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Abstract: We intend to study a class of the critical Schrodinger—-Bopp—Podolsky system with p-
Laplacian in R3. Under different perturbation terms, the existence and multiplicity of nontrivial
solutions are obtained by using critical point theorem. Considering the influence of the p-Laplacian
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to address this difficulty by using the concentration-compactness principle and some clever analysis.
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1. Introduction

This article focuses on the following critical Schrédinger—Bopp—Podolsky system with p-Laplacian
in R%:

3 =y

_ P2, — q-2 |M|p:i P2 3
A+ blulPu = ag(Dlultu + ( [ dy) WPiu, x e R, 0
—-A¢ + a2A2¢ = 4mlul?, xeR3,

where A, u :=div(|Vul’~?Vu) is a p-Laplace operator, b, @ € R are some positive parameters, 0 < u < 3,
2<p<32p<gqg<p = 33_—’;), p, = Gp - P5)/(3 — p) represents the critical exponent for

the Hardy—Littlewood—Sobolev inequality, a > 0 is the Bopp—Podolsky constant, and g is a weight
function satisfies the subsequent assumption:

(@) g(x)>0forall x e R*, and 0 < L£(A) < oo for A = {x € R* : g(x) > 0}, where g € L*(R*) and £
is the Lebesgue measure in R>.

(1.1) 1s a recent version of the Schrodinger—-Bopp—Podolsky system, first proposed by D’ Avenia
and Siciliano [1]. We can implement such a system by coupling the Schrédinger field ¢ = ¥ (z, x)
with its electromagnetic field within the Bopp—Podolsky electromagnetic theory, particularly in the
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electrostatic case of standing wave y(t, x) = e"'u(x). Within the framework of electromagnetic theory,
the Bopp—Podolsky theory proposed by Bopp [2] and Podolsky [3] is a second-order gauge field theory,
and it can be regarded as a theory that is valid within a short distance range (see Frenkel [4]). In the case
of larger distances, this theory is experimentally indistinguishable from Maxwell’s theory. Therefore,
the Bopp—Podolsky parameter a > 0, whose dimension is inversely proportional to mass, can either
be regarded as the truncated distance, or it can be associated with the effective radius of the electron.
Furthermore, this theory resolves the so-called infinity problem that arises in the classical Maxwell
theory. For more physics content, we refer to [5—7] for details.

In recent years, a series of interesting achievements have been made in the research on the
Schrédinger—Bopp—Podolsky system, and we only present some representative results in this field.
Siciliano and Silva in [8] explored the following system:

_ 200 p-2 D3
{ Au+ wu + g°¢pu = |ul’~"u in R’, (1.2)

-A¢ + a*A’¢ = dnu? in R,

where p € (2,6), w > 0 and a > 0. They acquired the desired results for system (1.2) depending on
the value of g. More precisely, with the aid of the fibering approach, they demonstrated that when the
value of ¢ is sufficiently large, there exists no solution for system (1.2), while for small values of ¢,
two radial solutions exist for the system. This accomplishment has exerted a profound influence on the
subsequent investigations of the Schrodinger—Bopp—Podolsky system. In addition, we have discovered
that a number of results for problem (1.1) have been achieved via diverse methods. For example,
Damian and Siciliano [9] studied the system below using the variational method:

{ —€2Au + V(x)u + Q(x)pu = h(x,u) + K(x)|ul*u in R3, (1.3)

—A$ + 2N = An () in R3.

For functions V and K satisfying appropriate conditions, the authors proved that small solutions exist
in the semiclassical limit for all fixed a > 0. Furthermore, as a — 0, they demonstrated that for a
fixed and sufficiently small value of €, the solutions converge strongly to those corresponding to the
Schrodinger—Poisson system. Let us refer to [10-12] and to the references therein on some critical
problems. Recently, many mathematical researchers began to study problems with convolutional
nonlinearity terms. For example, Yang and Shen [13] analyzed the following problem:

