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Abstract: We consider a class of p-Laplace quasilinear Schrödinger Equations{
−∆pu − p

2p−1 u∆p(u2) = λu−γ + uq in Ω,

u > 0 in Ω, u = 0 on ∂Ω,

where Ω ⊂ RN is a bounded domain with regular boundary, 1 < p < ∞, 0 < γ < 1, 2p−1 < q ≤ 2·p∗−1
for p ≤ N, 2p − 1 < q < ∞ for p > N, where p∗ =

N p
N−p if 1 < p < N, p∗ ∈ (p,∞) is arbitrarily large if

p = N, and p∗ = ∞ if p > N. We establish global existence and multiplicity of positive solutions via a
new strong comparison principle and a regularity result for weak solutions.
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1. Introduction and main results

In this paper, we consider the following Problem{
−∆pu − p

2p−1 u∆p(u2) = λu−γ + uq in Ω,

u > 0 in Ω, u = 0 on ∂Ω,
(1.1)

where Ω ⊂ RN is a bounded domain with smooth boundary ∂Ω, 0 < γ < 1, ∆pu = div(|∇u|p−2∇u) is
the p-Laplacian with 1 < p < ∞, 2p − 1 < q ≤ 2 · p∗ − 1 for 1 < p ≤ N, 2p − 1 < q < ∞ for p > N,
where p∗ =

N p
N−p if 1 < p < N, p∗ ∈ (p,∞) is arbitrarily large if p = N, and p∗ = ∞ if p > N.

For p = 2, Eq (1.1) is closely related to the existence of standing wave solutions for quasilinear
Schrödinger equation of the form

i∂tψ = −∆ψ + W(x)ψ − h̃(x, |ψ|2)ψ − κ∆[|ψ|2]ψ, (1.2)
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where ψ : R × RN → C, W(x) is a given potential, κ is a real constant, and h̃(x, s) is a real-valued
function. The quasilinear version of the nonlinear Schrödinger equation arises in several models of
different physical phenomena and was used for the superfluid film equation in plasma physics and fluid
mechanics; see [1, 2]. For the semilinear case κ = 0 with singular term, Eq (1.2) has received a lot
of attention; see [3–11]. For the modified quasilinear case κ > 0, Eq (1.2) has been studied mainly
in a smooth bounded domain with Dirichlet boundary conditions; see [12, 13]. The presence of the
quasilinear term u∆u2 means that the corresponding energy function is not well defined in H1

0(Ω).
Therefore, many scholars have developed new techniques to address this difficulty. By changing the
variables, [2] transformed the quasilinear problem into a semilinear one and proved the existence of
a positive solution. Other references on changing variables can be found in [14–20]. Using a new
perturbation method, the authors of [21] studied a class of subcritical quasilinear problems and also
proved the existence of solutions for the critical case in [22,23]. By this method, the authors of [24,25]
obtained the existence of infinitely many sign-changing solutions. Using the Nehari manifold method,
the authors of [26] proved the existence of sign-changing solutions.

For p , 2, some scholars have considered the following Equation

− ∆pu −
p

2p−1 u∆p(u2) = f (x, u) in Ω. (1.3)

Using critical point theory, the authors of [27,28] established the existence of weak nontrivial solutions
for a class of generalized quasilinear Schrödinger equations. Similarly, by applying Morse theory, [29]
also demonstrated the existence of such solutions. Furthermore, by combining critical point theory
with truncation arguments and the sub-super solution method, [30] obtained multiplicity results for a
type of quasilinear Schrödinger Equations with combined nonlinearities, a convex term with arbitrary
growth and a singular term, in a bounded smooth domain. While the studies in [27–29] dealt with
general nonlinear terms, only [30] addressed a problem with a negative exponent. Furthermore, it is
worth noting that in [30], λ is in the superlinear term, in contrast to our setting where λ belongs to the
singular term. Moreover, in these works, there is no information about the non-existence of solution.

Motivated by the absence of results in the literature on Eq (1.1) and the above research results
related to Eq (1.1) with p , 2, we will prove the global existence and multiplicity of positive solutions
depending on the positive parameter λ. The main difficulties are the presence of the term p

2p−1 u∆p(u2)
and the singular/superlinear term. We overcome these difficulties mainly by changing the variables for
Eq (1.1) and establishing a new sub-super solution theorem.

Our main results are as follows.

Theorem 1.1 (Global existence). Assume that 1 < p < ∞, 0 < γ < 1, 2p − 1 < q ≤ 2 · p∗ − 1 for
p ≤ N, and 2p − 1 < q < ∞ for p > N. Then there exists 0 < Λ < ∞ such that Eq (1.1) admits at least
one positive solution uλ ∈ C1(Ω) for each λ ∈ (0,Λ], and has no solution for λ > Λ.

Theorem 1.2 (Global multiplicity). Assume that 0 < γ < 1, p, q satisfy 1 < p < ∞, and 2p − 1 <

q < 2 · p∗ − 1, or 2 ≤ p < N and q = 2 · p∗ − 1. Then Eq (1.1) admits at least two positive solutions
uλ ∈ C1(Ω) for each λ ∈ (0,Λ).

Remark 1.1. We clarify that in this work, “global” refers to the parameter λ: Theorem 1.1 establishes
a global existence result for λ ∈ (0,Λ] and a non-existence result for λ ∈ (Λ,+∞), while Theorem 1.2
provides a global multiplicity result for λ ∈ (0,Λ). This contrasts with local results that hold only when
λ is close to a specific value.
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The paper is organized as follows. Section 2 is devoted to preliminary results, including a regularity
theorem, a sub-super solution method for a modified problem of (1.1), and other related lemmas.
Theorem 1.1 is proved in Section 3, and Theorem 1.2 is proved in Section 4. Finally, the regularity of
the auxiliary function is verified in the Appendix.

2. Preliminaries

First, we introduce a variational framework for Eq (1.1). We observe that (1.1) is the Euler-Lagrange
equation associated with the energy functional

Iλ(u) =
1
p

∫
Ω

(1 + p|u|p)|∇u|pdx −
λ

1 − γ

∫
Ω

u1−γdx −
1

1 + q

∫
Ω

u1+qdx.

It is easy to see that Iλ is not well defined for all u ∈ W1,p
0 (Ω). To overcome this difficulty, we generalize

the change of variables developed in [31, 32], that is,

w := g−1(u),

where g is defined by

g′(t) =
1

(1 + p|g(t)|p)
1
p

, t ≥ 0, and g(t) = −g(−t), t < 0.

The function g satisfies the following properties, as proved in [27]:

Lemma 2.1. The function g defined above satisfies:

(i) g(0) = 0;
(ii) g′′(t) = −p(g′(t))p+2|g(t)|p−2g(t), t > 0, g′′(t) < 0 if t > 0, and g′′(t) > 0 if t < 0;

(iii) g is uniquely defined, C∞, and invertible;
(iv) 0 < g′(t) ≤ 1 for all t ∈ R;
(v) 1

2g(t) ≤ tg′(t) ≤ g(t) for all t ∈ R;
(vi) |g(t)| ≤ |t| for all t ∈ R;

(vii) lim
t→0

g(t)
t = 1, lim

t→∞

g(t)
√

t
=
√

2p−
1

2p := K0, |g(t)| ≤ K0|t|
1
2 for all t ∈ R;

(viii) there exists C > 0 such that |g(t)| ≥ C|t| for |t| ≤ 1, |g(t)| ≥ C|t|
1
2 for |t| ≥ 1;

(ix) |g(t)g
′

(t)| < K2
0 for all t ∈ R.

By performing the change of variable w = g−1(u), it follows from Lemma 2.1 that u ∈ W1,p
0 (Ω) is a

solution of (1.1) if and only if w ∈ W1,p
0 (Ω) is a solution of the equation

− ∆pw = [λg(w)−γ + g(w)q]g
′

(w) in Ω, (2.1)

with ess inf
K

w > 0 for every compact subset K ⊂ Ω, that is,

∫
Ω

|∇w|p−2∇w∇φdx =

∫
Ω

[λg(w)−γ + g(w)q]g
′

(w)φdx, ∀φ ∈ C∞c (Ω). (2.2)
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The energy functional corresponding to problem (2.1) is

Jλ(w) =
1
p

∫
Ω

|∇w|pdx −
λ

1 − γ

∫
Ω

|g(w)|1−γdx −
1

1 + q

∫
Ω

|g(w)|1+qdx. (2.3)

The Lemma 2.1 implies that Jλ is well defined and continuous in W1,p
0 (Ω), which is endowed with the

standard norm ‖w‖ := (
∫

Ω
|∇w|pdx)

1
p .

By definition, w ∈ W1,p
0 (Ω) is called a sub-solution of (2.1) if w > 0 in Ω and satisfies∫

Ω

|∇w|p−2∇w∇φdx ≤
∫

Ω

[
λg(w)−γ + g(w)q

]
g
′

(w)φdx, ∀ 0 ≤ φ ∈ C∞c (Ω).

Similarly, w ∈ W1,p
0 (Ω) is a super-solution of (2.1) if the above inequality is reversed.

To prove the main results, it is necessary to establish the following regularity result for a weak
solution of Eq (2.1). The proof is based on Theorem B.1 in [9] and the following lemmas.

Lemma 2.2. Let 1 < p < ∞, 0 < γ < 1, 2p − 1 < q ≤ 2 · p∗ − 1 for p ≤ N, and 2p − 1 < q < ∞ for
p > N. Then any weak solution to Eq (2.1) belongs to C1,α(Ω) for some α ∈ (0, 1).

