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Abstract: We consider a class of p-Laplace quasilinear Schrodinger Equations

{ —Apu — 555 ul, () = A + u? in Q,

u>01in Q, u=0 on 9Q,
where Q c R is a bounded domain with regular boundary, 1 < p < 00,0 <y < 1,2p-1<g<2-p*-1
forp < N,2p—-1< g < oo for p> N, where p* = NN—i) if 1 < p <N, p* € (p, o) is arbitrarily large if
p =N, and p* = oo if p > N. We establish global existence and multiplicity of positive solutions via a
new strong comparison principle and a regularity result for weak solutions.
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1. Introduction and main results

In this paper, we consider the following Problem

{ —Apu — 55 ul,(u?) = A + u? in Q,

u>01in Q, u=0 on 0Q, .1y

where Q c R" is a bounded domain with smooth boundary 9Q, 0 < y < 1, Aju = div(|Vul’*Vu) is
the p-Laplacian with 1l < p < o0,2p-1<¢g<2-p"—1forl <p<N,2p-1<g<ooforp>N,
where p* = NN—_’; if 1 <p <N, p* €(p,o)is arbitrarily large if p = N, and p* = o0 if p > N.

For p = 2, Eq (1.1) is closely related to the existence of standing wave solutions for quasilinear
Schrédinger equation of the form

103 = =g + W — hx, WPy — kAl 1, (1.2)
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where  : R x RY — C, W(x) is a given potential, « is a real constant, and Z(x, s) is a real-valued
function. The quasilinear version of the nonlinear Schrédinger equation arises in several models of
different physical phenomena and was used for the superfluid film equation in plasma physics and fluid
mechanics; see [1,2]. For the semilinear case xk = 0 with singular term, Eq (1.2) has received a lot
of attention; see [3—11]. For the modified quasilinear case k > 0, Eq (1.2) has been studied mainly
in a smooth bounded domain with Dirichlet boundary conditions; see [12, 13]. The presence of the
quasilinear term uAu® means that the corresponding energy function is not well defined in H}(Q).
Therefore, many scholars have developed new techniques to address this difficulty. By changing the
variables, [2] transformed the quasilinear problem into a semilinear one and proved the existence of
a positive solution. Other references on changing variables can be found in [14-20]. Using a new
perturbation method, the authors of [21] studied a class of subcritical quasilinear problems and also
proved the existence of solutions for the critical case in [22,23]. By this method, the authors of [24,25]
obtained the existence of infinitely many sign-changing solutions. Using the Nehari manifold method,
the authors of [26] proved the existence of sign-changing solutions.

For p # 2, some scholars have considered the following Equation

— Ayu - %mp(uz) = f(x,u) in Q. (1.3)

Using critical point theory, the authors of [27,28] established the existence of weak nontrivial solutions
for a class of generalized quasilinear Schrodinger equations. Similarly, by applying Morse theory, [29]
also demonstrated the existence of such solutions. Furthermore, by combining critical point theory
with truncation arguments and the sub-super solution method, [30] obtained multiplicity results for a
type of quasilinear Schrodinger Equations with combined nonlinearities, a convex term with arbitrary
growth and a singular term, in a bounded smooth domain. While the studies in [27-29] dealt with
general nonlinear terms, only [30] addressed a problem with a negative exponent. Furthermore, it is
worth noting that in [30], 4 is in the superlinear term, in contrast to our setting where A belongs to the
singular term. Moreover, in these works, there is no information about the non-existence of solution.

Motivated by the absence of results in the literature on Eq (1.1) and the above research results
related to Eq (1.1) with p # 2, we will prove the global existence and multiplicity of positive solutions
depending on the positive parameter A. The main difficulties are the presence of the term 2,ﬁ"—,luAp(Lﬂ)
and the singular/superlinear term. We overcome these difficulties mainly by changing the variables for
Eq (1.1) and establishing a new sub-super solution theorem.

Our main results are as follows.

Theorem 1.1 (Global existence). Assume that 1 < p < 00,0 <y <1,2p-1<qg<2:-p*—1for
p<N,and2p—1<g <o forp>N. Then there exists 0 < A < oo such that Eq (1.1) admits at least
one positive solution u, € C'(Q) for each A € (0, A], and has no solution for A1 > A.

Theorem 1.2 (Global multiplicity). Assume that 0 < vy < 1, p,q satisfy 1 < p < oo, and 2p — 1 <
qg<?2-: pi— l,or2<p<Nandq=2-p*—1. Then Eq (1.1) admits at least two positive solutions
u, € CH(Q) for each A € (0, A).

Remark 1.1. We clarify that in this work, “global” refers to the parameter A: Theorem 1.1 establishes
a global existence result for A € (0, A] and a non-existence result for 1 € (A, +0), while Theorem 1.2
provides a global multiplicity result for A € (0, A). This contrasts with local results that hold only when
A is close to a specific value.

Electronic Research Archive Volume 34, Issue 3, 1448-1476.



1450

The paper is organized as follows. Section 2 is devoted to preliminary results, including a regularity
theorem, a sub-super solution method for a modified problem of (1.1), and other related lemmas.
Theorem 1.1 is proved in Section 3, and Theorem 1.2 is proved in Section 4. Finally, the regularity of
the auxiliary function is verified in the Appendix.

2. Preliminaries

First, we introduce a variational framework for Eq (1.1). We observe that (1.1) is the Euler-Lagrange
equation associated with the energy functional

Lw) = — f (1+ plul”)|Vuldx — —— f W dx - —— f u'dx.

It is easy to see that I, is not well defined for all u € W(;’p (€2). To overcome this difficulty, we generalize
the change of variables developed in [31,32], that is,

w =g ' (u),

where g is defined by

g =

= m, t>0, and g(l) =—g(-0, t< 0.
+ plg(t)lP)?

The function g satisfies the following properties, as proved in [27]:

Lemma 2.1. The function g defined above satisfies:

(1) g(0) =0;

(ii) g"(t) = —p(g' )18 2g(1), 1> 0, g"(1) < 0 if t > 0, and g" (1) > 0 if t < 0;
(iii) g is uniquely defined, C*, and invertible;
(iv) O0< g'(t) < 1 forallt e R;

(v) 38(t) <1g'(t) < g(1) forall t € R;
i) |g(®)| < |t] forall t € R;

(won%%Q:leﬁ%::VZfﬁ::K&gangKaﬁjanreR;
11— [—0o0

(viii) there exists C > 0 such that |g(t)| > Clt| for |t| < 1, |g(?)] > CItI%for 7 = 1;
(ix) |g(Hg (1) < Kozfor allt e R.

By performing the change of variable w = g~!(u), it follows from Lemma 2.1 that u € Wé’p (Q)isa
solution of (1.1) if and only if w € Wé’p (€2) is a solution of the equation

- Aw = [Agw)” + gw)?1g (w) in Q, 2.1)
with ess i(I}l(f w > 0 for every compact subset K C Q, that is,

f IVw|P 2wV ¢dx = f[/lg(w)_y + g(w)7g (W)pdx, V¢ € C(Q). (2.2)
Q Q
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The energy functional corresponding to problem (2.1) is

1 A 1
Jaw) = — f VwlPdx — —— f lgow)'Vdx — —— f lg(w)|'*dx. (2.3)
P Ja I-vJa l+q Ja

The Lemma 2.1 implies that J, is well defined and continuous in Wé”’ (), which is endowed with the
standard norm [w|| := ([ [Vwl?dx)?.

