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Abstract: In this paper, a data-driven robust distributed control strategy is proposed for cooperative
voltage regulation of the direct-current (DC) microgrids such that the output voltages of all distributed
generation units (DGUs) track the specified reference signal. Unlike in decentralized control where
all DGUs need to know the information of the reference signal, each DGU only needs to obtain
the information of its neighbors in the proposed distributed control strategy. In the presence of the
unknown parameters of DGUs, a data-driven robust control method is proposed to achieve cooperative
voltage regulation under the available data affected by noise. It is shown that the cooperative voltage
regulation problem can be transformed into a local stabilization problem based on the proposed
distributed control protocol. To address the local stabilization problem, the noisy data from local DGU
and the constructed auxiliary system is collected, and then we develop a data-driven control framework
that guarantees robust closed-loop stability under bounded noise. We formulate a data-dependent linear
matrix inequality (LMI) based on DQ-stabilization theory. This LMI enforces all eigenvalues of the
closed-loop system to lie within a specified region inside the unit disk, thereby quantifying robustness
through guaranteed stability margins when the collected data is corrupted by noise. The resulting gain
matrices of the distributed control protocol are computed directly from noisy-data-dependent LMI
without requiring any explicit model knowledge. Several simulation results are provided to show the
effectiveness and robustness of the proposed methods.
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1. Introduction

The direct-current (DC) microgrid is constructed by directly connecting distributed power sources,
energy storage devices, and electrical loads, which form the autonomous systems that can connect to
power grids or operate independently. The DC microgrid can be used to supply power to devices such
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as electric vehicles, mobile robots, and unmanned aerial vehicles [1–7]. In recent years, with the
widespread application of the DC microgrid, several control strategies have been proposed. In [8, 9],
the centralized control method was used for energy management and performance optimization of the
DC microgrid. The centralized control method needs each distributed generation unit (DGU) to have
information about all the other DGUs, which results in an increase in communication costs. To
overcome this deficiency, the decentralized control method was employed in [10–12]. In [10], a
decentralized secondary control method was proposed to achieve voltage restoration of the microgrid
cluster system. In [11], an adaptive decentralized control method was designed to mitigate the
influence of transfer impedance. In [12], a decentralized active disturbance rejection control method
was introduced for hybrid energy storage system to eliminate the disturbance’s impacts. The
decentralized control avoids communication between DGUs, but it leads to a lack of collaboration
among the DGUs. This results in the control of each DGU not being globally optimal.

Note that the decentralized control requires that all DGUs be able to directly receive the central
reference instruction, which means that all DGUs need to communicate with the central unit. This
situation also leads to an increase in communication costs. To avoid this problem, the distributed
control method was proposed in [13–16], where only one or a few DGUs need to receive the central
reference instruction. In [13], a distributed control method was presented to realize the optimal
coordination between traditional generations and renewable generations in the DC microgrid. In [14],
a distributed control protocol was designed to implement voltage regulation for the DC microgrid
under various loads. In [15,16], two types of secure distributed control methods were proposed for the
networked DC microgrids subject to false data injection attacks. These distributed control protocols
can achieve coordinated resource optimization and voltage regulation by constructing the sparse
communication networks where each DGU only needs to obtain the information of its neighbors.

It is worth noting that the design of the aforementioned distributed control protocols in [13–16] is
based on the precise parameters of DGUs in the DC microgrid. However, due to the complexity of
actual working conditions and parameter uncertainties, it is difficult to obtain precise parameters of
DGUs. Therefore, the data-driven control methods have been proposed to directly learn a feasible
controller from measurable data. In [17], a data-driven distributed model predictive control control
method was designed for voltage regulation of the DC microgrid under communication delays and
packet dropouts. In [18], a data-driven reinforcement learning control approach was proposed to
achieve voltage stability. In [19], a data-driven control algorithm based on machine learning was
developed to enhance the robustness and response speed of the DC microgrid. In [20], a data-driven
control method was designed to regulate the current interaction between the DC and
alternating-current (AC) microgrids and control the terminal voltage of the DC microgrid. Although
these data-driven control methods were designed, they all rely on intact measurement data. In reality,
the noise is ubiquitous and can affect the authenticity of the measurement data. Therefore, it is worth
studying how to design feasible control methods from data affected by noises, and this issue has rarely
been discussed so far.

Based on the above analysis, this paper focuses on the cooperative voltage regulation issue for
unknown DC microgrids via designing a data-driven robust distributed control method. The main
contributions are as follows.

1) Compared with [13, 14, 17, 18] where the signal transmission among DGUs not only includes
terminal voltage but also filter current, the distributed control protocol designed in this paper only
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transmits terminal voltage data among DGUs. The advantage of the proposed method lies in the
fact that it can avoid the configuration of the current sensor in signal interaction among DGUs.

2) Different from the data-driven control methods in [17–20], which consider the collected data in
the noise-free environments, this paper considers that the collected data is affected by unknown
noise. Then, a data-driven design method is proposed to design the feasible gain matrices of the
distributed control protocol from the noisy data. Furthermore, we employDQ-stabilization theory to
ensure that the eigenvalues of the closed-loop system lie in a specified domain within the unit disk
by constructing a sufficiency condition in the form of a data-driven linear matrix inequality (LMI).

Notations: Rℓ and Rℓ× ȷ represent the ℓ-dimensional column vector and the ℓ × ȷ-dimensional real
matrix, respectively. I and 0ℓ× ȷ represent the unit matrix of the appropriate dimension and the zero
matrix of ℓ × ȷ dimensions. Υ > 0 (Υ ≥ 0, Υ < 0, Υ ≤ 0) represents Υ being a positive-definite
(positive-semidefinite, negative-definite, negative-semidefinite) matrix. Υ⊤ (Υ−1) represents the
transpose (inverse) of matrix Υ. ker (Υ) represents the kernel of the matrix Υ.