Lemma 2.3. Each positive weak solution w of Eq (2.1) satisfies w ≥ ελφ1 a.e. in Ω, where ελ is a
constant independent of w. Moreover, for any v ∈ W1,p

0 (Ω), we have g(w)−γg
′

(w)v ∈ L1(Ω) and∫
Ω

|∇w|p−2∇w · ∇vdx = λ

∫
Ω

g(w)−γg
′

(w)vdx +

∫
Ω

g(w)qg
′

(w)vdx. (2.4)

Proof. Let w be a solution of (2.1). By definition, w satisfies ess inf
K

w > 0 for every compact subset

K ⊂ Ω. By the density of C∞c (Ω) in W1,p
0 (Ω) and Fatou’s lemma, we obtain the following inequality∫

Ω

|∇w|p−2∇w · ∇vdx ≥ λ
∫

Ω

g(w)−γg
′

(w)vdx +

∫
Ω

g(w)qg
′

(w)vdx (2.5)

for any v ∈ W1,p
0 (Ω) that satisfies v ≥ 0 a.e. in Ω. This implies that∫

Ω

|∇w|p−2∇w · ∇vdx ≥ λ
∫

Ω

g(w)−γg
′

(w)vdx (2.6)

for 0 ≤ v ∈ W1,p
0 (Ω). Note that w

λ
∈ W1,p

0 (Ω) is the unique solution of (3.1) and satisfies w
λ
≥ ελφ1, a

fact that will be proved in the following Lemma 3.1. Applying the weak comparison principle to (3.1)
and (2.6), we obtain w ≥ w

λ
a.e. in Ω, which implies w ≥ ελφ1 a.e. in Ω. Now, applying Hardy’s

inequality to the term
∫

Ω
g(w)−γg

′

(w)vkdx as k → ∞, where vk ⊂ C∞c (Ω) satisfies 0 ≤ vk → v strongly
in W1,p

0 (Ω) as k → ∞, we can justify passing to the limit to obtain equality (2.4) for any v ∈ W1,p
0 (Ω)

that satisfies v ≥ 0 a.e. in Ω. Finally, for an arbitrary function v ∈ W1,p
0 (Ω), we write v = v+− v−, where

v+ = max{v, 0} and v− = −min{v, 0} are the positive and negative parts of v. Since v+, v− ∈ W1,p
0 (Ω)

and ∇v = ∇v+ − ∇v−, we conclude that (2.4) holds for any v ∈ W1,p
0 (Ω).

Lemma 2.4. w ∈ L∞(Ω) for any positive weak solution w of (2.1).
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Proof. To prove that w ∈ L∞(Ω), we first show that any positive weak solution w of (2.1) satisfies∫
Ω

|∇(w − 1)+|p−2∇(w − 1)+ · ∇vdx ≤
∫

Ω

(λ + Kq+1
0 w

q−1
2 )vdx ≤ C

∫
Ω

(λ + w
q−1

2 )vdx (2.7)

for v ∈ C∞c (Ω) with v ≥ 0. In fact, let ψ : R 7→ [0, 1] be a C1 cut-off function such that ψ(t) = 0 for
t ≤ 0, ψ

′

(t) ≥ 0 for 0 ≤ t ≤ 1, and ψ(t) = 1 for t ≥ 1. For any ε > 0, we define ψε(s) = ψ( (s−1)
ε

) for
s ∈ R. Thus, we have ψε ◦w ∈ W1,p

0 (Ω) with ∇(ψε ◦w) = (ψ
′

ε ◦w)∇w. Taking the function φ = (ψε ◦w)v
as a test function in (2.2), where v ∈ C∞c (Ω) with v ≥ 0, we infer that∫

Ω

|∇w|p−2∇w∇[(ψε ◦ w)v]dx =

∫
Ω

[λg(w)−γ + g(w)q]g
′

(w)(ψε ◦ w)vdx.

Then ∫
Ω

|∇w|p(ψ
′

ε ◦ w)vdx +

∫
Ω

|∇w|p−2(∇w · ∇v)(ψε ◦ w)

=

∫
Ω

[λg(w)−γ + g(w)q]g
′

(w)(ψε ◦ w)vdx

≤

∫
Ω

[λw−γ(g
′

(w))1−γ + Kq+1
0 w

q−1
2 ](ψε ◦ w)vdx

≤

∫
Ω

[λw−γ + Kq+1
0 w

q−1
2 ](ψε ◦ w)vdx.

Letting ε → 0+, we conclude that (2.7) is true. Then, as in the arguments of [9], we complete the proof.

Lemma 2.5. Let w be a positive weak solution of (2.1). Then w satisfies cλd(x) ≤ w ≤ kλd(x) a.e. in
Ω, where 0 < cλ ≤ kλ < ∞ are constants independent of w.

Proof. Let w ∈ W1,p
0 (Ω) be a positive weak solution of (2.1). By Lemma 2.3, we have w(x) ≥ w

λ
≥

ελφ1(x) ≥ ελld(x) for a.e. x ∈ Ω. Taking cλ = ελl > 0, we obtain w ≥ cλd(x) a.e. in Ω.
Now, it remains to prove that there exists kλ ≥ cλ such that w ≤ kλd(x). Note that w also belongs to
L∞(Ω) by Lemma 2.4. It follows from Lemma 2.1 that

g(w)qg
′

(w) = g(w)q−1g(w)g
′

(w) ≤ Kq−1
0 w

q−1
2 K2

0 = Kq+1
0 w

q−1
2

= Kq+1
0

w
q−1

2 +γ

wγ
≤ Kq+1

0

‖w‖
q−1

2 +γ

L∞(Ω)

wγ

and
g(w)−γg

′

(w) ≤ w−γ(g
′

(w))1−γ ≤ w−γ for w > 0.

Applying these estimates to the right-hand side of (2.1), we obtain −∆pw ≤ (λ + Kq+1
0 ‖w‖

q−1
2 +γ

L∞(Ω))w
−γ in Ω,

w|∂Ω = 0, w > 0 in Ω.
(2.8)

Making the substitution

v = (1 + λ−1Kq+1
0 ‖w‖

q−1
2 +γ

L∞(Ω))
− 1

p−1+γ w,

Electronic Research Archive Volume 34, Issue 3, 1448–1476.
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we find that (2.8) is equivalent to {
−∆pv ≤ λv−γ in Ω,

v|∂Ω = 0, v > 0 in Ω.

Now, by arguments similar to those in [9], we obtain the desired result.

We now establish the following new strong comparison principle, which will be used frequently in
our subsequent analysis.

Lemma 2.6. Let w, v ∈ C1,α(Ω) for some 0 < α < 1 satisfy w, v 	 0 and −∆pw − λg(w)−γg
′

(w) = f

−∆pv − λg(v)−γg
′

(v) = h,

with w = v = 0 on ∂Ω, where f , h ∈ C(Ω) with 0 ≤ f < h pointwise in Ω. Then

0 < w < v in Ω and
∂v
∂ν

<
∂w
∂ν

< 0 on ∂Ω. (2.9)

Proof. Assume that Ω0 = {x ∈ Ω : w(x) > v(x)} , ∅. For ε > 0 small enough, we define

wε(x) = w(x) + ε, vε(x) = v(x) + ε

and

ϕε =
(w2

ε − v2
ε )

+

wε

, ψε =
(w2

ε − v2
ε )

+

vε
.

Then we obtain

∇ϕε = ∇w − 2
v + ε

w + ε
∇v +

(v + ε)2

(w + ε)2∇w

and

∇ψε = 2
w + ε

v + ε
∇w −

(w + ε)2

(v + ε)2 ∇v − ∇v.

Taking ϕε and ψε as test functions and using Picone’s inequality, we get∫
Ω

[
|∇w|p−2∇w∇ϕε − |∇v|p−2∇v∇ψε

]
dx

=

∫
Ω0

[|∇w|p−2∇w∇ϕε − |∇v|p−2∇v∇ψε]dx

=

∫
Ω0

[
|∇w|p − 2

w + ε

v + ε
∇w|∇v|p−2∇v +

(w + ε)2

(v + ε)2 |∇v|p
]
dx

+

∫
Ω0

[
|∇v|p − 2

v + ε

w + ε
|∇w|p−2∇w∇v +

(v + ε)2

(w + ε)2 |∇w|p
]
dx

≥ 0.

(2.10)
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On the other hand, from Lemma 2.1(ii),(iv), we know that t 7→ g(t)−γg
′

(t) is decreasing for t > 0. Then,
for all ε > 0, we have∫

Ω

[
λg(v)−γg

′

(v)
(w2

ε − v2
ε )

+

vε
− λg(w)−γg

′

(w)
(w2

ε − v2
ε )

+

wε

]
dx

=

∫
Ω0

[
λg(v)−γg

′

(v)
(w2

ε − v2
ε )

+

vε
− λg(w)−γg

′

(w)
(w2

ε − v2
ε )

+

wε

]
dx

=

∫
Ω0

λ(w2
ε − v2

ε )
+
[g(v)−γg

′

(v)
vε

−
g(w)−γg

′

(w)
wε

]
dx

>

∫
Ω0

λ(w2
ε − v2

ε )
+g(v)−γg

′

(v)
( 1
vε
−

1
wε

)
dx > 0.

(2.11)

However, by assumption we have f < h. This fact together with (2.10) and (2.11) leads to a
contradiction. Thus Ω0 = ∅, that is, w(x) ≤ v(x) in Ω.

