction number is
less than one, while the model exhibits a uniform persistence when the basic reproduction number is
greater than one. Under the condition that the basic reproduction number equals to one, the infection-
free steady state is shown to be globally asymptotically stable given certain additional assumptions.
Furthermore, the global stability of the infected steady state is established for the homogeneous case.
We find that ignoring the spatial heterogeneity in the infection capacity of viruses and infected cells
may lead to an underestimation of the transmission risk. Although the spatial heterogeneity of a FDC
does not affect the basic reproduction number, neglecting the infection originating from a FDC may
lead to an underestimation of the infection risk.

Keywords: spatial heterogeneity; nonlinear incidence; basic reproduction number; global asymptotic
stability; uniform persistence

1. Introduction

Due to the challenges in frequently collecting patient samples and the potential inaccuracies of
viral detection techniques, testing specific hypotheses using clinical and statistical data presents
considerable difficulties. These limitations underscore the crucial role of mathematical models in
elucidating some infectious or noninfectious disease dynamics. The significance of mathematical
models lies in offering essential qualitative and theoretical support for the design of effective
control strategies [1-3]. Particularly, a foundation model of viral infections dynamics was proposed
by Perelson et al. [1] and Bonhoeffer et al. [2] in the context of HIV infections. Subsequently,
motivated by model proposed in [1, 2], numerous studies were established that included a
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foundational work by Korobeinikov [4], who proved the model’s global stability by introducing the
classical Lyapunov function form ¢(u) = 1 + Inu — u (u > 0) to establish global stability in
within-host viral infection models, which has been adopted for a stability analysis of equilibrium in
diverse mathematical models.

As an effective treatment drug, antiretroviral therapy (ART) has achieved substantial success in
suppressing the viral replication to a low level. However, its inability to completely eradicate HIV and
the persistent risk of viral infection rebound remain major challenges in current research. A reliable
and plausible explanation is the existence of viral reservoirs, which pose a significant obstacle to viral
eradication. Although latency in CD4* T cells is one well-documented source of persistent virus [5],
follicular dendritic cells (FDCs) also constitute an important reservoir [6]. Studies indicate that FDCs
reside in secondary lymphoid organs, particularly within germinal centers, where they bind
HIV-antibody complexes. They are capable of retaining up to 10'' copies of HIV in untreated
patients [7]. Consequently, FDCs trap and preserve viruses in their native state for extended
periods—often months. Experiments show that a FDC-trapped virus remains infectious for at least 25
days in vitro, whereas a free virus loses infectivity within days. This suggests that HIV bound to
FDCs can survive long-term even without active replication, indicating that FDCs stabilize and
protect HIV, thereby maintaining a reservoir of infectious virus even under highly active antiretroviral
therapy [8—13]. To the best of our knowledge, only a few number of models that incorporate FDCs
have been developed [14—17]. For instance, Callaway and Perelson [16] proposed a simple model
featuring a new compartment for FDCs (denoted as W) to explore the impact of FDCs on the steady
state of the viral load. Note that no dynamic analysis of the model in [16] has been conducted.
Inspired by this model, Geng and Xu [17] proposed a delayed model that incorporated both immune
response and FDCs to analyze the corresponding global dynamics. It is noteworthy that none of the
aforementioned dynamic models that involved FDCs accounted for the infectivity of FDC-bound
virus. However, literatures have pointed out that HIV particles bound to FDCs remain infectious and
can transmit the virus to uninfected cells [6, 8]. Therefore, incorporating the infectivity of FDC—virus
complexes is essential for a more comprehensive understanding of viral dynamics.

Additionally, notice that only virus-to-cell infection is considered in the classical model in [16].
Literatures show that uninfected cells can also be infected by inflammatory cytokines [18-21]. In
addition, recent studies revealed that large numbers of virions can be transferred to uninfected
cells [22]. Experiments have found that viral particles can be directly transmitted to uninfected cells
through virological synapses [23]. Thus, the direct cell-to-cell infection can affect the mechanism of
HIV transmission in vivo. Consequently, extensive literatures to understand the dynamics of
cell-to-cell infections of HIV have been proposed and some of these literatures are listed [24-35].
Beyond cell-to-cell infection, researchers have integrated additional critical factors, including the
following: time delay [24-26, 30], spatial heterogeneity [27, 28], age-structure [31-33], stochastic
noise [29], immune response [34,35], and so on.

Recent evidence indicates that spatial heterogeneity plays a crucial role in the within-host viral
infection dynamics [36]. It has been pointed out that spatial heterogeneity can enhance the
transmission risk in epidemic models [37], while the mobility of infected cells and virions may reduce
this risk [38]. In [28], the authors proposed a spatially heterogeneous within-host HIV infection
model under Neumann boundary conditions to examine the effects of cellular and viral mobility, as
well as the spatial heterogeneity on viral propagation. Shu et al. [39] investigated a general
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within-host model that incorporates spatial heterogeneity and multiple infection modes; they analyzed
the global dynamics of steady states by constructing an appropriate Lyapunov functional. More
recently, Li and Zhao [40] proposed a delayed, nonlocal, reaction—diffusion viral infection model that
featured general nonlinear incidence rates for both virus-to-cell and cell-to-cell transmission modes.
They defined the basic reproduction number, which serves as a key threshold governing the global
dynamics, and established the global attractivity of the infection steady state through the construction
of a suitable Lyapunov functional. However, FDCs infection has not been incorporated into the model
and investigated. Therefore, it is reasonable and beneficial to integrate spatial heterogeneity and FDCs
into dynamical models of HIV infections.

This paper develops an HIV infection model with three infection modes and spatial heterogeneity.
The model is an extension of the model introduced by Callaway and Perelson [16]. We investigate
the global dynamics of the model in terms of the basic reproduction number R, which is derived
to determine whether the infection will die out or persist. We show that a chronic infection will be
established if Ry > 1 and will be eradicated if Ry < 1. Additionally, the critical case Ry = 1 is
analyzed. Moreover, by constructing an appropriate Lyapunov functional, the global stability of the
positive steady state is demonstrated for the homogeneous case. Numerical simulations of the model
are performed to explain the influence of spatial heterogeneity on the dynamics of the model.

2. Model formulation
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Figure 1. Schematic diagram of the model.

Motivated by [16], this paper presents and analyzes a diffusive model that incorporates FDCs and
cellular infections. The model consists of four state variables: uninfected cells (7"), productively
infected cells (7), infectious virus (V), and FDC-virus complexes (W). The dynamics of each variable
are described as follows.

Uninfected cells (T"): Production rate A, lost due to natural death at rate d7', and become infected
through contact with infected cells, infectious virus, and FDC-virus complexes at rates S, f>(T, I),
B1fi(T,V), and B5 f5(T, W), respectively.

Infected cells (7): Generated from new infections at the total rate 8, (T, I)+ 81 fi(T, V) + B3 f3(T, W)
and die at rate rl.
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Infectious virus (V): Produced by infected cells at rate N1, cleared naturally at rate c;V, removed
through binding to FDCs at rate 4V, and replenished by dissociation from FDC-virus complexes at
rate aW.

FDC-virus complexes (W): Formed by binding free virus to FDCs at rate uV, cleared at rate c, W,
and lose virus through dissociation at rate aW.

