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Abstract: The objective of this paper is to investigate the local well-posedness of analytic solutions to
the three-dimensional (3D) magnetohydrodynamic (MHD) boundary layer equations without structural
assumptions. Specifically, the general initial data are required to be real-analytic in the tangential
variables (x, y) and satisfy Sobolev regularity in the normal variable z. We first adopt a variable
transformation involving ϕ(z) to homogenize the boundary conditions and eliminate resulting high-
order terms. Additionally, we employ delicate energy estimates combined with Gauss weight functions
to control linearly growth terms.
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1. Introduction

Proposed by Prandtl in 1904 [1], the Prandtl equation is the core of boundary layer equations,
describing viscous fluid flow near solid surfaces. For high Reynolds number flows (e.g., air/water
around objects), a thin “boundary layer” forms where viscous forces dominate-fluid velocity rises from
zero (viscous adhesion) at the surface to the free-stream velocity outside. Beyond this layer, viscosity
is negligible, and flow approximates inviscid ideal flow.

Mathematically, progress has been made on the Prandtl equations’ well-posedness. For 2D cases
with initial tangential velocity satisfying Oleinik’s monotonicity assumption, well-posedness in
weighted Sobolev spaces is established. Oleinik [2, 3] first proved local-in-time well-posedness via
Crocco transformation, with later reproofs using energy methods [4, 5] that leverage convective term
cancellation. Inspired by [4, 5], the well-posedness for classical 2D Prandtl equations in Sobolev
space was confirmed in [6, 7]. For favorable pressure (∂x p ≤ 0), Xin et al. [8, 9] obtained global
well-posedness and regularity of weak solutions. In addition, there have been some results regarding
the well-posedness in analytic frameworks [10–13]. Subsequently, research on the well-posedness of
Prandtl equations has been extended to the 3D Prandtl equations, respectively in the Gevrey
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class [14–16], in an analytic function space [17, 18], and in the Sobolev space [19, 20]. Furthermore,
for fluid thermal coupling systems with nonzero boundary conditions, Baranovskii [21] proposed a
novel approach based on Banach space isomorphism and compact perturbation theory, proving the
existence of small-data strong solutions to the 3D unsteady Navier-Stokes-Boussinesq system.

After discussing the research progress on the well-posedness of the Prandtl equations, the MHD
equations, as the core model describing the interaction between conducting fluids and electromagnetic
fields, pose practical significance in the mathematical analysis of their boundary layer problems. So,
this paper considers 3D MHD equations in R3

+ = {(x, y, z)|(x, y) ∈ R2, z > 0} (see [34]):
∂tũ + (ũ · ∇)ũ − (b̃ · ∇)b̃ + ∇p − 1

Re∆ũ = 0,
∂tb̃ + (ũ · ∇)b̃ − (b̃ · ∇)ũ − 1

Rm∆b̃ = 0,
∇ · ũ = ∇ · b̃ = 0.

(1.1)

Here, Re and Rm denote the hydrodynamic Reynolds number and magnetic Reynolds number,
respectively. ũ = (ũh, ũz) is the velocity field and b̃ = (b̃h, b̃z) denotes the magnetic field. The total
pressure is p = p̃ + |b̃|2/2, where p is the fluid pressure. The boundary conditions are as follows:
velocity no-slip ũ|z=0 = 0, magnetic perfectly conducting (∂zb̃h, b̃z)

∣∣∣
z=0
= 0.

A key issue in MHD system research is understanding high Reynolds number (Re ≫ 1) behavior in
bounded domains. In this paper, we focus on the case 1/Re = 1/Rm = ϵ with ϵ ≪ 1, which implies
that the proposed model (1.2) is exclusively applicable to laminar flow scenarios, with no consideration
given to the interaction mechanisms between magnetic boundary layers and turbulent flows. Using the
coordinate transformation t = t, x = x, y = y, z̃ = ϵ−1/2z and

up
h(t, x, y, z̃) = ũh(t, x, y, z), wp(t, x, y, z̃) = ε−1/2ũz(t, x, y, z),

bp
h(t, x, y, z̃) = b̃h(t, x, y, z), gp(t, x, y, z̃) = ε−1/2b̃z(t, x, y, z),
P(t, x, y, z̃) = p(t, x, y, z),

the corresponding MHD boundary layer system (derived in [22]) is given as follows:

∂tup
h + (up · ∇)up

h − (bp · ∇)bp
h + ∇hP − ∂2

z up
h = 0,

∂tbp
h + (up · ∇)bp

h − (bp · ∇)up
h − ∂

2
z bp

h = 0,
∂tgp + (up · ∇)gp − (bp · ∇)wp − ∂2

z gp = 0,
∇ · up = ∇ · bp = 0,
(up

h , u
p
z )
∣∣∣
z=0
= (∂zbp

h , b
p
z )
∣∣∣
z=0
= 0, (up

h ,b
p
h)
∣∣∣
z→+∞

= (U,B).

(1.2)

We use the notation ∇ = (∇h, ∂z), where ∇h = (∂x, ∂y) is the horizontal gradient operator. The
velocity field is up = (up

h ,w
p), and the magnetic field is bp = (bp

h , g
p): up

h = (up, vp) (horizontal
velocity, with up (x-direction) and vp (y-direction)), bp

h = (bp, hp) (horizontal magnetic field, with bp

(x-direction) and hp (y-direction)), and wp, gp are the z-direction components of velocity and magnetic
field, respectively. The given functions P, U = (U,V) and B = (B,H) satisfy Bernoulli’s law:∂tU + (U · ∇h)U − (B · ∇h)B + ∇hP = 0,

∂tB + (U · ∇h)B − (B · ∇h)U = 0.
(1.3)
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It is also worth noting that the third equation in (1.2) can be derived from the second equation
in (1.2), and the boundary condition is ∂zbp|z=0 = 0, using the relation gp = −

∫ z

0
∇h · bp dz̃. We

therefore only need to analyze the following initial-boundary value problem for the MHD boundary
layer system in the domain R3

+ = {(x, y, z)|(x, y) ∈ R2, z > 0}:

∂tup
h + (up

h · ∇h)up
h − (bp · ∇h)bp

h + wp∂zup
h − gp∂zbp

h + ∇hP − ∂2
z up

h = 0,
∂tbp

h + (up
h · ∇h)bp

h − (bp
h · ∇h)up

h + wp∂zbp
h − gp∂zup

h − ∂
2
z bp

h = 0,
∇ · up = ∇ · bp = 0,
(up

h ,w
p)
∣∣∣
z=0
= (∂zbp

h , g
p)
∣∣∣
z=0
= 0, (up

h ,b
p
h)
∣∣∣
z→+∞

= (U,B),

up
h

∣∣∣
t=0
= up

h,0, bp
h

∣∣∣
t=0
= bp

h,0.