— Au— A(uP)u + V(x)u = (I#Iulp)lulp_2u, xeRY, (1.4)

where I, is the Riesz potential and V(x) = a - ﬁ. They overcame the difficulties potentially caused

by the quasilinear term through the variable substitution method, and they studied the corresponding
functional by means of variational methods to find the ground state solutions and positive solutions of
the equation and established the nonexistence result by virtue of the PohoZaev identity.
Later, Xiao et al. [14] dealt with the following Schrodinger—Bopp—Podolsky system with convolu-
tion nonlinearity:
—Au+ V(x)u+ ¢u = (I, * F(w) f(u) inR3,
2 A2 ) .3 (1.5)
—-A¢p +a"A°¢ = 4nu in R’,

where I, : R® — R is the Riesz potential and @ € (0,2). A thorough examination of the nonlinear
components enabled them to demonstrate the presence of ground state solutions and positive minimal
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energy solutions for system (1.5). Afterwards, Alves et al. [15] employed the critical point theory
of non-differentiable functionals and utilized the sub-supersolution method to conduct an in-depth
investigation into the existence and multiplicity of solutions for a class of generalized Schrodinger—
Bopp—Podolsky systems featuring nonlinearities. Other interesting results can be found in [16-19].

It should be specially emphasized that in all the above-mentioned literature, the authors were merely
interested in the p = 2 case for the Schrodinger—Bopp—Podolsky system. Particularly inspired by the
ideas of [20-22], we propose to investigate some existing results of solutions corresponding to p-
Laplacian. Moreover, once the second equation in system (1.1) contains the nonlinearity |u|”, whether
the nice properties of the nonlinearity ¢ are still true. In this paper, we intend to solve these problems
and provide affirmative answers to them.

The main results of this work are presented as follows:

Theorem 1.1. Let (G) be satisfied. For any b > 0 and n € N, there is a, > 0 such that a € (a,, +0),
and system (1.1) has n pairs of solutions with positive energy.

We establish these findings primarily through variational methods and topological approaches.
Compared with prior research, exploring system (1.1) is more intriguing and challenging, owing to
the concurrent existence of the combined effects of p-Lapalcian, convolutional nonlinearities, and
non-local terms. Our contributions are mainly concentrated on the three areas below:

(a) In the present work, we will use various critical point theorems to prove the multiplicity
and existence of nontrivial solutions for system (1.1), which incorporates p-Laplacian. Our
inspiration mainly stems from [1,9,23,24]. However, our study does not simply replicate the
approaches presented in the above-mentioned papers; instead, it involves targeted refinement and
enhancement. We aim to verify the nice properties of the nonlinearity ¢, which play a significant
role in obtaining the main conclusion of this article.

(b) The core of this paper lies in establishing the validity of the (PS), condition. The interplay be-
tween nonlocal terms and critical nonlinearity leads to the loss of the overall spatial compactness,
prompting us to employ the principle of concentrated compactness to reconstruct the compact
structure of the space.

(c) It appears to be the first application of Pereira’s critical point theorem [25] to the critical
Schrodinger—-Bopp—Podolsky system. Although this strategy has been employed in other research
problems, modifying it to the procedure for our problem is no easy task. Because of the nonlocal
term, this problem requires re-evaluation and more accurate parameter estimation.

The framework layout of the article is described as follows: In Section 2, we make full preparations
and give the corresponding workspace, which are useful to obtain the main conclusions. In Section 3,
we prove that the energy functional / satisfies the (PS ). condition, which is established via applying
relevant versions of Lion’s second concentration-compactness principle. In Section 4, we prove the
Theorem 1.1 by verifying the geometric hypotheses required for the above-mentioned critical point
theorem due to Perera [25].
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2. Preliminaries

Here and in the subsequent parts of the paper, || - ||, denotes the Sobolev space L(R*) norm for
p > 1. We will use the following Sobolev space D'"*(R?):

D“ﬂw):{ueuﬁR%:fWwax<m},
R3

which is a Banach space equipped with the norm

[l = (f IVulde)p. (2.1)
R3

Moreover, the space of radially symmetric functions Di;l’;(R3) is defined by
D, (R*) = {u € D"P(RY) : u(x) = u(|x)))

with the norm || - ||. Then there exists the continuous embedding D PR — LYR?) forall s € [p, p*]

and the compact embedding Dr P(R?) << L’(R3) forall s € (p, p )
The best embedding constant from D'*(R?) into L”" (R?) is defined as

S = inf { f |VulPdx : |u|P*dx:1}. (2.2)
R3 R3

ueD!-P(R3)\{0}

The Sobolev embedding theorem and Holder inequality indicate that
lullf,, = f3 g(0)lul’dx (2.3)
R

for each u € Dl&’;(R3). From Talenti [26], we know that S > 0.
In what follows, we first recall the famous Hardy—Littlewood—Sobolev inequality [27].