The corresponding model diagram is shown in Figure 1, and the model takes the following form:

oT
89 - 9 @@V + A0~ dWT =BT, V) - BT, ]
—B3(x) (T, W), x € Q,t >0,
ol(t,
gt Y V- (d2(0)VD) + B1(x) [i(T, V) + B2(x) fo(T, 1) + B3(x) f3(T, W)
—r(x)L,xeQ,t>0, @.1)
ovV(t, x)
o = V- (d:(x)VV) + N(x)I — (c1(x) + u(x))V + a(x)W,x € Q,t > 0,
aw{;? Yoy (d4(X)VW) + u(x)V — (c2(x) + a(x))W, x € Q,t > 0,
oT(t,x)  0l(t,x) oV(t,x) OW(t,x)
o v dv v =0.xedQr>0,
with the following initial condition:
T(0,x) = To(x),1(0, x) = I(x), V(0, x) = Vyp(x), W(0, x) = Wy(x), for xeL, (2.2)

where Q is a spatial domain, and v is the outward normal vector to 0Q. Here, T(t, x), I(t, x), V(t, x),
and W(z, x) represent the concentrations of the uninfected cells, productively infected cells, infectious
free virus, and virus bound to the FDC, at time ¢ and location x, respectively. Here, we assume that
all the location-dependent parameters are continuous and strictly positive defined on Q. Details of the
parameter information are listed in Table 1. We make the following assumptions for the incidence
functions fi(T,V), fo(T,I) and f5(T, W):
(A1) £1(0,V) = fi(T,0) = 0, i(T,V) > 0, Ai(T,V) < TV, 0,1) = f(T,0) = 0, L(T,I) > 0,
H(T, ) <TI, 30,W)= f5(T,0)=0, (T,W)>0, K(T,W)<TW,forT,V,I, W > 0.
N, V) AN, V) Pf(T,V) N, 1) N, 1) O f(T, 1)

AL = > 0 =y > 0 =gy <0 o > 0 2 0 s
ORI W), OLT.W)

oT )4 oew T

The remainder of this paper is structured as follows: in Section 2, we establish the well-posedness
and definition of R, to Model (2.1); In Section 3, we present the global dynamical behaviors of
Model (2.1). In Section 4, the global dynamics of Model (2.1) are investigated when all parameters
are constants in Section 4; additionally, we show some simulations in Section 5; a brief conclusions
can be found in the last section.

0,
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Table 1. Parameter descriptions in Model (2.1).

Parameter Description (position x) Units

A(x) Recruitment rate of uninfected cells ml~! day™!
d(x) Death rate of uninfected cells day~!

r(x) Death rate of infected cells day™!
c1(x) Death rate of virions day™!
c2(x) Death rate of FDCs day~!

u(x) Virus binding rate of FDCs day~!

a(x) Virus dissociates rate from FDCs day™!
N(x) Virus production rate virions/(cell day)
Bi(x) Virus-to-cell infection rate ml day™!
Ba(x) Cell-to-cell infection rate ml day~!
B3(x) FDCs associated virus infection rate ml day™!
d,(x) Diffusion rate of uninfected cells nm? day~!
d>(x) Diffusion rate of infected cells nm? day™!
ds(x) Diffusion rate of virions nm? day~!
dy(x) Diffusion rate of FDCs associated virus nm? day™!

3. Well-posedness

In this section, we present some preliminary results including the existence of a global attractor,
the compactness and point dissipative of the solution semiflow, and the definition of the basic
reproduction number.

Let X := C(Q, R*) denote the Banach space equipped with the supremum norm

¥l = max{sup |1 ()], sup [Y2()l, sup 3 ()], sup [aOlL ¢ = (1, o, 3, ha) € X,

xeQ) xeQ xeQ xeQ
and (X, X,) is a ordered Banach space with X, := C(Q, R*). Let ¢ = max{p(x)}, ¢ = min{p(x)},
xeQ - xeQ

filry) = L2 and fy(x,y) = ZE Let pi(x) = d(x), pa(x) = r(x), p3(x) = c1(x) + u(x), and
p4(x) = c(x) + a(x), and denote the C, semigroups associated with V - (d;(x)V) — p;(x) by Ti(?) :
C(Q,R) = C(Q,R), (i =1,2,3,4), that is,

(ﬁ@wuﬁiﬁnmnwww@,r>aweaQRx

where I'i(z, x,y) is the Green function associated with V - (d;(x)V) — p;(:) subjects to the Neumann
boundary condition. Then, T;(¢) is compact and strongly positive for ¢+ > 0 [41]. Thus, there exists
an M > 0 such that |[T;(¢)|] < Me“" for each t > 0, where w; < 0 is the principle eigenvalue of
V- (di(x)V) = pi(-).

Define F = (F,,F,,F3,Fy)T : X, — X by the following:

Fi()(x) =A(x) = B1(x) fi(h1 (%), ¥3(x) = B2(x) (41 (%), 2(x)) = B3(xX) f3(41 (%), (X)),
Fy()(x) =B1(0) fi(h1(2), ¥3(x)) + B2 (x) oY1 (x), ¥2(x)) + B3(x) f3(Y1(x), (),
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F3(y)(x) =N (x) + a(x)s(x),
F3()(x) =u(x)3(x),

where Y(x) = (1(x), ¥2(x), ¥3(x), ¥4(x))T € X. Then, Model (2.1) can be written as the following
form:

u(t, x) = (T(HY)(x) + f T(t — s)F(u(t, s))ds,
0

where u(t, x) = (T(t, x),1(t, x), V(t, x), W(t,x))T, and T(¢) = diag(T,(t), T2(t), T3(¢), T4(f)). Then, it
follows from the standard result in [42] that the following lemma can be immediately obtained for
Model (2.1) with Condition (2.2).

Lemma 3.1. For any ¢ € X,, Model (2.1) with Condition (2.2) admits a unique non-continuable
mild solution u(t, -, ) = (T(t,-, ), T(t,-, ), V(t, -, &), W(t,-,¥),) € X, fort € [0, 1), where T, < 0.
Moreover, the solution is classical.

Proof. For any € X, and h > 0, we have the following

Y1 + hLAX) = (B1(X0) /i1 (x), ¥r3(x) + B2(x) o (1 (x), Y2 (X)) + B3 () f3(41 (), Ya(x)))]
Yo + h(B1(x) fi(W (%), ¥3(x) + B2(x) fo(h1 (%), (%)) + B3(x) f3(41 (%), ra(x))]

v+ FW) = U5 + hINGOY: + a(s)
s + hu(x)s
[1 — h(Biy3 + Batho + B3a) e
S /)
B U3
A

Such an inequality indicates that ¢ + hF(y) € X, provided that £ is sufficiently small. Therefore, we
have the following

L _
hll)rg Edlst(c,b + hE@y), X,) = 0.

Hence, the claim follows from [42]. This completes the proof.

Consequently, we can obtain the following results for the well-posedness of the solution and the
existence of the global attractor of Model (2.1).

Theorem 3.1. For each € X,, Model (2.1) with the inital Condition (2.2) admits a unique solution
u(t, x,y) € X, on [0, +00) with uy = ¥, and the solution semiflow ®(t) = u(t,-,¥) : X, — X, has a
global compact attractor.

Proof. According to Lemma 3.1, suppose 7., < +oo; then, Theorem 2 in [42] implies that
|lu(t, -, ¥)|lx — oo as t — oo. Then, the first equation of Model (2.1) indicates that

oTr -
ESV-(dl(x)VT)+/1—4T, 0<1t<7Tw, Xx€Q. 3.1
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By applying the comparison principle together with Lemma 2 in [43], we obtain a constant M; > 0
such that 7'(z, x) < M for every ¢ € [0, T), X € Q. Thus, we obtain the following:

<V - (do(0)VI) + B1 fiv(Mi1,0)V + Ba for(My, 0) + B3 fsw(M;, )W

-rl,xeQ,t>0,

v ) (3.2)
8D SV @V + NI - (¢ + @V + AW x € Q.1 > 0,

owW(t, x)
ot

oI(t, x)
ot

SV (dy()VW) + iV — (¢, + )W, x € Q,1 > 0.

Consider the following system:

ou(t, x _ )
lﬁ(t ) _y. (dr()Vu) + B fiv(My, Oyua + Bo for(M, Oy
+ Bafaw(My, Q)us — ruj, x € Q,t > 0,

Oualt, y (3.3)
uz(;t X) =V (d3(x)Vuz) + Nuy — (¢, + puy + auz, x € Q,1 > 0,

Ous(t, x)
ot

=V - (ds(x)Vu3) + auy — (¢, + @uz, x € Q,t > 0.