(1.4)

When the velocity field equation is coupled with the magnetic field equation, the boundary layer
phenomenon exhibits distinct characteristics, primarily due to the emergence of magnetic boundary
layers [23] that are more complex than those described by the classical Prandtl equations. Notably,
issues related to the classical MHD boundary layer equations correspond to the 15th open problem in
Oleinik and Samokhin’s seminal work [3] (p500–503): “15. For the equations of the
magnetohydrodynamic boundary layer, all problems of the above type are still open”. Significantly,
by adopting a non-degenerate tangential magnetic field assumption instead of Oleinik’s velocity
monotonicity condition, the well-posedness of MHD boundary layer equations in Sobolev spaces has
been established. Liu et al. [22] proved the local existence and uniqueness of the 2D nonlinear MHD
boundary layer equations in weighted Sobolev spaces via energy methods. Extending this work, they
validated the Prandtl expansion with L∞ error estimates using multiscale analysis [24]. Chen et
al. [25] obtained long-time well-posedness for small initial data in lower-order weighted Sobolev
spaces, showing that the solution lifespan depends on initial data to complement the result of [22].

For large magnetic Reynolds numbers (neglecting resistivity), Liu et al. [26] studied the local well-
posedness of the 2D MHD boundary layer equations without resistivity in Sobolev spaces and identified
linear instability when the tangential magnetic field degenerates at a point. Chen and Li [27] extended
this to long-time well-posedness in lower-order weighted Sobolev spaces. Addressing the absence of
velocity diffusion, Li and Xu [28] proved solution existence and uniqueness via pseudo differential
calculations, complementing [22, 26]. Gao et al. [29] established local well-posedness for the 2D
incompressible MHD boundary layer equations in weighted conormal Sobolev spaces.

Besides, there have also been some results in analytic frameworks for the 2D MHD boundary layer
equations. Xie and Yang [30] obtained global existence (with exponential decay in analytic norms) for
small perturbations of Hartmann profiles in the mixed Prandtl-Hartmann regime. Using cancellation
mechanisms, they also derived a lower bound for the solution lifespan in [31]. Liu and Zhang [32]
established global existence and asymptotic decay for small initial data. Recently, Li and Xie [33]
obtained global well-posedness in analytic spaces. Additionally, the analyticity condition has been
weakened to Gevrey spaces [34–37].

In addition to the well-posedness of the 2D case, the well-posedness of the 3D MHD boundary
layer equations still poses numerous challenges. For the 3D axisymmetric case, Lin and Zou [34]
proved well-posedness with a Gevrey index up to 3/2 by refining the cancellation mechanism and
constructing an energy functional involving polynomial weights on tangential variables. Chen et
al. [38] focused on the linearized system and established local well-posedness under the condition that
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one tangential direction satisfies Sobolev regularity and the other satisfies analyticity. Wu [39] further
considered the 3D nonlinear system and obtained local well-posedness in Sobolev spaces and linear
stability results under the structural assumption that the outer flow and magnetic field share the same
direction. Despite these breakthroughs under specific structural assumptions and in Gevrey spaces,
open problems remain, such as the well-posedness of 3D MHD boundary layer equations in an
analytic space. Compared with the well-posedness result established for the 3D axisymmetric MHD
boundary layer equations in Gevrey space [34], this paper focuses on the local well-posedness of the
3D MHD boundary layer equations without structural assumptions in an analytic space. Specifically,
the initial data are required to belong to the weighted real-analytic function space Xτ0,µ, which is
real-analytic with respect to the tangential variables (x, y) and possesses Sobolev regularity in the
normal variable z. The main difficulties and the corresponding key methods of solving the
well-posedness of Eq (1.4) are as follows:

1) The 3D MHD boundary layer equations exhibit strong coupling between the tangential and
normal components of the velocity field. Additionally, they contain the linearly growing terms
z∇ · U∂zu, z∇ · B∂zb, z∇ · U∂zb, and z∇ · B∂zu, which easily leads to the divergence of estimations, a
common difficulty in the 3D MHD boundary layer problems. To address the divergence risk posed by
the these linearly growing terms, a Gauss weight function θµ is designed. Its unique temporal and
spatial derivative properties (e.g., ∂tθµ = −µZ2θµ, ∂zθµ = 2µZθµ) play a pivotal role in effectively
controlling the linearly growing terms throughout Section 3.

2) In the absence of structural assumptions, it is difficult to balance the requirements of tangential
analyticity and normal Sobolev regularity, and the problem of tangential derivative loss is prone to
occur. To overcome this difficulty, Eq (3.1) is decomposed into linear terms, nonlinear terms, and
source terms, which are individually estimated through Lemmas 3.4, 3.5, and 3.6. Specifically, we
apply the tangential derivative operator ∂αh to Eq (2.3)1,2 respectively, and then take the L2 inner
product with the weight function (see (3.1)). Combining tools such as Agmon’s inequality and
Cauchy’s inequality, systematic estimations of linear terms, nonlinear terms, and source terms are
created to establish stable a priori estimates. Meanwhile, a weighted real-analytic function space is
constructed, requiring the initial data to be analytic in the tangential directions (x, y) and satisfy
Sobolev regularity in the normal direction z. This framework not only adapts to the regularity
requirements of the problem but also addresses the issue of tangential derivative loss by handling
high-order derivative terms through methods such as the discrete Young’s inequality.