By definition, w € WS"’ (Q) is called a sub-solution of (2.1) if w > 0 in Q and satisfies
f Vw2 VwVédx < f [Agw) ™ + gw)? |¢ (wigdx, ¥ 0 < ¢ € CT(Q).
Q Q

Similarly, w € Wé ?(Q) is a super-solution of (2.1) if the above inequality is reversed.
To prove the main results, it is necessary to establish the following regularity result for a weak
solution of Eq (2.1). The proof is based on Theorem B.1 in [9] and the following lemmas.

Lemma2.2. Let 1 <p <o, 0<y<1,2p-1<qg<2-p"=1forp<N,and2p—1<q < for
p > N. Then any weak solution to Eq (2.1) belongs to C**(Q) for some a € (0, 1).

Lemma 2.3. Each positive weak solution w of Eq (2.1) satisfies w > €,¢1 a.e. in Q, where €, is a
constant independent of w. Moreover, for any v € Wol’p (Q), we have g(w)™"g (w)v € L' (Q) and

f IVw|P~2Vw - Vvdx = A f gw) g (w)vdx + f g(w)?g (w)vdx. (2.4)
Q Q Q

Proof. Let w be a solution of (2.1). By definition, w satisfies ess igl(f w > 0 for every compact subset

K c Q. By the density of C°(Q2) in WS”’ (Q) and Fatou’s lemma, we obtain the following inequality
L IVw|P2Vw - Vvdx > A L gw) g (w)vdx + Lg(w)qg, (w)vdx (2.5)
for any v € W(;’p (€2) that satisfies v > 0 a.e. in Q. This implies that
LlVWI”_ZVW-Vvdx > ﬂLg(w)_yg'(w)vdx (2.6)

forO0 <ve Wé’p (€2). Note that w, € Wé”’ (€2) is the unique solution of (3.1) and satisfies w, > €;¢1, a
fact that will be proved in the following Lemma 3.1. Applying the weak comparison principle to (3.1)
and (2.6), we obtain w > w, a.e. in Q, which implies w > €;¢; a.e. in Q. Now, applying Hardy’s
inequality to the term fg gw) g (W)vidx as k — oo, where v C C>(Q) satisfies 0 < vy — v strongly
in Wé’p (Q2) as k — oo, we can justify passing to the limit to obtain equality (2.4) for any v € Wé’p (Q)
that satisfies v > 0 a.e. in Q. Finally, for an arbitrary function v € W(;’p (Q), we write v = v —v~, where
v = max{v,0} and v~ = —min{v, 0} are the positive and negative parts of v. Since v*,v~ € W(;’p Q)
and Vv = Vv* — Vy~, we conclude that (2.4) holds for any v € Wol’p Q).

Lemma 2.4. w € L*(Q) for any positive weak solution w of (2.1).
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Proof. To prove that w € L*(Q2), we first show that any positive weak solution w of (2.1) satisfies
f Vv — D)2V (w — 1)* - Vvdx < f (A + KW' yvdx < C f A+wTwdx  @27)
Q Q Q

forv € C2(Q) with v > 0. In fact, lety : R = [0,1] be a C ! cut-off function such that y(¢) = 0 for
<0,y () >0for0<¢<1,andy(r) = 1fort > 1. For any € > 0, we define ¢ .(s) = t//(@) for
s € R. Thus, we have y.ow € Wé’p (Q) with V(.ow) = (w; ow)Vw. Taking the function ¢ = (Y. ow)v
as a test function in (2.2), where v € C°(2) with v > 0, we infer that

f VWP 2VWV (e 0 wivldx = f [A8w) ™ + gw)"1g (W)(We © wvdx.,
Q Q

Then
f IVwl’ (¢, o wyvdx + f IVW[P2(Vw - V) (e 0 W)
Q Q

= f [Ag(w)™ + g(w)?]g (W)W, o w)vdx
Q

< [ 1 o+ KW N wds
Q

< f[/lw_y + Knglw%](t,//E o w)vdx.
Q

Letting € — 0%, we conclude that (2.7) is true. Then, as in the arguments of [9], we complete the proof.

Lemma 2.5. Let w be a positive weak solution of (2.1). Then w satisfies c,d(x) < w < k,d(x) a.e. in
Q, where 0 < ¢, < k, < oo are constants independent of w.

Proof. Letw € Wol’p (€2) be a positive weak solution of (2.1). By Lemma 2.3, we have w(x) > w, >
€191(x) > ld(x) for a.e. x € Q. Taking c; = €;/ > 0, we obtain w > c,d(x) a.e. in Q.

Now, it remains to prove that there exists k; > ¢, such that w < k,d(x). Note that w also belongs to
L>(Q2) by Lemma 2.4. It follows from Lemma 2.1 that

gw)ig W) = gw)" ' gw)g' w) < KW' T K2 = KITw's

o1, Tty
w 2 Y < Kq+1 ||W||L°°(Q)

=70

_ g+l
= KO

wY wY

and
g(w)_yg/ (w) < w_y(g/ W)™ <w? forw > 0.

Applying these estimates to the right-hand side of (2.1), we obtain

()

(2.8)
Waa =0, w>0in Q.

g-1
{ —Aw < A+ K Il 2w in Q,

Making the substitution
a1,
T+

1
-
Loo(Q)) Py w,

v=(1+2"K wll
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we find that (2.8) is equivalent to
=A,y <AV in Q,
Vga =0, v>0in Q.

Now, by arguments similar to those in [9], we obtain the desired result.

We now establish the following new strong comparison principle, which will be used frequently in

our subsequent analysis.

Lemma 2.6. Letw, v € Cl’“(ﬁ)for some 0 < a < 1 satisfy w, v Z 0 and

~Apw = AgW)7g (W) = f
—Apy = () 77g (v) = h,

withw =v =0 on 0Q, where f,h € C(Q) with 0 < f < h pointwise in Q. Then

O<w<vinQ and @<—w<00n8§2.
ov v

Proof. Assume that Qy = {x € Q : w(x) > v(x)} # 0. For € > 0 small enough, we define
we(x) = w(x)+ €, vo(x) =v(x)+ €

and
e N U
(pf - —7 lybE - - -
We Ve
Then we obtain
V+e (v +e€)?
v

W+ e (w + €)?

and

w
V+e (v + €)?

Taking ¢, and i as test functions and using Picone’s inequality, we get
f [lelp_2Vng05 - |Vv|”_2VvaE]dx
Q

= | VWP 2VwVe, — [VVP2VvVi, ]dx

Qo
+ + €)?
- f [l = 22 € gva2vy 4 D gpra
Q V+e (v+e)
- +€)?
+ f (Vo7 = 222 € wwpr2vawy 4 L5 g
Qo w+e€ w+e)

> 0.