The standard Krein-Rutman theorem [44] indicates that Model (3.3) admits a principle eigenvalue A,
which corresponds to a strongly positive eigenfunction ¢ = (¢, ¢,, ¢3); hence, Model (3.3) has a
solution oe'’¢(x), t > 0, where o > 0 is a constant that satisfies (1(0, x), V(0, x), W(0, x)) < (u;(0, x),
u>(0, x), u3(0, x)) = o¢ for x € Q. Then, the comparison principle implies that

UI(t, x), V(t,x), W(t, X)) < 0e™p(x), 1€[0,T0), XE.

This indicates that I(¢, x) < M, V(t, x) < M, W(t,x) < M>, t € [0, 7), and x € Q for some constant
M, > 0. This leads to a contradiction. Thereby, the global existence holds.
Next, we establish the point dissipativity of the solution semiflow. Denote n, as the eigenvalue of
V - (dr)(x)V) — r(x), with the eigenfunction of ¢,(s) satisfying my > m, > 713 > -+ > @, > ---. It
follows from [45] that I'y(¢, x,y) = > €™¢,(x)d,(y). Since ¢,(x) is uniformly bounded, then there
n>1
exists a constant & > 0 such that Fz(t,_x, y) < &3, ™, fort > 0. Assume that 7; is the eigenvalue of

n>1

V - (d»(x)V) — r subjects to the Neumann boundary condition and satisfy 71 = —r > 7, > 13 > -+ >
7, > ---. Then, it follows from [46] that 7; > &; (i € N,). Moreover, there exists a £&* > 0 such that

Lot x,y) <€) €™ < £ = e Vi >0,

n>1

According to the comparison principle [43], then there exists a #, > 0 and M3 > 0 such that
T(t,x) < M3, 1 > 1y, x € Q. Now, let G1(1) = [ (T, x) + I(z, x))dx; then,

Gy

< f A(x)dx — min{d(x), r(x)}G.
dt Q xeQ
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Thus, T +1 < My, t > t; for some M4 > 0. Define G,(¢) = fQ(V(t, x) + W(t, x))dx; then,

% = f(N(x)I —c1(x)V = cr,(x)W)dx < My | N(x)dx — mig_lzl{cl(x), c2(x)}Go.
Q X€

Q

Thus, there exists a Ms > O suchthat G, = V+ W < M5 fort > 1,.
Let t3 = min{¢y, t,, t,} for any ¢ > t3; then, we get the following:

1(1, x) = To(DI (13, x) + f To(t = DB () AT (7, %), V(7, X))

13

+ B0 (T (5, ), (7, X)) + By (0 (T (7, ), W, X))l

< M ™|I(t3, x)| + f t fg Lot = 7, 5, VBT (T ), V(T, )
+ B AT @), 1(T,7)) + Bs (T (3, y), W(x, y))ldydr

< Me” |15, 0)l| + f t fg & e VB fiv(Ms, 0)V(x, y)

+ B for(M3, 0)I(1, y) + B3 fsw(Ms, 0)W(t, y)ldydt
< M| (t3, 0| + E[B1 fiv(M3, 0)Ms + B for(M3,0) M,

f
+B3]C3W(M390)M5]f e dr
13

< Me” " |I(t3, 0)|| + £ (B fiv(Ms, 0)Ms + Ba for(M3,0)M,

_ — el(t=13)
+ B3 frw(Ms3, O)Ms]f

< Me || I(t3, x)|| + ét7[51f1v(Ms, 0)Ms + Ba for (M3, 0) M,

+ B fsw(Ms, 0)Ms).

Thus, lim SupIII(t, x)|| < %[BlflV(M%O)MS +Bzf2](M3,0)M4 +B3f3w(M3,0)M5]. By the similarly

>0

arguments, we can obtain that limsup ||V(z, x)[| < Mg, limsup [|W(t, x)|| < M, for some constants
1—00 t—o00

Mg >0, M; > 0, which implies that the point dissipation of Model (2.1) holds. Consequently, according
to [47], the solution semifolw ®() is compact for # > 0. Thus, ®(¢) has a global compact attractor [48].
This completes the proof.

Next, we will define the critical threshold R, of Model (2.1) and prove that it serves as a sharp
threshold to determine whether the viral infection persists or dies out. According to [43], Model (2.1)
has a unique infection-free steady state Eo(x) = (7;(x),0,0,0), where T;j(x) satisfies the following
equation:

0z

i V- (di(x)Vz) + A(x) = d(x)z. (3.4)
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Linearizing Model (2.1) at Ey(x), we obtain the following equations:

ol(t,
gl 0 V- (da(0)VI) + B1(x) fiv(Tg, OV + Ba(x) for(Ty, 0)]
+ B3(X) faw(Ty, OW — r(x)], x € Q,t > 0,
=V .- (d;(x)VV) + N(x)I — (c1(x) + u(x))V + a(x)W,x € Q,t > 0,

(3.5)

ov(t, x)
ot
GW(;? D T @aTW) + UV — (€20 + ali)Wix € Q1 > 0,
ol(t,x) V(1 x) _ avg(t’ X)’ t>0,x € Q.
4

dy v
Let (I(t, x), V(¢, x), W(t, x))T = eV!(¢,, ¢3, ¢4)T; then, it follows from Model (3.5) that

Aoty =V - (da(x)V ) + B1(x) fiv(Ty, 0)p3 + Ba(x) fo1(T, 0)p2

+ B3(xX) fsw(Ty, 0)ps — r(x), x € Q,1 > 0,
Aops = V- (d3(x)Vh3) + N(x0)pz — (c1(x) + p(x)p3 + a(x)ps, x € Q, 1> 0, (3.6)
Aops =V - (ds(X)Vs) + p(x)p3 — (c2(x) + @(x))a, x € 2,1 > 0,

08:(1,0) _ 095(t,x) _ 09a(t,0) oy
Ov ov ov

It follows from [41] that eigenvalue problem (3.6) admits a principal eigenvalue Ao(7;(x)) that
Applying the method proposed by Wang and

corresponds to a strictly positive eigenfunction.
Zhao [49], we will define R, for Model (2.1). We only consider the following infected compartments:
1,V,and W. Denote v = (I, V, W)T =: (v,, v3,v4)T; then, we have
ov
vl A - (D(X)AV) + F(x,v) — V(x,v),

where D(x) = diag{d,(x), d3(x), ds(x)} and

Fa(x,v)
F3(x,v) |, V(x,v) =

Falx,v)
with F(x,v) = Ba(0) AT, 1) + Bi(x) fi(T, V) + B3(x) (T, W), F3(x,v) = Fa(x,v) = 0. Then, we can

r(x)I
—Nx)I + (c1(x) + u(x)V — a(x)W
—u(xX)V + (c2(x) + a(x))

b

F(x,v) =

define the newly infection matrix

Bo(x) for(T5(x),0)  B1(x) fiv

0
0

(T5(x),0)  B3(x) faw(T(x),0)
F(x) = 0 0 ,
0

0

oFi
where the entry F;;(x) = a—T(Eo(x))(i,j =2,3,4).
Vi
Volume 34, Issue 3, 1691-1719.
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Let @(¢) : C(Q,R?) — C(Q,R?) be the Co-semigroup generated by the following system:

% =V .- (dr(x)Vvy) — r(x)v, x € Q,t > 0,
awg, 2 V- (d5(x)Vv3) + N(x)vz — (c1(x) + p(x))v3 + a(x)va, x € Q.1 > 0,
6V4§; Yoy (ds(X)Vv4) + pu(x)v3 — (c2(x) + a(x)v4, x € Q, 1 > 0,
Ova(t,x)  Ovs(t,x)  Ovy(t, x)
Y ,t>0,x € 0Q.