The rest of the paper is organized as follows. In Section 2, we elaborate on the transformation
process of (2.3)–(2.5) in detail and present the main results of this paper. In Section 3, we prove
the existence of the solution to (2.3)–(2.5) through rigorous derivation. In Section 4, we verify the
uniqueness of the solution to (2.3)–(2.5).

2. Transformation and main result

As in [11], to homogenize the boundary conditions of (1.4)4, we introduce the following change
of variables: {

u(t, x, y, z) = up
h(t, x, y, z) − (1 − ϕ(z))U(t, x, y),

b(t, x, y, z) = bp
h(t, x, y, z) − B(t, x, y),

(2.1)
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where ϕ(z) = 2
√
β
√
π

∫ +∞
z

e−βη
2
dη, for some β > 1.

Combining the incompressibility condition (1.4)3, the boundary condition (1.4)4 and the
substitutions (2.1), one arrives at

w = −∂x

∫ z

0
u(t, x, y, ξ) + (1 − ϕ(z))Udξ − ∂y

∫ z

0
v(t, x, y, ξ) + (1 − ϕ(z))Vdξ

= −∂x

∫ z

0
u(t, x, y, ξ)dξ − ∂y

∫ z

0
v(t, x, y, ξ)dξ − ∂x

∫ z

0
U(t, x, y)dξ − ∂y

∫ z

0
V(t, x, y)dξ

+
∫ z

0
ϕ(z)∂xU(t, x, y)dξ +

∫ z

0
ϕ(z)∂yV(t, x, y)dξ

= −∇h · g(u) − z∇h · U + Φ∇h · U,
g = −∂x

∫ z

0
b(t, x, y, ξ) + Bdξ − ∂y

∫ z

0
h(t, x, y, ξ) + Hdξ

= −∂x

∫ z

0
b(t, x, y, ξ)dξ − ∂y

∫ z

0
h(t, x, y, ξ)dξ − ∂x

∫ z

0
B(t, x, y)dξ − ∂y

∫ z

0
H(t, x, y)dξ

= −∇h · g(b) − z∇h · B,

(2.2)

where Φ(z) =
∫ z

0
ϕ(ξ)dξ, u = (u, v), b = (b, h), g(u) = (g(u), g(v)), g(b) = (g(b), g(h)), U = (U,V),

B = (B,H).
Under the transformation (2.1), the original MHD boundary layer equations (1.4) can be rewritten

as the following system: {
∂tu − ∂2

z u + N(u) + L(u) = F(U),
∂tb − ∂2

z b + N(b) + L(b) = F(B),
(2.3)

where N(·) represents the nonlinear terms, L(·) denotes the linear terms, and F(·) stands for the outer-
flow source terms. Their specific forms are given by

N(u) = (u · ∇h)u − (b · ∇h)b − ∇h · g(u)∂zu + ∇h · g(b)∂zb,
N(b) = (u · ∇h)b − (b · ∇h)u − ∇h · g(u)∂zb + ∇h · g(b)∂zu,
L(u) = (1 − ϕ)(U · ∇h)u + (1 − ϕ)(u · ∇h)U − z∇h · U∂zu + ϕ′∇h · g(u)U
+Φ(z)∇h · U∂zu − (b · ∇h)B − (B · ∇h)b + z∇h · B∂zb,
L(b) = (1 − ϕ)(U · ∇h)b − (1 − ϕ)(b · ∇h)U − z∇h · U∂zb
−ϕ′∇h · g(b)U + Φ(z)∇h · U∂zb + (u · ∇h)B − (B · ∇h)u + z∇h · B∂zu,
F(U) = −zϕ′U∇ · U − ϕ∇hP + ϕ(1 − ϕ)(U · ∇h)U + ϕ′Φ(z)∇h · UU
−ϕ′′U + ϕ(B · ∇h)B,
F(B) = ϕ(U · ∇h)B − ϕ(B · ∇h)U + zϕ′(∇h · B)U,

(2.4)

where u and b satisfy the initial conditions and homogeneous boundary conditions,
uh,0(x, y, z) = u(0, x, y, z) = up(0, x, y, z) − (1 − ϕ(z))U(0, x, y),
bh,0(x, y, z) = b(0, x, y, z) = bp(0, x, y, z) − B(0, x, y),
u(t, x, y, 0) = 0, lim

z→+∞
u(t, x, y, z) = 0,

∂zb(t, x, y, 0) = 0, lim
z→+∞

b(t, x, y, z) = 0.

(2.5)

To address the divergence of estimates caused by linearly growing terms such as z∇·U∂zu, z∇·B∂zb,
z∇ · U∂zb, and z∇ · B∂zu, we introduce a Gauss weight function,

θµ(t, z) = exp
( z2

1 + t/µ

)
,
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where µ > 0 is a parameter to be determined later. By leveraging its temporal and spatial derivative
properties, we directly cancel out the z-related factors in the linearly growing terms.

We present notations related to weighted norms as follows:

Mm =
(m + 1)r

m!
, r > 3 (2.6)

and denote the tangential differential operator

∂αh = ∂
α1
x ∂
α2
y , α = (α1, α2) ∈ N2. (2.7)

For a positive time-dependent function τ(t), the Sobolev weighted norms are introduced as follows:

Xm = Xm(u, τ) =
( ∑
|α|=m
∥θµ∂

m
h u∥2

L2(R3
+)

) 1
2
τmMm,

Dm = Dm(u, τ) =
( ∑
|α|=m
∥θµ∂z∂

m
h u∥2

L2(R3
+)

) 1
2
τmMm,

Ym = Ym(u, τ) =
( ∑
|α|=m
∥θµ∂

m
h u∥2

L2(R3
+)

) 1
2
τm−1/2m1/2Mm,

Zm = Zm(u, τ) =
( ∑
|α|=m
∥Zθµ∂m

h u∥2
L2(R3

+)

) 1
2
τmMm, Z = z

t+µ ,

(2.8)

where ∥θµ∂m
h u∥2

L2(R3
+)
=

(
∥θµ∂

m
h u∥2

L2(R3
+)
+ ∥θµ∂

m
h v∥2

L2(R3
+)

)1/2.
We define the following analytic function space in the tangential variable (x, y) and weighted

Sobolev space in the normal variable z by

Xτ,µ = {α ∈ N2, θµ∂
α
hu ∈ L2(R3

+; dxdydz) : ∥u∥Xτ,µ < ∞}

with the norms 

∥u∥Xτ,µ =
∑

m≥0
X2

m,

∥u∥Dτ,µ =
∑

m≥0
D2

m,

∥u∥Yτ,µ =
∑

m≥1
Y2

m,

∥u∥Zτ,µ =
∑

m≥0
Z2

m.