2. System description and problem formulation

In this section, the mathematical models of each DGU are presented, and then the distributed voltage
regulation problem is introduced.

Figure 1. DGU i in a DC microgrid.

Consider that a DC microgrid consists of N DGUs, and the DGU i is shown as Figure 1, which
consists of a DC voltage source, a resistor-inductor (RL) filter, a capacitor, and a load. Vti , Iti , and
Voi are the converter terminal voltage, the series RL filter current, and the load voltage of DGU i,
respectively. The dynamics of DGU i are described as follows:

DGU i :


dVoi

dt = 1
Cti

(
Iti −

Voi
RLi

)
,

dIti
dt = 1

Lti

(
Vti − Voi − Rti Iti

)
,

i = 1, 2, . . . ,N, (2.1)

where the specific values of the inductor Lti , capacitor Cti , as well as resistors Rti and RLi are unknown.
Define xi ≜

[
Voi Iti

]⊤
∈ R2, ui ≜ Vti ∈ R

1, and yi ≜ Voi ∈ R
1 as the state, control input, and

output of DGU i, respectively, and then the dynamics of DGU i (2.1) can be modeled as the following
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continuous-time state-space equation:ẋi (t) = Ac
i xi (t) + Bc

i ui (t) ,
yi (t) = Cixi (t) ,

i = 1, 2, . . . ,N, (2.2)

where Ac
i =

 − 1
Cti RLi

1
Cti

− 1
Lti

−
Rti
Lti

, Bc
i =

 0
1

Lti

, and Ci =

[
1
0

]⊤
. Due to the unknown values of inductor,

capacitor, and resistors in the DGU i, the system matrices Ai and Bi are also unknown.
Because the signal transmission among DGUs is carried out in discrete sequences, we discretize the

continuous-time state-space equation (2.2) with a sampling period of Td as the following discrete-time
state-space equation: xi (k + 1) = Aixi (k) + Biui (k) ,

yi (k) = Cixi (k) ,
i = 1, 2, . . . ,N, (2.3)

where Ai = eAc
i Td , Bi =

´ Td

0 eAc
i tBc

i dt, and k denotes the kth sampling moment, which can be directly
calculated using the c2d command in MATLAB.

The desired reference signal is generated byxr (k + 1) = Dxr (k) ,
yr (k) = Exr (k) ,

(2.4)

where xr (k) ∈ Rr and yr (k) ∈ R1 stand for the state and output of the reference signal. The dynamic
system (2.4) can generate various types of reference signal, such as constant signal, sine/cosine signal,
and their combinations, etc. The control protocols designed in [21, 22] can only ensure that the DC
microgrids track constant signal. In this paper, we will design a distributed control protocol to enable
the DC microgrids to track various types of reference signal.

Consider the communication topology among the N DGUs given in (2.3) described by a directed
graph G = {V ,E ,A }. V = {1, . . . ,N} denotes the DGU set. E ⊂ V × V denotes the set of edges.
A =

[
ai j

]
∈ RN×N denotes the adjacency matrix where the weight ai j > 0 if DGU i can receive

information from DGU j and ai j = 0 otherwise. Moreover, the pinning gain of DGU i is hi with hi > 0
if the reference signal is pinned to DGU i and hi = 0 otherwise.

As can be seen from [23–25], several standard assumptions for the feasibility of the distributed
control problem need to be imposed on the systems (2.3) and (2.4).

Assumption 1. For i = 1, 2, . . . ,N, Rank
[

Ai − λI Bi

Ci 0

]
= 3, ∀λ ∈ σ (D), where σ (D) denotes the

spectrum of D.

Assumption 2. For i = 1, 2, . . . ,N, the matrix pair (Ai, Bi) is controllable.

Assumption 3. The graph G has a directed spanning tree with the reference signal as the root node.

Remark 1. Assumption 1 is to prevent the case of zero-pole cancellation. If the system has irreversible
transmission zeros, it may cause unstable behavior. The rank condition in Assumption 1 eliminates
this case. Assumption 2 is the fundamental engineering prerequisite for controlling the DC microgrid.
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Each DGU must be controllable in order to achieve cooperative voltage regulation of the entire DC
microgrid. Assumption 3 states that the information of the reference signal is guaranteed to be globally
accessible. If the reference signal cannot reach certain DGUs through the communication network,
these DGUs will have no idea about which reference signal to track.

Problem 1. The cooperative voltage regulation problem is to design a distributed control protocol
ui (k) such that the output yi of each DGU described by (2.3) can asymptotically track the desired
reference signal yr generated by (2.4), i.e., limk→∞ (yi (k) − yr (k)) = 0, i = 1, 2, . . . ,N.

3. Main results

In this section, we first present the specific structure of the distributed control protocol based on the
internal model principle. Then, the model- and data-based design methods for the gain matrices of the
distributed control protocol are provided.

3.1. Internal model-based distributed control protocol

To address Problem 1, we design the following distributed control protocol:

ηi (k + 1) = Z1ηi (k) +Z2

 N∑
j=1

ai j

(
yi (k) − y j (k)

)
+ hi (yi (k) − yr (k))

 , (3.1)

ui (k) = K1
i xi (k) +K2

i ηi (k) , (3.2)

where the matrix pair (Z1,Z2) constitutes a 1-copy internal model of the matrix D, and K1
i and K2

i
are the gain matrices that need to be designed. Moreover, consider that the communication weights of
the graph are normalized:

∑N
j=1 ai j + hi = 1 for i = 1, 2, . . . ,N. From the control protocol (3.1), it can

be seen that DGU i only utilizes the output of its neighboring DGU. This indicates that all DGUs only
transmit the output voltage Voi during interacting, which is different from [13, 14, 17, 18], where the
state of the neighboring DGUs, namely the voltage Voi and current Iti , needs to be transmitted. This
makes the designed control protocol in our paper more suitable for use in actual DC microgrids.