Now, we prove that w(x) < v(x) in Ω. In fact, from the strong maximum principle of Theorem 5
in [33], it follows that w, v > 0 in Ω and ∂w

∂ν
, ∂v
∂ν
< 0 on ∂Ω. Moreover, since w, v ∈ C1(Ω), there exist

0 < l < L such that ld(x) ≤ w(x), v(x) ≤ Ld(x) near ∂Ω, where d(x) := dist(x, ∂Ω) ≡ inf
y∈∂Ω
|x − y|.

Together with the fact that w(x) ≤ v(x), this yields, near ∂Ω,

ld(x) ≤ w(x) ≤ v(x) ≤ Ld(x). (2.12)

Following the approach in Proposition 2.4 of [34], we consider the open δ-neighborhood Ωδ ⊂ Ω of
the boundary ∂Ω,

Ωδ = {x ∈ Ω : d(x) < δ} for δ > 0 sufficiently small.

We set z = v − w, where 0 ≤ z ∈ C1,α(Ω) with z = 0 on ∂Ω. Then there exists δ > 0 small enough
such that

− div(A(x)∇z) − λB(x)z = −

N∑
i, j=1

(ai, j(x)
∂z
∂x j

) − λB(x)z = h − f > 0, (2.13)

where for x ∈ Ωδ and i, j = 1, 2, · · · ,N,

ai, j(x) =

∫ 1

0
|(1 − t)∇w(x) + t∇v(x)|p−2

×
[
δi, j + (p − 2)

∂
∂xi

((1 − t)w(x) + tv(x)) ∂
∂x j

((1 − t)w(x) + tv(x))

|(1 − t)∇w(x) + t∇v(x)|2
]
dt,

with δi, j = 1 if i = j and δi, j = 0 if i , j. These coefficients belong to C0,α(Ωδ) and form the coefficients
of a uniformly elliptic operator in Ωδ. The coefficient B(x) is given by

B(x) = −

∫ 1

0
g−γ−1((1 − t)w(x) + tv(x))(g

′

((1 − t)w(x) + tv(x))2

×
[
γ + pgp((1 − t)w(x) + tv(x))(g

′

((1 − t)w(x) + tv(x))p
]
< 0.
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It is straightforward to show that B(x) satisfies the conditions of Lemma 2.7 in [35] by virtue of
inequalities (2.12). Applying the strong maximum principle to (2.13), we obtain w(x) < v(x) in Ωδ.

Now, it remains to verify that w(x) < v(x) also holds in Ωc
δ. We first show that w(x) < v(x) in

Ω̃ = Ω\Ωδ
′ for some δ

′

∈ (0, δ). Since z > 0 in Ωδ, there exists ε > 0 such that z ≥ ε on ∂Ω̃ ⊂ Ωδ.
On the other hand, since f , h ∈ C(Ω) and 0 ≤ f < h pointwise everywhere in Ω, we can choose ε > 0
sufficiently small such that

λg(w)−γg
′

(w) − λg(w + ε)−γg
′

(w + ε) ≤ h − f in Ω̃.

Consequently, we have w + ε ≤ v on ∂Ω̃ and

−∆p(w + ε) − λg(w + ε)−γg
′

(w + ε) ≤ f + (h − f ) = h = −∆pv − λg(v)−γg
′

(v).

Applying the weak comparison principle established above, we obtain that w + ε ≤ v in Ω̃, which
implies w(x) < v(x) in Ω̃. Finally, since Ω = Ωδ ∪ Ω̃, we conclude that w(x) < v(x) throughout Ω. This
completes the proof.

3. The existence of solution

In order to show the existence of solutions to (2.1), we consider the auxiliary Dirichlet problem{
−∆pw = λg(w)−γg

′

(w) in Ω

w|∂Ω = 0, w > 0 in Ω.
(3.1)

Our analysis begins by recalling key properties of the first eigenfunction of the p-Laplacian. Let φ1 ∈

W1,p
0 (Ω) be the positive first eigenfunction corresponding to the principal eigenvalue λ1, i.e., satisfying

−∆pφ1 = λ1|φ1|
p−2φ1

and normalized so that
∫

Ω
φ

p
1dx = 1. By the strong maximum principle and the boundary point principle

(Theorem 5 in [33]), we have φ1 > 0 in Ω and ∂φ1
∂ν

< 0 on ∂Ω. Moreover, the regularity φ1 ∈ C1(Ω)
implies the existence of constants 0 < l < L such that

ld(x) ≤ φ1(x) ≤ Ld(x),

where d(x) := dist(x, ∂Ω).
With these facts at hand, we can now prove the following fundamental lemma concerning the

auxiliary problem.

Lemma 3.1. Eq (3.1) has a unique solution w
λ

in W1,p
0 (Ω) in the sense of distributions, satisfying

w
λ
≥ ελφ1 a.e. in Ω, where ελ > 0 is a constant. Moreover, w

λ
is a weak solution according to

Lemma 2.3.

Proof. We define J̃λ : W1,p
0 (Ω) 7→ R by

J̃λ(w) =
1
p

∫
Ω

|∇w|pdx −
λ

1 − γ

∫
Ω

g(w+)1−γdx.
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It is easy to check that J̃λ(w) is coercive and weakly lower semicontinuous in W1,p
0 (Ω). Hence, there

exists a global minimizer w0 ∈ W1,p
0 (Ω) with w0 . 0 in Ω, since J̃λ(0) = 0 > J̃λ(εφ1) for ε sufficiently

small. Moreover, J̃λ(|w0|) ≤ J̃λ(w0). Clearly, J̃λ(|w0|) = J̃λ(w0) holds if and only if w0 ≥ 0 a.e. in Ω.
Thus, any global minimizer w0 of J̃λ must satisfy w0 ≥ 0 a.e. in Ω. By setting

W1,p
0 (Ω)+ = {w ∈ W1,p

0 (Ω) : w ≥ 0 a.e. in Ω},

we have w0 ∈ W1,p
0 (Ω)+.

Now, we prove that w0 ≥ ελφ1. First, we compute the Gâteaux derivative J̃
′

λ(εφ1) of J̃λ at εφ1. Using
Lemma 2.1(iv),(viii), we obtain

J̃
′

λ(εφ1) = −∆p(εφ1) − λg(εφ1)−γg
′

(εφ1)

= λ1(εφ1)p−1 − λg(εφ1)−γg
′

(εφ1)

≤
λ1

C1
g(εφ1)p−1 − λg(εφ1)−γg

′

(εφ1)

≤ g(εφ1)−γ
[ λ1

C1
g(εφ1)p−1+γ −C2λ

]
≤ g(εφ1)−γ

[ λ1

C1
(εφ1)p−1+γ −C2λ

]
≤ −

λ

2
C3g(εφ1)−γ < 0,

where C1 is given in Lemma 2.1(viii), C2 ∈ (0, 1], C3 is a positive constant, ε > 0 sufficiently small,
and ε ≤ ελ. Now, assume that w0 ≥ ελφ1 does not hold, that is, v = (w0 − ελφ1)− = (ελφ1 − w0)+ , 0.
We define

Ω+ = {x ∈ Ω : v(x) > 0}.

Let ξ(t) = J̃λ(w0 + tv) for t ≥ 0. It follows from the convexity of the restriction of J̃λ to W1,p
0 (Ω)+ that

ξ(t) ≥ ξ(0) for t ≥ 0. Note that w0 + tv ≥ max{w0, tελφ1} ≥ tελφ1 for t > 0. Then J̃
′

λ(w0 + tv) exists and
satisfies ξ

′

(t) = 〈J̃
′

λ(w0 + tv), v〉. It is easy to see that ξ
′

(t) is non-negative and non-decreasing for t > 0.
We conclude that for 0 < t < 1,

0 ≤ ξ
′

(1) − ξ
′

(t) = 〈J̃
′

λ(w0 + v) − J̃
′

λ(w0 + tv), v〉

=

∫
Ω+

J̃
′

λ(ελφ1)vdx − ξ
′

(t) ≤ −
λ

2
C3

∫
Ω+

g(ελφ1)−γvdx < 0,

which is a contradiction. Thus we have v ≡ 0 in Ω, i.e., w0 ≥ ελφ1 a.e. in Ω. Together with the fact
that J̃λ is strictly convex in W1,p

0 (Ω)+, we conclude that w0 is the only critical point of J̃λ in W1,p
0 (Ω)+.

Therefore, w
λ

= w0 is the unique weak solution of (3.1). Moreover, J̃λ(wλ
) ≤ J̃λ(ελφ1) < 0. This

completes the proof.

Definition 3.1. Λ := in f {λ > 0 : (2.1) has no weak solution}.

Lemma 3.2. Assume 1 < p < ∞, 0 < γ < 1, 2p − 1 < q ≤ 2p∗ − 1 for p ≤ N, and 2p − 1 < q < ∞ for
p > N. Then 0 < Λ < ∞.
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Proof. We only consider the critical case q = 2p∗ − 1. The proof of subcritical case q < 2p∗ − 1 for
p ≤ N and q < ∞ for p > N is simpler since the energy functional Jλ defined below is weakly lower
semicontinuous in W1,p

0 (Ω). Set

fλ(x, t) =

λg(w
λ
)−γg′(w

λ
) + g(w

λ
)qg′(w

λ
), if t ≤ w

λ
,

λg(t)−γg′(t) + g(t)qg′(t), if t > w
λ
,

(3.2)

where w
λ

is the unique solution of (3.1). Denote Fλ(x, t) =
∫ t

0
fλ(x, s)ds. We define Jλ : W1,p

0 (Ω) 7→
R by

Jλ(w) =
1
p

∫
Ω

|∇w|p −
∫

Ω

Fλ(x,w)dx. (3.3)

From Lemma A1 in appendix, Jλ is C1(W1,p
0 (Ω),R). Now, we prove that Λ > 0. Consider the following

minimization problem
Eλ = min

w∈Br

Jλ(w), (3.4)

where Br ⊂ W1,p
0 (Ω) is the ball of radius r centered at the origin. It is clear that Eλ > −∞. Note that

there exists r > 0 small enough such that for every w ∈ ∂Br,∫
Ω

(
1
p
|∇w|p −

1
q + 1

|g(w)|q+1)dx ≥
∫

Ω

(
1
p
|∇w|p −

Kq+1
0

q + 1
|w|

q+1
2 )dx > 0.