(2.9)

We now state the main result of this paper in the following theorem:

Theorem 2.1. Let µ ∈ (0,

√
10
5

] and r > 3. Suppose the initial data and the outer flows (U,B) satisfy
the following conditions:

(i) the initial datum
(
u0,b0

)
∈ Xτ0,µ, for some the analytic radius τ0 > 0,

(ii) the outer flow
(
U,B

)
is uniformly real-analytic for [0,T ].

Then there exists a time T∗ > 0 such that the system (2.3)–(2.5) has a unique real-analytic solution
in [0,T∗] with an analytic radius τ ≥ τ02 .
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Remark 2.1. A uniform analyticity requirement is imposed on the outer flows (U,B). This implies the
existence of positive constants C1 and τ1 > 0 such that for all t ∈ [0,T ],∑

|α|=m

∥∂αhU∥L∞h + ∥∂
α
hB∥L∞h ≤

C1

τm
1 Mm

. (2.10)

Remark 2.2. Theoretically, this result can be extended to Gevrey regularity, as supported by relevant
studies (e.g., [14, 34, 36]).

Compared with Gevrey regularity, analyticity plays a crucial role in the argument: on one hand,
the exponential decay of high-order tangential derivatives of analytic functions effectively controls
linearly growing terms and high-order nonlinear coupling terms, eliminating the need for structural
assumptions such as monotonicity or magnetic field nondegeneracy; on the other hand, the function
space Xτ,µ constructed based on analyticity is highly compatible with the Gauss weight θµ, enabling
rapid closure of a priori estimates and proof of uniqueness through basic inequalities.

3. The uniform estimates on the terms u and b

In this section, we shall establishes a priori bounds for solutions (u,b) to (2.3)–(2.5) using Sobolev
energy estimation methods, with the proof proceeding in three steps. First, decompose the equations
into nonlinear, linear, and source terms. Second, estimate these three types of terms separately via
Lemmas 3.2–3.6. Finally, collect all estimation results to prove Proposition 3.1.

Proposition 3.1. Under the assumptions of Theorem 2.1, there exists a solution
(
u,b) to problem (2.3)–

(2.5) such that

(
∥u∥2Xτ,µ + ∥b∥

2
Xτ,µ

)
+

∫ t

0

(
∥u∥2Dτ,µ + ∥b∥

2
Dτ,µ

)
≲

(
∥u∥2Xτ0 ,µ + ∥b∥

2
Xτ0 ,µ

)
for τ(t) ≥ τ0/2, t ∈ [0,T∗]. Hereafter, we write A ≲ B to denote that there exists a constant C
independent of m and α such that A ≤ CB.

Fix m ≥ 0 and |α| = m, applying the tangential differential operator ∂m
h to equations (2.3)1,2,

multiplying the resulting equations by θ2µ∂
m
h u and θ2µ∂

m
h b, respectively, integrating it over R2, and then

sum the results. This yields

⟨∂αh (∂tu − ∂2
z u), θ2µ∂

α
hu⟩ + ⟨∂αh (∂tb − ∂2

z b), θ2µ∂
α
hb⟩

= ⟨∂αh (F(U) − L(u) − N(u)), θ2µ∂
α
hu⟩ + ⟨∂αh (F(B) − L(b) − N(b)), θ2µ∂

α
hb⟩. (3.1)

We now establish the estimates of each term in (3.1) as follows. For the first and third terms on the
left-hand side of (3.1), we obtain

⟨∂αh∂tu, θ2µ∂
α
hu⟩ + ⟨∂αh∂tb, θ2µ∂

α
hb⟩ =

1
2

d
dt
∥θµ∂

α
hu∥2L2 +

1
2

d
dt
∥θµ∂

α
hb∥2L2

+ µ∥Zθµ∂αhu∥2L2 + µ∥Zθµ∂αhb∥2L2 , (3.2)

where we have used the fact that ∂tθµ = −µZ2θµ.
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For the second and fourth terms on the left-hand side of (3.1), integrating it by parts over R3
+ with

respect to variable z and using the boundary condition (2.5), we arrive at

− ⟨∂αh∂
2
z u, θ2µ∂

α
hu⟩ − ⟨∂αh∂

2
z b, θ2µ∂

α
hb⟩

= ∥θµ∂z∂
α
hu∥2 + ⟨∂αh∂zu, 2Zθ2µ∂

α
hu⟩ + ∥θµ∂z∂

α
hb∥2 + ⟨∂αh∂zb, 2Zθ2µ∂

α
hb⟩

≥
1
2
∥θµ∂z∂

α
hu∥2 − 2µ2∥Zθµ∂αhu∥2 +

1
2
∥θµ∂z∂

α
hb∥2 − 2µ2∥Zθµ∂αhb∥2, (3.3)

where we have used the fact that ∂zθµ = 2µZθµ.
Substituting (3.2)–(3.3) into (3.1), we can derive

d
dt
∥θµ∂

α
h (u,b)∥2L2 + ∥θµ∂

α
h∂z(u,b)∥2L2 + 2∥θµ∂αh (u,b)∥2L2 + 2(1 − 2µ2)∥Zθµ∂αh (u,b)∥2

≤ 2|⟨θµ∂αh (F(U) − L(u) − N(u)), θµ∂αhu⟩| + 2|⟨θµ∂αh (F(B) − L(b) − N(b)), θµ∂αhb⟩|, (3.4)

where the notation ∥θµ∂αh (u,b)∥2L2 = ∥θµ∂
α
hu∥2L2 + ∥θµ∂

α
hb∥2L2 .