Assume that the distribution of the initial infection is ¥ = (Y, Y3, ¥4); then, @ (7)Y represents the
distribution of those infective numbers as time evolves. Thus, the distribution of the total new infective
number is as follows:

LW)(x) = f F(x)®(t)ydt.
0
Then, the basic reproduction number can be defined as follows:
Ro = p(L),

where p(L) is the spectral radius. Consequently, the following result holds followed by [49].

Lemma 3.2. Ry — 1 has the same sign as Ao(T;(x)), and the infection-free steady state Eo(x) is
asymptotically stable for Ry < 1.

Proof. According to the idea of [49], we define the following transition matrix:

r(x) 0 0
Vx)=| =N(x) ci(x) + pu(x) —a(x) ;
0 —pu(x) c2(x) + a(x)

then, System (3.5) can be written as follows:

% =V - (Dx)Vv) + F(x)v — V(x)v. (3.7)
Let B=V-(Dx)V)-V(x),A = B+ F(x), and s(A) be the spectral bound of A. It follows from
Theorem 3.1 in [49] that Ry— 1 and s(A) have the same sign. In view of (3.7), A generates a positive Cy-
semigroup; thus, A is resolvent positive and compact. In addition, from the eigenvalue problem (3.6),
we have that 1o(T;(x)) is the principal eigenvalue of A; therefore, s(A) = Ao(T;(x)). Consequently,
Ry — 1 has the same sign as Ao(Tj(x)). This complete the first part of Lemma 3.2.
Next, we show that Ey(x) is asymptotically stable. Denote v; = T'; then, linearizing Model (2.1) at
Ey(x) yields that

? =V - (D(x)Vv) + (F(x) = V(x))v,
avt (3.8)
a_tl =V. (dl(x)Vvl) - J()C)V + MO(X)VI’
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where J(x) = (—B2(x)f21(T(x), 0), =B1(x) fiv(T(x), 0), =B3(x) faw(T5(x), 0)) and My(x) = —(d(x) +
Ba(0) for (T5(x), 0) + B1(x) fir (T5(x), 0) + B3(x) f37 (T (x), 0)).

Denote the solution semigroup of (3.7) as Q(#), and let w(Q(¢)) be the exponential growth bound
of O(t). Then B + F, is the generator of Q(¢). In the case where Ry < 1, we have s(B + F) < 0.
Thus, Theorem 3.14 [50] implies that w(Q) = s(B + F) < 0. Denote ¥(¢) as the solution semigroup of
System (3.8), and w('¥) is the exponential growth bound of ‘¥'(¢). Because the first equation of (3.8) is
independent to the second one, it follows from [49] that w('¥) < 0. Thus, Ey(x) is locally asymptotic
stable [51].

4. Stability and persistence

In this section, we will establish the global stability of an infection-free steady state and the
persistence of Model (2.1). According to the above argument, we first show that the infection-free
steady state is globally stable.

Theorem 4.1. If Ry < 1, then the infection-free steady state Ey(x) is globally asymptotically stable.

Proof. According to Lemma 3.2, there exists a € > 0 such that A5(T;) = Ao(T; + &) < 0, where A5(T)
is the principal eigenvalue of system

A(Tg)p2 =V - (do(x)V2) + B1(x) fiv(Ty + €,0)p3 + B2(x) fo(Ty + &,0)¢p2
+B3(0) faw(Ty + &,0)py — r(x)p2, x € Q, 1> 0,
(T3 =V - (d3(x)Ve3) + N(x)py — (c1(x) + u(x))g3 + a(x)ds, x € Q,1 > 0,
A(T)pa = V- (da(0)Vb) + p(x)p3 = (c2(x) + a(x))pa, x € Q1> 0,
041, %) _ 043(1,%) _ 0¢a(t, X)
ov ov ov
From the first equation of Model (2.1), we obtain that

%_f <V (dy(X)VT) + A(x) — d(0)T;

then, the comparison principle indicates that there exists a 7 > 0 such that 7'(z, x) < T;j(x) + & for all
t >t and x € Q. Thus, it follows that

ol(t, x)
t

,t>0,x € 0Q.

<V (o)D) + Bi(0) fiv(Ty + &,0)V + Bo(x0) fo(T + &,0)]

+B3(0) fsw(Ty + &, 00W — r(x), x € Q,t > 1",
ov(t, x)

ot
ow(t, x)

” SV -(ds(x)VW) + u(x)V = (cr(x) + a(x))W,x € Q,t > t*,
ol(t,x) dV(t,x) OW(z, x)
o v Oy
Let ¢°(x) = (¢7(x), ¢7,(x), #7,(x)) be the eigenfunction that corresponds to A5(7;) < 0. Assume that
(", x), V', x), W(t", x)) < &E(D7(x), d5(x), 7, (x)) for some &, > 0. The comparison principle

<V (d;(x)VV) + N(x)I — (c1(x) + u(x)V + a(x)W,x € Q,t > 1,

>t x € 0Q.
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implies that
(I(t, x), V(t, x), W(t, X)) < EF5(X), §5(x), ¢, (x))e®0 T g > ¢,

Consequently, we have lim(/(¢, x), V(t, x), W(t, x)) = (0,0,0). Thereby, the equation of T(z, x) is
—00
asymptotic to (3.4). According to Lemma 2.2 in [43] and Corollary 4.3 in [52], that lim 7'(z, x) = T;j(x).
[—0o0
Hence, the global asymptotic stability of E((x) holds. This completes the proof.

Lemma 4.1. Suppose u(t, x, ¢) is the solution with uy = ¢ € X,. If there exists some ty > 0 such that
I(t05 ) ¢) E= 0: V(IO’ K ¢) E= O’ and W(IO’ ) ¢)) E= 0: then ]([, X, ¢) > Oy V(ta X, ¢) > Oy and W(ta X, ¢) >0
for t > ty. Furthermore, for any ¢ € X, there exists some 1. > 0 such that lim T (¢, x, ¢) > n..

—o00

Proof. The idea of the proof is similar to that of [43,53]. According to Lemma 3.1 and Model (2.1),

ol
V- (d,(x)VI) — 5 r(x)I <0, t>0,x€Q,

g:O, t>0,x€0Q,
ov
and 5V
V- (d;(x)VV) — e (c1(xX)+ux)HVv<0, t>0,xeQ,
6_V =0, t>0,x€0Q,
ov
and
ow
V- (dy(x)VI) - e () +a(x)W <0, t>0,xeQ,
a—W:O, t>0,x e 0.
ov

Thus, the strong maximum principle and Hopf boundary lemma in [54] indicates that I(z, x, ¢) > O,
V(t,x,¢) > 0, and W(t, x,¢) > 0. Moreover, the proof of Theorem 3.1 implies that there exists a
Mg > 0 and t, > O such that I(z, x), V(¢, x), and W(t, x) < Mg for t > t4. From Model (2.1), we have
the following:

T
a2 V- (di(x)VT) + A(x) = (d(x) + (B1(x) + Ba(x) + B3 (X)) M)T, t > 14, x € €,
8—3; =0, > t4,x € 0Q.

Then, Lemma 2 in [43] implies that the system

0

a_i =V (d(x)V2) + A(x) = (d(x) + (B1(x) + Ba(x) + B3(x))Mg)z, t > t4,x € Q,
% =0,1> 14, x € 0Q,

ov

admits a unique positive steady state z.(x) and it is globally asymptotically stable. Thus, according to
the standard parabolic comparison that, lim 7'(¢, x, ¢) > z.(x). This completes the proof.
too
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Theorem 4.2. For any initial value ¢ € X, assume u(t,x,¢) = (T(t,x),I(t,x), V(t, x), W(t, x)) is a
solution of Model (2.1) on [0, +00). If Ry > 1, then there exists a constant p > 0 such that

liminf(7 (¢, x), I(t, x), V(t, x), W(t, X)) > (p, p, p, p),
>0

forany ¢ € X, with ¢, £ 0, ¢35 £ 0, and ¢4 £ 0. Moreover, there eixsts at least one positive steady
state for Model (2.1).