Based on the system matrix D in the reference signal (2.4), Z1 and Z2 can be selected in the
following form:

Z1 =



0 1 · · · 0
0 0 · · · 0
...

...
. . .

...

0 0 · · · 1
−pr −pr−1 · · · −p1


, Z2 =



0
0
...

0
1


, (3.3)

where pℓ, ℓ = 1, 2, . . . , r is the coefficients of the minimal polynomial of the system matrix D: pℓ (λ) =
λr + p1λ

r−1 + · · · + pr−1λ + pr.

Remark 2. In decentralized control, each DGU operates independently based solely on its own
measurements with no communication between DGUs, but each DGU needs to know the information
of the reference signal. In distributed control, each DGU needs to obtain the information of its
neighbors over communication network, but only one or few of the DGUs need to know the
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information of the reference signal. In [26], the novel prescribed-time decentralized and distributed
output-feedback controllers were proposed, which has established a unified framework for
decentralized and distributed control. Therefore, the integrated decentralized-distributed control
frameworks will be the focus of our future research.

Next, the model-based design method for the gain matrices K1
i and K2

i is presented. Furthermore,
it demonstrates that Problem 1 can be transformed from a cooperative voltage regulation problem into
a local stabilization problem.

3.2. Model-based design for gain matrices

By employing the distributed control protocol (3.1) and (3.2), we demonstrate that Problem 1 has
been resolved.

Theorem 1. Suppose that Assumptions 1–3 hold. The cooperative voltage regulation problem
described as Problem 1 is addressed if the distributed control protocol (3.1) and (3.2) is used and the
augmented gain matrix Ki =

[
K1

i K2
i

]
is designed as Ki = K

P
i P
−1
i , where KP

i ∈ R
1×(2+r) and

P⊤i = Pi ∈ R
(2+r)×(2+r) > 0 is subject to the following LMI: Pi AiPi + BiK

P
i

PiA
⊤
i +
(
KP

i

)⊤
B⊤i Pi

 > 0, i = 1, 2, . . . ,N, (3.4)

withAi =

[
Ai 02×r

Z2Ci Z1

]
and Bi =

[
Bi

0r×1

]
.

Proof. By applying the Schur complement operation to LMI (3.4) and based on KP
i = KiPi, one has

Pi − (Ai + BiKi)Pi (Ai + BiKi)⊤ > 0, i = 1, 2, . . . ,N. (3.5)

This means thatAi +BiKi, i = 1, 2, . . . ,N is a Schur stable matrix. Then, it can be obtained from [23]
that there exists a unique matrix triple (Πi,Ωi,Λi) to the following linear matrix equations:

ΠiD =
(
Ai + BiK

1
i

)
Πi + BiK

2
i Λi, (3.6)

ΛiD = Z1Λi +Z2 (CiΠi − E) , (3.7)
CiΠi = E. (3.8)

Define δi (k) ≜ xi (k) − Πixr (k) and εi (k) ≜ ηi (k) − Λixr (k). By combining the DGU system (2.3),
reference signal (2.4), control protocol (3.1) and (3.2), and linear matrix equations (3.6) and (3.7),
we have

δi (k + 1) = xi (k + 1) − Πixr (k + 1)

= Aixi (k) + Biui (k) − ΠiDxr (k)

= Aixi (k) + Bi

(
K1

i xi (k) +K2
i ηi (k)

)
− ΠiDxr (k)

=
(
Ai + BiK

1
i

)
xi (k) + BiK

2
i ηi (k) − ΠiDxr (k)

=
(
Ai + BiK

1
i

)
xi (k) + BiK

2
i ηi (k) −

((
Ai + BiK

1
i

)
Πi + BiK

2
i Λi

)
xr (k)
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=
(
Ai + BiK

1
i

)
δi (k) + BiK

2
i εi (k) (3.9)

and

εi (k + 1) = ηi (k + 1) − Λixr (k + 1)

= Z1ηi (k) +Z2

 N∑
j=1

ai j

(
yi (k) − y j (k)

)
+ hi (yi (k) − yr (k))

 − ΛiDxr (k)

= Z1ηi (k) +Z2Cixi (k) −Z2

N∑
j=1

ai jy j (k) − hiZ2Exr (k) − ΛiDxr (k)

= Z1ηi (k) +Z2Cixi (k) −Z2

N∑
j=1

ai jy j (k) − hiZ2Exr (k)

− (Z1Λi +Z2 (CiΠi − E)) xr (k)

= Z1εi (k) +Z2Ciδi (k) −Z2

N∑
j=1

ai jC jx j (k) − hiZ2Exr (k) +Z2Exr (k)

= Z1εi (k) +Z2Ciδi (k) −Z2

N∑
j=1

ai jC jδ j (k) , (3.10)

where the third and sixth = hold due to
∑N

j=1 ai j + hi = 1.

Let ξi (k) ≜
[
δi (k)
εi (k)

]
, and the augmented system can be obtained as

ξi (k + 1) = (Ai + BiKi) ξi (k) −
N∑

j=1

ai j

[
02×(2+r)

Z2C j

]
ξ j (k) , (3.11)

ei (k) = Ciξi (k) , (3.12)

where Ai and Bi are given in (3.4), Ki =
[
K1

i K2
i

]
, and Ci =

[
Ci 01×r

]
. Based on (3.8), one has

ei (k) = Ciξi (k) = Ciδi (k) = Ci (xi (k) − Πixr (k)) = yi (k) − yr (k), and thus ei (k) can be regarded as the
tracking error.