(2.9)

(2.10)
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On the other hand, from Lemma 2.1(ii),(iv), we know that t — g(#)™"g (¢) is decreasing for ¢ > 0. Then,
for all € > 0, we have

2 2)\+ 2 o+
foWW@M@LiL—@WWﬂm@LEHM
Q Ve We

2 (Wz _ V§)+

_ 2\t ,
) f [)‘g(")_yé’,(v)u — Ag(w) g (W) Jax
| g g 2.11)
=fﬂﬁﬂyW”g®_m0ﬂmw
QO ve WE

> f A(w? - vi)ﬂg(v)’%g(v)(l - i)dx > 0.
Q v

€ €

However, by assumption we have f < h. This fact together with (2.10) and (2.11) leads to a
contradiction. Thus Q, = 0, that is, w(x) < v(x) in Q.

Now, we prove that w(x) < v(x) in Q. In fact, from the strong maximum principle of Theorem 5
in [33], it follows that w,v > 0in Q and 2¢, 2 < 0 on Q. Moreover, since w,v € C 1(ﬁ), there exist

v’ ov
0 < I < L such that ld(x) < w(x),v(x) < Ld(x) near 02, where d(x) := dist(x,0Q) = i%g lx — yl.
ye

Together with the fact that w(x) < v(x), this yields, near 0€2,
ld(x) < w(x) < v(x) < Ld(x). (2.12)

Following the approach in Proposition 2.4 of [34], we consider the open §-neighborhood Qs C Q of
the boundary 0€,
Qs ={x € Q:d(x) <9} for 6 > 0 sufficiently small.

Wesetz =v—w,where0) <zeC 1’“(ﬁ) with z = 0 on 9Q. Then there exists § > 0 small enough
such that

N
— div(A(x)Vz) — AB(x)z = — Z(ai,j(x)%) - AB(x)z=h-f >0, (2.13)
J

i,j=1

where for x € Qs and i, j=1,2,--- , N,

1
a; j(x) = fo I(1 = H)Vw(x) + tVv(x)|P~2
(1 = tyw(x) + ()2 (1 = Hw(x) + tv(x))

0x, i ox j

I(1 = HVw(x) + tVv(x)? ]dt,

x |8+ (p=2)

with6;; = 1'ifi = jand 6;; = 0if i # j. These coefficients belong to C 0’“(55) and form the coefficients
of a uniformly elliptic operator in €. The coeflicient B(x) is given by

1
B(x) = - L g7 (1 = w(x) + v(0))(g (1 = Hw(x) + (%))’
x |y + pgP((1 = Hw(x) + ()8 (1 = Hw(x) + v(x)”| < 0.
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It is straightforward to show that B(x) satisfies the conditions of Lemma 2.7 in [35] by virtue of
inequalities (2.12). Applying the strong maximum principle to (2.13), we obtain w(x) < v(x) in €.

Now, it remains to verify that w(x) < v(x) also holds in Qf. We first show that w(x) < v(x) in
Q= Q\ﬁéf for some & € (0,6). Since z > 0 in Q;, there exists & > 0 such that z > & on Q c Qs.
On the other hand, since f,h € C(Q2) and 0 < f < h pointwise everywhere in 2, we can choose € > 0
sufficiently small such that

Agw) g (W) — Agw+ &) g (w+e) <h— f inQ.
Consequently, we have w + £ < v on dQ and
~A,(w+e)—dgw+e)gwre)< f+(h—f)=h=-Ay—2gv)"g V).

Applying the weak comparison principle established above, we obtain that w + & < v in Q, which
implies w(x) < v(x) in Q. Finally, since Q = Qs U Q, we conclude that w(x) < v(x) throughout Q. This
completes the proof.

3. The existence of solution

In order to show the existence of solutions to (2.1), we consider the auxiliary Dirichlet problem

{ ~A,w = 2g(w)7g (W) in Q G.1)

wloa =0, w>0in Q.

Our analysis begins by recalling key properties of the first eigenfunction of the p-Laplacian. Let ¢; €
Wé’p (Q) be the positive first eigenfunction corresponding to the principal eigenvalue Ay, i.e., satisfying

~A,¢1 = 4|1l

and normalized so that fQ ¢"dx = 1. By the strong maximum principle and the boundary point principle

(Theorem 5 in [33]), we have ¢; > 0 in Q and % < 0 on 0Q. Moreover, the regularity ¢, € C 1(ﬁ)
implies the existence of constants O < / < L such that

ld(x) < ¢1(x) < Ld(x),

where d(x) := dist(x, 0Q).
With these facts at hand, we can now prove the following fundamental lemma concerning the
auxiliary problem.

Lemma 3.1. Eq (3.1) has a unique solution w, in W(;’p (Q) in the sense of distributions, satisfying
w, = @1 a.e in Q, where € > 0 is a constant. Moreover, w, is a weak solution according to
Lemma 2.3.

Proof. We define J, : Wé’p (Q) — R by

— 1 A
Jw) = — f \Vw|Pdx — —— f gwH!dx.
P Ja 1=y Ja
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It is easy to check that Ja(w) is coercive and weakly lower semicontinuous in Wé”’ (). Hence, there
exists a global minimizer w, € Wé’p () with wy # 0 in Q, since .E(O) =0> Jj(eqﬁl) for € sufficiently
small. Moreover, J(Iwol) < J1(wp). Clearly, J(jwol) = J1(wp) holds if and only if wy > 0 a.e. in Q.
Thus, any global minimizer wy of J, must satisfy wy > 0 a.e. in Q. By setting

W, (Q), = {we W,"(Q) : w = 0ae. in Q)

we have w € W(;’p (Q)..
Now, we prove that wy > €,¢,. First, we compute the Gateaux derivative j;(eqbl) of J, at e¢,. Using
Lemma 2.1(iv),(viii), we obtain
Ti(ep) = —Ap(epr) — Ag(epr) g ()
= i)™ — Ag(epr) Vg (e¢)
A _ o
< =-gled)™! = Ag(edn) g (e6)
1
A _
< glep) | Zos(ep) 7 - €
1
A
< glegp) | Z(epr) 7 - Cadl
1
A
< —§C3g(6¢1)_7 <0,

where C; is given in Lemma 2.1(viii), C, € (0, 1], C5 is a positive constant, € > 0 sufficiently small,
and € < €;. Now, assume that wy > €;¢; does not hold, that is, v = (wy — €;¢1)" = (€11 — wg)* # 0.
We define

Qf={xeQ:v(x)> 0}

Let £(r) = -E(Wo + tv) for t > 0. It follows from the convexity of the restriction of fﬁ to Wé’p (Q), that
&(t) > £€(0) for t > 0. Note that wy + tv > max{wy, te;¢} > te ¢, for t > 0. Then :];(WO + tv) exists and
satisfies & (1) = (TA(WO +1v),v). It is easy to see that & (f) is non-negative and non-decreasing for ¢ > 0.
We conclude that for 0 < ¢ < 1,

0 <&)=E@) = (T (wo+v) = Ty (wo + v),v)

~ , A
= f Jilep)vdx — & (1) < —§C3f glep)) "vdx < 0,
o+ o+

which is a contradiction. Thus we have v = 0 in Q, i.e., wy > €¢; a.e. in . Together with the fact
that J, is strictly convex in Wé”’ (Q),, we conclude that wy is the only critical point of J, in WS”’ Q..

Therefore, w, = wy is the unique weak solution of (3.1). Moreover, j;(y D < E(ngl) < 0. This
completes the proof.

Definition 3.1. A := inf{d > 0: (2.1) has no weak solution}.