Moreover, multiplying both sides of the inequality (3.4) by τ2mM2
m and summing over |α| = m,

we obtain

d
dt

∑
|α|=m

∥θµ∂
α
h (u,b)∥2L2

 τ2mM2
m +

∑
|α|=m

∥θµ∂
α
h∂z(u,b)∥2L2τ

2mM2
m

+ 2
∑
|α|=m

∥θµ∂
α
h (u,b)∥2L2τ

2mM2
m + 2(1 − 2µ2)

∑
|α|=m

∥Zθµ∂αh (u,b)∥2

≤ 2
∑
|α|=m

|⟨θµ∂
α
h (F(U) − L(u) − N(u)), θµ∂αhu⟩|τ2mM2

m

+ 2
∑
|α|=m

|⟨θµ∂
α
h (F(B) − L(b) − N(b)), θµ∂αhb⟩|τ2mM2

m, (3.5)

which, together with the Definition (2.8), causes Ineq (3.5) to imply

d
dt

∑
|α|=m

∥θµ∂
α
h (u,b)∥2L2

 τ2mM2
m + D2

m(u,b) + 2X2
m(u,b) + 2(1 − 2µ2)Z2

m(u,b)

≤ 2
∑
|α|=m

|⟨θµ∂
α
h (F(U) − L(u) − N(u)), θµ∂αhu⟩|τ2mM2

m

+ 2
∑
|α|=m

|⟨θµ∂
α
h (F(B) − L(b) − N(b)), θµ∂αhb⟩|τ2mM2

m. (3.6)

Summing (3.6) over m ≥ 0 and using the notation from (2.9), we conclude

d
dt
∥(u,b)∥2Xτ,µ − τ̇∥(u,b)∥2Yτ,µ + ∥(u,b)∥2Dτ,µ + 2∥(u,b)∥2Xτ,µ + 2(1 − 2µ2)∥(u,b)∥2Zτ,µ

≤ 2
∑
m≥0

∑
|α|=m

|⟨θµ∂
α
h (F(U) − L(u) − N(u)), θµ∂αhu⟩|τ2mM2

m

+ 2
∑
m≥0

∑
|α|=m

|⟨θµ∂
α
h (F(B) − L(b) − N(b)), θµ∂αhb⟩|τ2mM2

m. (3.7)

To estimate the terms on the right-hand side of Ineq (3.7), we shall analyze its components
individually in the following three subsections.
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3.1. Estimates on the nonlinear terms N(u) and N(b)

In this subsection, we intend to establish the estimates for the each nonlinear term in the terms N(u)
and N(b). To control the estimates of the nonlinear term N(u), we first present Lemma 3.2, which has
been proved in [40], and which shall be used throughout the rest of the paper.

Lemma 3.2. Let µ > 0. For any integers |α| = m ≥ 0, the following inequalities hold

∥∂αhu∥L∞z L2
h
≲ ∥θµ∂z∂

α
hu∥L2

h,z
,∥∥∥∂αhu

∥∥∥
L∞h L∞z

≲
∥∥∥θµ∂αh∂zu

∥∥∥1/2

L2

∥∥∥θµ∂α+e2
h ∂zu

∥∥∥1/2

L2 +
∥∥∥θµ∂α+e1

h ∂zu
∥∥∥1/2

L2

∥∥∥θµ∂α+e
h ∂zu

∥∥∥1/2

L2 ,

∥∂αhg(u)∥L∞z L2
h
≲ ∥θµ∂

α
hu∥L2

x,y,z
,∥∥∥∂αhg(u)

∥∥∥
L∞h L∞z

≲
∥∥∥θµ∂αhu

∥∥∥1/2

L2

∥∥∥θµ∂α+e2
h u

∥∥∥1/2

L2 +
∥∥∥θµ∂α+e1

h u
∥∥∥1/2

L2

∥∥∥θµ∂α+e
h u

∥∥∥1/2

L2 ,

(3.8)

for some e1 = (1, 0), e2 = (0, 1), e = (1, 1).

Building on Lemma 3.2, we further establish the relationship between the L∞ and L2 bounds of
magnetic field components, providing support for the energy estimation of nonlinear term N(b) .

Lemma 3.3. Let µ > 0. For any integers |α| = m ≥ 0, it holds that

∥∂αhb∥L∞z L2
h
≲ ∥θµ∂z∂

α
hb∥L2

h,z
,∥∥∥∂αhb

∥∥∥
L∞h L∞z

≲
∥∥∥θµ∂αh∂zb

∥∥∥1/2

L2

∥∥∥θµ∂α+e2
h ∂zb

∥∥∥1/2

L2 +
∥∥∥θµ∂α+e1

h ∂zb
∥∥∥1/2

L2

∥∥∥θµ∂α+e
h ∂zb

∥∥∥1/2

L2 ,

∥∂αhg(b)∥L∞z L2
h
≲ ∥θµ∂

α
hb∥L2

x,y,z
,∥∥∥∂αhg(b)

∥∥∥
L∞h L∞z

≲
∥∥∥θµ∂αhb

∥∥∥1/2

L2

∥∥∥θµ∂α+e2
h b

∥∥∥1/2

L2 +
∥∥∥θµ∂α+e1

h b
∥∥∥1/2

L2

∥∥∥θµ∂α+e
h b

∥∥∥1/2

L2 .

(3.9)

Proof. For any |α| = m ≥ 0, because ∂αhb→ 0 as z→ +∞, we have b(z) = −
∫ +∞

z
∂zb(ζ)dζ. Taking the

L∞-norm in z and applying Hölder’s inequality, we get

|∂αhb(x, y, z)| ≤
∫ +∞

z
|∂αh∂zb(x, y, ζ)|dζ ≤

(∫ +∞

z
θ−2
µ dζ

)1/2 (∫ +∞

z
θ2µ|∂

α
h∂zb|2dζ

)1/2

.

Because θ−1
µ ∈ L2

z for µ > 0, the integral
∫ +∞

z
θ−2
µ dζ ≤ C holds. Taking the L2-norm in (x, y) on

both sides completes the proof of the first inequality. The second inequality follows by applying the
following 2D Agmon’s inequality,

∥ f ∥L∞x,y ≤ C∥ f ∥1/2
L2

x,y
∥∂y f ∥1/2

L2
x,y
+C∥∂x f ∥1/2

L2
x,y
∥∂x∂y f ∥1/2

L2
x,y
.

