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Abstract: In this paper, we consider a trilinear weighted Hardy-Littlewood-Sobolev inequality

as follows: 5
[ 1= filx)lx |~
ff ! —dxydxsdxs| < Cllfillp 1ol Fllss
Rl‘l R"l

R” H1<j<k<3 lx; — x|

which can be regarded as the natural trilinear form of the Stein-Weiss inequality. For 1 < py, ps, p3 <
oo, we systematically establish the trilinear Stein-Weiss inequality. In particular, when 1 < py, pa, p3 <
oo, by means of appropriate space decomposition, we give the necessary and sufficient conditions to
characterize the trilinear Stein-Weiss inequality.

Keywords: Stein-Weiss inequalities; boundedness of trilinear functionals; necessary and
sufficient conditions

1. Introduction

The doubly weighted Hardy-Littlewood-Sobolev inequality (often termed the Stein-Weiss
inequality) was established by Stein and Weiss [1], who provided a set of sufficient conditions on the
indices a, 4,8, p,q. The necessity of these conditions was later proved by Shi et al. [2]. More
precisely, for 1 < p, g < oo, the Stein-Weiss inequality

J(0gk»)
rr Jrn X171 — Yyl
holds if and only if the following conditions are satisfied:

1 1 + A+
JZE) n

8 gxdy| < ClIflln gl (L.1)
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a+,8>0,a<£/,,3<£,,/l<n,
p q

and

1 1

—+-2>1

P 9
Here, p’ and ¢’ denote the conjugate exponents of p and g, respectively, defined by 1/p+1/p’ = 1 and
1/g+1/q =1.

The Stein-Weiss inequality has been a fundamental tool in characterizing the interactions between
two variables with different weights, providing a solid theoretical basis for numerous applications in
various fields such as harmonic analysis, partial differential equations, and potential theory. For further
results on the Stein-Weiss inequality, we refer the reader to [3—10], among others. However, in practical
scenarios, the complexity of problems often demands the exploration of interactions among more than
two variables with diverse weights. In the mathematical context, to address this challenge, it is natural
to extend the functional F(f, g) := fR" fRn %dw’y to the multilinear setting.

Let A = (@ij)ixk (k > 3) be a real-symmetric matrix of real parameters. Consider the measurable
functions fi, ..., fy on R". We define the k-linear integral functional A4 by

[T, fiCe)lxd ™
Moty [ oo [ EIEORE T
R re [ isicjen 12 — 1%

This functional incorporates both pointwise weights |x;|™ and pairwise interaction weights [x; — x;[~.
By omitting the pointwise weights, we obtain the k-linear fractional integral functional:

k
i= i(xi)
A(fla’ﬁc):ff H lf a_.d.x1"'d)(:k.
R re [ icicjer [ = 1%

We also define a specialized functional that focuses on interactions with x;:

k —ii
Ao fi) o= f f iy bl ™
R7 R

T jen I = x|

A fundamental question is to determine the necessary and sufficient conditions for the inequality

k
Aa(fis - fl < C I, (1.2)
i=1

to hold. While characterizing these conditions for general k remains challenging, some progress has
been made. For the functional A with non-negative «;;, a complete characterization was provided
in [11]. Meanwhile, Zhou et al. [12] established necessary and sufficient conditions for the specialized
functional A' and obtained partial results for A4, including both necessary conditions and a set of
sufficient conditions. However, a complete characterization for the general multilinear weighted
case—that is, finding the necessary and sufficient conditions for inequality (1.2)—remains a
significant challenge. Even for the simplest case beyond bilinearity, namely when &k = 3, such a
characterization has been elusive.  Providing this complete characterization for the trilinear
Stein-Weiss inequality is therefore a critical and natural next step, as it establishes the foundational
extension of the complete Stein-Weiss theory beyond two variables.
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This paper aims to close this gap by systematically establishing the trilinear Stein-Weiss inequality
for 1 < py, p2, p3 < oo

3
F s fos N C | ]IS (1.3)
i=1

Here, the functional ¥ is the A, functional in the three-variable setting, defined as

3
F(fi, 2. f3) ::f f f l_[ Ixi—le_“"f'nﬁ(xi)lxil_“”’dxldxzdxg.
Rt JR2 JR2 i

1<i<j<3

Notably, when 1 < py, ps, p3 < oo, we determine the complete set of necessary and sufficient
conditions for the validity of inequality (1.3). This achievement mirrors the result of Shi et al. [2] for
the bilinear case, thereby providing a definitive answer to a natural and open question in the
multilinear theory. The necessary and sufficient conditions we establish reveal the intricate balance
required between the pointwise weights (a;;) and the pairwise interaction weights (a;;), a complexity
not fully captured in prior partial results. Furthermore, the analytical framework developed here to
manage general three-body weights is a novel approach that is expected to inform future studies on
the more challenging general k-linear Stein-Weiss inequality. This result not only deepens our
understanding of the trilinear Stein-Weiss inequality but also provides a more comprehensive
theoretical foundation for related research.

To be more precise, based on the work of [12] (Theorem 3.1), for the range 1 < py, p2, p3 < o0, we
deduce a necessary condition for the trilinear Stein-Weiss inequality (1.3) to hold: Z?:l 1/pi 2 1. In
other words, when regarding (1/p;, 1/ p», 1/ p3) as the coordinates of a point in R, the condition that the
point (1/py, 1/p2, 1/ p3) lies within the heptahedron O’C'CBAA’B’ is necessary for the boundedness of
the functional ¥, as illustrated in Figure 1. Inspired by this geometric interpretation shown in Figure 1,
we then proceed to establish the corresponding inequality (1.3) by considering different combinations
of the values of p, p,, and ps.