Proof. Let Xo = {(¢1, 02,03, 04) € Xy : ¢y # 0,03 £ 0,04 = 0}. Obviously, 0Xy = {#,(-) = 0 or
¢3(-) = 0 or ¢4(-) = 0}. For any ¢ € X, it follows from Lemma 4.1 that I(¢, x,¢) > 0, V(t, x,¢) > O,a
and W(z, x, ¢) > 0, that is, ®(1)Xy € Xy. Moreover, denote My = {¢ € 0X, : D(t)¢ € 0X,, Yt > 0}, and
w(¢) is the omega limit set of orbit y*(¢) := {O(¢)¢ : Vi > 0}.

Claim 1. w(¢) = {(T;(x),0,0,0)}, V¢ € M,.

Since, ¢ € M,, then we have ®(r)¢ € 0X,. Hence, I(t,x,¢) = 0 or V(t,x,¢) = 0 or W(t, x,¢) = 0.
If W(z, x, ) = 0, then the last equation of Model (2.1) indicates that V (¢, x, ¢) = 0. Moreover, the third
equation of Model (2.1) implies that I(z, x, ) = 0. Consequently, T'(¢, x, ¢) is asymptotic to Eq (3.4).
Thus, lim 7'(¢, x, ) = T;(x) uniformly for x € Q. If W(z, x,¢) % 0 for some 7 > 0 and x € Q, then

—o0
by Lemma 4.1, we have W(z, x,¢) > 0 for > f and x € Q. Thus, I(t, x,¢) = 0 or V(t,x,¢) = 0. For
the case when V(t, x, ¢) = 0, it follows from the last two equations of Model (2.1) that W(z, x,¢) = 0
and I(¢, x, ¢) = 0. Furthermore, we have that 7'(¢, x, ¢) is asymptotic to Eq (3.4), which also yields that
lim 7'(t, x, ¢) = T(x) uniformly for x € Q. If V(¢, x, ¢) £ 0 for some 7 > 0, then V(¢, x,¢) > O fort > ;
t—00
thus, I(t, x,¢) = 0. However, Model (2.1) indicates that V(z, x,¢) = W(t, x,¢) = 0. Consequently,
Model (2.1) implies that 7'(z, x, ¢) is asymptotic to Eq (3.4); additionally, it holds that lim T'(¢, x, ¢) =
—o00

T;(x) uniformly for x € Q. Thus, w(¢) = {(T;(x),0,0,0)}, V¢ € M,. Thus, the claim holds.

It follows from Ry, > 1 and Lemma 3.2 that 4, > 0. By continuity, there exists a sufficient small
€ > 0 such that A = 2o(T;j(x) — €) > 0, where Aj is the principal eigenvalue of the following equations:

592 =V - (dr(x)V ) + B1(x) fiv(T — €,0)3 + Ba(x) for(Ty — €,0)¢p2
+ B3(0) faw(Ty — €,0)ps — r(X)a, x € Q,1 > 0,
Ayps = V- (d3(x0)V3) + N(x)ps — (c1(x) + p(x)p3 + a(x)ps, x € Q,1 > 0,
Aghs =V - (ds(xX)Vy) + p(x)p3 — (c2(x) + a(x))ds, x € Q,1 > 0,
Op(t, x) _ Op(t, x) _ O04(t, x)
ov ov ov

,t>0,x € 0Q.

Claim 2. {(T§(x),0,0,0)} is a uniformly weak repeller in the sense that limsup ||®(r)¢—
1—00
(T5(x),0,0,0)|| = €, Yy € Xo.
Suppose the claim is not true (i.e., there exists a ¢ € X, such that lim sup ||®(¢)¢ — (T5(x),0,0,0)|| <

t—00

€). Thus, there exists a r* > 0 such that for r > **, T(t,x,$) > Tj(x) — €, 0 < I(t,x,$) < €,
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0 < V(t,x,$) < €, and 0 < W(¢, x, ¢) < e. From Model (2.1), we have the following:

ol(t, *
gtx) >V - (dy(0)VI) + B1(X) fiv(T; — €, €)V + Bo(x) for(Tg — €, €)1
+B3(xX) faw(Tg — €, ©OW — r(x), x € Q, t > 1,
(9Vgt, X) >V. (d3(X)VV) + N(X)I — (C1(X) +/.I(X))V + Q(X)VV,X ceQ.t> t**,
c?Wa(Z, x) > V- (dy(x)VW) + u(x)V = (c2(x) + a(x)W, x € Q, 1 > 1,

ot x) _ 0V(t.x) _ 9W(t.x)

> ok Q.
ov ov Ov 217,x€d

Let (¢, $3,$4) be the eigenfunction associated with the principal eigenvalue 15 > 0. Suppose
I, x,$), VI, x, ), W™, x,$)) > *(¢s, 3, ds) for some ¢* > 0. Then, by the comparison
principle, we have

(I(t’ X, é)’ V(t’ X, (5)’ W(t’ X, (ES)) = 5*@2, (/]53’ &4)6/160_[**)7 Vit > t**’

which implies that lim I(¢,x) = oo, limV(¢,x) = oo, and lim W(t,x) = oo. This becomes a
t—00 t—oo t—00
contradiction.
Define a function p : X, — [0, c0) by the following:

p(¢) = mln{ml_n ¢2(0’ X), ml_n ¢3 (Oa X), mlél ¢4(09 )C)}, ¢ € X+-
xeQ xeQ x€

Then, we have p~!(0, +00) C X, and it holds that if either p(¢) > 0 or p(¢) = 0 and ¢ € X, then
p(®(t)¢) > 0. This indicates that p is a generalized distance function for ®(¢) : X, — X, [55].
Moreover, according to the above discussion that any forward orbit of ®(r) in M; converges to
{(T3(x),0,0,0)}, then {(T;(x),0,0,0)} is isolated in X, and W*(T;(x),0,0,0) N X, = 0, where
Wi(T;(x),0,0,0) is the stable set of {(T;;(x),0,0,0)}. Thus, there is no cycle in M; from
{(T;(x),0,0,0)} to {(T5(x),0,0,0)}. Recall that Theorem 3.1 indicates that the semiflow
®(r) : X, — X, has a global compact attractor in X, ; then, according to [55], there exists a d > 0
such that min{p(¢) : ¢ € w(p)} > o for any ¢ € X,, which indicates that ligr_1> (ix)nf I(t,x,¢) > 0,
liminf V(z, x, ) > 0, lifn inf W(¢, x,¢) > 6, Then by Lemma 4.1, we have liltgglf T(t, x,¢) = p,
liminf I(t,.x. ) 2 p. liminf V(z, x.¢) 2 p. and liminf W(t, x, ) 2 p. where p = min{y...5).

_)ﬁoreover, Lemma 4—.>i>0and [56] imply that ®(r) has at least one steady state in X, and it is a positive
steady state of Model (2.1). Assume (¢@;, ¢>, d3, ¢4) is a steady state in Xo; then, ¢, # 0, ¢35 £ 0, and
¢4 # 0. Thus, ¢, > 0, ¢3 > 0 and ¢4 > 0. Moreover, the maximum principle and Hopf boundary lemma
in [54] indicates that ¢; > 0 or ¢; = 0. Suppose ¢, = 0; then, the second equation of Model (2.1) and
the maximum principle and Hopf boundary lemma in [54] imply that ¢, = 0, which is a contradiction.
Thus, the steady state (¢1, 2, @3, P4) 1s positive.

Next, according to the idea in [57,58], we show the global stability of Ey(x) in the critical case of
R, = 1 for a certain condition.

