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Abstract: This paper focuses on achieving prespecified-time stability in maglev suspension systems.
Within a sliding mode control framework, we design three types of controllers for finite-time, fixed-
time, and prespecified-time convergence. Pole assignment techniques are utilized to precisely tailor
the system dynamics on the sliding manifold. The theoretical findings are validated through numerical
simulations, which highlight the practical benefits of the proposed control strategies.
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1. Introduction

Maglev trains are classified into two main types: electrodynamic suspension (EDS) and electro-
magnetic suspension (EMS) systems [1]. EDS trains employ superconducting magnets to generate
repulsive forces, achieving stable levitation at gaps exceeding 10 mm and enabling high-speed
operation. However, they require a minimum velocity to initiate lift-off [2]. In contrast, EMS trains
utilize electromagnetic attraction for levitation, even at zero speed, though their inherent instability
demands active control to maintain a consistent air gap (approximately 10 mm) [3–5]. This requirement
makes EMS systems a prominent research area in control engineering. Given the maturity of EMS-type
maglev technology, most national maglev initiatives adopt this approach-including the study presented
in this paper. Ensuring stable control of EMS maglev suspension systems is critical for operational
safety [6–8]. Accordingly, research in this field has evolved from linear and nonlinear control methods
to contemporary artificial intelligence techniques [9–12].

Among these control algorithms, sliding mode control (SMC) is widely adopted due to its inherent
robustness against model inaccuracies, parameter uncertainties, and external disturbances [13–16].
When the system state reaches the sliding manifold, its dynamics become exclusively determined by
the predefined sliding surface [17, 18]. The core question emerges: What type of controller should we
design to ensure system variables reach the sliding manifold within the desired time frame? Finite-time
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stability (FTS) enables fast convergence but with initial-state-dependent settling time [19–22]. Fixed-
time stability (FXTS) removes initial-state dependence while remaining parameter-sensitive [23–27].
Prespecified-time stability (PSTS) represents a significant advancement by offering a user-defined
convergence time completely independent of both initial states and system parameters, a crucial feature
for high-precision applications [28–32].

While PSTS has demonstrated promising results in spacecraft attitude control and neural net-
work synchronization, its application to maglev systems remains largely unexplored. Successful
implementation would provide two critical benefits: (i) guaranteed convergence within operator-
specified timeframes regardless of operating conditions, and (ii) significantly enhanced reliability
for high-speed maglev operation. Therefore, the proposed PSTS controller maintains robustness
against electromagnetic disturbances while guaranteeing exact prespecified-time convergence. This
preliminary effort seeks to modestly contribute to transportation control systems through a balanced
integration of theoretical principles and practical constraints.

This paper is organized as follows. Section 2 presents the maglev system dynamics model. Section 3
develops three distinct controllers to achieve finite-time, fixed-time, and prespecified-time stability
on the sliding surface. Section 4 conducts numerical simulations to validate the effectiveness of the
proposed control strategies. Finally, Section 5 concludes the paper.

2. The maglev system model

Figure 1 shows the schematic diagram of a single-degree-of-freedom suspension system as in [3,33].

Figure 1. The schematic diagram of a single-degree-of-freedom suspension system.

Its corresponding dynamics can be mathematically modeled as follows:

mz̈(t) = mg − F(i, z),

F(i, z) =
µ0N2S 0

4

[ i(t)
z(t)

]2

,

u(t) = ri(t) +
µ0N2S 0

2
i̇(t)
z(t)
−
µ0N2S 0i(t)

2
ż(t)

[z(t)]2 ,

(2.1)

where the variable z(t) represents the absolute vertical displacement of the electromagnet, which
corresponds to the suspension gap. The terms F(i, z) and mg denote the electromagnetic force and
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the weight of the electromagnet, respectively. The time-dependent variables i(t) and u(t) represent the
current and voltage of the electromagnet winding, respectively. Additionally, µ0, N, and S 0 denote the
magnetic permeability of free space, the number of coil turns, and the pole area, respectively. Finally,
r represents the resistance of the electromagnet.

For simplicity, let k = 1
4 N2µ0S 0. Define the variable (z, ż, i/z, (i/z)

′

)T , the variable i/z represents
the electromotive force of the electromagnet winding, which corresponds to a physically measureable
quantity. According to (2.1), the values of the state variables at the balance point are (ze, 0,

√
mg/k, 0),

where ze is a nominal value of the air gap z. Moving the equilibrium to the origin, letting X =

(x1, x2, x3, x4)T = (z − ze, ż, i/z −
√

mg/k, (i/z)
′

)T, (2.1) becomes

ẋ1 = x2,

ẋ2 = −
kx2

3

m
− 2

√
kg
m

x3,

ẋ3 = x4,

ẋ4 = −
r

2k
(x1 + ze)(x3 +

√
mg
k

) +
1
2k

u,

(2.2)

where u is the control voltage applied to the electromagnet to stabilize the suspension beneath the
guideway, as the open-loop electromagnetic suspension system is inherently unstable.