Since Z?zl 1/p; > 1, when p; > 1 fori = 1,2,3, at most one of p; (i = 1,2,3) can be equal to oo.
Therefore, we can make the classification as shown in Table 1. Through Theorems 1-5 in Section 3, we
establish the trilinear Stein-Weiss inequality (1.3) for the following cases: the interior of the enclosed
heptahedron O'C’'CBAA’B’ with 1 < py, p», p3 < o0 and Z?zl 1/p; > 1; the surface B'BCC’ with p; = 1
and 1 < p,, p3 < oo; the surface O’AA’ with p; = o0, 1 < p,, p3 < o0, and 1/p, + 1/p; > 1; the vertex
A’ with p; = oo, p, = p3 = 1; and the vertex B” with p; = p, = p3 = 1. Due to the symmetry of py, p»,
and ps, the situations where p, = 1 or p3 = 1 are equivalent to the case of p; = 1, and the scenarios in
which p, = oo or p3 = oo are identical to the case of p; = oo.

The structure of the present paper is as follows: In Section 2, we introduce the necessary notations
and lemmas. In Section 3, we present the main theorems along with their proofs. Section 4 provides a
discussion on the implications and applicability of our results. Finally, Section 5 concludes the paper
and outlines directions for future research.

2. Preliminaries

Throughout this work, all function spaces are defined on the Euclidean space R” equipped with the
Lebesgue measure. For any measurable function f : R — C and for 1 < p < oo, the L”-norm of f is
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Figure 1. Bounded region of the functional #: The heptahedron O'C'CBAA’B’.

Table 1. Classification of cases for the validity of the trilinear Stein-Weiss inequality.

Necessary condition Z?:l 1/pi>1 Region in the bounded domain of the functional Remarks

1. 1 < py, p2, p3 < oo (Theorem 1) Interior region of the heptahedron O'C’CBAA’B’ Includes the interior of the bottom-face triangle O’CA

2. p1 = 1 (Theorem 2) Region of the side-face B"BCC’ Excludes points B, B, C’.

Interior of the triangle O’AA’ (1 < py, p3 < )
3. p1 = oo (Theorems 3 and 4) Excludes points O, A.

The point A’ (p, = p3 =1)

4. p; = po = p3 = 1 (Theorem 5) Corresponding to point B’ Z?:] 1/pi=3

defined in the standard manner:

1/p
(f If(X)I”dx) , if1<p<oo,
Rn

ess Sup, g (0], 1f p = co.

1Al ==

The Lebesgue space LF(R") consists of all measurable functions f for which ||f||, < oo. To facilitate
the later proofs of the theorems, we introduce the following notations:

3
G(x1, X2, x3) := 1—[ lx; — x|, H(xy, x2, x3) := G(x1, X2, X3) n Jox;| .

1<i<j<3 i=1

Furthermore, we denote the product space R” X R” x R"” by R*. Similarly, the product space R" x R"

will be written as R,
Let J be a subset of {1,2,...,k}. We denote the cardinality of J, namely the number of elements it

contains, by |J|. We use the symbol f < g to signify that there exists a positive constant C such that
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f <Cg. When O < ay,a; < nand a; + a; > n, we introduce the following notation:

, TCSOT(S) (2t
"O(all’alz’n) = r f¥21 r azzr 013‘[12 ’
(7) (7) (n— T)

where I'(s) = fooo x*le~*dx is the gamma function. For 0 < d;,d,,d3 < nand d| + d, + d3 = 2n,
we define

P T
¢(dl’d2’ d3’n) = 1_[ d.
=1 I(3)

2.1
Lemma 1 ( [13,14]). (1) When max{d;,d,} < n < d + d,, the following equation is valid:

N lxr — 17y — 1172 dt = p(d, do, n)lx; — XN R
(2) Provided that max{d,,d,,ds;} < n and d| + d, + d; = 2n, the following equation holds:

3

—d; ds— dy— dy-
f [ |1 = e7dr = gy, do, ds, mlxi = ol ey = 51"y = 3
R

n i:l
Lemma 2 ([12], Lemma 2.4). If a; < b; fori=1,...,n, and
C (S [Zai,zbi],
i=1 i=1
then there exists c¢; such that C = Y, ¢c; and a; < ¢; < b;.

Consider the operator S , ;3 defined by

. )
Sanaf(x) = fR DI = P

The following two results are fundamental.

Lemma 3 ( [2], Theorem 1.3). Let f € LP(R") for 1 < p < co. For 1 < g < oo, there exists a constant
C such that

IS 0.08flly < ClIfllp,
if and only if the following conditions

1 1 n n
—-+-2>1, a+p20, a<—, p<—, A<n,
JZ ’ q
and - A
+B+
—yo4 g A =2
JZ] n

hold simultaneously.
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Lemma 4 ( [2], Theorem 1.7). Let f € LP(R") for 1 < p < oo. The inequality

”Sa/,/l,ﬁf”oo < C“f”p
holds if and only if B =n/p' —a - A, a <n/p’, A<n/p,anda+ A1 >n/p.