Under Assumption 3, the label of all the DGUs can be rearranged such that i > j if DGU i can
receive information from DGU j. Then, the overall forms of (3.11) and (3.12) can be written as

ξ (k + 1) = (A + BK) ξ (k) , (3.13)
e (k) = Cξ (k) , (3.14)

with

ξ (k) =
[
ξ⊤1 (k) ξ⊤2 (k) · · · ξ⊤N (k)

]⊤
,

e (k) =
[

e⊤1 (k) e⊤2 (k) · · · e⊤N (k)
]⊤
,

A = blockdiag (A1,A2, · · · ,AN) ,
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B = blockdiag (B1,B2, · · · ,BN) ,
C = blockdiag (C1,C2, · · · ,CN) ,
K = blockdiag (K1,K2, · · · ,KN) .

If LMI (3.4) holds, thenAi+BiKi, i = 1, 2, . . . ,N is a Schur stable matrix, namely,A+BK is a Schur
stable matrix. This means that ξ (k) is asymptotically stable, i.e., limk→∞ ξi (k) = 0, i = 1, 2, . . . ,N,
then one has limk→∞ ei (k) = limk→∞ (yi (k) − yr (k)) = 0. Therefore, the cooperative voltage regulation
problem described as Problem 1 is addressed. The proof is concluded.

Remark 3. From Theorem 1, it can be seen that if a control input ûi (k) = Kiξi (k) can stabilize
ξi (k + 1) = Aiξi (k)+Biûi (k) (i.e.,Ai +BiKi, i = 1, 2, . . . ,N is a Schur stable matrix), then Problem 1
is solved. This means that the original distributed tracking control problem can be transformed into a
local stabilization problem, which can simplify the difficulty of solving the gain matrices. Therefore,
we will focus on the local stabilization problem in the subsequent data-driven design approach.

3.3. Data-driven robust design for gain matrices

Before presenting the data-driven design method, we introduce a series of lemmas that will
be needed.

Lemma 1. [27] The cooperative voltage regulation problem is addressed with DQ-stabilizable
performance guarantee if and only if there exists a matrix P̂⊤i = P̂i ∈ R

(2+r)×(2+r) > 0 such that

−Q11
i ⊗ P̂i − Q

12
i ⊗
(
P̂i (Ai + BiKi)⊤

)
−
(
Q12

i

)⊤
⊗
(
(Ai + BiKi) P̂i

)
−Q22

i ⊗
(
(Ai + BiKi) P̂i (Ai + BiKi)⊤

)
> 0, i = 1, 2, . . . ,N, (3.15)

where
(
Q11

i

)⊤
= Q11

i ∈ R
ni×ni ,
(
Q22

i

)⊤
= Q22

i ∈ R
ni×ni ≥ 0, and they form Qi =

 Q11
i Q12

i(
Q12

i

)⊤
Q22

i

 ∈ R2ni×2ni .

Proof. By selecting Q11
i , Q12

i , and Q22
i [27], the augmented gain matrix Ki can be designed from (3.15)

such that the eigenvalues of Ai + BiKi, i = 1, 2, . . . ,N lie in a specified domain within the unit disk,
i.e., Ai + BiKi is a Schur stable matrix. Then, it can be known from Theorem 1 that the cooperative
voltage regulation problem is addressed.

Lemma 2. [28] Given two matrices as Si =

 S11
i S12

i(
S12

i

)⊤
S22

i

 andVi =

 V11
i V12

i(
V12

i

)⊤
V22

i

 with S22
i ≤ 0,

V22
i ≤ 0 and ker

(
V22

i

)
⊆ ker

(
V12

i

)
. Then,

[
I
Fi

]⊤
Si

[
I
Fi

]
> 0 with

[
I
Fi

]⊤
Vi

[
I
Fi

]
≥ 0 if and only

if there exist scalars µi ≥ 0 and υi > 0 such that Si − µiVi ≥

[
υiI 0
0 0

]
.

3.3.1. Data collection

It can be seen from (3.9) and (3.10) that the error variables δi (k) and εi (k) are coupled with the
solutions of (3.6)–(3.8), and the determination of matrix triple (Πi,Ωi,Λi) requires system parameter
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information. To avoid exploiting the system parameter information of Ai and Bi, we adopted the
following auxiliary system during the data collection stage:

η̂i (k + 1) = Z1η̂i (k) +Z2yi (k) , (3.16)

whereZ1 andZ2 can be chosen as (3.3).
Applying a persistently exciting input ud

i (k) to each DGU (2.3) and letting
ξ̂i (k) ≜

[
x⊤i (k) η̂⊤i (k)

]⊤
, we have

ξ̂i (k + 1) = Aiξ̂i (k) + Biud
i (k) , (3.17)

whereAi and Bi are given in (3.4). It is obvious that the system (3.17) and the error system (3.13) have
the same structure. Therefore, we can use the offline data of the system (3.17) to design the augmented
gain matrix Ki. Furthermore, it is considered that the system (3.17) is affected by unknown noise
during data collection. The state and input data of the system (3.17) are obtained from the following
noisy system:

ξ̂i (k + 1) = Aiξ̂i (k) + Biud
i (k) + ωi (k) , (3.18)

where ωi (k) ∈ R(2+r) is the unknown noise. Performing Ti, i = 1, 2, . . . ,N experiments on the
system (3.18) results in the following state and input data:

Ξi =

[
xi (0) xi (1) · · · xi (Ti)
η̂i (0) η̂i (1) · · · η̂i (Ti)

]
,

U−i =
[

ud
i (0) ud

i (1) · · · ud
i (Ti − 1)

]
. (3.19)

Based on the noisy system (3.18) and dataset (3.19), one has

Ξ+i = AiΞ
−
i + BiU

−
i +W

−
i , (3.20)

where

Ξ+i =

[
xi (1) xi (2) · · · xi (Ti)
η̂i (1) η̂i (2) · · · η̂i (Ti)

]
,

Ξ−i =

[
xi (0) xi (1) · · · xi (Ti − 1)
η̂i (0) η̂i (1) · · · η̂i (Ti − 1)

]
,

W−
i =
[
ωi (0) ωi (1) · · · ωi (Ti − 1)

]
.