3. Sliding mode control design

In this section, we propose an overall sliding mode control (SMC) scheme for the maglev system.
The control design consists of two independent components: ensuring global stability of the motion
on the sliding surface, and deriving a controller to achieve finite-time convergence to the surface. To

simplify notation, denote f1 = −
kx2

3
m − 2

√
kg
m x3, f2 = − r

2k (x1 + ze)(x3 +

√
mg
k ). Then, the error variables

are defined as
e1 = x1,

e2 = x2,

e3 = f1 = −
kx2

3

m
− 2

√
kg
m

x3,

e4 = ḟ1 = −2(
kx3

m
+

√
kg
m

)x4,

(3.1)

The corresponding error vector is E = [e1, e2, e3, e4]T = [e1, ė1, ë1,
...e 1]T . A switching surface is

defined as:

s = c1e1 + c2e2 + c3e3 + e4 (3.2)

where c1, c2, and c3 are positive constants chosen such that the polynomial

λ3 + c3λ
2 + c2λ + c1 (3.3)

is Hurwitz (i.e., all its roots have negative real parts). This ensures that the error dynamics in sliding
mode are asymptotically stable. Next, a control law is derived to enforce the sliding condition s → 0,
ensuring the stability of the maglev system.
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3.1. Finite-time stability

Lemma 1 [34] (Finite-time stability): Suppose V(·) : Rn → R+ ∪ 0 is C−regular and x(t) ∈ Rn is
absolutely continuous on any compact subinterval of [0,+∞]. If V(x(t)) satisfies

V̇(x(t)) ≤ −βVη(x(t)),∀t ≥ 0, (3.4)

where β > 0, 0 < η < 1 are two constants, then we have V(x(t)) ≡ 0,∀t ≥ Tn, and the settling time Tn

is given by

Tn =
V1−η(x(0))
β(1 − η)

. (3.5)

The sliding mode control comprises two distinct components: an equivalent control term ueq derived
from the system dynamics on the sliding surface s = 0, obtained by solving ṡ = 0, and a switching
control term usw that ensures reachability of the sliding surface as.

ueq = −(
1
2k

d f1

dx3
)−1(c1x2 + c2 f1 + c3

d f1

dx3
x4 +

d
dt

(
d f1

dx3
)x4 +

d f1

dx3
f2) (3.6)

usw1 = −(
1
2k

d f1

dx3
)−1 · βsign(s), (3.7)

where β > 0.
The sliding mode controller is

u1 = ueq + usw1. (3.8)

Theorem 1: The variables (3.1) with the control law (3.8) have uniform FNTC systems. And, the
settling time of the closed-loop system is given as

Tn =

√
2V

1
2 (x(0))
β

. (3.9)

Proof. Consider the Lyapunov function candidate:

V =
1
2

s2.

Taking its time derivative yields
V̇ = sṡ.

Recall that f1 = −
kx2

3
m − 2

√
kg
m x3. Then,

ḟ1 =
d f1

dx3
· ẋ3 =

d f1

dx3
x4,

where
d f1

dx3
= −

2kx3

m
− 2

√
kg
m
.
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Taking the second derivative,

f̈1 =
d
dt

(
d f1

dx3

)
x4 +

d f1

dx3
ẋ4.

From the system dynamics, we have ẋ4 = f2 + 1
2k u, where f2 represents the remaining system

dynamics. Therefore,

f̈1 =
d
dt

(
d f1

dx3

)
x4 +

d f1

dx3

(
f2 +

1
2k

u
)
.