Then we can fix such r > 0 so that the term λ
1−γ

∫
Ω

g(w)1−γdx can be made arbitrarily small by choosing
λ > 0 small enough. Hence there exist r and λ such that

min
w∈∂Br

Jλ(w) > 0.

Moreover, since Jλ(tw) < 0 for small t, we obtain Eλ < 0. Let {w j}
∞
j=1 ⊂ Br be a minimizing sequence,

so that Jλ(w j) → Eλ as j → ∞. It follows that {w j}
∞
j=1 satisfies dist(w j, ∂Br) ≥ δ0 for some δ0 > 0.

Thus, there exists 0 < r0 < r such that
w j ∈ Br0 . (3.5)

By Ekeland’s variational principle, there exist r0 ≤ r1 < r and another sequence {v j}
∞
j=1 ⊂ Br1 such that

dist(w j, v j) ≤
1
j
, Jλ(w j) ≤ Jλ(v j), and J

′

λ(v j)→ 0 in W−1,p
′

(Ω) as j→ ∞. (3.6)

This implies that {v j}
∞
j=1 is a minimizing sequence for Eλ and that, up to a subsequence, v j ⇀ w̃λ as

j→ ∞ with w̃λ ∈ Br1 .
In addition, from (3.6), we have

− ∆p(v j) − fλ(x, v j) = o j(1) in W−1,p
′

(Ω). (3.7)

By the properties of g, we have

(max{w
λ
, v j})−γ ≥ (max{w

λ
, v j})−γ[(max{g(w

λ
), g(v j)})

′

]1−γ

≥ (max{g(w
λ
), g(v j)})−γ(max{g(w

λ
), g(v j)})

′

,
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and
Kq+1

0 (max{w
λ
, v j})

q−1
2 ≥ (max{g(w

λ
), g(v j)})q(max{g(w

λ
), g(v j)})

′

.

Then, by denoting
fn(x) = (max{w

λ
, v j})−γ + o j(1),

hn(x) = Kq+1
0 (max{w

λ
, v j})

q−1
2 ,

and applying arguments from Theorem 2.1 in [36] and Brezis and Lieb [37], we can derive that

‖v j‖W1,p
0 (Ω) = ‖v j − w̃λ‖W1,p

0 (Ω) + ‖w̃λ‖W1,p
0 (Ω) + o j(1) (3.8)

and ∫
Ω

g(w̃λ)q+1dx =

∫
Ω

|g(v j) − g(w̃λ)|q+1dx +

∫
Ω

g(w̃λ)q+1dx + o j(1) (3.9)

as j→ ∞. Furthermore, by using Hölder’s inequality and Lemma 2.1, we obtain∫
Ω

g(v j)1−γdx ≤

∫
Ω

g(w̃λ)1−γdx +

∫
Ω

|g(v j) − g(w̃λ)|1−γdx

≤

∫
Ω

g(w̃λ)1−γdx + C|v j − w̃λ|
1−γ
p

=

∫
Ω

g(w̃λ)1−γdx + o j(1).

Similarly, we have ∫
Ω

g(w̃λ)1−γdx ≤
∫

Ω

g(v j)1−γdx + o j(1).

Consequently, ∫
Ω

g(v j)1−γdx =

∫
Ω

g(w̃λ)1−γdx + o j(1).

Now, from (3.5), (3.6), (3.8), and (3.9), it follows that w̃λ, v j − w̃λ ∈ Br. Then we obtain∫
Ω

(
1
p
|∇v j − w̃λ|

p −
1

q + 1
|g(v j − w̃λ)|q+1)dx > 0.

Thus, we infer that

Eλ = Jλ(v j) + o j(1)

= Jλ(w̃λ) +
1
p
‖v j − w̃λ‖

p

W1,p
0 (Ω)

−
1

q + 1

∫
Ω

|g(v j) − g(w̃λ)|q+1dx + o j(1)

≥ Jλ(w̃λ) +
1

q + 1

∫
Ω

|g(v j − w̃λ)|q+1dx −
1

q + 1

∫
Ω

|g(v j) − g(w̃λ)|q+1dx

≥ Jλ(w̃λ) + o j(1) ≥ Eλ + o j(1) as j→ ∞.

Therefore, Jλ(w̃λ) = Eλ and {
−∆pw̃λ = fλ(x, w̃λ) in Ω,

w̃λ|∂Ω = 0.
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By applying Lemmas 2.2 and 2.6, we deduce that w̃λ > w
λ

in Ω. Consequently, w̃λ is a weak solution
of (2.1), which implies that Λ > 0.

Next, we show that Λ < ∞. If not, there exists a sequence (λn) with λn → ∞ such that (2.1) admits
a solution wn. To derive a contradiction, we define

hλ(t) =
[λg(t)−γ + g(t)q]g

′

(t)
tp−1 .

We claim that there exists n0 ∈ N sufficiently large such that for all t > 0,

hλn0
(t) ≥ λ1 + ε, (3.10)

where ε > 0 and λ1 is the first eigenvalue of −∆p.
Indeed, for any s > 1, let ts = ts,n ∈ [1

s , s] be such that hλn(ts) ≤ hλn(t) for all t ∈ [1
s , s]. Then we

see that ts → t0,n ∈ (0,∞) as s → ∞, up to a subsequence. If ts → 0, Lemma 2.1(vi),(vii) imply that
hλn(t) ≥ ∞ for all n ∈ N, which is impossible. For similar reasons, it is also impossible for ts → ∞.
Thus, ts → t0,n ∈ (0,∞) and

hλn(t) ≥
[λng(t0,n)−γ + g(t0,n)q]g

′

(t0,n)

tp−1
0,n

.

Then, by repeating the above arguments, we get that tn = t0,n → t0 ∈ (0,∞), up to a subsequence.
Consequently, lim

n→∞
hλn(t) > λ1, which shows (3.10). From (3.10), we obtain that

λn0g(t)−γg
′

(t) + g(t)qg
′

(t) ≥ (λ1 + ε)tp−1.

By choosing λn > λn0 , we infer that wn is a super-solution of{
−∆pw = (λ1 + ε)wp−1 in Ω,

w > 0, w|∂Ω = 0.
(3.11)

Now, take µ < λ1 + ε small enough such that µφ1(x) < wn0(x) and such that µφ1 is a sub-solution
of (3.11). By the method of monotone iteration, we obtain a solution to (3.11) for any ε > 0. This
contradicts the fact that λ1 is an isolated point in the spectrum of −∆p in W1,p

0 (Ω). Therefore, Λ < ∞.
This completes the proof.

Proposition 3.1. There exists a positive weak solution wλ to (2.1) for any λ ∈ (0,Λ). Moreover,
Jλ(wλ) < 0.

Proof. Given 0 < λ < Λ, there exist λ2 ∈ (λ,Λ) and wλ2 ∈ W1,p
0 (Ω), is a solution of{

−∆pw = λ2g(w)−γg
′

(w) + g(w)qg
′

(w) in Ω,

w > 0, w|∂Ω = 0.
(3.12)

Then w = wλ2 is a super-solution of (2.1). As in Lemma 3.1, w
λ

is the solution of (3.1), that is,

− ∆pw
λ

= λg(w
λ
)−γg

′

(w
λ
). (3.13)

Electronic Research Archive Volume 34, Issue 3, 1448–1476.



1460

By Lemma 2.2, we have w
λ
,w ∈ C1,α(Ω) for some 0 < α < 1. Moreover, we can prove that w

λ
≤ w in

Ω. In fact, let Ω0 = {x ∈ Ω : w
λ
> w}. From Lemma 2.1, (3.12), and (3.13), we obtain∫

Ω0

(+∆pw − ∆pw
λ
)(w

λ
− w)dx

≤ λ

∫
Ω0

(g(w
λ
)−γg

′

(w
λ
) − g(w)−γg

′

(w))(w
λ
− w)dx

≤ λ

∫
Ω0

g
′

(w)(g(w
λ
)−γ − g(w)−γ)(w

λ
− w)dx

≤ 0 (3.14)

and ∫
Ω0

(+∆pw − ∆pw
λ
)(w

λ
− w)dx

≥

∫
Ω0

(|∇w
λ
|p−2∇w

λ
− |∇w|p−2∇w)(∇w

λ
− ∇w)dx

≥

 Cp

∫
Ω0

|∇(wλ−w)|2

(|∇wλ |+|∇w|)2−p dx if 1 < p < 2

Cp

∫
Ω0
|∇(w

λ
− w)|pdx if p ≥ 2

≥ 0. (3.15)

Then (3.14) and (3.15) imply that w
λ
≤ w. Furthermore, by Lemma 2.6, we get w

λ
< w in Ω and

∂wλ

∂ν
> ∂w

∂ν
on ∂Ω.

Now, let us define

f̃λ(x, t) =


λg(w

λ
)−γg

′

(w
λ
) + g(w

λ
)qg

′

(w
λ
), if t < w

λ
(x);

λg(t)−γg
′

(t) + g(t)qg
′

(t), if w
λ
(x) ≤ t ≤ w(x);

λg(w)−γg
′

(w) + g(w)qg
′

(w), if t ≥ w(x).