Lemma 2.1. Lett,t, > 1 and 0 < u < N such that + + L =2 h e LRY) and hy € L*(RN). Then
there exists a sharp constant C(, t., u, N) > 0, whzch is mdependent of hy and h, such that

x)h
f f M) 4 iy < i1 Nl sl

lx =y
RN RN

By the Hardy-Littlewood—Sobolev inequality, we get the well-defined integral
P P
f PP
g Jr X =y

in D'7(R3), if |ul’ € L'(R3) for ¢ > 1 such that 24 L =2 thatis, 1 = &. From the perspective of the

rad
Hardy-Littlewood—Sobolev inequality, the exponent p;, is referred to as the upper critical exponent.

In particular,
(20| ()| ~ 2,
f 3 [P )y < Ceo)lull” (2.4)
R R3

lx — y|#
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forall u € Di&Z(R3)- Hence,
P Py X
f‘j“mgﬂiﬁﬂLdMWSCwmmwa
IR X -y
where C(u) = C (1)S %P« > 0. Furthermore, we set

py p;z
Sur = inf {f [VulPdx : f f O u)l ——————dxdy = 1}, (2.5)
ueDP(R3)\{0} R |x — yl#

and clearly S > 0.
On the other hand, in order to give the specific expression of Poisson’s equation, let X represent the
Cf’(R3) completion under the norm || - ||x induced by the inner product

(o, ) x = f VoVydx + a* f ApAydx.
R3 R3

Then, X is a Hilbert space, and there exists the continuous embeddings X — D"?(R?*) — LS(R?),
where D'#(R?) is the completion of Cy*(R?).

Lemma 2.2. [1] The space X is continuously embedded into L*(R>).

For any given fixed element u € Di(}fz R?) and ¢ € X, the map ¢ — fR3 @|u|? is continuous and linear.
The Riesz theorem ensures that there is an unique solution ¢, € X, which solves the following equation:

— A + a*A*p = dnjul”. (2.6)

For the explicit expression of such a solution, we consider

-l

— @ a

K(x) = !
|x]

and recall the useful properties of the kernel K.
Lemma 2.3. [I] Fory € R}, K(- — y) solves

~A$ + a*N*¢ = 4n6,
in the sense of distributions. Moreover,

(i) if f € L, (R*) and, for a.e. x € R®, the map y i(y)l is summable, then K * f € L
(ii) if f € L'(R®) with s € [1,3), then K % f € L? for all q € (£, 00|

(R);

loc

Under both circumstances, K * f solves
— A} + A’A’p = 4nf. 2.7)

Based on the above facts, for fixed u € Dm d(R3) |ulP € LIOC(R3) and the solution in X of the second
equation in the Schrodinger—Bopp—Podolsky system is the unique equation, which has the explicit form

=lx=yl

1 - a
0,00 =K slu = [ =P )y, 2.8)
Ry X =)l

Subsequently, we give some nice properties of ¢,,.
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Lemma 2.4. [28] For any u € D"P(R?), we have the following properties:

(i) Foreveryy € R?, du1y) = du(- +¥);
(ll) ¢M > 0 and ¢tu = tp¢u;
(iii) ¢, € X;
() llgullx < CllullP with the positive C independent of u, and it holds

f $ulul’dx < Cllully
R El
(V) @, is the unique minimizer of the functional
1 ) a? ) »
E(@) = ZIVolh + IA¢L — | 4lul dx forany ¢ € X;
R
(i) If u, — win D'P(R?), then ¢, — ¢, in X and
f b P utipdx — f3 $ulul”*updx, for any ¢ € D'P(R?).
R3 R

Using the reduction arguments introduced in d’ Avenia and Siciliano [1], system (1.1) can be reduced
to the single equation:

Juf

3 |x =yl

— Ay + b, ul’u = ag(x)lul'u + ( f dy) |u|P2u, (2.9)
R

where ¢, is defined by (2.8).
It is straightforward to get the corresponding energy functional of system (1.1) as follows:

1 b 1 P Pu
I(u) = —f [VulPdx + —f o lulPdx — gf gluldx — —*f dedy. (2.10)
D Jr3 2p Jgs q Jr3 2p; Jp Jrs X -y

By using standard proof in Rabinowitz [29], we know the energy functional / € C I(DiAZ(R%), and the
Fréchet derivative of I is given by

(I'(w),v) = f \VulP2VuVvdx + b f bulul’*uvdx
R3 R3

P .
—af glulq_zuvdx—f f LIul”ﬂ_zuvdxdy (2.11)
R3 r Jrs X =y

for any u,v € D'”(R?).