Then,

ṡ = c1x2 + c2 f1 + c3
d f1

dx3
x4 +

d
dt

(
d f1

dx3

)
x4 +

d f1

dx3
f2 +

d f1

dx3
·

1
2k

u

= c1x2 + c2 f1 + c3
d f1

dx3
x4 +

d
dt

(
d f1

dx3

)
x4 +

d f1

dx3
f2 +

d f1

dx3
·

1
2k

(ueq + usw1)

= c1x2 + c2 f1 + c3
d f1

dx3
x4 +

d
dt

(
d f1

dx3

)
x4 +

d f1

dx3
f2

+
d f1

dx3
·

1
2k

− (
1
2k

d f1

dx3

)−1 (
c1x2 + c2 f1 + c3

d f1

dx3
x4 +

d
dt

(
d f1

dx3

)
x4 +

d f1

dx3
f2

)
+ usw1


= c1x2 + c2 f1 + c3

d f1

dx3
x4 +

d
dt

(
d f1

dx3

)
x4 +

d f1

dx3
f2

−

(
c1x2 + c2 f1 + c3

d f1

dx3
x4 +

d
dt

(
d f1

dx3

)
x4 +

d f1

dx3
f2

)
+

d f1

dx3
·

1
2k

usw1

=
d f1

dx3
·

1
2k

usw1

=
d f1

dx3
·

1
2k

− (
1
2k

d f1

dx3

)−1

βsign(s)


= −βsign(s).

Therefore, the time derivative of the Lyapunov function becomes:

V̇ = sṡ = s
(
−βsign(s)

)
= −β|s|.

Since V = 1
2 s2, we have |s| =

√
2V , thus:

V̇ = −β
√

2V = −β
√

2V1/2.

Let β′ = β
√

2. Then,
V̇ = −β′V1/2.

According to Lemma 1 (finite-time stability), with η = 1
2 and β = β′, the system reaches the sliding

surface s = 0 in finite time. The settling time is estimated as:

Tn =
V1−η(x(0))
β′(1 − η)

=
V1/2(x(0))
β′ · (1/2)

=
2V1/2(x(0))

β
√

2
=

√
2V1/2(x(0))

β
.
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3.2. Fixed-time stability

Lemma 2 [23] (Fixed-time stability): Let V(·) : Rn → R+∪0 be a continuous radically unbounded
function. Suppose the following two conditions hold:

(i) V(x(t)) = 0↔ x(t) = 0;
(ii) V̇(x(t)) ≤ −aV p(x(t)) − bVq(x(t)), for some a, b > 0, 0 < p < 1 and q > 1.

Then, the origin of the system is fixed-time stable, and the settling time of the closed-loop system is
given as

Tx =
1

a(1 − p)
+

1
b(q − 1)

. (3.10)

The switching control term is designed as follows

usw2 = −(
1
2k

d f1

dx3
)−1(asign(s) | s |p +bsign(s) | s |q) (3.11)

where a, b > 0, 0 < p < 1, and q > 1. The proposed state feedback control law is

u2 = ueq + usw2 (3.12)

Theorem 2: The variables (3.1) with the control law (3.13) are fixed-time stable, and the settling
time of the closed-loop system is given as

Tx =
1

a · 2
p−1

2 (1 − p)
+

1

b · 2
q−1

2 (q − 1)
. (3.13)

Proof. Consider the Lyapunov function candidate:

V = s2/2,

taking its time derivative and substituting the system dynamics (3.2) with control law (3.13) yields,

V̇ = sṡ = s(c1ė1 + c2ė2 + c3ė3 + ė4)

= s[c1x2 + c2 f1 + c3
d f1

dx3
x4 +

d
dt

(
d f1

dx3
)x4 +

d f1

dx3
( f2 +

1
2k

u)]

≤ −a | s |p+1 −b | s |q+1

= −a(
1
2

s2)
p+1

2 · 2
p+1

2 − b(
1
2

s2)
q+1

2 · 2
q+1

2

= −a · 2
p+1

2 · V
p+1

2 − b · 2
q+1

2 · V
q+1

2 .

(3.14)

Since 0 < p < 1 and q > 1, then p+1
2 > 1, 0 < q+1

2 < 1. According to Lemma 2, the
error system (3.1) achieves the switching surface (3.2) under controller (3.13), ensuring fixed-time
convergence. From (3.9), the settling time estimate is given by

Tx =
1

a · 2
p−1

2 (1 − p)
+

1

b · 2
q−1

2 (q − 1)
.
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3.3. Prespecified-time stability

Lemma 3 [35] (Prespecified-time stability): Suppose Tp > 0 is a prespecified-time, and the
constant 0 < ρ < 1. If the Lyapunov function V : Rn → R possesses C-regularity and satisfies

dV
dt
≤ −

Tx

Tp
(1 + V2ρ)V1−ρ, (3.15)

for a.e. t ≥ 0, then the origin of the system is prespecified-time stable, where the actual expression for
Tx is in (3.9). The switching control term is designed as follows:

usw3 = −(
1
2k

d f1

dx3
)−1(

1
Tp
ψ(s)· | s |1−ρ ·sign(s)) (3.16)

where ψ(s) = Tx · (1 + ( 1
2 s2)ρ). The proposed state feedback control law is

u3 = ueq + usw3. (3.17)

Theorem 3: The variables (3.1) with the control law (3.18) are prespecified-time stable, and the
settling time of the closed-loop system is Tp.