Similarly, we can deduce the last two inequalities. □

Combining the Lemmas 3.2–3.3, we now establish the energy estimate for nonlinear terms N(u)
and N(b), whose results will be directly substituted into the Ineq (3.7).

Lemma 3.4. Let r > 3 and µ > 0. It holds that

N =
∑
m≥0

∑
|α|=m

|⟨θµ∂
α
h N(u), θµ∂αhu⟩|τ2mM2

m + |⟨θµ∂
α
h N(b), θµ∂αhb⟩|τ2mM2

m

≲
1
τ4

(
∥u∥4Xτ,µ + ∥b∥

4
Xτ,µ) +

1
8

(
∥u∥2Dτ,µ + ∥b∥

2
Dτ,µ

)
+

1
τ2

(
∥u∥Dτ,µ + ∥b∥Dτ,µ

)(
∥u∥2Yτ,µ + ∥b∥

2
Yτ,µ

)
. (3.10)

Electronic Research Archive Volume 34, Issue 3, 1506–1523.



1515

Proof. Using Lemmas 3.2 and 3.3 along with the Cauchy-Schwarz inequality and the discrete
Young’s inequality,

∥ζ · (ξ ∗ η)∥l1 ≤ ∥ζ∥l2∥ξ∥l1∥η∥l2 , (3.11)

we estimate the nonlinear terms by decomposing the derivatives of the product terms. For example, for
u · ∇hu, the derivative ∂αh (u · ∇hu) can be expanded into a sum of products of lower-order derivatives of
u. By summing over all α and weighting with τ2|α|, we obtain the desired bound. Specifically, similar
to the proof method of Lemma 3.3 in [40] and combined with the Cauchy–Schwarz inequality, we
obtain that

N =
∑
m≥0

∑
|α|=m

|⟨θµ∂
α
h N(u), θµ∂αhu⟩|τ2mM2

m + |⟨θµ∂
α
h N(b), θµ∂αhb⟩|τ2mM2

m

≲
1
τ2 ∥u∥Dτ,µ∥u∥

2
Xτ,µ +

1
τ2 ∥u∥Dτ,µ∥u∥

2
Yτ,µ

+
1
τ2 ∥b∥Dτ,µ∥u∥

2
Xτ,µ +

1
τ2 ∥b∥Dτ,µ∥b∥

2
Yτ,µ

+
1
τ2 ∥u∥Dτ,µ∥b∥

2
Xτ,µ +

1
τ2 ∥b∥Dτ,µ∥u∥

2
Yτ,µ

+
1
τ2 ∥b∥Dτ,µ∥b∥

2
Xτ,µ +

1
τ2 ∥u∥Dτ,µ∥b∥

2
Yτ,µ

≲
1
τ4

(
∥u∥4Xτ,µ + ∥b∥

4
Xτ,µ) +

1
8

(
∥u∥2Dτ,µ + ∥b∥

2
Dτ,µ

)
+

1
τ2

(
∥u∥Dτ,µ + ∥b∥Dτ,µ

)(
∥u∥2Yτ,µ + ∥b∥

2
Yτ,µ

)
.

□

3.2. Estimates on the linear terms L(u) and L(b)

Following the nonlinear term estimates, we now handle the linear terms L(u) and L(b), which
include critical linearly growing components (e.g., z∇h · U∂zu) and field outer–flow couplings.
Controlling these terms is pivotal to avoiding estimation divergence. The lemma below leverages the
Gaussian weight θµ to tame growth and establish stable bounds.

Lemma 3.5. Let µ > 0. We have the following estimate:

L =
∑
m≥0

∑
|α|=m

|⟨θµ∂
α
h L(u), θµ∂αhu⟩|τ2mM2

m +
∑
m≥0

∑
|α|=m

|⟨θµ∂
α
h L(b), θµ∂αhb⟩|τ2mM2

m

= L(u) +L(b)

≲
(
1 +

1
τ

)(
∥u∥2Xτ,µ + ∥b∥

2
Xτ,µ) +

(
∥u∥2Yτ,µ + ∥b∥

2
Yτ,µ)

+
1
8

(
∥u∥2Dτ,µ + ∥b∥

2
Dτ,µ

)
+ µ2

(
∥u∥2Zτ,µ + ∥b∥

2
Zτ,µ

)
. (3.12)

Proof. In view of the definitions of L(u) that

L(u) = (1 − ϕ)(U · ∇h)u + (1 − ϕ)(u · ∇h)U + ϕ′∇h · g(u)U + Φ(z)∇h · U∂zu
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− (b · ∇h)B − (B · ∇h)b − z∇h · U∂zu + z∇h · B∂zb

=:
8∑

i=1

Li,

denote

Ii =
∑
m≥0

∑
|α|=m

∣∣∣⟨θµ∂αh Li, θµ∂
α
hu⟩

∣∣∣ τ2mM2
m, i = 1, 2, · · · , 8.

Thus, we have

L(u) =
∑
m≥0

∑
|α|=m

∣∣∣∣∣∣∣⟨θµ∂αh
 8∑

i=1

Li

 , θµ∂αhu⟩

∣∣∣∣∣∣∣ τ2mM2
m ≤

8∑
i=1

Ii. (3.13)

The estimate of the first four terms of (3.13) have been derived in [40]; thus, we only rewrite them
as follows:

4∑
i=1

Ii ≲
(
1 +

1
τ

)
∥u∥2Xτ,µ + ∥u∥

2
Yτ,µ + ∥u∥Dτ,µ∥u∥Xτ,µ . (3.14)

According to the definition of ϕ(z) =
2
√
β
√
π

∫ +∞

z
e−βη

2
dη, ϕ(z) ∈ L∞z as β > 0. In other words,

∥1 − ϕ∥L∞z ≤ C. Hence, the estimates of terms I5 and I6 are similar to the first two terms, so we have

6∑
i=5

Ii ≲
(
1 +

1
τ

)
∥u∥Xτ,µ∥b∥Xτ,µ + ∥u∥Yτ,µ∥b∥Yτ,µ . (3.15)