Remark 1. Lemma 4 has the following equivalent form: Let ¢ € LP(R") with 1 < p < co. Then there
exists a constant C such that the inequality

@(x)

B2
m x| < Cllgllzo|s — £ p
Rn - -

holds if and only if B < n/p’, A <n/p’,and B+ A1 > n/p’.

The subsequent lemma pertains to the necessary conditions for the validity of the generalized Hardy-
Littlewood-Sobolev inequality with power weights.

Lemma 5 ( [12], Theorem 3.1). If the multilinear fractional integral functional A, defined by

k
[1/i(x)

AA(fl,-..,ﬁ() ::f f =l . dxl...dxk (22)
YT I -l [l

1<i<j<k

k

is bounded on Q) L'(R"), where 1 < p; < oo, then the indices p;, e and a;; satisfy the following
i=1

conditions simultaneously:

(1)
k 1 ;i k ;i
PR i (2.3)
-1 Pi 1<i<j<k n -1 1
(i1)
£
> - 2.4)
i=1 pl
(iii)
k
Z @i > 0; (2.5)
i=1
(iv) For any subset of {1,2, ..., k} denoted as I, which at least contains two elements,
a’,‘j
Z -1 (2.6)
i,jeli<j
holds;
(v) For any proper subset of {1,2, ...k} denoted as J, which at least contains one element,
a;; 1 ii
> —’+Z(—+a—)<|J| 2.7)
ijeri<j T e \Pi 1
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holds, or
@ij I ay
Z —+Z —+— =
ijedici T e \Pi 1
and

| .

il Pi ies Di

hold simultaneously.
Remark 2. If J has less than two elements, we naturally appoint }; ic;;<; ani =0.

For special trilinear functional ' defined by

3
_11 Silx)lox ™
/cl(fl’fZ’f:’)) ::f f f = p o dXIdxzd.XB’
re Jre JRe [X1 — X212 X1 — x3|%13

we have the following results.

Lemma 6 ( [12], Theorem 1.3 for k = 3). Let f; € LP(R") for 1 < p; < oo withi = 1,2,3. Then
the inequality

3
F'(fi o SN < C [ 1A
i=1

holds if and only if
| ;o
Z_+ J+Zﬁ:3, (2.8)
pral A v S = L
21
i-1 Pi
n .
0< —/—Q’i,‘<a'1,'<n(l:2,3), (210)
Di
and
: n
a > max | — — @; — Q1 —;;
; {Pi' }

hold simultaneously, or the conditions (2.8)—(2.10) and

3
n
an = Zmax 17 - @i — @i, — i
i

i=2

with ay; # n/p;/ (i = 2,3) hold simultaneously.
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Remark 3. Specifically, Lemma 6 can be regarded as a special instance of Theorem 1. It corresponds
to the scenario in which the index a3 = 0 within the functional F. In general, Lemma 6 pertains to
the case where one of the three indices a1,, a3, and ays in the functional ¥ equals zero.

Lemma 7. Let f; € LP((R") for p; = oo, 1 < ps, p3 < oo. Then the inequality

IF (fis fo ) < Cllfilloll ol L 51 (2.11)
holds if and only if
11 >
LS P k) Qi _ 3 (2.12)
P2 P3 perl
1 1
—+—=>1, (2.13)
P2 D3
0< = —a;<ay<n(i=23), (2.14)
Di
and
3
Z}m>o (2.15)

i=1

hold simultaneously.

Proof. Let ay; = Bi» + 13 with 812, 813 > 0. Reformulating the functional F'(f;, f>, f3) and applying
Holder’s inequality, we obtain

x X
fl(xl)f Sfa(x2) dxzf f3(x3) dxsdx,
Rn re [ X1 P12|x) = Xp|12 | |22 e |21 P3| = x3|913 o3 [933

fl (XI)S @, @12, ﬁ12f2(x1 )S @33, @13, ,313.](‘3()('1 )d-xl
R}’l

<||f‘1||L°°||S(1(22, a2, ﬁ]sz”LQ'z”S(I}g,, 13, ,813f3||Lq§ B

where a1; = B2 + B3, 1 < ¢5,q5 < oo and 1/q, + 1/¢; = 1. In order to apply Lemma 3 to
obtain inequality
|S(Yii, @y, ﬁuf”Lq = C”f”L”I (l - 2 3)

the parameters «;;, @y;, B1;, pi, ¢; must satisfy

1 1 a; +ay; + i
_+_+—1[31:2’
Pi i n

n
a;; + 1 2 0, 0<—=—-a;<aj;<n, ; +ay; + B < n.
i

Since equality (2.12) holds, we can appropriately choose the parameters ¢g;, 5;; such that equality

11 i + @1+ P .
Lol eraithi_, oy 3
Pi 4 n
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is satisfied. We also need to show the existence of §;; (i = 2, 3) satisfying
—; <Pus<n-—a;—a;(i=2,3).
By Lemma 2, such f;; exists provided that
—yn — a3 <@ S2n—apn — a3 - ap - ais.