Note thatW−
i is unknown. Moreover, we suppose thatW−

i ∈ Ŵi and the set Ŵi is defined as

Ŵi ≜

Wi

∣∣∣∣∣∣∣
[

I
W⊤

i

]⊤  O11
i O12

i(
O12

i

)⊤
O22

i

 [ I
W⊤

i

]
≥ 0

 , (3.21)

where
(
O11

i

)⊤
= O11

i ∈ R(2+r)×(2+r),
(
O22

i

)⊤
= O22

i ∈ RTi×Ti < 0, and O12
i ∈ R(2+r)×Ti are the

known matrices.
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Remark 4. In this paper, we focus on additive measurement noise. However, the multiplicative noise
is common in sensor measurement [29]. If the current and/or voltage data are affected by
multiplicative noise, it will affect the authenticity of the collected data. When the multiplicative noise
is large, the proposed methods will fail. Therefore, how to quantify the impact of multiplicative noise
on the robustness of microgrids will be one of our next works.

Next, we utilize Lemmas 1 and 2 along with the collected data
(
Ξ+i ,Ξ

−
i ,U

−
i

)
to design a data-driven

robust method for solving the augmented gain matrix Ki such that Ai + BiKi is a Schur stable matrix
for i = 1, 2, . . . ,N.

3.3.2. Data-driven robust design

Define Ωi as all possible systems that can explain the dataset Ξ+i , Ξ−i , and U−i , which satisfies set
Ŵi, and it is defined as

Ωi ≜
{(
Âi, B̂i

) ∣∣∣Ξ+i − ÂiΞ
−
i − B̂iU

−
i ∈ Ŵi

}
. (3.22)

It should be noted that (Ai,Bi) ∈ Ωi and Ωi is a non-single-element set.
For (Ai,Bi) ∈ Ωi andW−

i ∈ Ŵi, Ξ+i − ÂiΞ
−
i − B̂iU

−
i =W

−
i ∈ Ŵi. Based on (3.21), we have

 I[
Âi B̂i

]⊤ ⊤


I Ξ+i
0(2+r)×(2+r) −Ξ

−
i

0(2+r)×(2+r) −U
−
i


 O11

i O12
i(

O12
i

)⊤
O22

i




I Ξ+i
0(2+r)×(2+r) −Ξ

−
i

0(2+r)×(2+r) −U
−
i


⊤  I[

Âi B̂i

]⊤  ≥ 0.

(3.23)
Back to Lemma 1 and due to (Ai,Bi) ∈ Ωi, the eigenvalues of Ai + BiKi, i = 1, 2, . . . ,N can lie in
a specified domain within the unit disk if the inequality (3.15) holds for all

(
Âi, B̂i

)
∈ Ωi. Then, the

inequality (3.15) is reconstructed as I
I ⊗
[
Âi B̂i

]⊤ ⊤ Si

 I
I ⊗
[
Âi B̂i

]⊤  > 0, (3.24)

where

Si =


−Q11

i ⊗ P̂i −Q12
i ⊗ P̂i −Q12

i ⊗
(
P̂iK

⊤
i

)
−
(
Q12

i

)⊤
⊗ P̂i −Q22

i ⊗ P̂i −Q22
i ⊗
(
P̂iK

⊤
i

)
−
(
Q12

i

)⊤
⊗
(
KiP̂i

)
−Q22

i ⊗
(
KiP̂i

)
−Q22

i ⊗
(
KiP̂iK

⊤
i

)
 .

Lemma 1 holds if and only if the inequality (3.24) holds for all
(
Âi, B̂i

)
∈ Ωi, and thus we next

construct conditions to ensure that the inequality (3.24) holds. To this end, we reconstruct the
inequality (3.23) as  I

I ⊗
[
Âi B̂i

]⊤ ⊤Vi

 I
I ⊗
[
Âi B̂i

]⊤  > 0, (3.25)

where

Vi =


I I ⊗ Ξ+i

0ni(2+r)×ni(2+r) −I ⊗ Ξ−i
0ni(2+r)×ni(2+r) −I ⊗U−i


 I ⊗ O11

i I ⊗ O12
i

I ⊗
(
O12

i

)⊤
I ⊗ O22

i




I I ⊗ Ξ+i
0ni(2+r)×ni(2+r) −I ⊗ Ξ−i
0ni(2+r)×ni(2+r) −I ⊗U−i


⊤

.
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Let Fi ≜ I ⊗
[
Âi B̂i

]⊤
, and based on Si and Vi defined in Lemma 2 and reconstructed in (3.24)

and (3.25), we have

S22
i =

 −Q22
i ⊗ P̂i −Q22

i ⊗
(
P̂iK

⊤
i

)
−Q22

i ⊗
(
KiP̂i

)
−Q22

i ⊗
(
KiP̂iK

⊤
i

) 
= −

[
M ⊗ I

M ⊗ Ki

] (
I ⊗ P̂i

) [ M ⊗ I
M ⊗ Ki

]⊤
, (3.26)

V12
i =
(
I ⊗ O12

i + I ⊗ Ξ+i O
22
i

) [ I ⊗ Ξ−i
I ⊗U−i

]⊤
, (3.27)

V22
i =

[
I ⊗ Ξ−i
I ⊗U−i

] (
I ⊗ O22

i

) [ I ⊗ Ξ−i
I ⊗U−i

]⊤
, (3.28)

where Q22
i = MM⊤.