Now, we establish the estimate of last two terms,

I7 =
∑
m≥0

∑
|α|=m

∣∣∣⟨θµ∂αh (z∇h · U∂zu), θµ∂αhu⟩
∣∣∣ τ2mM2

m

≤ (t + µ)
∑
m≥0

∑
|α|=m

∑
0≤β≤α

(
α

β

)
∥∂
β
h∇h · U∥L∞h ∥θµ∂

α−β
h ∂zu∥L2∥Zθµ∂αhu∥L2

≤ (t + µ)
∑
m≥0

m∑
j=0

(
m
j

) ∑
|β|= j

∥∂
β
h∇h · U∥L∞h


 ∑
|γ|=m− j

∥θµ∂
γ
h∂zu∥2L2


1/2

×

∑
|α|=m

∥Zθµ∂αhu∥2L2


1/2

τ2mM2
m

≤ C1(t + µ)
∑
m≥0

m∑
j=0

(
τ

τ1

) j

am,r, jDm− jZm, (3.16)

where

am,r, j =
m!(m + 1)r j!(m − j)!

j!(m − j)!m!( j + 1)r(m − j + 1)r =
(m + 1)r

( j + 1)r(m − j + 1)r ⩽ 1. (3.17)
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Choosing τ0 ≤ min{τ1/2, τ1/(1 + 8C1)}, then under the assumption that τ(t) is decreasing, implies

C1

∑
j≥1

(
τ

τ1

) j

≤ C1

∑
j≥1

(
τ0

τ1

) j

= C1
τ0

τ1 − τ0
≤

1
8
. (3.18)

Assume that there exists a small enough time T such that T ≤ µ. Inserting (3.17) and (3.18)
into (3.16) and using (3.11), we have

I7 ≤
µ

4
∥u∥Dτ,µ∥u∥Zτ,µ . (3.19)

Analogously, we can derive that

I8 ≤
µ

4
∥b∥Dτ,µ∥u∥Zτ,µ . (3.20)

Together with the estimates of I1-I8, we conclude

L(u) ≲
(
1 +

1
τ

)
∥u∥2Xτ,µ + ∥u∥

2
Yτ,µ + ∥u∥Dτ,µ∥u∥Xτ,µ

+
(
1 +

1
τ

)
∥u∥Xτ,µ∥b∥Xτ,µ + ∥u∥Yτ,µ∥b∥Yτ,µ

+
µ

4
∥u∥Dτ,µ∥u∥Zτ,µ +

µ

4
∥b∥Dτ,µ∥u∥Zτ,µ . (3.21)

Similar to the estimate of L(u), we can derive that

L(b) ≲
(
1 +

1
τ

)
∥b∥2Xτ,µ + ∥b∥

2
Yτ,µ + ∥b∥Dτ,µ∥b∥Xτ,µ

+
(
1 +

1
τ

)
∥b∥Xτ,µ∥u∥Xτ,µ + ∥b∥Yτ,µ∥u∥Yτ,µ

+
µ

4
∥b∥Dτ,µ∥b∥Zτ,µ +

µ

4
∥u∥Dτ,µ∥b∥Zτ,µ . (3.22)

Combing the estimates of (3.21) with (3.22) and using Cauchy–Schwarz inequality, we get

L ≲
(
1 +

1
τ

)(
∥u∥2Xτ,µ + ∥b∥

2
Xτ,µ) +

(
∥u∥2Yτ,µ + ∥b∥

2
Yτ,µ)

+
1
8

(
∥u∥2Dτ,µ + ∥b∥

2
Dτ,µ

)
+
µ2

2

(
∥u∥2Zτ,µ + ∥b∥

2
Zτ,µ

)
.

□

3.3. Estimates on the outer-flows U and B

Having completed the systematic estimation of the nonlinear terms N(·) and linear terms L(·) in
the previous subsections, we next focus on the estimation of the outer-flow source terms F(U) and
F(B). The estimate for the outer-flow U in F(U) has been established in [40]. Notably, the outer-flow
B in F(B) exhibits an identical structural form to that of U in F(U). As such, the analytical approach
employed to derive the estimates for U can be directly adapted to obtain the corresponding estimates
for B. For this reason, the detailed proof of the following lemma is omitted herein.

Lemma 3.6. Let µ > 0. We have the following estimates:
F (U) =

∑
m≥0

∑
|α|=m
|⟨θµ∂

α
h F(U), θµ∂αhu⟩|τ2mM2

m ≲ ∥u∥Xτ,µ + ∥b∥Xτ,µ ,

F (B) =
∑

m≥0

∑
|α|=m
|⟨θµ∂

α
h F(B), θµ∂αhb⟩|τ2mM2

m ≲ ∥u∥Xτ,µ + ∥b∥Xτ,µ .
(3.23)
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3.4. The proof of Proposition 3.1

In this subsection, we may conclude the a priori estimates needed to prove the local existence of
solutions to Eqs (2.3)–(2.4). First, inserting (3.10), (3.12), and (3.23) into (3.7), we get

d
dt
∥(u,b)∥2Xτ,µ +

3
4
∥(u,b)∥2Dτ,µ + 2∥(u,b)∥2Xτ,µ + 2(1 −

5µ2

2
)∥(u,b)∥2Zτ,µ

≤
(
τ̇ +

C
τ2 ∥(u,b)∥Dτ,µ +C

)
∥(u,b)∥2Yτ,µ +

C
τ4 ∥(u,b)∥4Xτ,µ

+C
(
1 +

1
τ

)
∥(u,b)∥2Xτ,µ +C∥(u,b)∥Xτ,µ , (3.24)

where we have used the parameter µ ∈ (0,

√
10
5

].