Notice that the inequality —a,, — @33 < @y is equivalent to (2.15). Moreover, given that equality (2.12)
holds, the inequality
ap < 2n—ap - a3 —ap - a3

is equivalent to

1 1
—+—2>1,

P2 D3
which coincides with (2.13). This completes the proof of the sufficiency of the conditions.
The necessity of (2.12), (2.13), (2.15) follows easily from Lemma 5. It remains to prove the
necessity of (2.14). Taking I; = {1, j} for j = 2,3, condition (iv) of Lemma 5 gives

a.
L -1=1,
n

i.e., a;; <n. For I; = {i} (i = 2,3), inequality (2.7) of Lemma 5 together with Remark 2 yields

1 ;i
—+—<1,
pi n
which is exactly a; < n/p!. Finally, for I'=1{1,2,3}\ {i} (i = 2,3), inequality (2.7) gives

Z%+Z(%{+%)<|I"|:2.

k<l kel
klel'

Comparing this with condition (2.12), we obtain

ay; 1 (047}
+ —+

i.e., 2, —a; < ay; fori =2, 3. The three conditions that have been proved are precisely (2.14).

3. Main results and proof

Theorem 1. Let f; € LP(R") for 1 < p; < oo withi = 1,2,3. Then the trilinear Stein-Weiss
inequality (1.3) holds if and only if the conditions
1 1 1 a1 + axp + asz app + a3+ ax

—+—+—+ + =3, 3.1
pPr P2 P3 n n
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1 1 1
—_—t —+ — 21, (3.2)
Pr P2 D3
ay +ap +asz >0, (3.3)
a'ij <n, I * j, (34)
n .
@; < — (i=1,2,3), (3.5)
p;
@+ Zcx,j (z =1,2,3), (3.6)
J#i
and
ap +api+axy <2n (37)

hold simultaneously.

Remark 4. If the condition 1/p, + 1/p> + 1/ps = 1 is satisfied, then, in view of a1» + @13 + a3 < 2n
and Eq (3.1), it is inevitable that a + a2, + 33 > 0. It is particularly significant to observe that when
exactly one of the real-valued indices a1», a3, aa3 is equal to 0, Theorem I reduces to the k = 3 case
of Theorem 1.3 in [12]. In other words, Theorem 1 generalizes the k = 3 situation of Theorem 1.3
in [12], offering a more comprehensive and inclusive framework.

Proof. The necessity of the conditions stated in Theorem 1 can be derived from Lemma 5. More
precisely, when k = 3, Eq (2.3) in the condition (i) is consistent with the condition (3.1) in Theorem 1;
the inequality (2.4) in the condition (ii) is consistent with the condition (3.2) in Theorem 1; and the
inequality (2.5) in the condition (iii) is consistent with the condition (3.3) in Theorem 1. When I =
{i, j}, where i, j € {1,2,3}, i < j, by the inequality (2.6) in condition (iv), we have

al-j
—<|I-1=1,
n

whichis (3.4). When [; = {i},i = 1, 2, 3, according to Remark 2 and the inequality (2.7) in the condition

(v), we have

1 ll
— % =1,
n

which is (3.5). When I' = {1,2,3}\ {i}, i = 1,2, 3, by the inequality (2.7) in the condition (v), we have
@il i
2 D (— + 7) 'l = (3.8)
kel k<l jer
Comparing the inequality (3.8) with Eq (2.3) in the condition (i) when k = 3, we obtain
1 .. i
— %y Z % > 1,
pi no S n
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which is (3.6). When I = {1, 2, 3}, by the inequality (2.6) in the condition (iv), we have

@ + a3 + a3

<|ll-1=2,

which is (3.7).
Next, we shall prove the sufficiency of these conditions. Without loss of generality, we assume that
fi =2 0fori=1,2,3. Based on (3.5) and (3.6), we obtain

D a>0,i=1,2,3.
J#L

From the inequality stated above, it can be deduced that at most one of a,, @3, and a»3 is less than or
equal to 0. Consequently, we will consider the following two cases.

Case I: min{a,, a3, @23} > 0. We first define the following sets:

Uy = {(x1, 32, %3) € R : |3, = x5 = max{lxy — x3l, [y — x3]}},
Uy = {(x1, 32, %3) € R¥" : |3y = x3] = max{|x; — x3l, [xa — x3]}},
Us = {(x1, 32, %3) € R : [x) = xal > max{lx, — x3], [x2 — x3}}.
It then follows that
R™ C U U U, U Us.

As a consequence, we deduce the following inequality:

3 3 3
3 H(xy, x2, x3) l—[fi(xi) dx; dx,dx; < Z f H(xy, x2, x3) l_[fi(xi) dx; dx; dxs.
" i=1 i=1 YU i=1

R

Since the regions U,, U,, and Uj share similar properties, for the sake of simplicity, we will only
estimate the integral over U;. A direct calculation reveals that

3
H(xy, x2, x3) rl Ji(x) dxy dx; dxs

Us i=1
3

= f et = 0l P ey = x5 =l Pl = x5 || Al dx dxs doxs
Us i=1

3
< f ey = 3 P ey = x| B [ ] Al dxg dxs doxs
Us

i=1

< f H?:I Jie)|x |~
;

X1 = X3Py — x3]0th

dxydxydxs =: T} 5 (fi, fos f3), (3.9)

where £, and 3, satisfy 81 + 8, = @ and 31,8, > 0.
When the conditions

1
—>1, (3.10)
— Di

3
i=1
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3
1 i
Z_+C¥_+0113 +Bi Lo + 52 =3, 3.11)
—~ipi n n n
n .
@ < — (i=1,2), (3.12)
Di
n .
—/—aii<a,~3 +ﬂi<l’l(l: 1,2), (313)
Pi

and

2
n
@33 > Z max{ — — @; — @3 — B, —
i=1 pi

hold, or when the conditions (3.10)—(3.13) and

2
n
@33 = Z max{ — — @; — @3 — Bi, ~i
i=1 pi

with a3 + B; # n/p;’ fori = 1,2 hold, it follows from Remark 3 on Lemma 6 that the inequality