Due to P̂⊤i = P̂i ∈ R
(2+r)×(2+r) > 0, it can be seen from (3.26) that S22

i ≤ 0. Because of(
O22

i

)⊤
= O22

i ∈ R
Ti×Ti < 0 in (3.21), it follows from (3.28) thatV22

i ≤ 0. It is obvious from (3.28) that

ker
(
V22

i

)
= ker

[ I ⊗ Ξ−i
I ⊗U−i

]⊤, and thus ker
(
V22

i

)
⊆ ker

(
V12

i

)
. Given the establishment of these

conditions, all that is needed next is to ensure the validity of the following theorem, which will

guarantee the validity of
[

I
Fi

]⊤
Si

[
I
Fi

]
> 0 with

[
I
Fi

]⊤
Vi

[
I
Fi

]
≥ 0 with Fi = I ⊗

[
Âi B̂i

]⊤
.

Then, Lemma 1 holds for all
(
Âi, B̂i

)
∈ Ωi.

Theorem 2. Suppose that Assumptions 1–3 hold. The cooperative voltage regulation problem is
addressed with DQ-stabilizable performance guarantee that if there exists a matrix K̂i ∈ R

1×(2+r),
P̂⊤i = P̂i ∈ R

(2+r)×(2+r) > 0, scalars µi ≥ 0 and υi > 0 such that

Ŝi − µiV̂i ≥ 0, i = 1, 2, . . . ,N, (3.29)

with

Ŝi =


−Q11

i ⊗ P̂i − υiI −Q12
i ⊗ P̂i −Q12

i ⊗ K̂
⊤
i 0ni(2+r)×ni(2+r)

−
(
Q12

i

)⊤
⊗ P̂i −Q22

i ⊗ P̂i −Q22
i ⊗ K̂

⊤
i 0ni(2+r)×ni(2+r)

−
(
Q12

i

)⊤
⊗ K̂i −Q22

i ⊗ K̂i 0ni×ni M ⊗ K̂i

0ni(2+r)×ni(2+r) 0ni(2+r)×ni(2+r) M⊤ ⊗ K̂⊤i I ⊗ P̂i

 ,

V̂i =


I I ⊗ Ξ+i

0ni(2+r)×ni(2+r) −I ⊗ Ξ−i
0ni×ni(2+r) −I ⊗U−i

0ni(2+r)×ni(2+r) 0ni(2+r)×niTi


 I ⊗ O11

i I ⊗ O12
i

I ⊗
(
O12

i

)⊤
I ⊗ O22

i




I I ⊗ Ξ+i
0ni(2+r)×ni(2+r) −I ⊗ Ξ−i
0ni(2+r)×ni(2+r) −I ⊗U−i
0ni(2+r)×ni(2+r) 0ni(2+r)×niTi


⊤

,

where M is given in (3.26). Then, the augmented gain matrix is designed as Ki = K̂iP̂
−1
i .

Proof. If LMI (3.29) holds, K̂i ∈ R
1×(2+r), P̂⊤i = P̂i ∈ R

(2+r)×(2+r) > 0, and scalars µi ≥ 0 and υi > 0
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exist. Let K̂i = KiP̂i, and applying the Schur complement operation to LMI (3.29), one has

Si − µiVi ≥


υiI 0ni(2+r)×ni(2+r) 0ni(2+r)×ni

0ni(2+r)×ni(2+r) 0ni(2+r)×ni(2+r) 0ni(2+r)×ni

0ni×ni(2+r) 0ni×ni(2+r) 0ni×ni

 , i = 1, 2, . . . ,N, (3.30)

where Si and Vi are given in (3.24) and (3.25). From Lemma 2, we have
[

I
Fi

]⊤
Si

[
I
Fi

]
> 0 with[

I
Fi

]⊤
Vi

[
I
Fi

]
≥ 0 with Fi = I ⊗

[
Âi B̂i

]⊤
. Then, the inequality (3.15) holds. By Lemma 1, the

cooperative voltage regulation problem is addressed withDQ-stabilizable performance guarantee.
For the stabilization purpose of the error system (3.13), it is required that the eigenvalues of Ai +

BiKi, i = 1, 2, . . . ,N lie in a specified domain within the unit disk. Therefore, Qi in (3.15) can be
selected as

Qi =

[
−r2

i 0
0 1

]
, (3.31)

which can ensure that the eigenvalues of Ai + BiKi lie within the circle centered at the origin with a
radius of ri ∈ [0, 1), i = 1, 2, . . . ,N. The closer the eigenvalues ofAi +BiKi are to the origin, the faster
the convergence speed of the error system (3.13) can be achieved. However, due to the presence of
unknown noise, it results in the inability to configure the eigenvalues ofAi + BiKi close to the origin.
This is reflected in the fact that the data-driven LMI (3.29) does not hold.