rad

3. (PS). condition

In this section, we aim to establish that the energy functional I/ corresponding to system (1.1)
satisfies the (PS). condition. A sequence {u,} C Dic’f;(R3) is called a Palais—Smale sequence at the
level ¢ € R for I, abbreviated as a (PS), sequence, if

I(u,) » ¢ and I'(u,) > 0 asn — oo. 3.1
If every (PS). sequence contains a convergent subsequence, then the energy function / is said to satisfy

the (PS), condition.
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Lemma 3.1. The functional I satisfies the (PS). condition, where

2 p;

1 1\ 5=
O<c<ci=(——=|S"". (3.2)
(p q) E

1
Proof. Let {u,} ¢ D"
three claims.

Claim 1. We claim that {u,} is bounded in Dm d(R3)

Indeed, by (2.7) and (2.8) and together with (2.2), for every (PS). sequence {u,} of I, we have

R3) be a (PS). sequence of the functional /. Now, we shall split the proof into

L4t gl = IGuy) - ). 0)

(_ - _)f |Vu,|Pdx + b(— - —)f Pu, lunl”dx (3.3)

Py Py
+(___)f | (O | ()| dxdy.
q 2p;) Jes I lx =yl

. « " : : 1, 3
Since 2p < g < p* < 2py, we know that the (PS). sequence {u,} is bounded in Dm’;(Rz). Then there

exist a subsequence of {u,} still denoted by {u,} and u € D'’ (R?) such that

rad

3
U, = uae. in R’ u, = uin D’ (R*), and u, — win L] (R*)forall 6 € [p, 3—P). (3.4)
4

Claim 2. We claim that A = 0.

By Claim 1, together with the concentration-compactness principle of Lions [30, Theorem 1.3]
(see also [31, Lemma 4.5]), passing to a subsequence, we may assume that there exists u € Dlp (R
such that

Vu,|/Pdx — w > |Vu,|” + Z w0y,

ieA

and

()1 __— P #
( fR R dy)mn(x)v’ dx = ¢ = (R3 = )|u,,|f’ N

in the sense of measures, and
_P_

Surll" < wi, (3.5)

where A is an index set that is at most countable, S 5 represents the best Sobolev constant, d,, is
the Dirac-mass of mass 1 concentrated at x; € R? and {w;}ica, {(j}ica denotes two families of positive
numbers where (; are contants.

In the following, we prove that A = (. Assume by contradiction that A # 0, then there exist some
i € A with ¢; > 0. For any € > 0, we define a smooth cut-off function ¢, € C8°(R3) satisfying ¢ (x) = 1
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in B(x;, €), p(x) = 0in R? \ B(x;, 2¢), and |Ve,| <2 2 in R3. We can easily know that {u,¢,.} is bounded
in D' (R?), then lim,,_o, (I’ (tt,), (ty0e)) = O. Therefore, we have

rad

on(l):f |Vu,,|pgoedx+f u,,IVunI”_lVgoea’x+f Gu, " pedx
R3 R3 R3

p; I
. f gl ool — f OV W
R? R3 JR3 lx — yl#

Using the definition of ¢, and the Holder inequality, we have

f il Vit Vg
B(x;,2¢€)

p=1
P V4
g( f |Vun|f’dx) ( f |unV<p2€|de)
B(x;,2€) B(x;,2¢)

sC( f |uanoe|f’dx) ,
B(x;,2€)

where C > 0 is independent of €. Since for any fixed €, together with the boundness {u,} in Di&Z(R3)’
one has

(3.6)

f | Vit | Vpodx| =
R3

lim lim f | Vit,|P ' Veodx| = 0. (3.7)
€e—U n—oo R3
By Lemma 2.4(iv) and definition of ¢., we get
lim lim f Gu, " pedx| = (3.8)
e—0 n—oo R3

Moreover, we also have

lim |Vun|”<p€dx=f gogda)>f Vul’ p.dx + w;,

n—o00 R3
: | ot |u|P o
lim dy | |u,|" pcdx = soed§ dy | |ulpdx + ; (3.9)
n—oo \ Jp3 |x — yJH 31X — Y

< Il f upltdlx.
B(x;,2¢)
lim lim

f g(0)luy | pedx
e—0 n—oo R3

Putting (3.7)—(3.10) into (3.6), and taking € — 0 and n — oo in (3.6), we have {; > w;.

and

gyl pedx
R3

Therefore, we obtain that
=0. (3.10)