03, 5 (fis fos 15) < CllAillp I Aol 1l (3.14)

holds for 1 < py, p2, p3 < 0.
We first prove that 8, and 3, satisfying (3.13) must exist. In fact, when (3.6) and ;3 < n hold with
i = 1,2, we can choose ; so that

n
— - <apt+fi < Za'ij
Pi J#i
and
ap < ap+fi<n

hold, respectively, for i = 1, 2. Further, we note that (3.13) is equivalent to

L oai—an<Bi<n-ap(i=1,2). (3.15)
Pi
Since

n n
+

pi’ pY
is equivalent to @33 < n/ps” and a1, + @3 + a3 < 2n. Therefore, by Lemma 2, it is clear that such
B and B, exist. Then, we can choose S; satisfying (3.13) and a3 + 8; # n/p; for i = 1,2 so that the
inequality (3.14) holds for 1 < py, pa, p3 < .
The estimations for the remaining two regions follow a similar pattern. Therefore, we have
completed the proof for this case.

—ay —an—a3— a3 <ap<2n-a;3-ay

Case II: One of ay,, @13, and a3 is non-positive. Without loss of generality, we assume @, < 0.
Given that the case @, = 0 has already been covered in Remark 3 on Lemma 6, we further assume
@12 < 0. We then obtain the following inequality:

lxr = 227" < (I — 23] + |02 — x3)) 7" < | — 23772 + |xp — X372
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Consequently, we have

|7:(f1’f25f‘3)| S fff |x .f](xl)fZ(XZ).f?ﬁ(x:’)) dx1 dX2 d_X,'3
1

|1 x2] %22 |x3] %33 [y — x3]*13+12|xp — 3?3

Si(x) a(x2) f3(x3)
+ Xm d)C2 d)C3
ﬂf ey [410 e 022 3233 20y — 23] 13 |opy — o |12¥e3

=13 o(fis o ) + T3, o (fis oo o)

Since each term on the right-hand side of the above inequality can be estimated using the same
approach as that for the functional r,?a], 5, Presented in (3.9) to achieve the desired result, we hereby

complete the proof of Theorem 1.
Theorem 2. Let f; € LPI(R") for py = 1 and 1 < p,, p3 < co. If the conditions

1 1 a1y + a3 + axs a1 + ax +ass
—+—+ + =2,
P2 P3 n n

11 +axy + azz3 > O,
a < 0< ay +ap + a3,
n .

@i < — (i=2,3),

Di

n n
@3 < — —apn <a)p < — <)+ axn+as,
1) D2

and
n

’

a3 <

n
—CZ33<G’]3<—p, < a3+ ax + a3z
3

hold simultaneously, then the inequality

IF (f1, f2. I < CllAllp, 12l 131 s

holds.

Proof. Without loss of generality, we assume f; > 0 for i = 1,2, 3. In order to prove
IF (f1, f2, LI < Ellfillill 22l 1S53 s s

it is sufficient to prove

f H(x1, x2, x3) f2(x2) f3(x3)dx2dx3| < E|| fallp, | f3]1 s -
RZ}‘I

Case I: a3 > 0. We define the following subsets of R?":

(3.16)

(3.17)

(3.18)
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. |x3]

Ui = {(x2,x3) € R > < x| < 2|X3|} ,

U; =

U, = {(xz,x3) eR™: |xf < M},
{(Xz,X3) S Rzn : |X3| < —} .

It then follows that R** C U, U U, U Us. To establish the inequality (3.18), we are required to estimate
the following integral inequalities:

f H(x1, X2, x3) f2(x2) f3(x3) dxz dx3 < E|| foll 2 |l f3ll2rs
U;

fori =1,2,3, respectively.
On the region Uj, given that |x3|/2 < |x3] < 2|x3|, we can deduce that [x, — x3] < 3|x,|. Let
33 = Up + Uun, where apy + u; = 0. Then, we have

a2+tU]

|xy — x3] < a2 < x| "2 s M

Consequently, we get the following chain of inequalities:

H(xy, x2, x3) f2(x2) f3(x3) dxp d x3

U,

Ui

3
= | bl ™G, x,x3) | | Aol dx dxs
i=2

3

Shal™ | =l 2 = sl = x| ] i) dxs dos
U, =2

3
< g7 f 1 = a2y = sl Py — x| P 7 [ ] fiCn) dva dxs
R

2 i=2

- f(x2) . _
= |x |7 dxs|x; — %317 X372 f3(x3) dxs. 3.19
I || e e el — ) d (3.19)

Drawing on Remark 1, we can deduce the following inequality:
2(X2 @1y —r3—ay—
f2l) dx; < Cliy = sy -mmem—oma g
o X1 — X2 x5 — xp|@2ataztn

where the indices must satisfy the conditions: @, < n/p,’, @y + an + uy < n/p,’, and ap; + ax; +
s +u; > n/p,’. Subsequently, substituting the above-derived formula back into (3.19) and once again
applying Remark 1, we obtain that
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H(x1, x2, x3) f2(x2) f3(x3)dx2dx3
U

- /_ — — — - —
< Clxq all”fZ”pzf |y — g |"/P2 T HRmeB ORI o T f (4 )d Xy
RYI

< C|x1|—0111 ||f2||p |xl|n/173’+n/172'—012—023—azz—u1—013—u2||f3||p
2 3

= C||f2||P2”f3”P3

It is crucial to note that the indices in this step must satisfy the following conditions: First, u, < n/ps’.
Second, @y + a3 + a2 + uy + a3 — n/py’ < n/ps’. Based on Eq (3.16), this condition is equivalent
to aq; +up; > 0. Third, ayy + a3 + @y + up + a3 —n/py’ + uy > n/ps’. According to Eq (3.16), this
condition is equivalent to aq; < 0.