Let F̃λ(x, t) =
∫ t

0
f̃λ(x, s)ds. Define the functional J̃λ : W1,p

0 (Ω) 7→ R by

J̃λ(w) =
1
p

∫
Ω

|∇w|pdx −
∫

Ω

F̃λ(x,w)dx.

Then J̃λ is bounded below in W1,p
0 (Ω) and is weakly lower semicontinuous. Indeed, from Lemma 2.1,

we have
J̃λ(w) ≥

1
p
‖w‖p − λ‖w‖1−γ −C‖w‖

q+1
2 .

Thus, J̃λ is bounded below in W1,p
0 (Ω). On the other hand, it suffices to show that J̃λ is weakly lower

semicontinuous in M := {w ∈ W1,p
0 (Ω) : w

λ
≤ w ≤ w a.e. in Ω}. Let M 3 wn → w weakly in W1,p

0 (Ω)
as n→ ∞. Then we may assume that wn → w pointwise a.e. in Ω, up to a subsequence. It follows from∫

Ω

|g(wn)|q+1dx < +∞ and
∫

Ω

|g(wn)|1−γdx < +∞,
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and by Lebesgue’s dominated convergence theorem, that∫
Ω

|g(wn)|q+1dx→
∫

Ω

|g(w)|q+1dx and
∫

Ω

|g(wn)|1−γdx→
∫

Ω

|g(w)|1−γdx.

This implies that lim inf
n→∞

J̃λ(wn) ≥ J̃λ(w). Hence, J̃λ is weakly lower semicontinuous. Thus, there exists

a global minimizer wλ ∈ M. Moreover, wλ solves the equation −∆pwλ = f̃λ(x,wλ) in Ω since J̃λ is C1

by Lemma A1. It follows from the strong maximum principle of Theorem 5 in [33] and Lemma 2.2
that wλ > 0 and wλ ∈ C1,α(Ω) for some α ∈ (0, 1). Applying Lemma 2.6, we obtain w

λ
< wλ in Ω and

∂wλ

∂ν
> ∂wλ

∂ν
on ∂Ω. Similarly, we can get wλ < w in Ω and ∂wλ

∂ν
> ∂wλ

∂ν
on ∂Ω. Hence w

λ
< wλ < w in Ω,

and then
f̃λ(x,wλ) = λg(wλ)−γg

′

(wλ) + g(wλ)qg
′

(wλ),

which means that wλ is a weak solution to (2.1). Moreover,

J̃λ(wλ) ≤ J̃λ(wλ
) = Jλ(wλ

) <
1
p

∫
Ω

|∇w
λ
|pdx −

1
1 − γ

∫
Ω

g(w
λ
)1−γdx < 0.

This completes the proof.

Proposition 3.2. For λ = Λ, there exists at least one positive weak solution to (2.1).

Proof. Let (λk) ⊂ (0,Λ) be an increasing sequence such that λk → Λ as k → ∞. Then there exists
wk = wλk ≥ w

λ
, which is a weak positive solution to (2.1) for λ = λk. Hence, for any ϕ ∈ C∞c (Ω),∫

Ω

|∇wk|
p−2∇wk∇ϕdx = λk

∫
Ω

g(wk)−γg
′

(wk)ϕdx +

∫
Ω

g(wk)qg
′

(wk)ϕdx. (3.16)

From the fact that wk ∈ W1,p
0 (Ω) and wk ≥ w

λ
, we conclude that (3.16) also holds for ϕ ∈ W1,p

0 (Ω). It
follows from Proposition 3.1 that Jλk(wk) < 0, and then we have

sup
k
‖wk‖W1,p

0 (Ω) < ∞.

Therefore, there exists wΛ ∈ W1,p
0 (Ω) such that wk → wΛ weakly in W1,p

0 (Ω) as k → ∞ and wΛ ≥ w
λ
.

Applying the Sobolev imbedding theorem, we have wk → wΛ weakly in Lq(Ω) and pointwise a.e. in Ω

as k → ∞. Together with the fact that

|g(wk)−γg
′

(wk)| ≤ |g(w
λ
)−γg

′

(w
λ
)|

and
|g(wk)qg

′

(wk)| ≤ Kq+1
0 w

q−1
2

k ,

Lebesgue’s dominated convergence theorem can be used to get that∫
Ω

g(wk)−γg
′

(wk)ϕdx→
∫

Ω

g(wΛ)−γg
′

(wΛ)ϕdx as k → ∞

and ∫
Ω

g(wk)qg
′

(wk)ϕdx→
∫

Ω

g(wΛ)qg
′

(wΛ)ϕdx as k → ∞.
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Thus, for any ϕ ∈ W1,p
0 (Ω), taking the limit as k → ∞ in (3.16) yields∫

Ω

|∇wk|
p−2∇wk∇ϕdx = Λ

∫
Ω

g(wΛ)−γg
′

(wΛ)ϕdx +

∫
Ω

g(wΛ)qg
′

(wΛ)ϕdx.

This completes the proof.

Corollary 3.1. Assume 1 < p ≤ ln q
ln 2 and max{2, 2p − 1} < q ≤ 2p∗ − 1, 0 < γ < 1, 0 < λ ≤ Λ. Then

(2.1) has a minimal solution.

Proof. Consider the following monotone iterative problem{
−∆pwn − λg(wn)−γg

′

(wn) = g(wn−1)qg
′

(wn−1) in Ω,

wn|∂Ω = 0,
(3.17)

with w0 = w
λ

as given in Lemma 3.1, which is a sub-solution to (3.17). Note that w0 ≤ wΛ, where wΛ

is the solution to (2.1) obtained in Proposition 3.2. From Lemma 2.1 and 1 < p ≤ ln q
ln 2 , we obtain

[g(t)qg
′

(t)]
′

= qg(t)q−1(g
′

(t))2 + g(t)qg
′′

(t)

= g(t)q−1
(
q(g

′

(t))2 − pg(t)(g
′

(t))p+2|g(t)|p−2g(t)
)

= g(t)q−1(g
′

(t))2
(
q − p|g(t)g

′

(t)|p
)

≥ 0.

Then g(t)qg
′

(t) is non-decreasing for 1 < p ≤ ln q
ln 2 and wΛ is a super-solution to (3.17). By monotone

iteration, we obtain that the sequence {wn}
∞
n=1 is non-decreasing. Thus, there exists a weak solution ŵλ

of (2.1) such that wn → ŵλ weakly in W1,p
0 (Ω) and pointwise a.e. in Ω. If vλ is another weak solution

to (2.1), we have wn ≤ vλ for all n by the weak comparison principle. Then ŵλ ≤ vλ. Moreover, ŵλ is
the minimal solution to (2.1) for any 0 < λ ≤ Λ, which completes the proof.

3.1. Existence of a local minimizer

Lemma 3.3. Assume wλ is the solution to (2.1) obtained by Proposition 3.1. Then wλ is a local
minimizer of Jλ in W1,p

0 (Ω) for 0 < λ < Λ.

Proof. We first claim that wλ is a local minimizer in the C1-topology. Let c > 0 be small enough. For
any w ∈ C1(Ω) with ‖w − wλ‖C1(Ω) ≤ c, since w

λ
< wλ < w in Proposition 3.1, we have w

λ
≤ w ≤ w.

Then we obtain Jλ(wλ) = J̃λ(wλ) ≤ J̃λ(w) = Jλ(w). Thus the claim is proved.
Now, we are ready to prove that wλ is a local minimizer of Jλ in W1,p

0 (Ω). We argue by contradiction.
We first consider the case q < 2p∗ − 1. It is easy to show that Jλ is weakly lower semicontinuous in
W1,p

0 (Ω) in this case, and then Jλ achieves a minimizer on bounded subsets of W1,p
0 (Ω). For ε > 0,

assume that there exists ηε satisfying 0 < ‖ηε‖W1,p
0 (Ω) ≤ ε and

Jλ(wλ + ηε) < Jλ(wλ), Jλ(wλ + ηε) = inf
‖η‖

W1,p
0 (Ω)

≤ε
Jλ(wλ + η). (3.18)
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From the Lagrange multiplier rule, there exists θε ≤ 0 such that for any y ∈ W1,p
0 (Ω),

〈J
′

λ(wλ + ηε), y〉 = θε

∫
Ω

|∇ηε|
p−2∇ηε · ∇y dx.

This implies that in the weak sense,

− ∆p(wλ + ηε) − fλ(x,wλ + ηε) = −θε∆pηε, (3.19)

where fλ is given by (3.2). To analyze this equation, we define the following applications

Bε(x, z) = |∇wλ(x) + z|p−2(∇wλ(x) + z) − |∇wλ(x)|p−2∇wλ(x) − θε|z|p−2z,

and
hλ(x, t) = fλ(x,wλ(x) + t) − fλ(x,wλ(x))

= λ(max{g(wλ(x) + t), g(w
λ
(x))})−γ(max{g(wλ(x) + t), g(w

λ
(x))})

′

− λg(wλ(x))−γg
′

(wλ(x))

+ (max{g(wλ(x) + t), g(w
λ
(x))})

′

(max{g(wλ(x) + t), g(w
λ
(x))})q

− g(wλ(x))qg
′

(wλ(x)).

Then we can rewrite (3.19) as {
−∇ · (Bε(x,∇ηε)) = hλ(x, ηε) in Ω,

ηε|∂Ω = 0.
(3.20)

Combining arguments from [38], the fact that the singular terms in (3.20) are non-increasing due to the
monotonicity of s 7→ g(s)−γg′(s), and techniques from [39] (Theorem A1), we obtain sup

ε

‖ηε‖L∞(Ω) < ∞.