Lemma 3.2. Assume 1 <p<oo,0<y<1,2p—-1<q<2p*—1forp<N,and2p—-1< g < oo for
p>N. Then 0 < A < oo,

Electronic Research Archive Volume 34, Issue 3, 1448-1476.



1457

Proof. We only consider the critical case ¢ = 2p* — 1. The proof of subcritical case ¢ < 2p* — 1 for
p < N and g < o for p > N is simpler since the energy functional J, defined below is weakly lower
semicontinuous in WS”’ (Q). Set
o = {87 )+ ge ), i<W, (32)
Ag(1)77g" (1) + g(1)7g' (1), ifr>w,,

where w, is the unique solution of (3.1). Denote F(x,1) = fot fa(x, s)ds. We define Ji: Wé’p Q) -
R by

Jaw) = ! f IVw|P — f Fi(x, w)dx. (3.3)
P Jao Q

From Lemma A1 in appendix, J, is C' (Wé’p (Q),R). Now, we prove that A > 0. Consider the following
minimization problem
E, = minJ (w), (3.4)
WweB,
where B, C Wé’p (Q) is the ball of radius r centered at the origin. It is clear that £, > —oco. Note that
there exists r > 0 small enough such that for every w € 9B,,

q+1

1 1 +1 1 0 a1
(=IVW]P = ——1gWI")dx > | (=|Vw|’ - [wl'z)dx > 0.
W qg+1 QP g+1

Then we can fix such r > 0 so that the term % fQ g(w)!77dx can be made arbitrarily small by choosing
A > 0 small enough. Hence there exist r and A such that

minJ,(w) > 0.
weIB,

Moreover, since J(fw) < 0 for small 7, we obtain E, < 0. Let {w j}‘;il C B, be a minimizing sequence,

so that 7ﬂ(wj) — E, as j — oo. It follows that {wj}‘;.‘;l satisfies dist(w;, dB,) > ¢y for some ¢y > 0.
Thus, there exists 0 < rg < r such that
w;j € B,,. 3.5

By Ekeland’s variational principle, there exist ry < r; < r and another sequence {v j}}"; | C B, such that
l — — p— ’
dist(w;,v;) < =, Ja(w;) < Ja(vj), and J(v;) = Oin WP (Q) as j — co. 3.6)
J

This implies that {v;}22, is a minimizing sequence for E, and that, up to a subsequence, v; — w, as
j — oo with w, € B,,.
In addition, from (3.6), we have

— A,(v)) = filx,v)) = 0,(1) in W7 (Q). (3.7)
By the properties of g, we have
(max{w,,v;D™ = (max{w,,v;})?[(max{g(w,), gv)D 1™

> (max{g(w,), g(v))) 7 (max{g(w ),g(v)}),
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and
K (max{w » V,,-})L;l > (max{g(w,), g(v))H(max{g(w ), g(v))}) .

Then, by denoting
fu(x) = (max{w,,v;})™ +0;(1),

7o) = K& (max{w,, vi) =,
and applying arguments from Theorem 2.1 in [36] and Brezis and Lieb [37], we can derive that

||vjllw(;1’(g) = ||v] - W/lllw(;l’(g) + ”{/‘V’A”W(lp(ﬂ) + 0](1) (38)

and

[ e@orax= [ g - emariars | g@oidxo ) (39)
Q Q Q
as j — oo. Furthermore, by using Holder’s inequality and Lemma 2.1, we obtain
fg(vj)l_ydx < fg(wd)l_ydx + f lg(v;) — gwp)|'7dx
Q Q Q
< f g Vdx + Clv; — Wyl
Q

- f gw)'dx + 0;(1).
Q

Similarly, we have
fg(v“&ﬂ)l_ydx < fg(vj)l_ydx+0j(1).
Q Q
Consequently,
fg(vj)l_ydx = fg('vﬁ)l_ydx +0;(1).
Q Q
Now, from (3.5), (3.6), (3.8), and (3.9), it follows that w,, v, — w, € B,. Then we obtain
f(lWV' —wyl” - b lg(v; = w)l" Hdx > 0
ap ' ! g+1 ! ! '
Thus, we infer that
E, =JL,(v)+0;(1)
- 1 _ 1 —
= Jawy) + ;ij - W/‘”[v)vg”’(g) T+l L lg(v)) — gl dx + 0,(1)
- 1 _ 1 —
> J.(Wy) + p fQ lg(v; — Wl dx — prS] fg lg(v)) — g(wl™* dx
> J,(w) +0;(1) > E;+0,(1) as j— co.
Therefore, J,(w,) = E, and
{ _pr/l = falx,wy) in Q,
Walao = 0.
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By applying Lemmas 2.2 and 2.6, we deduce that w; > w, in Q. Consequently, w, is a weak solution
of (2.1), which implies that A > 0.

Next, we show that A < oo. If not, there exists a sequence (4,)) with 4, — oo such that (2.1) admits
a solution w,,. To derive a contradiction, we define

[Ag()” + g(l)q]g'(t).

-1

hi(t) =

We claim that there exists ny € N sufficiently large such that for all 7 > 0,
h/l,,o(f) > A +e&, (3.10)

where € > 0 and 4, is the first eigenvalue of —A,,.

Indeed, for any s > 1, let ¢, = t,, € [%, s] be such that h, (t;) < h,(¢) for all ¢ € [%’ s]. Then we
see that t; — 1y, € (0,00) as s — oo, up to a subsequence. If t; — 0, Lemma 2.1(vi),(vii) imply that
h,,(t) > oo for all n € N, which is impossible. For similar reasons, it is also impossible for #; — oo.
Thus, t;, = 1y, € (0, 00) and

[/lng(t(),n)_y + g(tO,n)q]g/(tO,n)
! '
0,n

hy, (1) >

Then, by repeating the above arguments, we get that t, = 1), — ) € (0,00), up to a subsequence.
Consequently, lim#h, (f) > A,, which shows (3.10). From (3.10), we obtain that

An8) 778 (1) + (D1 (1) = (4) + &)™,

By choosing 1, > 4,,, we infer that w,, is a super-solution of

— = p=1
{ A,w = (A + e)w in Q, 3.11)

w >0, W|{)Q =0.

Now, take u < A; + € small enough such that u¢,(x) < w,,(x) and such that u¢; is a sub-solution
of (3.11). By the method of monotone iteration, we obtain a solution to (3.11) for any € > 0. This
contradicts the fact that A, is an isolated point in the spectrum of —A,, in Wé’p (). Therefore, A < oo.
This completes the proof.

Proposition 3.1. There exists a positive weak solution w, to (2.1) for any 1 € (0, A). Moreover,
Jawy) < O.