Theorem 4.3. Assume Ry = 1, di(x) = d, is a constant function and f,y(T,0), f>,(T,0), and f3w(T,0)
are Lipschitz continuous, then, the infection-free steady state Ey(x) is globally asymptotically stable.
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Proof. First, we show the local stability of (7;(x),0,0,0). Assume & > 0 and set uy = (T, Io, Vo, Wo)
with [lug — (T;(x),0,0,0)|| < o for a small o > 0. Let

U0 = 229 and v(r) = max{U, x), 0),
T;(x) pro)

Recall that ;AT (x) + A(x) — d(x)T;(x) = 0; then, we have

VT (0)VU  A(x) U= _h(t,x)

U, —dAU - 2d + = :
o Ti(x)  T;(x) T} (x)

where

h(t, x) = B1() AT (1, x), V(t, X)) + B2(x) (T (2, x), (1, X)) + B3() f5(T (1, x), W(Z, x)).

VT (x)V A(x)

T TR Then,
it follows from [59] that ||[T';|] < L,e® for some L, > 0,q > 0. Thereby, we can rewrite U(t, x)
as follows:

Assume T'j(7) is the positive semigroup associate to the operator d;A + 2d,

U1, x) = Di(OU0, x) - f frt— 989 4 (4.1)
0 S()(x)
where U(0, x) = TT(*O(’XX)) - 1.
0
Then, we have the following:
- - oLie?
x() < m%x{rl(t)U(O, x), 0} < T (HU(0, x)I| < Tl —
where T,;, = min{7j(x)}. Moreover, assume [,(7) is the semigroup of the following system:
xeQ
(91 t,x * *
;t ) _ V- (dr()VD) + B1(x) f1v(Ty, 0)V + Ba(x) f2r (T, 0)1
+ B3(X) faw(Ty, OW — r(x)], x € Q,t > 0,
ov(t, x)
o =V - (d;(x)VV) + N(x)I — (c1(x) + u(x))V + a(x)W,x € Q,t > 0, (4.2)
ow(t,
(;t x) =V (ds(x)VW) + u(x)V — (c2(x) + a(x)W,x € Q,t > 0,
oI(t, x) _ ov(t, x) _ ow(t, x)’ > 0.x €00,
ov ov ov

Let

O, x) = B1()f(T(t, x), V(t, x)) = B1(x) fiv(T5(x), 0)V(z, x)
+Ba(0) f(T (2, x), (1, X)) = Ba(x) for (T (x), 0)I(2, x)
+ B3 () f(T (2, x), Wz, x)) = B3(x) frw(T(x), OW (7, x).

Then, we have the following:
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O, x) < B1(X)(fiv(T(1,x),0) = fiv(T5(x),0)V(z, x)
+ Ba(0)(fa(T (2, %), 0) = for(T(x), 0)I(z, x)
+ B3 (D) (fsw(T' (1, %), 0) = faw(To(x), 0)W(t, x)
< BT, x) = To(OIV (2, x) + L) QT (8, x) — To(0)(2, x)
+ B30 Q5T (1, x) — To(0)IW(t, x)
<BOIT(t,x) = Ty(0I(V(t, x) + I(t, x) + W(t, x)) = O(t, x),

where Q;(i = 1,2,3) are the Lipschitz constants for fiy, f3;, and f3w, respectively, f = max{f;(x),
xeQ)

Bo(x), B3(x)}, and Q = max{Q,, 0, 03}

By [60], it holds that ||[T,|| < L, for ¢ > 0 and some constant L; > 0; then, we have the following:

1(¢, x) 1(0, x) ' A(s, x)
V(t,x) [=T0)] V(O,x) |+ f I 0 ds
W(t, x) W(0, x) 0 0
1,(0, x) , (s, x)
<L,®| L(0,x) ]+ f Do(f — 5) 0 }ds
R(0, x) 0 0

Thus, we obtain the following:

max{|[Z(z, 0l [[V(z, DIl [IW(z, 0)ll}
L !
7 fo e LU (s, Ol + 11V (s, Ol + IW(s, 0)lDd's

< Lio + LBOITy (%)l

min

!
=Lio+ I:ztff e P(l(s, Ol + IV (s, Ol + IW(s, 0)lD)ds,
0

= LiLiBOIT; .
where L, = M Consequently, we get the following:

!
I11(z, Ol + IV, 0ll + IW (e, 0l < 3Lio + 31:2<Tf e (I Ol + V(@ 0l + IW(E, x)lDds.
0

By Gronwall’s inequality, it holds that
. e
(e )l + V(& ) + W (e, Il < 3Lyore ™7
Therefore, from the first equation of Model (2.1), we can obtain that

aTgt’ X) > d,AT(t, x) + A(x) — O, ()T (2, x),

where ©;(x) = d(x) + 3Z10'e$ (B1(x) + Ba(x) + B3(x)).
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Let #(t, x) be the solution of the following system:

ou(t, x)
(9t

—0 t>0,x€0Q,
v

(0, x) = To(x), x € Q.

= d|Au(t, x) + A(x) — O (0)i(t, x),t > 0,x € Q,
4.3)

By the comparison principle, we have T'(z, x) > i(t, x) for t > 0, x € Q. Let T,, be the positive steady
state of (4.3) and T(¢, x) = a(t, x) — T(x); then, T'(z, x) satisfies the following:

]"-, A A
onwx) _ AT (1, x) - ©,(0)T(1,x),1>0,x € Q,

A

B_T =0,t>0,x €0Q,
ov
7(0, x) = (0, x) — To(x) = To(x) — To(x), x € Q,

which yields that

7 t
T(t,%) = TiOT (0, %) - 3Li0e f T (t — $)(B1(x) + Ba(x) + B (x)T (s, x)ds.
0
Then, we have the following:

!
Tt x) < Me*||To(x) = To (0]l + Ls f e T (s, x)lds,
0
where Ly = 3MLyore (1B (0] + [1B2(x) + B3 ().
By Gronwall’s inequality, we have the following:
T(l, x) = |li(t, x) = T, (x)|| < M||To(x) — To_(x)||el:3l+wlt.

Choosing a sufficiently small o > 0 such that L; < =%, we can obtain the following:

lat, x) = To (Il < MITo(x) = To()lle? . (4.4)
It follows from (4.4) that

T(t,x)—Ty(x) > a(t,x) — Ty(x) = i(t, x) = To(x) + Ty (x) = To(x)

~ MITy(x) = Tolle ™ + To(x) = T3(x)
= M(IITo(x) = Tyl + IT5(x) = To(0)lD) = 1T (x) = Tl
— Mo — (M + DITx(x) = To(x)ll.

vV IV IV

Since y(¢) < L"Te *  then we have T(t, x) — T* G(x) < ||T*(x)||L“T hence,

min

1Tz, x) = To(0)ll < max {IIT (X)II T Mo+ M + DIIT,(x) - TS(X)II}-
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Since liI’I(l) T,(x) = Tj(x), then for a sufficiently small o, we have

T, x) = ToOIL 1 Ol IV (@, DL W (T, 0l < &, Y1 > 0,

which indicates that (7;(x), 0, 0, 0) is locally asymptotically stable.
Next, we prove that (T;(x), 0, 0, 0) is globally attractive. From Theorem 3.1, we have that ®; adimits
a global attractor A,. Denote

M= {T,LVW)eX,:I=V=W =0}

Claim 1. ug = (T, Iy, Vo, W) € My, with the omega limit set w(uy) C M.
Motivated by the works [53,57, 58], we define

c(t,up) :=inf{c e R: I(t,-) < Con, V(t,-) < o3, W(t,-) < 5‘(254},

and thus, c(t, up) > 0 for r > 0. We claim that c(¢, uy) is strictly decreasing. In order to show the claim,
fix t, > 0 and let I(z,-) = c(ty, uo)ds, V(t,-) = c(ty, ug)ds, and W(t,-) = c(ty, uo)ds for t > t,. Due to
T(t,x) < T;(x) and hypothesis (A1), we have the following:

alg; x) > V- (day(x)VD) + B1(X)TV + Bo(X)TT + B3(xX)TW — r(x)[, x € Q,1 > 0,
avgt, X) _ V - (d3(x)VV) + NI = (c1(x) + u(x))V + a(x)W, x € Q,1 > 0,
OW;’ x) =V (da(x)VW) + u(x)V = (c2(x) + a(x)W,x € Q,1 > 0, 4.5)
ol,x) oV, x)  oW(tx)
5 - o - oy =0,x€0Q,1>0,
(i(t’ .)’ V(t’ .)’ W(t’ )) 2 (I(t()’ .X), V(ZO7 x), W([(), .X)), x € Q.