Now, we will prove that sup
ε

‖
ηε

d(x)‖L∞(Ω) < ∞, where d(x) := dist(x, ∂Ω). To this end, it suffices to

estimate ηε near ∂Ω. We take ηε as the unique solution of the following singular problem{
−∆p(wλ + ηε) + θε∆pηε = λ(max{g(w

λ
), g(wλ + ηε)})−γ(max{g(w

λ
), g(wλ + ηε)})

′

in Ω,

ηε|∂Ω = 0.
(3.21)

Note that (ξ − 1)wλ is a sub-solution for ξ > 0 sufficiently small and Kwλ is a super-solution for K > 0
sufficiently large to (3.21). Thus, we have (ξ − 1)wλ ≤ ηε ≤ Kwλ. Moreover, we can get ηε ≤ ηε. In
fact, if ηε > ηε, from the properties of g, we have

0 ≤

∫
ηε>ηε

(−∆p(wλ + ηε) + ∆p(wλ + ηε))(ηε − ηε)dx

+ θε

∫
ηε>ηε

(−∆pηε + ∆pηε)(ηε − ηε)dx

≤

∫
ηε>ηε

[
λ(max{g(w

λ
), g(wλ + ηε)})

−γ(max{g(w
λ
), g(wλ + ηε)})

′

− λ(max{g(w
λ
), g(wλ + ηε)})−γ(max{g(w

λ
), g(wλ + ηε)})

′
]
(ηε − ηε)dx ≤ 0,
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which implies a contradiction. Thus ηε ≤ ηε and ξwλ ≤ wλ + ηε.
On the other hand, we get that ηε ≤ Kwλ for K large enough near ∂Ω by using the weak comparison

principle in a small neighborhood of ∂Ω. As a consequence, we have sup
ε

‖
ηε

d(x)‖L∞(Ω) < ∞. It follows

from Lemma 2.2 that sup
ε

‖ηε‖C1,α(Ω) < ∞ for some 0 < α < 1. Now, from the Arzelà-Ascoli theorem,

we obtain ηε → 0 as ε→ 0+ in C1(Ω), which is a contradiction since wλ is a C1-minimizer of Jλ. Thus
wλ is a local minimizer of Jλ in W1,p

0 (Ω) for q < 2p∗ − 1.
By a similar argument for the critical case q = 2p∗ − 1 as in Proposition 3.7 in [9], we can obtain a

contradiction. Thus we complete the proof.

4. Existence of a second solution

Definition 4.1. Suppose F ⊂ W1,p
0 (Ω) is a closed set. We say that a sequence {vk}

∞
k=1 ⊂ W1,p

0 (Ω) is a
Palais-Smale sequence for Jλ at the level c around F , denoted by (PS )F ,c, if

lim
k→∞

dist(vk,F ) = 0, lim
k→∞

Jλ(vk) = c, lim
k→∞
‖J
′

λ(vk)‖W−1,p′ (Ω) = 0.

Now, we give the following compactness result.

Lemma 4.1. Let λ ∈ (0,Λ). Suppose {vk}
∞
k=1 ⊂ W1,p

0 (Ω) is a (PS )F ,c sequence for Jλ. Then {vk}
∞
k=1 is

bounded in W1,p
0 (Ω), and there exists a subsequence (still denoted by {vk}

∞
k=1) such that vk → vλ weakly

in W1,p
0 (Ω), where vλ is a weak solution to (2.1).

Proof. First, we claim that {vk}
∞
k=1 is bounded in W1,p

0 (Ω). Indeed, by Definition 4.1, there exists a
positive constant D such that

1
p

∫
Ω

|∇vk|
pdx −

∫
vk>wλ

[
(
λ

1 − γ
g(vk)1−γ +

1
q + 1

g(vk)q+1) − (
λ

1 − γ
g(w

λ
)1−γ

+
1

q + 1
g(w

λ
)q+1)

]
dx −

∫
vk≤wλ

[
λg(w

λ
)−γg

′

(w
λ
) + g(w

λ
)qg

′

(w
λ
)
]

vkdx ≤ D,

which implies that there exists a positive constant D′ such that

1
p

∫
Ω

|∇vk|
pdx −

∫
vk>wλ

[
λ

1 − γ
g(vk)1−γ +

1
q + 1

g(vk)q+1
]

dx ≤ D′.

Together with the fact that∫
Ω

|∇vk|
pdx =

∫
vk>wλ

[
λg(vk)−γg

′

(vk)vk + g(vk)qg
′

(vk)vk

]
dx

+

∫
vk≤wλ

[
λg(w

λ
)−γg

′

(w
λ
)vk + g(w

λ
)qg

′

(w
λ
)vk

]
dx + o(1)‖vk‖W1,p

0 (Ω),

we can derive that

‖vk‖
p

W1,p
0 (Ω)

+ Ok(‖vk‖W1,p
0 (Ω)) ≥

∫
vk>wλ

g(vk)qg
′

(vk)vkdx

≥
1
2

∫
vk>wλ

g(vk)q+1dx ≥
q + 1

2p
‖vk‖

p

W1,p
0 (Ω)

− D′.
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This shows that {vk}
∞
k=1 is bounded in W1,p

0 (Ω), and then there exists v0 such that for some subsequence,
vk → v0 weakly in W1,p

0 (Ω). By Definition 4.1, given ϕ ∈ W1,p
0 (Ω), we have∫

Ω

|∇vk|
p−2∇vk∇ϕdx =

∫
Ω

fλ(x, vk)ϕdx + ok(1). (4.1)

Moreover, the nonlinear term satisfies the estimate

fλ(x, vk) ≤ λg(w
λ
)−γg

′

(w
λ
) + max{g(w

λ
)qg

′

(w
λ
), g(vk)qg

′

(vk)}

≤ λg(w
λ
)−γg

′

(w
λ
) + max{Kq+1

0 w
q−1

2
λ ,Kq+1

0 v
q−1

2
k }.

Passing to the limit as k → ∞ in (4.1) and applying Lebesgue’s dominated convergence theorem,
we obtain ∫

Ω

|∇v0|
p−2∇v0∇ϕdx =

∫
Ω

fλ(x, v0)ϕdx.

Applying Lemma 2.6 again, we obtain that v0 is a weak solution of (2.1). This completes the proof.

We observe that lim
t→∞

Jλ(tφ) = −∞ for some fixed 0 ≤ φ ∈ W1,p
0 (Ω) \ {0}. In fact, let φ ∈ W1,p

0 (Ω) be a
function that satisfies φ > 0 in Ω and ‖φ‖ = 1. Then we have

Jλ(tφ) ≤
1
p
‖tφ‖p −

λ

1 − γ

∫
Ω

g(tφ)1−γdx −
1

q + 1

∫
Ω

g(tφ)q+1dx

≤
1
p

tp − Kq+1
0 t

q+1
2

∫
Ω

φ
q+1

2 dx

→ −∞

as t → +∞, since q+1
2 > p. Combined with Proposition 3.1, it follows that Jλ has a mountain pass

geometry near wλ. Thus, there exists τ ∈ W1,p
0 (Ω) \ {0} such that Jλ(τ) < Jλ(wλ).

Now, let R0 = ‖τ − wλ‖W1,p
0 (Ω), and choose l0 > 0 sufficiently small such that wλ is a minimizer of Jλ

on Bl0(wλ). Define
Γ = {η ∈ C([0, 1],W1,p

0 (Ω))|η(0) = wλ, η(1) = τ}

and the mountain pass level
γ0 = inf

η∈Γ
max
t∈[0,1]

Jλ(η(t)).

Then we have the following two cases:

(P1): inf{Jλ(w) : w ∈ W1,p
0 (Ω), ‖w − wλ‖W1,p

0 (Ω) = l} ≤ Jλ(wλ) for all l < R0;

(P2): there exists l1 < R0 such that in f {Jλ(w) : w ∈ W1,p
0 (Ω), ‖w − wλ‖W1,p

0 (Ω) = l1} > Jλ(wλ).

It is easy to see that (P1) implies γ0 = Jλ(wλ) and (P2) implies γ0 > Jλ(wλ). When case (P1) occurs, a
(PS )F ,γ0 sequence with F = ∂Bl(wλ) for l ≤ l0 can be constructed, and a second weak solution of (2.1)
can be obtained as follows.

Proposition 4.1. Assume that 1 < p < ∞, 2p < q + 1 ≤ 2p∗ for p ≤ N, 2p < q + 1 < ∞ for p > N,
0 < γ < 1, 0 < λ < Λ, and that (P1) holds. Then there exists a weak solution vλ of (2.1) such that
vλ , wλ.
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Proof. It follows from Theorem 1 in [40] that there exists a (PS )F ,γ0 sequence {vn}
∞
n=1 for some l ≤ l0.

Lemma 4.1 implies that {vn}
∞
n=1 is bounded and, up to a subsequence, weakly convergent to vλ in

W1,p
0 (Ω), where vλ is a weak solution of (2.1).
In order to prove vλ , wλ, it suffices to show that vn → vλ strongly in W1,p

0 (Ω) as n → ∞. Given
that vn → vλ weakly in W1,p

0 (Ω), the Brezis-Lieb lemma implies that as n→ ∞,

‖vn‖W1,p
0 (Ω) = ‖vn − vλ‖W1,p

0 (Ω) + ‖vλ‖W1,p
0 (Ω) + o(1)

and ∫
Ω

g(vn)qg
′

(vn)vndx =

∫
Ω

g(vn − vλ)qg
′

(vn − vλ)dx +

∫
Ω

g(vλ)qg
′

(vλ)vλdx + o(1).