Proof. Given 0 < A < A, there exist A, € (4, A) and w,, € Wé’p (Q), is a solution of

—Apw = gw) 7 g (W) + gw)ig' (w) in Q,
(3.12)
w >0, W|aQ =0.
Then w = w,, is a super-solution of (2.1). As in Lemma 3.1, w, is the solution of (3.1), that is,
—Apw, = Ag(w )78 (w)). (3.13)
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By Lemma 2.2, we have w,, w € Cl"’(ﬁ) for some 0 < @ < 1. Moreover, we can prove that w, < w in
Q. In fact, let Qp = {x € Q : w, > w}. From Lemma 2.1, (3.12), and (3.13), we obtain

f (+A,w — Apw )(w, —w)dx
Qo

s (w78 (W) — W) "¢ W)(w, — W)dx
< fg g (W)(gw,) ™ — g ) (w, — Wydx
<0 (3.14)

and
f (+A,W — Ayw )(w, — W)dx
Qo

> | (Vw, IV, = IVl Vw)(Vw, - Vi)dx
Q
IV(w,—w) .
> Cl’fgomdx lf1<p<2
" ¢ IV, Wy ifp 2
=" (3.15)

Then (3.14) and (3.15) imply that w, < w. Furthermore, by Lemma 2.6, we get w, < w in Q and
ow

= > ‘;—f on 0Q.
Now, let us define
Agw )78 (w) + gw )i (w)), ifr<w (x);
file,n) =1 28078 (6) + g(0)7g (), if w (%) < 1 < W(x);
A8(w) g (W) + g(w)g (w), if £ > w(x).

Let F W(x,0) = fot ﬁ(x, s)ds. Define the functional .E : Wé ?(Q) — R by

_ 1 _
Jw) = — f [Vw|Pdx — f F(x,w)dx.
P Ja Q

Then J: is bounded below in Wé"’ (Q) and is weakly lower semicontinuous. Indeed, from Lemma 2.1,
we have

— 1 o gl
Ja(w) = ;IIWII" — AW = Cliwll
Thus, j:l is bounded below in Wé’p (€2). On the other hand, it suffices to show that j;l is weakly lower

semicontinuous in M := {w € Wé’p(Q) tw, <w<wae. in Q). Let M 3w, — w weakly in WS”’(Q)
as n — oo. Then we may assume that w, — w pointwise a.e. in Q, up to a subsequence. It follows from

flg(Wn)|q+ldx < +oo and flg(w,,)ll"dx < +0o0,
Q Q
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and by Lebesgue’s dominated convergence theorem, that

f 8wl dx — f gw)l**'dx and f lgwa)l' 7dx — f lgw)|' 7 dx.
Q Q Q o

This implies that lim infj; (wy,) = ﬂ(w). Hence, fﬁ is weakly lower semicontinuous. Thus, there exists

a global minimizer w; € M. Moreover, w, solves the equation —A,w, = f,;(x, w,) in Q since fﬁ is C!
by Lemma Al. It follows from the strong maximum principle of Theorem 5 in [33] and Lemma 2.2

that w, > 0 and w, € C**(Q) for some a € (0, 1). Applying Lemma 2.6, we obtain w, <w,inQand

ow .. — . ) W _ .
-4 > % on 0Q. Similarly, we can get w); < w in Q and % > % on 0Q. Hence w, <w, <winQ,

and then _
Flx,wy) = A8w) 78 (W) + gwa)?g (wy),

which means that w, is a weak solution to (2.1). Moreover,
—~ —~ 1 1
Tawa) < Tuw) = Ja(w,) < — f Vw Pdx — —— f gw,)'dx < 0.
P Ja 1=y Ja

This completes the proof.
Proposition 3.2. For A = A, there exists at least one positive weak solution to (2.1).

Proof. Let (4;) C (0,A) be an increasing sequence such that 4 — A as k — oo. Then there exists
wi = wy, = w,, which is a weak positive solution to (2.1) for 4 = A;. Hence, for any ¢ € C7(Q),

f IVwil? 2V Vedx = A, f gw) 78 (wo)pdx + f gw)?g (w)pdx. (3.16)
Q Q Q

From the fact that wy, € Wol’p (€) and wy > w,, we conclude that (3.16) also holds for ¢ € Wé’p Q). It
follows from Proposition 3.1 that J,, (wx) < 0, and then we have

Sup”Wk”W(;,p(Q) < 0.
k

Therefore, there exists wy € Wé’p (Q) such that w, — w, weakly in WS”’ (Q)ask — ccand wy =2 w,.
Applying the Sobolev imbedding theorem, we have w;, — w, weakly in L7(Q2) and pointwise a.e. in Q
as k — oo. Together with the fact that

lgW) g (Wl < lgw )78 (w)I

and o
Isw)g (wo)l < KI'w,”

Lebesgue’s dominated convergence theorem can be used to get that

f gw) g (wedx — f gwa) g (Wa)pdx as k — oo
o o

and
f g8 (wedx — f g(wa)lg (Wa)pdx as k — oo.
Q Q
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Thus, for any ¢ € Wol’p (Q), taking the limit as k — oo in (3.16) yields

f [VwilP~2Vw, Vpdx = A f g(wa) 78 (wa)pdx + f g(wa)1g (wp)pdx.
Q Q Q

This completes the proof.

Corollary 3.1. Assume 1 < p < — andmax{2,2p -1} <g<2p"-1,0<y<1,0<A<A. Then
(2.1) has a minimal solution.

Proof. Consider the following monotone iterative problem

{ ~ApWy = A8Wa) 78 (W) = gWn-1)9g (W) in Q, (3.17)

Whlaq = 0,

with wo = w, as given in Lemma 3.1, which is a sub-solution to (3.17). Note that wy < wy, where wy
lnq

< 5. We obtain

is the solutlon to (2.1) obtained in Proposition 3.2. From Lemma 2.1 and 1 < p <

88 O] = qg)T (g 1)* + g)g" (1)
= 20" (q(¢ 1))* — pg(n(g M) Ig1)IP2g (1))

= g0 ) (¢ - ple)g V)
> 0.

Then g(1)7g (¢) is non-decreasing for 1 < p < }nz and w, is a super-solution to (3.17). By monotone
iteration, we obtain that the sequence {w,} " | is non-decreasing. Thus, there exists a weak solution w),
of (2.1) such that w, — w, weakly in WS”’ (Q) and pointwise a.e. in Q. If v, is another weak solution
to (2.1), we have w,, < v, for all n by the weak comparison principle. Then w, < v,. Moreover, w, is
the minimal solution to (2.1) for any 0 < A4 < A, which completes the proof.

3.1. Existence of a local minimizer

Lemma 3.3._Assume w, is the solution to (2.1) obtained by Proposition 3.1. Then w, is a local
minimizer of J; in Wy (Q) for 0 < A < A.

Proof. We first claim that w, is a local minimizer in the C'-topology. Let ¢ > 0 be small enough. For
any w € C! (Q) with |jw — wﬂllcl(g) < ¢, since w, < wy < w in Proposition 3.1, we have w, < w < w.
Then we obtain J(w;) = J A(wﬂ) <J A(w) = J(w). Thus the claim is proved

Now, we are ready to prove that w, is a local minimizer of J, in W0 P(Q). We argue by contradiction.
We first consider the case g < 2p* — 1. It is easy to show that J, is weakly lower semicontinuous in
W(;’p (Q) in this case, and then J, achieves a minimizer on bounded subsets of W(;’p (). Fore > 0,
assume that there exists 7, satisfying 0 < ||n8||W(;,p(Q) < egand

Jawy+1n0) < Jawa), Juwa+n.) = inf  Ja(wy +1). (3.13)

<&
|77 I p(Q)
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From the Lagrange multiplier rule, there exists 8. < 0 such that for any y € Wé’p (Q),

T n3) =0, [ 2O, Vyd
This implies that in the weak sense,
= Ap(wa + 1) = falx, wa +115) = =0:4,1;, (3.19)
where f is given by (3.2). To analyze this equation, we define the following applications
B(x,2) = [Vwa(x) + 21" 2(Twa(x) + 2) = [Vwa ()P Vwa(x) = 612"z,

and
ha(x, 1) = falx, wa(x) + 1) = falx, wa(x))
= A(max{g(wa(x) + 1), g(w,())) 7 (max{g(wa(x) + 1), gw, (X))}’
— Agwa(x)) 7 g (wa(x))
+ (max{g(wa(x) + 1), g(w, (X)) (max{g(wa(x) + 1), g(w,(x))})*
— gwa(x))7g (Wa(x)).