Since System (4.5) is cooperative, then by the comparison principle, we have c(ty, uo)¢, = I(t, x) >
I(t, x), c(ty, ug)p3 = V(t, x) > V(t,x) and c(ty, up)ps = W(t,x) > W(t, x) for t > ty, x € Q. Since o > 0
is arbitrary, then c(z, uy) is strictly decreasing.

Denote ¢, = zlgg c(t,up), and v = (vi,va,v3, V) € w(up); then, O(#)uy — v for some sequence {t;}
with #, — oo. Since,

Lim O(r + t;)uy = O(r) tlim O(t)ug = O(t)v,
00

tx—00

this indicates that c¢(¢,v) = c. fort > 0. If v # O or v # 0 or v4 # 0, then a similar analysis
procedure to the above shows that c(z, v) is strictly decreasing, which leads to a contradiction and thus
v, = v3 = vy = 0. Then, it holds that (I(¢, x), V(t, x), W(t, x)) — (0,0,0). Consequently, from the first
equation of Model (2.1) we can obtain that T'(¢, x) — T;(x) as t — oo.

Claim 2. Ay = {(T;(x), 0,0, 0)}.

It follows from the discussions above that {(7(x),0,0,0)} is globally attractive in M, and
{(T3(x),0,0,0)} is the unique compact invariant subset in M. Therefore, w(ug) = {(T;(x),0,0,0)},
because the omega limit set w(uy) is compact invariant and w(uy) € M for uy € Ay. Recall that the
global attractor A, is compact invariant; then, Lemma 3.11 in [58] indicates that
Ao = {(T;(x),0,0,0)}. Consequently, global attractivity combined with local asymptotic stability
immediately implies the global asymptotic stability of {(7;(x), 0, 0,0)}. This completes the proof.
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Remark 4.1. Here, we assume d,(x) to be constant. This assumption serves two purposes: first, it
ensures the feasibility of scaling the variable T; and second, it guarantees that the defined semigroup
'\ possesses the desired decay property. If di(x) were non-constant, then the scaling of T would
become more complicated, and the associated semigroup might lack a sufficient decay, thus, the current
proof method may fail. Consequently, understanding how the stability of the infection-free steady state
changes when d\(x) is spatially varying remains a challenging open problem that deserves a further
in-depth investigation.

5. Spatially homogeneous case

In this section, we study a spatially homogeneous case of Model (2.1) under a certain assumption
that all the parameters are constants, that is,

oT(t, x
ét ) _d\AT + A dT =BIAT V) =B fo(T, D) = B3 f5(T, W), x € Q.1 > 0,
ol(t, x)
. =dr Al + B1fi(T, V) + Bofo(T, 1) + B3 f5(T, W) —rl, x € Q,t > 0,
ov(,
((;[x) =d3AV + NI = (c; + )V +aW,x € Q,1> 0, oD
5W6(;, Y _g,aw tuV = (e +a)WxeQ,1>0,
orx) oltx) ovx) oWy o o6 .50

ov v v v

with the initial Condition (2.2). It is obvious that Model (5.1) admits an infection-free equilibrium
Ey = (T°,0,0,0) with T° = 4. Applying the result of [49], we have the following:

_ B1fiv(T°,0) + Bomf(T°, 0) + B afCZfSW(TO’ 0)

0 P
rm

where m = % Biologically, Ry represents the average number of secondary infections.

The first term is the average number of secondary infections caused by a virus, which corresponds to
virus-to-cell infection mode (B;). The second term is the average number of secondary infections due
to infected cells, which corresponds to the cell-to-cell infection scheme (5,). The third term is the
average number of secondary infections caused by FDCs, which corresponds to the FDCs infection
mode (53). It follows from the expression of R that ignoring the FDCs infection may underestimate
the infection risk, which indicates that developing effective drugs to decrease the infection due to FDCs
is a benefit to control the infection.

It claims that Model (5.1) admits a unique positive infection steady state E, = (T, I, V., W,) that
satisfies the following:

A=dT. +Bifi(T., Vo) + Bofo(T, L) + B3 f5(Ts Wo),
BT, V) + Bafo(T., L) + B3 f3(T., W) = rL,

NI, + aW, = (c; + pV.,

uV, = (c; + o)W..

(5.2)
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Then, we have the following:

T* = w’l* = mV*’W* = MV* .
d c+a (5.3)

rmv* = ﬁlfl(T*’ V*) +:82f2(T*, I*) +ﬁ3f3(T*’ W*)

In order to have T, > 0, V,, > 0 at steady state, we must have V, € (0, V) with V = ﬁ
Define

A—rmV A—rmV

G =Bufy (S V) + By (Y ) 4 B (ﬁ

For all V > 0, it is easy to show that G(0) = 0 and G(V) = =21 < 0, which indicates that there exists
aV, € (0,V). For Ry > 1, we have the following:

B3

G'(0) = B1fiv(To, 0) + Bom f21(Ty, 0) +
C)+a

fiw(To,0) —rm = rm(Ry — 1) > 0.
Moreover, by (A1), (A2), and (5.3), the derivatives of G’(V..) yields the following:

G'(V.) =~ % BLAT(T V) + Bofor(To, Vo) + Bs fir(To, V2)

T*, V* T*, I*
1T V) v )) + (,Bszy(T*,I*) _ L1 7 ))

ST, W*)) <o,
W*

+ B (flV(T*, V.) —
B3

C)+a

=+

(f3W(T*9 W*) -

which indicates that G(V) is strictly decreasing at each of its zeros. Thus, E, is the unique positive
steady state of Model (5.1).

@3) (fiews - v) (1= S ) < 0 (Frdy - ) (1 - fase) <o

ﬁ(T’W)T* _ 1 _ fS(T*,W*)T
( s V) (1 A ) <Oforall T,I,V.W > 0.

Theorem 5.1. If Ry > 1 and (A3) holds, then the unique positive steady state E, of Model (5.1) is
globally attractive.