We remain tasked with proving the existence of u; and u, that fulfill the subsequent conditions:
antan+u <n/p),ap+ay+an+u; >n/p),u, <n/psy’, a; +uy > 0. This problem is equivalent
to demonstrating the existence of #; and u,, where u; adheres to the condition

n n
— T Q@ — @3 — @ <U < — — &3 — A,
P2 P2
and u, satisfies the condition —a;; < u, < n/ps;’. In reality, given that u; + u, = as3, according to
Lemma 2, our focus can be narrowed down to showing that a3; meets the following
double-sided inequality:
n n n

p,—alz—az3—6¥22—6¥11<C¥33<—p,+—p,—az3—a’22~
2 2 3

Upon recalling Eq (3.16), it becomes readily apparent that the first inequality in the above double-sided
inequality is equivalent to the condition a3 < n/p3’, whereas the second inequality is equivalent to
0< a1 + app + @3,

Moreover, considering that u; and u, must satisfy a;, + u; > 0 and a@;; + u, > 0 concurrently, it
follows that the inequality (3.17) holds.

Next, we proceed to estimate the integral over the region U,. On U,, given that |x;| < |x3|/2, we
can infer that |x, — x3| > |x3] — |x2] > |x3|/2. Since ay3 > 0, it follows that |x, — x3]793 < |x3]79%. Let
ayy =12 + M3, Where 1, = n/py’ — @z — a2 and 113 = n/py’ — @23 — a3 — a;3. Then, we obtain

H(x1, x2, x3) f2(x2) f3(x3)dx2d x3

U>

3
= f G, 0, 35) | Al dxadis
Uz i=2

3
S | =l = sl bl 2 | ] fi)dxadxs
U, i=2
3

< f a7 ey = 3]y = sl el [ ] A dxadoxs
R2n

i=2
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J2(x2) S3(x3)
dx; X " dx;
e X112y = 212|722 e X113 ]xy — 3] @3 | r2sress

= Stlzz, a1z, ﬂlsz(xl) X S(lz3+033, a3, 7713f3(xl)~

Given that the following conditions hold:

n n n
@y < p_” app +axn > _p ~s
2 2
n n n
CY23+0533<—p,, 0/13<—p,, CY13+0123+C¥33>p,,
3 3 3

ayy <

’ b

by virtue of Lemma 4, we have

Sazz, 12, 7’]12f2(x1) X Saz3+a33, 13, 77]3]2’7()(:]) S E||f2||Lp2||f})||Lp3'

Consequently, we achieve the desired estimation.

One can estimate the integral fU3 H(xy, x2, x3) f2(x2) f3(x3)dx,dx; by the same method, so we omit
the details.

Case II: a3 < 0. Given that a3 < 0, we obtain the following inequality:

X2 = 257" < (I =l + e = )7 S g — 277+ |xg — [T, (3.20)
Based on the inequality (3.20), we can derive the following:

i H(xy, x2, x3) f2(x2) f3(x3)dx2d x5
R n

3
Sf B R e o e P 1—[ SiC)lxil ™ dxadxs (3.21)
R2n

i=2
3

* f el by = ol ey = ) [ fie bl dxadoxs.
R2n =2

For the first term on the right-hand side of the inequality (3.21), let @y; = o2 + 013, where o, =

I% — )y — A2 — A3 and o113 = 1% — @33 — A13. Then, we have

3

f eal ™ b = 2ol ey — s [ ] bl dxadxs
R2n

i=2

2(X2 X
:f fi2)_ dxzxf f(x3) .
re [X1]712|xp — x| 12t 23| xp 022 re [X1]73 |y — x3]*13 ]3]

= S(122y012+023»0'12f2('x1) X Sa33y(113y0'13.]%('x1)

< E||f2||p2||f3||p3'

The validity of the last inequality above is ensured by Lemma 4 because the following conditions hold:
n n n

a¥p <—, Qapt+taxn<-—, aptapntayn>-—,
) P2 P2
n n n
a3 < —, a3<-—, a3tay>_—.
pP3 P3 2]

The second term on the right-hand side of the inequality (3.21) can be estimated using the same
approach. Thus, the proof of Theorem 2 is completed.
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Theorem 3. Let f; € LPI(R") for p; = o0, 1 < py, p3 < 0o with 1/p, + 1/p3 > 1. If the conditions

1 1 a1 +ayp + a3z +ap + a3+ axs
—+—+ =3,
P2 P3 n

11 + axy + ass >0,
Q’,’j<l’l, li],
aq >0,

n .
0< 7 —a< Dy i=1,2,3), (3.22)

l JEI
and
app + a3 + a3 < 2n

hold simultaneously, then the inequality

IF (f15 2 I < Cll fillooll 2llp LS55
holds.