Then we can rewrite (3.19) as

{ —V - (Bs(x, V1)) = ha(x,1,) in Q, (3.20)

778'69 =0.

Combining arguments from [38], the fact that the singular terms in (3.20) are non-increasing due to the
monotonicity of s — g(s)77g’(s), and techniques from [39] (Theorem A1), we obtain sup||n7.||.~q) < ©o.

&
Now, we will prove that supll%llm(g) < oo, where d(x) := dist(x,0Q). To this end, it suffices to
&

estimate 77, near Q2. We take 77, as the unique solution of the following singular problem

{ —Ap(Wy +T70,) + 0:A,7, = Amax{g(w), gw, + 77,)) 7 (max{g(w ), g(wa +77,)}) in Q, (321

N:loa = 0.

Note that (¢ — 1)w, is a sub-solution for & > 0 sufficiently small and Kw, is a super-solution for K > 0
sufficiently large to (3.21). Thus, we have (¢ — 1)w, <75, < Kw,. Moreover, we can get 77, < 1.. In
fact, if i, > 7., from the properties of g, we have

0 < f (_Ap(w/l + ﬁg) + Ap(w/l + ns))(ﬁs - ns)dx
N>
+ 98 f (_Apﬁg + Apns)(ﬁg - ns)d-x
Ne>Me

< f [ﬂ(max{g(m), g(wy + 7)) 7 (max{g(w ), gwa + 7))’
Ne>1e
— A(max{g(w,), gwa + 7)) 7 (max{g(w,), g(w, + ﬁg)})'](ﬁa —1:)dx < 0,
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which implies a contradiction. Thus 77, < 1. and Ew, < w, + ;.
On the other hand, we get that . < Kw, for K large enough near 6Q2 by using the weak comparison
principle in a small neighborhood of Q. As a consequence, we have suPII%IILw(Q) < oo, It follows

from Lemma 2.2 that SUP||775||C1,0(§) < oo for some 0 < @ < 1. Now, from the Arzela-Ascoli theorem,
&

we obtain 17, — 0 as € — 0% in C'(Q), which is a contradiction since w; is a C'-minimizer of J,. Thus

w, is a local minimizer of J, in Wé’p(Q) forg <2p* —1.

By a similar argument for the critical case ¢ = 2p* — 1 as in Proposition 3.7 in [9], we can obtain a
contradiction. Thus we complete the proof.

4. Existence of a second solution

Definition 4.1. Suppose ¥ C Wé’p (Q) is a closed set. We say that a sequence {vi};2, C Wé’p (Q)isa
Palais-Smale sequence for J, at the level ¢ around F, denoted by (PS )r.o if

lim dist(vy, ) = 0, limJy(v) = ¢, Hm[IlJ,(v0)lly 1,7, = 0.

Now, we give the following compactness result.
Lemma 4.1. Let A € (0,A). Suppose {v};2, C W(;’p (Q) is a (PS)s. sequence for J,. Then Wi, is
bounded in W(;’p (€2), and there exists a subsequence (still denoted by {vi};_ ) such that v, — v, weakly
in W(;’p (), where v, is a weak solution to (2.1).

Proof. First, we claim that {v;};?, is bounded in Wé’p (Q2). Indeed, by Definition 4.1, there exists a
positive constant D such that

1 A 1 A
— Vv.|Pdx — - by o atly _ I-y
pfg Vvilrdx f (58007 + 800" - (T 8w

1 4 ’
+ mg(m)q“)]dx - f [A80w) ™8 (w)) + g(w, )¢ (w)) | dx < D,

VESW)

which implies that there exists a positive constant D’ such that
1 A 1— 1 +1 /
— | |V |Pdx — —ov) T+ ——gv)T |dx < D'.
P Ja vow, L1 =Y g+1

Together with the fact that

f Vvl = f 28008 Wowe + 8n)78 e | dx
Q "k>ﬁa

+ f | 26w, 78 (w i+ 80w, "8 (w)vi | dx + o(DlIVilly i
VESWy
we can derive that

Wel? 1)+ Oxllvillyirg) = f g8 (ovedx

Wy (@)

vk>yﬂ
1 f qg+1
> — ) dx = —|vll? -D.
o, 8Wk 2p k W(;’p(Q)
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This shows that {v;};? | is bounded in Wé’p (Q), and then there exists v, such that for some subsequence,
Vi — vy weakly in Wé’p (Q). By Definition 4.1, given ¢ € Wé”’ (Q), we have

f |Vvk|p_2Vka90dx = ffi(x, viedx + o (1). 4.1)
Q Q

Moreover, the nonlinear term satisfies the estimate

filx,ve) < Agw )¢ (w)) + max{g(w )¢ (W), g(v)7g (vi)}

q+1 q q+1 %
< Agw,)” g (w) + max{K; w7’ ,K ]

Passing to the limit as k — oo in (4.1) and applying Lebesgue’s dominated convergence theorem,
we obtain

f Vvl Vv Vipdx = f S, vopdx.
Q Q
Applying Lemma 2.6 again, we obtain that v, is a weak solution of (2.1). This completes the proof.

We observe that limJ,(t¢) = —co for some fixed 0 < ¢ € Wé”’ () \ {0}. In fact, let ¢ € Wé’p (Q)be a
t—00
function that satisfies ¢ > 0 in Q and ||¢|| = 1. Then we have

- A 1
Jatg) < ||t¢||p—— g(t¢)1 ydx—ng(t@q“dx

+l q+| q+l
- Kj fgb dx

as t — +oo, since qzj > p. Combined with Proposition 3.1, it follows that J, has a mountain pass
geometry near w,. Thus, there exists 7 € Wé’p (Q) \ {0} such that J (1) < J ().

Now, let Ry = |7 — wally,1»
0

on Bj,(w,). Define

1
p
1
P

— — 0

@ and choose [y > 0 sufficiently small such that w, is a minimizer of 7,

I = {n € C([0, 1], W, " (Q)In(0) = wa, n(1) = 7}

and the mountain pass level

Yo = %nglrr[lgﬁh(n(t))

Then we have the following two cases:

(P)): inf{J,(w) : w € Wy (Q), |lw — Wallyirqy = I} < Ja(wa) for all I < Ro;

(Py): there exists /| < Ry such that inf{J,(w) : w € Wy (Q), W = wallyyiriq, = i} > Ta(wy).
0

It is easy to see that (P;) implies yy = J(wy) and (Py) implies yq > J,(w,). When case (P,) occurs, a
(PS)# 4, sequence with F = dB;(w,) for [ < [, can be constructed, and a second weak solution of (2.1)
can be obtained as follows.