Corollary 1. Suppose that Assumptions 1–3 hold, and let Qi defined in (3.31). The cooperative voltage
regulation problem is addressed with the eigenvalues of Ai + BiKi lying within the circle centered at
the origin with a radius of ri ∈ [0, 1) if there exists a matrix K̂i ∈ R

1×(2+r), P̂⊤i = P̂i ∈ R
(2+r)×(2+r) > 0,

scalars µi ≥ 0 and υi > 0 such that
r2

i P̂i − υiI 0(2+r)×(2+r) 0(2+r)×1 0(2+r)×(2+r)

0(2+r)×(2+r) −P̂i −K̂⊤i 0(2+r)×(2+r)

01×(2+r) −K̂i 0 K̂i

0(2+r)×(2+r) 0(2+r)×(2+r) K̂⊤i P̂i

 ,

−µi


I Ξ+i

0(2+r)×(2+r) −Ξ−i
01×(2+r) −U−i

0(2+r)×(2+r) 0(2+r)×Ti


 O11

i O12
i(

O12
i

)⊤
O22

i




I Ξ+i
0(2+r)×(2+r) −Ξ−i

01×(2+r) −U−i
0(2+r)×(2+r) 0(2+r)×Ti


⊤

≥ 0, i = 1, 2, . . . ,N. (3.32)

Then, the augmented gain matrix is designed as Ki = K̂iP̂
−1
i .

Proof. This corollary can be directly derived from Theorem 2 by setting Qi =

[
−r2

i 0
0 1

]
.

4. Simulation example

In this section, a numerical example is used to verify the effectiveness and robustness of the
data-driven robust distributed control strategy. The DC microgrid is composed of six DGUs, and the
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communication topology among them is shown in Figure 2. It can be seen that only DGU 2 is able to
obtain the output information of the reference signal, while the other DGUs can only obtain the output
information of their neighboring DGUs. This indicates that a distributed communication pattern is
employed among the DGUs. Moreover, the parameters of each DGU are provided in Table 1, which is
borrowed from [22].

DGU 1 DGU 2 DGU 3

DGU 4 DGU 5 DGU 6

Reference 

Signal

Figure 2. The communication topology among six DGUs.

Table 1. Electrical parameters of DGU i in Figure 1.

Parameters DGU 1 DGU 2 DGU 3 DGU 4 DGU 5 DGU 6
Lti (mH) 1.8 2.0 2.2 3.0 1.2 2.5
Rti (Ω) 0.2 0.3 0.1 0.5 0.4 0.6
Cti (mF) 2.2 1.9 1.7 2.5 2.0 3.0
RLi (Ω) 10 6 20 2 4 8

In the simulation, the parameters of each DGU in Table 1 are supposed to be unknown, i.e., the
system matrices Ai and Bi in (2.3) are unknown. Consequently, only the data generated by the system
matrices Ai and Bi can be obtained. During the data collection stage, the state and input data are
obtained from the system (3.18) affected by norm-bounded noise with ∥ωi (k)∥ ≤ ϖi = 0.01i for all
k ∈ [0,Ti − 1] and i = {1, 2, . . . , 6}. We can use the inequality (3.21) to describe the noise with
O11

i = TiϖiI, O12
i = 0(2+r)×Ti , and O22

i = −I, i = {1, 2, . . . , 6}. The length of data collection is selected
as Ti = 30 for all i = {1, 2, . . . , 6}.

It is verified that the proposed method enables each DGU to track constant signals. For this purpose,
we select D = 1 and E = 1, and then one has Z1 = 1 and Z2 = 1 from (3.3). Then, we apply a
persistently exciting input ud

i (k), k ∈ [0,Ti − 1] to each DGU (2.3) and randomly choose initial states
xi (0) and η̂i (0), and we can obtain dataset Ξi and U−i in (3.19). By substituting the dataset Ξ+i , Ξ−i ,
andU−i in (3.20) into the data-driven LMI (3.32) and selecting ri = 0.5 for all i = {1, 2, . . . , 6}, we can
obtain a set of feasible augmented gain matrices

K1 =
[
K1

1 K2
1

]
=
[
−1.0057 0.4365 −0.8872

]
,

K2 =
[
K1

2 K2
2

]
=
[
−1.0996 0.2996 −0.9951

]
,
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K3 =
[
K1

3 K2
3

]
=
[
−1.1466 0.9283 −0.8499

]
,

K4 =
[
K1

4 K2
4

]
=
[
−0.7249 0.0736 −0.8741

]
,

K5 =
[
K1

5 K2
5

]
=
[
−1.1766 0.0126 −0.9634

]
,

K6 =
[
K1

6 K2
6

]
=
[
−0.3805 −0.0282 −0.6359

]
.

Based on Z1 and Z2 as well as the obtained augmented gain matrices above, we construct the
distributed control protocol (3.1) and (3.2). To evaluate the effectiveness of the proposed method
against the reference signal changes, the reference voltage for the six DGUs is set as

yr = 48V, 0 ≤ t ≤ 1s,

yr = 60V, 1s < t ≤ 2s,

yr = 48V, 2s < t ≤ 3.5s,

yr = 36V, 3.5s < t ≤ 4.5s,

yr = 48V, t > 4.5s.

By utilizing the proposed control protocol and selecting the initial state ηi (0) = 0 and
xi (0) =

[
0 0

]⊤
, the output voltages of the six DGUs are shown in Figure 3. It can be seen that the

output voltages of the six DGUs accurately track the reference voltage yr, even when the reference
signal is changing. This indicates that the proposed methods are effective and have robustness
against noise.