Proof. The proof of Theorem 3 follows the same line of reasoning as that of Theorem 1. In the
following proof, Lemma 7 takes the place of Lemma 6 and plays a crucial role.

Without loss of generality, we can assume that f; > 0 for i = 1,2, 3. From (3.22), we know that at
most one of a5, @3, and @,3 is non-positive.

Let us first consider the case where «1,, @13, and a,3 are all positive. We define the following sets:

3n .

Uy ={(x1, %2, x3) € R : |, = x3] > max{lx; — xal, by — 331},
3n .

U, = {(xl,xz,x3) € R™ 1 |x) — x3 = max{|x; — xaf, [x2 — X3|}} ,

3n .
Us = {(xl,xz,x3) € R™ i |x; = xo| > max{|x; — x3], |x2 — X3|}}-

It then follows that R** C U, U U, U Us. Consequently, we have

3
F o for PN < | Hxr, 30,39 [ ] i) dixy does dxs
R3n

i=1
3 3
< le L H(-XI7 X2, -x3) 1:[ ﬁ(x,) d'xl dx2 dx?,.

To complete the proof, we need to estimate the following inequality separately fori = 1, 2, 3:
3
f H(x1, X2, X3) nfi(xi) dxy dx; dxz < E||filleoll 2llp, 1 /5]l s - (3.23)
Ui i=1
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We begin by estimating the integral over the region U;. Given that a,; > 0, we let ay; = 6; + 65,
where 6,6, > 0. Then, we obtain the following chain of inequalities:

i=1

3
H(x1, %, %) | | fitdndxdxs
U i

3
[ [ACokdxdxsdixs
i=1

= X1 — 2272 [xy — x5 7%y — a7

U,
3
< |l =l = x| | Sl idxdxadxs
Ui i=1
3
f{ Jilxlo |
i= —. 1
< ‘[R&l X1 — x| M12¥61 X — x3|013%02 dxidxadis =2 F, 6, (f1: for 13)- (3.24)
When the following conditions hold simultaneously:
3
1 1 +6 + 6 i
_+_+a12 1+a13 2+ZOZ_:3’
P2 D3 n n = N
3
1 1
_+_>1’ Za’it>o9
P> D3 pary
n
0<—/—a22<a12+01 <n,
P2
n
O<——ax3<ap+6,<n,
p3’
by virtue of Lemma 7, we have
150, 0, (fis for ) < ENlfillooll fall sl ol
for 1 < p,, p3 < co. This yields the desired estimate.
Note that when p; = oo, the inequality
(3.25)

H(x1, x2, x3) f2(x2) f3(x3) dx1 dxy dxz < E|| fallp, 1 f311 s
U;

implies the inequality (3.23). Consequently, it suffices to prove inequality (3.25) for i = 2, 3.
We now turn our attention to the integral over the region U,. Given that a3 > 0, we can select

non-negative real numbers y; and 7y, such that @13 = y; + ¥,. Then, we have

Volume 34, Issue 3, 1585-1608.
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H(x1, x2, x3) f2(x2) f3(x3)dx1d x2d X3
Uy
3

< f eal ey = 2l ey — |2 [ ] el dxidod s
R3n

i=2

3
= f f el = 2l d b — ) [ fiGe) bl dxadxs.
R2n R? =2

Given that the following conditions hold:
app<n, aptyr<n atapty>n

along with

11 tap+yitan-—n+an+yr+ 11
L o T TN Ten T RT ATy A5 2, —+—>1,
P2 D3 n P2 P3

n
@ t+72 <n, 033<F<0/23+72+0/33, aptapt+yr+an-—n+az 0.
3

By applying Lemmas 1 (1) and 3, we can infer the following chain of equalities and inequality:

3
f ( f g |7y = x| dxl) o = 2 || Al dxa dixy
R2n R

i=2
3

— Cf |XZ|’!—6V11—012—71—022|x2 _ x3|—(023+)’2)|x3|—a33 1—[ fi(xi) dXz dX3
RZn

i=2

_c f F2(x2) f3(x3) dxs dxs
R

o |Xp|NF@IRAYIF@R TRy — o |@23FY2| X533

< Cllallp, 1 f5llps -

One can establish the inequality

H(x1, x2, x3) f2(x2) f3(x3)dx1d x2dx3 < E|| fallp, 11 f3]1 5
Us

in the same way, so we omit the details.

Next, we examine the case where one of a,, @13, and @,3 is non-positive. Without loss of generality,
we assume a,3 < 0. Given that the case a,3; = 0 has already been addressed in Lemma 7, we further
assume a3 < 0. In this scenario, we have the following inequality:

lxy = x3] 7" < (Jxp = x| + 161 = x3) 7 < e — x| + |x — x5

From this, we can deduce that
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3
F(fis o )] < f ey = sl 2y — 7 [ ] Al ™ dx dxs doxs
R3n

i=1

3
* f ey = ol ey — ) [ ] el dxy dxs dxs
R3" :

i=1

= Fo oUfis o 5) + Foas (fis o 15).

Since each term on the right-hand side of the above inequality can be estimated in the same manner
as the functional TH]I ¢, Presented in (3.24) to obtain the desired result, we hereby conclude the proof of
Theorem 3.