Proof. Consider the Lyapunov function candidate:

V = s2/2,

taking its time derivative and substituting the system dynamics (3.2) with control law (3.18) yields,

V̇ = sṡ = s(c1ė1 + c2ė2 + c3ė3 + ė4)

= s[c1x2 + c2 f1 + c3
d f1

dx3
x4 +

d
dt

(
d f1

dx3
)x4 +

d f1

dx3
( f2 +

1
2k

u)]

≤ −
1

Tp
ψ(s)· | s |2−ρ

= −
Tx

Tp
(1 + (

1
2

s2)ρ) · (s2)1− ρ2

= −
Tx

Tp
(1 + Vρ) · V1− ρ2 .

(3.18)

Since 0 < ρ < 1, then 0 < ρ

2 < 1. According to Lemma 3, the variables (3.1) achieve the switching
surface (3.2) under controller (3.18), ensuring prespecified-time convergence, and the settling time
is Tp.

Theorems 1–3 demonstrate that the variables (3.1) achieve finite-time, fixed-time, and prespecified-
time convergence to the sliding surface under their respective controllers. Since c1, c2, and c3 are
chosen as positive constants ensuring the polynomial λ3 +c3λ

2 +c2λ+c1 is Hurwitz, the error variables
e1, e2, and e3 will globally converge to zero from any initial conditions. On the ideal sliding modes = 0,
where e4 = −c1e1 − c2e2 − c3e3 , the error variable e4 will consequently also converge to zero. Next,
we demonstrate that the vector X = [x1, x2, x3, x4]T converges to zero as E → 0. From (3.2), it follows
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that e1 = x1, e2 = x2 , and e3 = f1 are stabilized. In practical applications, both the current I and the
air gap z must remain positive. Consequently, I/z is inherently positive. This implies that x3 (given by
I/z −

√
mg/k) in Eq (3.1) must satisfy x3 ≥ −

√
mg/k. Given the stability of e3, where

e3 = f1 = −
kx2

3

m
− 2

√
kg
m

x3,

it follows that must x3 converge to zero. Similarly, x4 converges to zero once e4 is stabilized.
Thus, under the controllers (3.8), (3.13), and (3.18), all state variables of system (2.2) asymptotically

converge to the equilibrium point.

3.4. Singularity analysis

The control laws in Eqs (3.8), (3.12), and (3.17) involve a term 1
2k

d f1
dx3

in the denominator. A potential
singularity occurs when d f1

dx3
= 0, which would lead to an unbounded control input. From (3.1), we have

d f1

dx3
= −

2k
m

x3 − 2

√
kg
m
. (3.19)

Setting Eq (3.19) to zero yields:

x3 = −

√
mg
k
. (3.20)

Recall that x3 = i/z−
√

mg/k. Hence, the condition d f1
dx3

= 0 corresponds to i/z = 0, which is physically
infeasible in a maglev system because it would imply zero electromagnetic force. Moreover, the
equilibrium point of the system is at x3 = 0 (i.e., i/z =

√
mg/k). Therefore, the singularity condition

in Eq (3.20) is not within the operational region of interest. In fact, for the system to be in a stable
levitation state, we require x3 to be around zero. It is straightforward to verify that at the equilibrium,
d f1
dx3

= −2
√

kg
m , 0. Furthermore, during operation, the state x3 is expected to deviate only within a

small neighborhood of the equilibrium, ensuring that d f1
dx3

remains bounded away from zero.
Remark 1. The proposed PSTS scheme guarantees prespecified-time stability, where the settling

time Tp is a direct tunable parameter, enabling precise convergence control. Unlike finite/fixed-time
methods, its convergence time is independent of system parameters and initial conditions, ensuring
predictable performance under varying operations. As a practical extension of fixed-time theory,
PSTS offers a direct framework for time-constrained control, particularly valuable for systems like
maglev that require explicit settling-time guarantees, thereby enhancing both design transparency and
practical utility.

Remark 2. The sliding mode controller designed in this study directly outputs the coil terminal
voltage u, based on the full system model (2.1) that includes electromagnetic dynamics. In practical
implementation, a common improvement is to adopt a current tracking architecture. Specifically, the
equivalent force command from the controller can be converted into a desired current through the
force current relationship, and an inner loop current controller (e.g., a PID controller) can be added
to drive the power amplifier. However, since the main aim of this paper is to verify the stability and
robustness of the proposed sliding mode algorithm under the complete nonlinear model, all simulations
and comparisons are kept within the same voltage control framework to simplify the analysis and focus
on the key issues.
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4. Numerical simulation

In our analysis, we adopt the physical parameters of the Changsha low-speed magnetic levitation
system (Table 1) to develop the maglev dynamic model.