Since |g(vn)−γg
′

(vn)| ≤ |g(w
λ
)−γg

′

(w
λ
)| for vn ≥ w

λ
and {vn}

∞
n=1 is bounded in W1,p

0 (Ω), Lebesgue’s
dominated convergence theorem implies that∫

vn≥wλ

g(vn)−γg
′

(vn)vndx→
∫

vn≥wλ

g(vλ)−γg
′

(vλ)vλdx.

Similarly, ∫
vn≥wλ

g(vn)−γg
′

(vn)vλdx→
∫

vn≥wλ

g(vλ)−γg
′

(vλ)vλdx.

Notice that vλ is a weak solution of (2.1), that is,∫
Ω

|∇vλ|pdx − λ
∫

Ω

g(vλ)−γg
′

(vλ)vλdx −
∫

Ω

g(vλ)qg
′

(vλ)vλdx = 0.

Hence, as n→ ∞,∫
Ω

|∇vn|
p−2∇vn∇(vn − vλ)dx = λ

∫
vn≥wλ

g(vn)−γg
′

(vn)(vn − vλ)dx +

∫
Ω

g(vn)qg
′

(vn)(vn − vλ)dx + o(1).

Consequently, we have∫
Ω

|∇vn − ∇vλ|pdx =

∫
Ω

g(vn − vλ)qg
′

(vn − vλ)(vn − vλ)dx + o(1) (4.2)

as n → ∞. Without loss of generality, we may assume that Jλ(wλ) = Jλ(vλ); otherwise, the proof is
complete. By Hölder’s inequality and Lemma 2.1, we have as n→ ∞,∫

vn≥wλ

g(vn)1−γdx ≤

∫
vn≥wλ

g(vλ)1−γdx +

∫
vn≥wλ

|g(vn) − g(vλ)|1−γdx

≤

∫
vn≥wλ

g(vλ)1−γdx + C|vn − vλ|1−γs

=

∫
vn≥wλ

g(vλ)1−γdx + o(1).

Similarly, ∫
vn≥wλ

g(vλ)1−γdx ≤
∫

vn≥wλ

g(vn)1−γdx + o(1).

Electronic Research Archive Volume 34, Issue 3, 1448–1476.



1467

It follows that ∫
vn≥wλ

|g(vn)1−γ − g(vλ)1−γ|dx = o(1), as n→ ∞.

By the Brezis-Lieb lemma again, as n→ ∞,∫
Ω

|g(vn)|q+1dx =

∫
Ω

|g(vn) − g(vλ)|q+1dx +

∫
Ω

|g(vλ)|q+1dx + o(1).

Therefore, we have
Jλ(vn − vλ) ≤ Jλ(vn) − Jλ(vλ) + o(1) ≤ o(1).

Then
1
p
‖vn − vλ‖

p

W1,p
0 (Ω)

−
1

q + 1

∫
Ω

|g(vn − vλ)|q+1dx ≤ o(1), as n→ ∞. (4.3)

By Lemma 2.1(v), we obtain∫
Ω

g(vn − vλ)qg
′

(vn − vλ)(vn − vλ)dx ≥
1
2

∫
Ω

g(vn − vλ)q+1dx + o(1). (4.4)

From (4.2) to (4.4), we conclude that ‖vn − vλ‖W1,p
0 (Ω) → 0 as n → ∞. Thus, ‖wλ − vλ‖W1,p

0 (Ω) = l and
wλ , vλ. This completes the proof.

In what follows, we consider the case (P2):

Proposition 4.2. Assume that p and q satisfy either 1 < p < ∞, 2p − 1 < q < 2p∗ − 1 or 2 ≤ p < N,
q = 2p∗ − 1. Given λ ∈ (0,Λ) and that (P2) holds, there exists a weak solution vλ of (2.1) such that
wλ , vλ.

Proof. We only consider the case q = 2p∗ − 1, as the subcritical case follows from Lemma 4.1 and a
standard argument. We may assume that Jλ attains its minimal energy at wλ among all weak solutions;
otherwise, a second solution would be found. Let F = W1,p

0 (Ω). We consider

Uε(x) =
ε

N−p
2p(p−1)

(ε
p

p−1 + |x − y|
p

p−1 )
N−p
2p

ϕ(x),

where ε > 0, y ∈ Ω, and ϕ ∈ C∞c (Ω) is a cut-off function satisfying ϕ = 1 in a neighborhood of y.
We claim that there exist ε0 > 0 and R0 ≥ 1 such that for all ε ∈ (0, ε0),

Jλ(wλ + RUε) = Jλ(wλ + RUε) < Jλ(wλ), ∀R ≥ R0,

Jλ(wλ + tR0Uε) = Jλ(wλ + tR0Uε) < Jλ(wλ) +
1

2N
S

N
p , ∀t ∈ [0, 1].

In fact, according to the arguments in [40], we get∫
Ω

|Uε |
q+1dx =

∫
Ω

ε
N

p−1ϕ2·p∗

(ε
p

p−1 + |x − y|
p

p−1 )N
dx =

∫
RN

1

(1 + |x|
p

p−1 )N
dx + O(ε

N
p−1 ),
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Ω

|Uε |
p|∇Uε |

pdx =

∫
Ω

ε
N−p

2(p−1)ϕp

(ε
p

p−1 + |x − y|
p

p−1 )
N−p

2

×

∣∣∣∣ ε
N−p

2p(p−1)∇ϕ

(ε
p

p−1 + |x − y|
p

p−1 )
N−p
2p

−
(N − p)ε

N−p
2p(p−1) |x − y|

2−p
p−1 (x − y)ϕ

2(p − 1)(ε
p

p−1 + |x − y|
p

p−1 )
N+p
2p

∣∣∣∣pdx

=
[ N − p
2(p − 1)

]p
∫

Ω

ε
N−p
p−1 |x − y|

p
p−1ϕ2p

(ε
p

p−1 + |x − y|
p

p−1 )N
dx + O(ε

N
p−1 )

=
[ N − p
2(p − 1)

]p
∫
RN

|x|
p

p−1

1 + |x|
p

p−1

N

dx + O(ε
N

p−1 ).

Set

B := (
N − p
p − 1

)p
∫
RN

|x|
p

p−1

(1 + |x|
p

p−1 )N
dx, A :=

∫
RN

dx

(1 + |x|
p

p−1 )N
,

and

S :=
B

A
N−p

N

.

Since wλ ∈ L∞(Ω), we have

Iλ(uλ) =
1
p

∫
Ω

(1 + p|uλ|p)|∇uλ|pdx −
λ

1 − γ

∫
Ω

|uλ|1−γdx −
1

q + 1

∫
Ω

|uλ|q+1dx,

where uλ = g(wλ) ∈ L∞(Ω). For s,R > 0, define

Iλ(uλ + sRUε) =
1
p

∫
Ω

(1 + p|uλ + sRUε |
p)|∇(uλ + sRUε)|pdx

−
λ

1 − γ

∫
Ω

|uλ + sRUε |
1−γdx −

1
q + 1

∫
Ω

|uλ + sRUε |
q+1dx.

Note that Jλ(wλ) = Iλ(uλ). Moreover, for t > 0,

Jλ(wλ + tRUε) = Iλ(g(wλ + tRUε)) = Iλ(g(wλ) + g
′

(wλ + ζRUε)tRUε) = Iλ(uλ + sRUε),

where ζ ∈ (0, t) and s = g
′

(wλ + ζRUε)t. Therefore, following the argument in [40], for p ∈ (2, 3),
we obtain
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Jλ(wλ + tRUε) − Jλ(wλ) = Iλ(uλ + sRUε) − Iλ(uλ)

=
1
p

∫
Ω

(1 + p|uλ + sR0Uε |
p)|∇(uλ + sRUε)|pdx −

1
p

∫
Ω

(1 + p|uλ|p)|∇uλ|pdx

+
λ

1 − γ

∫
Ω

|uλ|1−γdx −
λ

1 − γ

∫
Ω

|uλ + sRUε |
1−γdx +

1
q + 1

∫
Ω

|uλ|q+1dx

−
1

q + 1

∫
Ω

|uλ + sRUε |
q+1dx

≤

∫
Ω

(1 + p|uλ|p + pspRpU p
ε + p2sR|uλ|p−2uλUε)sR|∇uλ|p−2∇uλ∇Uεdx

+

∫
Ω

(sp−1Rp−1U p−1
ε + p|uλ|p−2uλ)sRUε |∇uλ|pdx

+

∫
Ω

(
1
p

+ |uλ|p + psR|uλ|p−2uλUε)(sR)p|∇Uε |
pdx +

∫
Ω

(sR)2pU p
ε |∇Uε |

pdx

+
1

q + 1

∫
Ω

[
|uλ|q+1 − |uλ + sRUε |

q+1
]
dx + o(ε

N−p
p )

=
1
2p (sR)2pB −

(sR)q+1

q + 1
A + o(ε

N−p
p )

≤
1

2p
(sR)2pB −

(sR)q+1

q + 1
A + o(ε

N−p
p ).

Arguing as in [40] for p ∈ [2, 3) and noting that the case p = 2 was considered in [23], we find R0 > 0
such that

sup
t∈[0,1]

Jλ(wλ + tR0Uε) < Jλ(wλ) +
1

2N
S

N
p .