To verify DQ-stabilizable performance guarantee, we conduct a comparative experiment. The
results shown in Figure 3 are obtained with ri = 0.5. Next, we select ri = 0.9 for all i = {1, 2, . . . , 6}
and solve the data-driven LMI (3.32), and the feasible augmented gain matrices are given as

K1 =
[
K1

1 K2
1

]
=
[
−0.3081 0.4093 −0.2748

]
,

K2 =
[
K1

2 K2
2

]
=
[
−0.6198 0.4032 −0.5768

]
,

K3 =
[
K1

3 K2
3

]
=
[
−0.5427 0.8135 −0.4093

]
,

K4 =
[
K1

4 K2
4

]
=
[
−0.2404 −0.1552 −0.5312

]
,

K5 =
[
K1

5 K2
5

]
=
[
−0.6798 0.0759 −0.5002

]
,

K6 =
[
K1

6 K2
6

]
=
[
−0.1188 −0.1977 −0.3036

]
.

By substituting these gain matrices into the control protocol (3.1) and (3.2), the output voltages of
the six DGUs are shown in Figure 4. It is obvious that the speed at which the output voltages of the
six DGUs track the reference voltage in Figure 4 is slower than that in Figure 3. This is because a
smaller ri enables the eigenvalues ofAi +BiKi to be closer to the origin. This ensures that the tracking
error system (3.13) has a faster convergence rate. However, a faster convergence rate requires a greater
control input, which may cause the tracking error system to experience severe vibrations. Therefore, a
trade-off needs to be achieved between the convergence rate and the control energy.
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Figure 3. The output voltages of six DGUs under the gain matrices with ri = 0.5.
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Figure 4. The output voltages of six DGUs under the gain matrices with ri = 0.9.

To validate robustness, we assess the feasibility of the data-based LMI (3.32) under varying levels
of measurement noise. Specifically, DGU 6 is selected for this test with r6 = 0.85, and the noise
intensity ϖ6 is varied over the set {0.01, 0.05, 0.1, 0.15, 0.2, 0.25, 0.3}. The results are summarized in
Table 2. As shown in Table 2, the data-driven LMI (3.32) remains feasible for noise levels ϖ6 ∈

{0.01, 0.05, 0.1, 0.15, 0.2}. However, it becomes infeasible when the noise level increases to ϖ6 ∈

{0.25, 0.3}. Nevertheless, the existence of a feasible gain for ϖ6 ≤ 0.2 demonstrates that the proposed
control method exhibits robustness against moderate levels of measurement noise.
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Table 2. The feasibility of the data-based LMI (3.32) for DGU 6 under different noise
levels ϖ6.

ϖ6 0.01 0.05 0.1 0.15 0.2 0.25 0.3
Feasibility Yes Yes Yes Yes Yes No No

0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6

Time (s)

40

44

48

52

56

60

64

68

72

76

80

Figure 5. The output voltages of six DGUs under the gain matrices with ri = 0.85.

In order to further verify that our proposed method is not only capable of tracking a constant signal
as in [21, 22] but also able to track a time-varying reference signal, we select

D =


0.9992 0.04 0
−0.04 0.9992 0

0 0 1

 , E =
[

1 0 1
]
,

and xr (0) =
[

4 0 60
]
. Given the D, E, and xr (0), the reference signal (2.4) can generate a

sinusoidal signal with an angular frequency of 4 rad/s that fluctuates between 56 V and 64 V .
According to (3.3), one has

Z1 =


0 1 0
0 0 1
1 −2.9984 2.9984

 , Z2 =
[

0 0 1
]⊤
.

As before, we can obtain a set of feasible augmented gain matrices

K1 =
[
K1

1 K2
1

]
=
[
−1.6882 0.4112 −1.5218 3.5542 −2.1092

]
,

K2 =
[
K1

2 K2
2

]
=
[
−1.4001 0.1291 −1.2756 2.9105 −1.6817

]
,

K3 =
[
K1

3 K2
3

]
=
[
−1.2819 0.7551 −1.1214 2.5750 −1.4940

]
,
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K4 =
[
K1

4 K2
4

]
=
[
−0.8289 −0.0546 −1.0036 2.2809 −1.3104

]
,

K5 =
[
K1

5 K2
5

]
=
[
−1.3656 −0.0846 −1.2418 2.8520 −1.6531

]
,

K6 =
[
K1

6 K2
6

]
=
[
−1.4591 0.0748 −1.6498 4.1104 −2.6899

]
.

Based on these results, the output voltages of the six DGUs are shown in Figure 5. It can be observed
that the six DGUs can track the time-varying reference voltage yr. Compared with [21, 22], the
proposed methods ensure that all DGUs can not only track a constant signal but also track a
time-varying signal. Furthermore, the feasible control protocols can be designed without any
parameter information of the DGUs even in the presence of unknown noise. Although the methods
proposed in [21, 22] also possess certain robustness, the precise system parameter information is
required when designing the control protocol. Therefore, the proposed methods are more general
and applicable.

5. Conclusions

This paper has proposed a novel data-driven robust distributed control strategy for the cooperative
voltage regulation of a DC microgrid. The primary objective of ensuring that all DGUs accurately
track a specified reference voltage has been successfully achieved. A key advantage of the proposed
distributed control protocol over traditional decentralized approaches is that it eliminates the need for
each DGU to have global knowledge of the reference signal, relying instead on communication with
neighboring DGUs only. To address the practical challenges of unknown DGU parameters and
measurement noises, a data-driven robust control method has been developed. The core of this
approach lies in the transformation of the cooperative voltage regulation problem into a local
stabilization problem. By leveraging noisy data collected from the local DGU and the constructed
auxiliary system, a data-driven design procedure has been formulated to solve for the gain matrices of
the controller. Crucially, the application of DQ-stabilization theory has enabled the formulation of a
data-driven LMI, which guarantees that the closed-loop system’s eigenvalues reside within a
specified region in the unit disk, thus ensuring stability and robust performance of the DC microgrid.
The proposed methods can only address the issue of measurement data affected by additive noise.
How to design a data-driven control protocol in the presence of multiplicative noise is our future
research direction.
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