Table 1. Physical parameter values.

Parameter Symbol Value
Number of turns N 320
Wire radius r 0.5 Ω

Mass m 500 kg
Permeability of free space µ0 4π × 10−7

Equilibrium displacement ze 0.008 m
Cross-sectional area S 0 0.047 m2

The corresponding value of k can be derived: k = 1
4 N2µ0S 0 = 0.0015. The initial condition x(0) =

(0.001, 0.05, 0.002, 0.003)T and time interval is t = 0.001. c1, c2, and c3 are often chosen such that the
three order polynomial has a pair of conjugate complex roots with negative real parts and a negative
real root. When c1 = 21.75, c2 = 22.25, and c3 = 8, the roots of the characteristic polynomial are
−2.5 ± 1i and −3.

We conducted numerical simulations based on Theorems 1–3, employing Controllers (3.8), (3.13),
and (3.18), respectively, using the physical data from Table 1 and the parameter values mentioned
above. Here, we only present the responses of the two state variables of greatest concern in engineering
applications: the suspension gap x1 and the state variable x3.

(a) The suspension gap x1 (b) The disturbance signal 4x1

Figure 2. Comparison of the suspension gap x1 under different controllers.

Under the action of Controller (3.8), these two states achieve stability in finite time, with a settling
time of approximately t ≈ 5.9s (as indicated by the dashed lines in Figures 2(a),(b)). Subsequently,
Controller (3.13) is adopted to achieve stability in fixed time. From Eq (3.11), selecting a = b =

0.8, p = 0.5, and q = 2 yields a calculated settling time of Tx ≈ 3.856s, which is essentially consistent
with the simulation results (as shown by the solid lines in Figures 2(a),(b)). Finally, Controller (3.18)
is employed to achieve prespecified-time stability. Based on the aforementioned Tx ≈ 3.856, we set
Tp = 3s, ρ = 0.5. The two states stabilize within approximately 3 s (as depicted by the dotted lines
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in Figures 2(a),(b)), which is close to the preset time Tp. The slight deviation is attributed to practical
limitations such as actuator saturation and system noise, as expected in real-world implementations.

The comparative responses under a 10% rated load disturbance (490 N, applied at t = 6s for 0.5s
duration, indicated by the gray shaded region) are presented. A random disturbance (band-limited
white noise, 0.8 Hz cutoff) is applied to state x1 to simulate noise. The responses of three controllers
are compared under the same disturbance (see Figure 3).

0 5 10 15

Time (s)

-3

-2

-1

0

1

2

3

4

x
1
(m

)

10
-3

Finite-time (No Dist)

Finite-time (With Dist)

Fixed-time (No Dist)

Fixed-time (With Dist)

Prespecified-time (No Dist)

Prespecified-time (With Dist)

(a) The suspension gap x1

0 5 10 15

Time (s)

-6

-4

-2

0

2

4

1
 (

m
)

10
-4

Finite-time

Fixed-time

Prespecified-time

(b) The disturbance signal 4x1

Figure 3. Comparison of the suspension gap x1 under different controllers.

Both figures demonstrate that the prespecified-time controller achieves superior disturbance
attenuation with minimal state deviations and fastest recovery to equilibrium, while the fixed-time and
finite-time controllers exhibit larger oscillations and slower settling. The results confirm the enhanced
robustness of prespecified-time control against external disturbances in the magnetic levitation system.

5. Conclusions

This paper has systematically addressed the prespecified-time stability problem for maglev
train suspension systems through a sliding mode control approach. Three novel controllers were
developed to achieve finite-time, fixed-time, and prespecified-time stability, respectively. The
control design involved the construction of appropriate sliding manifolds and the application of pole
assignment techniques to precisely regulate system dynamics on the sliding surface. Stability of each
controller was rigorously verified using Lyapunov analysis. Numerical simulations, conducted under
realistic maglev suspension system parameters, demonstrated that the proposed controllers effectively
achieved their respective stability objectives. The prespecified-time controller notably enabled exact
convergence within a user-defined time Tp, showing superior precision and practical applicability.
The methods presented in this work offer a theoretical foundation and practical framework for high-
performance maglev suspension control, with significant potential for enhancing safety, comfort, and
reliability in high-speed transportation systems.
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