Proof. Define a Lyapunov functional as follows:

T I r \%
H() = T-T.-Tsn—+I-L-I.In—+—|V-V,-V,In—
o) T I. N \%

W ) )dx.
W,

By calculating the derivative of H(¢) and applying (5.2), we can obtain the following:

ar
+ —
N(cy + @)

(W—W*—W*ln
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H() = fg{(l - %)dlAT + (1 - %)dzAI + % (1 - %)@AV
—N(Czci a)( &)d@W}de{dT (1 - T?)(l _ Tz)

+Bf(T, v*)[:s _L_ V. h@WL AT VT K]

T. IV. ATDL  ATDT.  V
AL )[ T IV AT I AT INT V. }

+,83f3(T*,W*)[ . _1V. fs(T,W)I*Jr]%(T,W)T* V]

T LV AT WIl (T, WOT V.,

raW, V.W VW,
+ 2 - — dx.
N Vvw,. V.W

Recall that

1 1
fAde—f fAde_fAde:O,f—Ade:f—||VT||2,
Q Q T Q Tz
1 5 1 1 5 1 1 s
Aldx = | & IVIIF, | SAVdx= | —|IVVI", | —AWdx= [ —|[VW|]".
ol oV oV oW oW

Then, we have the following:

, d\T, dz . dsr dyraW, 5
H'(t) = - VI vv —||VW||* +d
() j;{ —l I + N2 || I + Ney +a)W2” | } X

+L{dT (1—%)(1—%)”31]”1”*"’)[ (TT)W(K/)

+ QD( fl(T’ V)I* ) 4 QO(fI(T*’ V*)TV) + ( fl(T’ V)T* _ K) (1 _ fl(T*, V*)T)]

T, v, (T, DI, AT 1TV
*hfAT s I*)[Q"(?) ikd (I*V) T (fz(T*, 1*)1) Mk (fZ(T, I)T*V*)

LT,NDT, V H(T., I)T T. IV,
" (fz(T*,l*)T B 7*)(1 T AT, ) +ﬁ3ﬁ(T*’W*)[‘O(7)+"O(1*v)

(fg(T, W)h)+ (]%(T*,W*)TV)+(]%(T, W)HT., _K)
AT, wol) T\ o wry.) T\ B wor ~ V.

o1 LAWITN | raW. ([ V.W VW dx,
(T, W)T., N VW, V.W
where ¢(f) = 1 +1nf — 6 > 0 for > 0, with the global maximum ¢(1) = 0. Then, it follows that

H'(t) < 0, and the largest invariant subset {(7,1,V, W) : H'(t) = 0} is just the singleton E.. Thus, the
positive steady state E. is globally attractive.
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6. Numerical simulations

In this section, we perform some numerical analyses to illustrate the results obtained in preceding
section. To this end, we select two parameter sets which correspond to R, < 1 (when the
infection-free steady state is globally asymptotically stable) and Ry > 1 ( when the infection is
persistent and there exists a positive steady state). Moreover for simplicity, we consider Model (2.1)
with the nonlinear incidence functions f,(7,V) = 1+a1 (x)V’ LT, 1) = 1+a (x)l, and f3(T, W) = %
Assume Q = [0,10]. Some of the following parameter values are from [28] and the others are

assumed to satisfy the threshold conditions.

0 200
150
5 100 100
50 50
Space (x) 10 0 Time (t) Space (x) 10 0 Time (t)

(@) (b)

Space (x) 10 0 Time (t) Space (x) 10 0 Time (t)

© (d)

Figure 2. When R, = 0.1197 < 1, then Ey(x) is globally asymptotically stable.
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5 5

Space (x) 10 0 Time (t) Space (x) 10 0 Time (t)

(@) (b)

2500

1500

X

Vit

200

100

50
Space (x) 10 0 Time (t) Space (x) 10 0 Time (t)

(© (d)

Figure 3. When Ry = 1.1972 > 1, then the infection is persistent and there exists a positive
infection steady state.

Let B1(x) = 3.6 x 107%(1 + 0.5 cos(rrx)), B2(x) = 1.35 x 1073(1 + 0.5 cos(mx)), B3(x) = 7.5 x 107°(1 +
0.5 cos(mrx)), N(x) = 30, A(x) = 1000 X (1 + 0.9 cos(37x)), d(x) = 0.01, r(x) = 0.5, c;(x) = 3, ¢c; = 3,
di(x) = 0.09648, d>(x) = 0.05, d3(x) = 0.17, dy(x) = 0.01, u(x) = 1.5 x 107>, a(x) = 50, a1(x) = 0.05,
@2(x) = 0.06, a3(x) = 0.04, Vo(x) = 200(1+0.5 cos(nx)), To(x) = 5x10°, I)(x) = 0, and Wy(x) = 0, for
x € [0, 10]. For this case, we have Ry ~ 0.1197 < 1. It follows from Theorem 4.1 that Ey(x) is globally
asymptotically stable, which implies that the infection will eventually die out. Figure 2 validates the
above analysis.

Next, let 4 = 10,000 X (1 + 0.9 cos(37x)) and keep other parameters the same as Figure 2. In this
case, we have Ry ~ 1.1972 > 1. According to Theorem 4.2, Model (2.1) is persistent, as shown in
Figure 3. The infection persists indefinity, indicating long-term coexistence between the virus and host
immune cells, which hinders the viral clearance.

As we known, the infection risk of HIV increases as R, increases. Hence, we pay attention to the
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influence of spatial heterogeneity on R, to show how spatial heterogeneity affects the transmission
risk. Let 81(x) = 3.6 X 107°(1 + k; cos(m7x)), B2(x) = 1.35 x 1073(1 + k, cos(m,mx)), and B3(x) =
7.5 x 107(1 + k3 cos(msmx)), and keep the other parameter values the same as Figure 2. It follows
from Figure 4(a),(b) that R, increases as the heterogeneity parameters k; (for free virus) and k, (for
infected cells) increase, which indicates that the infection risk is underestimated when averaging the
infection ability of infected cells and free virus, respectively. Besides, Figure 4(a),(b) also shows that
Ry is decreasing with respect to m; and m,, respectively. This implies that the fragmentation of the
space is detrimental to free viruses and infected cells. However, the spatial heterogeneity of FDCs has
no impact on the transmission risk, as shown in Figure 4(c). Therefore, the spatial heterogeneity poses
challenges to the treatment and control of HIV infections. These findings underscore the need for more
effective antiviral strategies tailored to heterogeneous physiological environments.

61 3.741
im1=1 _ m2=1
m,=2 3.74 1 m,=2
551 ——m,=5 ——m,=5
. 3.739 1 ——m,=10

35 . . . . | 3.734 . . . . |
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
K, _ k,

(a) (b)

3.74

_— m3=1

my=2

3.738 1 m =5

—_— m3=10
3.736 1
o
o
3.734 1
3.732
0 0.2 0.4 0.6 0.8 1

ks

(©)
Figure 4. Impact of the heterogeneous parameters on Ry. (a) Bi(x) = 3.6 x 1075(1 +
ki cos(mimx)), Bo(x) = 1.35 x 107, and B3(x) = 7.5 x 1075, (b) Bi(x) = 3.6 x 107°,
Ba(x) = 1.35 x 1075(1 + k, cos(mypnx)), and B3(x) = 7.5 x 1075, (c) Bi(x) = 3.6 x 107°,
Br(x) = 1.35x 107, and B3(x) = 7.5 X 107%(1 + k3 cos(msmx)). Other parameter values the
same as Figure 3.
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7. Discussion and conclusions

This paper investigated a within-host viral infection model that incorporated spatial heterogeneity
and multiple transmission routes to investigate the threshold dynamics in a heterogeneous space. First,
we proved the solutions are well-posed and defined R, which serves as a sharp threshold to determine
the infection extinction or persistence. Specifically, when Ry < 1, Ey(x) is globally asymptotically
stable, which implies that the infection will eventually die out. In contrast, when R, > 1, the infection
persists indefinity, which indicates a long-term coexistence between the virus and host immune cells
and hinders viral clearance. Notably, we established the global stability of the infection-free steady
state for the critical case Ry = 1 by virtue of Gronwall’s inequality, the comparison theorem, and
semigroup properties. A numerical analysis was conducted to validate the theoretical findings.

Although heterogeneity is inherent in vivo, its precise impact on infection dynamics is difficult to
analytically assess. Our simulations revealed that R, increases with the heterogeneity intensities of free
virus and infected cells, thus suggesting that the ignoring spatial variation in their infectivity leads to
an underestimation of the transmission risk. Thus, spatial heterogeneity complicates the viral control
and poses additional challenges for the infection clearance. These findings underscore the need for
more effective antiviral strategies tailored to heterogeneous physiological environments.

We would like to point out that a time delay was not been considered in Model (2.1). An interesting
question is how a time delay influences the dynamic behavior of the corresponding model, and this
extension is left for future work.
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