For p ≥ 3, we have

Jλ(wλ + tRUε) − Jλ(wλ) = Iλ(uλ + sRUε) − Iλ(uλ)

=
1
p

∫
Ω

(1 + p|uλ + sRUε |
p)|∇(uλ + sRUε)|pdx −

1
p

∫
Ω

(1 + p|uλ|p)|∇uλ|pdx

+
λ

1 − γ

∫
Ω

|uλ|1−γdx −
λ

1 − γ

∫
Ω

|uλ + sRUε |
1−γdx +

1
q + 1

∫
Ω

|uλ|q+1dx

−
1

q + 1

∫
Ω

|uλ + sRUε |
q+1dx

≤

∫
Ω

(1 + p|uλ|p + pspRpU p
ε + p2sR|uλ|p−2uλUε)sR|∇uλ|p−2∇uλ∇Uεdx

+

∫
Ω

(sp−1Rp−1U p−1
ε + p|uλ|p−2uλ)sRUε |∇uλ|pdx

+

∫
Ω

(1
p

+ |uλ|p + psR|uλ|p−2uλUε

)
(sR)p|∇Uε |

pdx +

∫
Ω

(sR)2pU p
ε |∇Uε |

pdx

+ C1ε
4(N−p)
p(p−1) −

1
q + 1

∫
Ω

(sR)q+1Uq+1
ε dx −C2ε

2(N−p)
p(p−1) + o(ε

2(N−p)
p(p−1) )
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≤
1
2p (sR)2pB −

(sR)q+1

q + 1
A −C3ε

2(N−p)
p(p−1) + o(ε

2(N−p)
p(p−1) )

≤
1

2p
(sR)2pB −

(sR)q+1

q + 1
A −C3ε

2(N−p)
p(p−1) + o(ε

2(N−p)
p(p−1) ).

Thus, we obtain

sup
t∈[0,1]

Jλ(wλ + tR0Uε) < Jλ(wλ) +
1

2N
S

N
p .

Hence, the claim is proved. Now, we show that the sequence {vn}
∞
n=1 is compact. First, we prove that

{vn}
∞
n=1 is bounded in W1,p

0 (Ω). Define η(t) = wλ + tR0Uε for t ∈ [0, 1]. Then we have

Jλ(wλ) = Jλ(wλ) < γ0 < Jλ(wλ) +
1

2N
S

N
p .

Applying Ekeland’s variational principle to the functional

Φ(η) = max
t∈[0,1]

Jλ(η(t)), η ∈ Γ,

there exists a sequence {ηk}
∞
k=1 ⊂ Γ such that

max
t∈[0,1]

Jλ(ηk(t)) ≤ γ0 +
1
k
,

max
t∈[0,1]

Jλ(ηk(t)) ≤ max
t∈[0,1]

Jλ(η(t)) +
1
k

max
t∈[0,1]
‖η(t) − ηk(t)‖, ∀η ∈ Γ.

By a similar proof of Lemma 3.5 in [41], one can show that there exists vk ∈ W1,p
0 (Ω) such that

Jλ(vk)→ γ0 as k → ∞,∫
Ω

|∇vk|
p−2∇vk∇(w − vk)dx − λ

∫
Ω

g(vk)−γg
′

(vk)(w − vk)dx −
∫

Ω

g(vk)qg
′

(vk)(w − vk)dx

≥ −
C
k

(1 + ‖w‖), ∀ω ∈ W1,p
0 (Ω).

(4.5)

Taking w = 2vk in (4.5), we obtain∫
Ω

|∇vk|
pdx − λ

∫
Ω

g(vk)−γg
′

(vk)vkdx −
∫

Ω

g(vk)qg
′

(vk)vkdx ≥ −
C
k

(1 + ‖2vk‖).

From Lemma 2.1(v), it follows that∫
Ω

|∇vk|
pdx −

λ

2

∫
Ω

g(vk)1−γdx −
1
2

∫
Ω

g(vk)q+1dx ≥ −
C
k

(1 + ‖2vk‖).

Therefore,

γ0 + o(1) =
1
p
‖vk‖

p −
λ

1 − γ

∫
Ω

g(vk)1−γdx −
1

q + 1

∫
Ω

g(vk)q+1dx

≥ (
1
p
−

2
q + 1

)‖vk‖
p − λ(

1
1 − γ

−
1

q + 1
)
∫

Ω

|vk|
1−γdx −

C
k

(1 + ‖2vk‖).
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Thus, {vk}
∞
k=1 is bounded in W1,p

0 (Ω). By Lemma 4.1, we obtain that vk → vλ weakly in W1,p
0 (Ω), where

vλ is a weak solution of (2.1), and∫
Ω

|∇(vk − vλ)|pdx =

∫
Ω

g(vk − vλ)qg
′

(vk − vλ)(vk − vλ)dx + o(1).

Moreover, for small ξ > 0, we have

1
p
‖vk − vλ‖p −

1
q + 1

∫
Ω

|g(vk − vλ)|q+1dx

= Jλ(vk) − Jλ(vλ) + o(1)

≤ γ0 − Jλ(wλ) + o(1)

<
1

2N
S

N
p − ξ.

(4.6)

By Lemma 2.1, we have∫
Ω

g(vk − vλ)qg
′

(vk − vλ)(vk − vλ)dx =

∫
Ω

|g(vk − vλ)|q+1dx + o(1). (4.7)

In addition, it follows from the definition of g(t) and Lemma 2.1 that g(t)g
′

(t)→ 0 as t → 0. Therefore,
there exists a large constant A ≥ ( p

p+N )p/(N−p)K2−2p∗

0 such that

g(t)g
′

(t) ≤
1
A
.

This yields ∫
Ω

g(vk − vλ)qg
′

(vk − vλ)(vk − vλ)dx ≤
1
A

∫
Ω

|g(vk − vλ)|q−1(vk − vλ)dx

≤
Kq−1

0

A

∫
Ω

|vk − vλ|
q+1

2 dx

=
K2p∗−2

0

A

∫
Ω

|vk − vλ|p
∗

dx.

(4.8)

Now suppose that
∫

Ω
|∇(vk − vλ)|pdx → b and

∫
Ω

g(vk − vλ)qg
′

(vk − vλ)(vk − vλ)dx → b as k → ∞.
Then (4.8) implies that

K2p∗−2
0

A

∫
Ω

|vk − vλ|p
∗

dx ≥ b.

From the Sobolev imbedding theorem and the best constant S , we get

b ≥ S (AK2−2p∗

0 b)
p

p∗ .

Hence, either b = 0 or

b ≥ A
N−p

p K
2N−2pN

p −2
0 S

N
p .
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If b ≥ A
N−p

p K
2N−2pN

p −2
0 S

N
p , then from (4.6) and (4.7), we derive

N + p
2pN

b ≤
1

2N
S

N
p − ξ,

which implies

b ≤
p

N + p
S

N
p − % ≤ A

N−p
p K

2N−2pN
p −2

0 S
N
p − %,

provided that A ≥ ( p
p+N )p/(N−p)K2−2p∗

0 , where % =
2pN
N+pξ > 0. This leads to a contradiction. Therefore,

we must have b = 0, which means vk → vλ strongly in W1,p
0 (Ω). Consequently, Jλ(vλ) = γ0 > Jλ(wλ),

implying that vλ , wλ. This completes the proof.

Appendix

In this section, we will prove a result that has been cited before.

Lemma A1. Suppose that 0 < γ < 1, 1 < p < ∞, 2p − 1 < q < ∞, and that there exists a function
ω ∈ W1,p

0 (Ω) such that ω ≥ εφ1 for some ε > 0. Define

fλ(x, t) =

 λg(ω)−γg
′

(ω) + g(ω)qg
′

(ω), if t ≤ ω,

λg(t)−γg
′

(t) + g(t)qg
′

(t), if t > ω,

Fλ(x, t) =
∫ t

0
fλ(x, s)ds, and for w ∈ W1,p

0 (Ω),

Ĵλ(w) =
1
p

∫
Ω

|∇w|p dx −
∫

Ω

Fλ(x,w) dx.

Then Ĵλ belongs to C1(W1,p
0 (Ω),R).

Proof. We first consider the singular term; the other terms can be handled by standard methods. Define

h(x, t) =

 g(ω)−γg
′

(ω), if t ≤ ω,

λg(t)−γg
′

(t), if t > ω,

H(x, t) =

∫ t

0
h(x, s) ds, and S (w) =

∫
Ω

H(x,w) dx.

For any w ∈ W1,p
0 (Ω), the Gâteaux derivative S

′

(w) of S (w) is given by

〈S
′

(w), v〉 =

∫
Ω

(max{g(ω), g(w)})−γ(max{g(ω), g(w)})
′

v(x)dx.
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Let wk ∈ W1,p
0 (Ω) with wk → w0. Then

|〈S
′

(wk) − S
′

(w0), v〉| =
∣∣∣∣ ∫

Ω

[
(max{g(ω), g(wk)})−γ(max{g(ω), g(wk)})

′

v

− (max{g(ω), g(w0)})−γ(max{g(ω), g(w0)})
′

v
]

dx
∣∣∣∣

≤ 2
∫

Ω

g(ω)−γg
′

(ω)|v| dx

≤ 2
∫

Ω

ω−γ(g
′

(ω))1−γ|v| dx

≤ 2ε−γ
∫

Ω

φ
−γ
1 |v| dx

for all v ∈ W1,p
0 (Ω). By Hardy’s inequality, φ−γ1 v ∈ L1(Ω) for 0 < γ < 1. Hence, applying Lebesgue’s

dominated convergence theorem, we conclude that S
′

(w) is continuous, that is, S ∈ C1(W1,p
0 (Ω),R).

Consequently, Ĵλ ∈ C1(W1,p
0 (Ω),R). This completes the proof.
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