Theorem 4. Let f; € LPI(R") for p; = oo, py = p3 = 1. If the conditions

p +Qayp+a33 Qi+ a3t as
+ =1,
n n

i1, q, 13 <N,
) +app +ap; = 2]’1,

ay = a3 —n,

and
@33 =12 — N

hold, there exists a constant C = ¢(a 1, @12, @13, 1) defined in (2.1), such that

IF (f1, f2, I < @ (i1, @iz, a1z, ) |l filloo | 2211111 f3110

furthermore, the constant ¢ (11, @12, @13, 1) is sharp.

We have derived two results corresponding to the endpoints C’ and B of the heptahedron
O'C’'CBAA’B’ that are similar to Theorem 4. However, for the sake of brevity, we will not elaborate
on them in this paper.

Proof. Let tr(Az) = a1 + axn +as3 and s;.j(A3) = 12 + @3 + 23, and denote (a1, a1z, @13, 1) as @(-).
Given the conditions a1, @12, @13 < n and a1y + @12 + @13 = 2n, according to Lemma 1 (2), we obtain

f b7 ey = 2o ™oy — 3|7 dxy = ()] o — x| T a2
RV!
Since @y = @13 — n, az3 = @ —n, and @y + @p + @13 = 2n, we can easily derive that r(A;) = 0.

Combining tr(Az) = 0 with tr(A3) + si<j(A3) = n, we get s,.j(A3) = n, and then a»3 = a; —n.
Substituting @y, = @13 — n, @33 = @1, — n, and a3 = @ — n into the integral, we obtain
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17 (fi fon 3

3
f G(x1, X2, X3) l_[ filxp)lxi ™ dx dx,dxs
R3" i=1

3
< | fillso fg G(xl,xz,x3)|f2(xz)||f3(x3)|nlxil_““dxldxzdx3
R3n i=1

X X
— lAille f ale)llf30xs) bl — 1 — M dxadxadxs
R:

o | X0|%22] X0 — X323 [x3|3 Jgn

= dOIfillee f |20l 3003 2] *13 7" xxp — 3| 117" x| 41277
R2n

2|22 |2y — x3|%23]x5|233

dXQd)C3

=0l | 1402l fs(x)ldxadxs

R

= Ol flloll 2111131 -

For sharpness, take f; = 1 and f,, f3 > 0. Then the equality in the above-derived inequality holds,

which proves that ¢(a1, @12, @13, 1) 1s optimal.

Theorem 5. Let f; € L'(R") for i = 1,2,3. The operator T defined by

3
T(f1, f2, f3)(x1, X2, X3) := l_l |x; — xj|_“ij l—lﬁ(xi)lxil_aii
i=1

1<i<j<3

is bounded from L'(R") x L'(R") x L'(R") to L'(R" x R" X R") if and only if &y} = an = a3 = @ =

a3 = a3 = 0. Moreover, the norm of operator T is 1, that is,

Tl pixpixer - = 1.

Proof. The sufficiency of the conditions in Theorem 5 is evident; therefore, we only need to establish

the necessity of these conditions.

The proof of necessity hinges on condition (v) of Lemma 5. When [; = {i} for i = 1,2, 3, invoking

Remark 2 and condition (v), we arrive at

1 ii
—+ =1
n

i

Given that p; = 1, from (3.26), we infer that @; < 0 for i = 1,2,3. Considering Zle ;>

conclude that Z?:I a;; = 0. Consequently, we have a;; = 0 fori = 1,2, 3.
When I' = {1,2,3}\ {i} with i = 1,2, 3, condition (v) implies

1 a;; .
2 %+Z(—+i)smzz.
- n —\Pj n
kel k<l jer
From (3.27), we deduce that a;; < 0, where 7, j € {1,2,3} and i < j. Since
1 1 1 a1 +axp +azz+apt+aiztaxs

—+—+—+ =3,
Pr P2 D3 n

(3.26)

0, we

(3.27)
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we obtain
app + a3+ ax =0. (3.28)

Combining (3.28) with @;; < 0, we find that @;; = 0, where 7, j € {1,2,3} and i < j.
Since it has been shown that ay; = @y = @33 = @12 = @13 = a3 = 0, clearly, we have

||T||L1><L1><L1—>Ll =1,

which concludes the proof of Theorem 5.
4. Discussion

The complete characterization of the trilinear Stein-Weiss inequality established in this work has
several important implications. Theoretically, it resolves a fundamental boundedness problem in
multilinear harmonic analysis and provides a precise benchmark for future studies on higher-order
weighted multilinear operators. In terms of applicability, such inequalities are pivotal tools in the
analysis of partial differential equations with multilinear nonlinearities, where they can lead to sharp
existence and regularity results. They also find relevance in mathematical physics, particularly in the
rigorous study of models involving three-body interactions. Furthermore, the necessary and sufficient
conditions we derive elucidate the delicate interplay between the singular weights and function
spaces, offering deeper insight for problems in geometric analysis involving singular measures. The
techniques of weighted norm inequalities and singular integrals, as exemplified in this work, also
serve as foundational tools in other advanced areas of analysis, such as the study of operator
semigroups on function spaces [15] and the qualitative theory of fractional differential equations [16].

5. Conclusions

This paper systematically establishes the trilinear Stein-Weiss inequality for 1 < py, p2, p3 < oo. In
particular, when 1 < py, p», p3 < o0, it provides the necessary and sufficient conditions characterizing
this inequality. For future research, we plan to extend the results to the general k-linear (k > 4) case
and to investigate problems such as the attainability of the optimal constant in the trilinear
Stein-Weiss inequality.
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