Proposition 4.1. Assume that 1 < p < 00, 2p < g+ 1 <2p*forp < N,2p <qg+1< o forp >N,
0<y<10< A< A, and that (Py) holds. Then there exists a weak solution v, of (2.1) such that
Vi #F W)
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Proof. 1t follows from Theorem 1 in [40] that there exists a (PS)#,, sequence {v,} ., for some [ < .
Lemma 4.1 implies that {v,}’", is bounded and, up to a subsequence, weakly convergent to v, in
WS”’ (Q), where v, is a weak solution of (2.1).

In order to prove v, # w,, it suffices to show that v, — v, strongly in Wé’p () as n — oo. Given
that v, — v, weakly in Wé”’ (Q), the Brezis-Lieb lemma implies that as n — oo,

||vn||w(;’l’(g) = v, — v/l”w(;»!’(g) + “v/l”vvé’l’(g) +o(1)
and

f g)1g (v,)v,dx = f g, —v)7g (v, — v)dx + f g8 (vvadx + o(1).
Q Q Q

Since |g(v,) "¢ (v,)| < Ig(yﬂ)‘yg'(v_vﬁ)l for v, > w, and {v,};", is bounded in Wé’p(Q), Lebesgue’s
dominated convergence theorem implies that

f g7 (W)vadx — )78 (V)vadx.
VpZW, Vp2W,
Similarly,
f )¢ (v)vdx — gv) Vg (vy)vadx.
VnZW, VnZW,

Notice that v, is a weak solution of (2.1), that is,

f [VvalPdx — A f g7 (vy)vadx — f gv)g (vvadx = 0.
Q Q Q

Hence, as n — oo,

f IVvulP 290,V (v, = va)dx = A f 878 (Vn)(vy — v)dx + f gvn)’g (V) (v = v.)dx + o(1).
Q VnZW,

Q

Consequently, we have
f Vv, = VvalPdx = f gvn = V)18 (v = v)(vy = v)dx + o(1) (4.2)
Q Q

as n — oo. Without loss of generality, we may assume that Ja(wy) = J1(vy); otherwise, the proof is
complete. By Holder’s inequality and Lemma 2.1, we have as n — oo,

f g Vdx < f g Vdx + f 1g(va) — gI' Vdx
n2W, Vn2W, Vn2W,

1- 1-
< f gwa) Vdx + Clv, — il
Vn2W,

= f gw)' 7dx + o(1).

Similarly,
f gv)' 7Vdx < f gv)' dx + o(1).
Vn2W, Vn2ZW,
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It follows that
f lg(v)' ™ = g(v)! 7 ldx = o(1), asn — co.

==

By the Brezis-Lieb lemma again, as n — oo,

flg(vn)lq“dx=fIg(vn)—g(vA)I‘“ldX+flg(vA)I‘“IdX+0(1).
Q Q Q

Therefore, we have
Ja(vn = v2) < Ja(vn) = Ja(vy) + o(1) < o(1).

Then .
1_9” = vall? W@ g+l f lg(v, — v dx < o(1), asn — co. 4.3)
By Lemma 2.1(v), we obtain
1
f 8 = V)8 (v — V) (v — v)dx > 25 f (v —v)*dx + o(1). (4.4)
Q

From (4.2) to (4.4), we conclude that ||v,, — vﬂllwl,p(g) — 0asn — oo. Thus, ||w, — = [ and
0

VA“w(;sP(Q)
w, # v,. This completes the proof.

In what follows, we consider the case (P,):

Proposition 4.2. Assume that p and q satisfy either 1 < p < 00,2p—-1<g<2p*—1or2<p<N,
q = 2p* — 1. Given A € (0,A) and that (P,) holds, there exists a weak solution v, of (2.1) such that
Wy # V).

Proof. We only consider the case g = 2p* — 1, as the subcritical case follows from Lemma 4.1 and a
standard argument. We may assume that J, attains its minimal energy at w, among all weak solutions;
otherwise, a second solution would be found. Let ¥ = Wé ?(Q). We consider

_N-p_
€2r(p-1)
Ux) = —; T (),
(€77 + |x = y[7) 5

where € > 0,y € Q, and ¢ € C°(Q) is a cut-off function satisfying ¢ = 1 in a neighborhood of y.
We claim that there exist ¢y > 0 and Ry > 1 such that for all € € (0, ),

Jawy + RU,) = Jy(wy + RU,) < Jy(wy), VR > Ry,

— 1 »
JA(WA + tR()UE) = J/l(W/l + tRon) < J,I(W,l) + ﬁS;, Yt e [0,1].

In fact, according to the arguments in [40], we get

+1 %902'17* 1 N
|U " dx = dx = ————dx + O(erT),
o (7T +[x =y Jer (1 Y
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N-p_
f UJPIVUJPdx = f L) A
o o (77 + Jx — |7

_N-p_ _N-p_ 2-p
e¥riVyp (N = p)errix -y (x = Yo|r ,
- X

X _r . N-p _r_ »_ Ntp
(€T +x =y )= 2(p— (T +lx—)r)>

N-p eglx— |% 2p N
=[—2 ]f NP dx+ O(er)
Q

20 =DV Ja (€77 + |x - ylFTV
p N
N-p pf | x| =T N
=|—— ——— dx+ O(er 7).
[2(19—1)] RV 1+ |x|7T
Set
N — = d
B = (_P)pf Lpd% AZ:f —x,,,
=17 Jev (1 +|x7T)V RY (1 + |x 7TV
and
B
S =—
AN

Since w, € L*(Q), we have

1 A 1
) = - [ @+ puaPFupdx - = [l - — [ pias
where u, = g(w;) € L*(Q). For s, R > 0, define

1
L(u, + sRU,) = — f(l + pluy + sSRU|P)|\V(u, + sRU)[Pdx
P Ja

A 1
-— f lu, + sSRU|"Vdx - —— f lu, + SRU " dx.
1-vJa g+1Jo

Note that J;(w,) = I;(uy). Moreover, for ¢ > 0,
Jawy + 1RU) = Li(g(wa + tRUL)) = [i(g(wy) + g (Wa + (RUJIRU,) = Iy(u, + sRU,),

where £ € (0,¢) and s = g’(wﬂ + (RU,)t. Therefore, following the argument in [40], for p € (2,3),
we obtain
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Jawy +tRU) — Jy(wp) = Li(ug + sRU,) — I (u,)

1
f(l + pluy + sRoUP)IV(uy + sRU )| dx — — f(l + pluy|P)|\Vu,|Pdx

+ 1 =dx - —flu/l + sRU|"dx + —flu,llq“dx
-7

1
— f s + sRU " dx
+1 Jo
< f (1 + plua” + psPRPU?P + p* sRlu|P~*u,U ) sRIVualP2Vu, VU dx
Q
+ f ("'RPTTUPT + plug|Puy)sRUVuy|Pdx
Q

1
+ f (— + |ual” + psRlua)P2u, U (sR)P|VU Pdx + f (sR**UP\VU |Pdx
QP Q

1 -
+— fg (112l =l + SRUJ* [dx + o(€7")

R g+1 N-p
(sR) —A+o(er)