We choose a suitable function τ(t) such that the following ordinary differential equation holds{
d
dt (τ(t))

3
2 + 3C

2

(
∥u∥Dτ,µ + ∥b∥Dτ,µ

)
+ 3C

2 τ
2 = 0,

τ(0) = τ0,
(3.25)

which yields

τ3 ≥ τ3
0 − 3Cτ2

0t − 3C
∫ t

0

(
∥u(s)∥Dτ,µ + ∥b(s)∥Dτ,µ

)
ds

≥ τ3
0 − 3Cτ2

0t − 3Ct1/2
(∫ t

0

(
∥u(s)∥2Dτ,µ + ∥b(s)∥2Dτ,µ

)
ds

)1/2

. (3.26)

We assume that there exists a suitable small time 0 < T ∗ < T such that∫ t

0

(
∥u(s)∥2Dτ,µ + ∥b(s)∥2Dτ,µ

)
ds ≤ C

(
∥u(0)∥2Xτ0 ,µ + ∥b(0)∥2Xτ0 ,µ

)
. (3.27)

Therefore, the estimate (3.26) shows that at least for some suitable short time 0 < T1 < T ∗, we have

τ(t) ≥
τ0

2
. (3.28)

Finally, we verify (3.27). Combining (3.24)–(3.25) and (3.28), one concludes that

d
dt
∥(u,b)∥2Xτ,µ + ∥(u,b)∥2Dτ,µ

≤ C
(
1 +

2
τ0

)
∥(u,b)∥2Xτ,µ +

16C
τ4

0

∥(u,b)∥4Xτ,µ +C∥(u,b)∥Xτ,µ . (3.29)

Hence, if T∗ is chosen small enough, (3.27) follows from the comparison principle of ordinary
differential equations. This completes the proof of Proposition 3.1. □
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4. The proof of Theorem 2.1

With the estimates on solutions to (2.3)–(2.5) from Proposition 3.1 in hand, we may establish local
existence in the analytic function space by adapting the argument of [10]. The proof of Theorem 2.1 is
then completed by verifying the uniqueness of solutions to (2.3)–(2.5). Next, we are going to prove the
uniqueness of solutions to (2.3)–(2.5). Let (u1,b1) and (u2,b2) be two pairs of solutions to (2.3)–(2.5)
with the same initial data, (u1,b1)(0, x, y) = (u2,b2)(0, x, y) ∈ Xτ0,µ. Represent the tangential radii of
analytic regularity of (u1,b1) and (u2,b2) by τ1(t) and τ2(t), respectively, which satisfy the bounds in
Theorem 2.1.

We define τ(t) as the solution to the following equation: d
dtτ

3
2 + 3C

2

(
∥u1∥Dτ1 ,µ + ∥b1∥Dτ1 ,µ

)
+ 3C

2 τ
2 = 0,

τ(0) = τ04 .
(4.1)

From the estimates given in Section 3, we derive

τ0

8
≤ τ(t) ≤

τ0

4
≤

min{τ1(t), τ2(t)}
2

for all t ∈ [0,T∗].
We set u = u1 − u2 and b = b1 − b2, which satisfy{

∂tu − ∂2
z u + L1(u) + N2(u) = 0,

∂tb − ∂2
z b + L1(b) + N2(b) = 0,

(4.2)

where 

N1(u) = (u1 · ∇h)u + (u · ∇h)u2 − (b1 · ∇h)b − (b · ∇h)b2

−∇h · g(u)∂zu1 − ∇h · g(u2)∂zu + ∇h · g(b)∂zb1 + ∇h · g(b2)∂zb,
N2(b) = (u1 · ∇h)b + (u · ∇h)b2 − (b1 · ∇h)u − (b · ∇h)u2

−∇h · g(u)∂zb1
h − ∇h · g(u2)∂zb + ∇h · g(b)∂zu1

h + ∇h · g(b2
h)∂zu,

L1(u) = (1 − ϕ)(U · ∇h)u + (1 − ϕ)(u · ∇h)U − z∇h · U∂zu + ϕ′∇h · g(u)U
+Φ(z)∇h · U∂zu − (b · ∇h)B − (B · ∇h)b + z∇h · B∂zb,

L2(b) = (1 − ϕ)(U · ∇h)b − (1 − ϕ)(b · ∇h)U − ϕ′∇h · g(b)U − z∇h · U∂zb
+Φ(z)∇h · U∂zb + (u · ∇h)B − (B · ∇h)u + z∇h · B∂zu.

The corresponding initial data and the boundary condition for u and b are as follows
u(0, x, y, z) = b(0, x, y, z) = 0,
u(t, x, y, 0) = 0, lim

z→+∞
u(t, x, y, z) = 0,

∂zb(t, x, y, 0) = 0, lim
z→+∞

b(t, x, y, z) = 0.
(4.3)

Analogous to the a priori estimates in Section 3, we deduce

d
dt

(
∥u∥2Xτ,µ + ∥b∥

2
Xτ,µ

)
+

(
∥u∥2Dτ,µ + ∥b∥

2
Dτ,µ

)
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≤
(
τ̇ +

C
τ2

(
∥u1∥Dτ,µ + ∥b

1∥Dτ,µ
)
+C

)(
∥u∥2Yτ,µ + ∥b∥

2
Yτ,µ

)
+

(
∥u∥2Xτ,µ + ∥b∥

2
Xτ,µ

)
.

Because of (4.1), we obtain

τ̇ +
C
τ2

(
∥u1∥Dτ,µ + ∥b

1∥Dτ,µ
)
+C ≤ 0.

Furthermore, with the help of the initial conditions (4.3) for u and b and by applying the Gronwall
inequality, we can conclude that

∥u∥Xτ,µ = ∥b∥Xτ,µ ≡ 0, for all t ∈ [0,T∗]. (4.4)

Thus, the proof of the uniqueness of solutions is complete. Combining with Proposition 3.1, we
have finished the proof of Theorem 2.1. □

5. Conclusions

This paper aims to investigate the local well-posedness of analytic solutions to the 3D MHD
boundary layer equations without structural assumptions. By using a variable transformation
involving ϕ(z), designing a Gauss weight function θµ to control linearly growing terms, and
combining various inequality tools to establish a priori estimates, we prove the existence and
uniqueness of a local analytic solution for initial data that are real-analytic in tangential variables and
satisfy Sobolev regularity in the normal variable (with an analytic radius ≥ τ0/2). To a certain extent,
this study breaks through the reliance of traditional methods on structural assumptions, providing
theoretical reference for the prediction and control of laminar boundary layers in relevant engineering
scenarios. Future research can be extended to global well-posedness, the relaxation of initial data
regularity requirements, and more.
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