— 1 2p
= E(SR) B -

1 q+1
< Lisrrp - BB 4L o,
2p qg+1

Arguing as in [40] for p € [2, 3) and noting that the case p = 2 was considered in [23], we find Ry > 0

such that

1
sup JA(WA + [R()UE) < J}(W/l) + —S 1’
1€10,1] 2N

For p > 3, we have

Jawy +tRU,) — Ja(wy) = Li(uq + sRU,) — L(ua)

1 1
f(l + pluy + sSRU|P)|V(u, + sRU)|Pdx — — f(l + plu|P)|\Vu,|Pdx

fluﬂ|1 7dx——f|u4+sRU ! 7dx+—f|uﬂ|q+1dx

f luy + sRU " dx
q g+1

< f (1 + plugl? + psPRPUP + p*sRlu |~ *u U sRIVuy|P 2V, VU dx
Q
+ f (sP'RPTUPT + plug|P " u) sSRU |V u,|Pdx
Q
1
+ f (= + lwal” + psRiw" 1, Ue)(sRY VU dx + f (SRYPUPIVU [P dx
QP Q

4(N-p) (N-p) 2(N-p)

2
+CerrD — —— f (SR U dx — Crerv D + o(e77 D)
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sSR)7+! AN~y AN=p
( ) I A — C36p(p 1) + o(gp(p 1))

< E(SR) B -

gq+1 ) .
< L orB - SR AL i o),
2p q+1

Thus, we obtain

1
sup Jawy + tRoU,) < Jy(wy) + —S%
t€[0,1] 2N

Hence, the claim is proved Now, we show that the sequence {v,} >, is compact. First, we prove that
{va}52, is bounded in W P(Q). Define n(t) = w, + tRyU, for t € [0, 1]. Then we have

_ -
Lawa) = Tawa) < yo < Jabwa) + 5587

Applying Ekeland’s variational principle to the functional
O(n) = maxJa(n(t)) ner,

there exists a sequence {1;},>, C I" such that
maxJ(n(1)) <y + !
x —
maxsa 1)) = %o P

1
rr%g{(h(nk(t)) < maXh(n(t))+ maXIIﬂ(t) m@ll, Yn €T

By a similar proof of Lemma 3.5 in [41], one can show that there exists v, € Wo’p (€2) such that

Ja(vi) = yo as k — oo,
f Vvl 2V V(w = vi)dx — A f 8778 () (w — vi)dx — f g8 (W —vdx (4 5)
Q Q Q
C
> =L+, Ywe WP (Q).

Taking w = 2v; in (4.5), we obtain

— ’ ’ C
fleklpdx— /lfg(vk) 78 (ivdx — fg(vk)qg Wvedx 2 ===(1 + [2vl]).
Q Q Q

From Lemma 2.1(v), it follows that

1

A C
f Vvl — 2 f o) dx - - f o)™ dx > (1 + 12w,
o 2 Ja 2 Jo K

Therefore,

1 A . 1
yo+o(l) =—[vl’ - —— | g0 Vdx - — fg(vk)q“dx
p -y Ja g+1

2

> (= —
> ( .

1
PIVell” = /1(—7 - —)f|Vk|l Tdx - —(1 + 12vilD).
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Thus, {vi};7, is bounded in Wé’p (Q2). By Lemma 4.1, we obtain that v, — v, weakly in Wé’p (), where
v, is a weak solution of (2.1), and

fg Vv —volPdx = fg g = )8 (v — v = v)dx + o(1).

Moreover, for small ¢ > 0, we have

1 1
—[vk =allP = — f lg(vi — vl dx
P g+1 Jo

= Ja(vi) = Ja(vp) + o(1)

4.6)
<70 — Jalwy) + o(1)
1~
< EVS’ — é:
By Lemma 2.1, we have
f g —v)7g (v — v (v — v)dx = f lg(vie = vl dx + o(1). 4.7)
Q Q

In addition, it follows from the definition of g(f) and Lemma 2.1 that g(¢)g (f) — 0 as ¢t — 0. Therefore,
there exists a large constant A > (p-I—LN)p/ W ‘P)KS_ZP such that

’ 1
8(0)g (1) < —.

This yields

’ 1
f gk —=v)Ig (Vi = v (v —v)dx < 1 f lgr = v)I©™ (v = vy)dx
Q Q
q-1

K, o1
< n [vi — vl 2 dx 4.8)
Q
2p*-2
= KO f |Vk - v/llp*dx.
A Jo

Now suppose that fg [V(vy — v)IPdx — b and ng(vk — )28 (v = vy = v)dx — b as k — oo.
Then (4.8) implies that
KZp*—Z
0 p*
[vi —val? dx > b.
A Ja

From the Sobolev imbedding theorem and the best constant S, we get

b>SAK " b)7r.

Hence, either b = 0 or

Nop NN 5

b>A"r

S

P
0
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N—p 2N-2pN

Ifb>A7" K, " _25%, then from (4.6) and (4.7), we derive

N+p I _»
b< —S8»-¢,
2pN =~ 7 2N ¢

which implies
2N-2pN )

p K7 shoo,

N+p

N-p
p

N
b< Sr—p0<A

provided that A > (ﬁv)p/ ™ _”)Kg_z” ", where o = Iz\,p—gjf > 0. This leads to a contradiction. Therefore,
we must have b = 0, which means v, — v, strongly in WS”’ (Q). Consequently, J,(vy)) = vo > Jy(wy),
implying that v, # w,. This completes the proof.

Appendix

In this section, we will prove a result that has been cited before.

Lemma Al. Suppose that0 <y < 1,1 < p < oo, 2p —1 < g < oo, and that there exists a function
wE W(;’p (Q) such that w > €@, for some € > 0. Define

28w 78 (W) + g(W)g (w), ift <w,

falx, 1) = { /lg(l)_yg’(t) + g(t)qg/(t), ift> w,

Filx, 1) = fot falx, s)ds, and for w € Wé’p (Q),

— 1
Jl(w):—flel”dx—fF,l(x,w)dx.
P Jo Q

Then J, belongs to C 1(Wé’p (Q),R).

Proof. We first consider the singular term; the other terms can be handled by standard methods. Define

{ gw) g (w), ift<w,
hx, 1) = )
Ag®)7g (1), ift> w,

!
H(x, 1) = f h(x,s)ds, and Sw)= fH(x, w)dx.
0 Q
Forany w € Wé’p (Q), the Gateaux derivative S’ (w) of S (w) is given by

(S (w),v) = f (max{g(w), ) (maxig(w), g v(x)dx.
Q

Electronic Research Archive Volume 34, Issue 3, 1448-1476.



1473

Let wy € Wé’p (Q) with w, — wy. Then
(8" w) = 8" Ow), v = | fg |(max{g(w), gw)}) ™ (max{g(w), gw))) v
— (max{g(w), gowo)}) 7 (max{g(w), g(wo))) v] daf

<2 f ()¢ (W)l dx
Q

<2 f W75 (@) M dx
Q

§26_7f¢1_7|v|dx
Q

forall v € Wé’p (Q). By Hardy’s inequality, ¢,”v € L'(Q) for 0 < y < 1. Hence, applying Lebesgue’s
dominated convergence theorem, we conclude that S’ (w) is continuous, that is, S € C ‘(WS”’ (Q),R).
Consequently, Ji€ C‘(WS”’ (Q), R). This completes the proof.
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