Together with the fact S ;¢ iz,,;; < w,; fori € A, we have

Zp”

Dwi =Sy p“ " or (Il w; = 0. (3.11)
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If () is true, then by I(u,) — c and I'(u,) — 0 as n — oo, together with (3.11), this implies

c= lim (I(u,,) - l ' (uy), Mn))

= (_ - _)f |Vun|pdx + b(_ - _)f ¢un|un|pdx
3
|t (20)1P |10 (y) P
—————dxd
+(q 2py)fRs o oW (3.12)
1 1 1 1
2 (_ - _)f |Vun|p‘pad-x > (_ - —) w;
P q)JIr3 P q

2p5
2(1_1)52{”,
p q/

which is a contradiction. Therefore, A = @.

Claim 3. We claim that

P P P Pl
f f PO f f P O™ g, (3.13)
R3 JR3 |.x - yl’u R3 JR3 |x - y|ll

Taking the similar arguments in Claim 2, we also employ the concentration-compactness principle at
infinity proposed by Chabrowski [32] (see also [24,33]). We define the following limits:

P, I
W := lim lim |[Vu,|’dx and { := lim lim dedy.
R—00 n—00 B, R—00 n—0c0 B, JR? |x — y¥
Thus, there exist well-defined quantities w., and {, such that
p; P

lim | [VuPdx = we + f dw and lim 1O MO )ty = £+ f de.

n—e0 Jg3 R3 n—e Jgs Jg3 |x — yl R3
Taking the same arguments as Claim 2, we also obtain that

0
(D) S g1l < W O (IV) e = 0. (3.14)

If (I11) is satisfied, then for each R > 0, let ¥ € C’ (R3, [0, 1]) be a smooth cut-off function satisfying

0 for |x| <R,
Yr(x) =
1 for |x|>R+1.

Clearly, the sequence {u,'Pr} is bounded in Di;’;(R3), then
0,(1) = f |Vu, |PWVrdx + f | Vit |V VW rdx + f &u, |ty Yrdx
R3 R3 R3

p’.( p*
Ca f gl ("W el — f OO s
R? R? JR? lx — y

(3.15)
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Taking the similar arguments in Claim 2, we have that w,, = 0. Therefore, based on the above facts,
we obtain that Claim 3 is true.
In the following, by (&), we have that

ozf g(x)lunlqueaf g(x)|ul?dx. (3.16)
R3

Taking the same arguments as Lemma 5.1 in [1], we obtain

f¢u,,|un|”dx—>f¢ulu|”dx (3.17)

Indeed, we define the linear and continuous operators on X

B(g) = f gl dx and () = f el dx.
R3 R3

According to the Riesz theorem, they are represented by ¢,, and ¢,, respectively. It follows from the
Holder inequality that
u, = Sullx = 1©, — Pllx < Cllu, — ullé,’i/s - 0.

Together with the Holder inequality and Sobolev embeddings X — D'?(R?) — L7 for all § € [2, 6],
and D1 PR > L'(R?) for all ¢ € (p, p*), we have that

f Bulunldx — f Bulul’dx|

R3 R3

=| f il dx ~ f Bulu, | dx + f Bulu, | dx - f Bulul’dx]
R3 R3 R3 R3

< f |¢u,, - ¢u||un|pdx + f |¢u|(|un|p - |ulp)dx

f 6, = duPdx)’( f ) f 6L dx)’( f (1l = ) )’

2
< Cligu, = bullpres, f )"+ Bl lnd” = 1l
R3

< Cllgu, = dullxlluall + Clidu, llxllluenl” = lul”ll2

- 0.

Therefore, we obtain that (3.17) is true.
By I'(u,)u, = 0,(1) and Lemma 2.4, we have

Py Py
limllunllpz—bf ¢u|u|”dx+af g(x)Iul"dx+f f dedy. (3.18)
n—oo R3 R3 R3 JR3

|x =yl
Since I’(u,)u — I'(w)u and I’ (u,)u — 0, then

P ¥
ull” = b f dululPdx + @ f S(0)luldx + f f [P (3.19)
R3 R3 R3 lx — yl

Together with (3.13)—(3.17), we obtain that

li_{l;”un”p = lull”.
This implies that u,, — u in D (R3) Therefore, the proof is completed.
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4. Proof of Theorem 1.1

Let Y be a Banach space. For a symmetric subset £ of Y with nonzero points, we denote the
cohomological index of E by i(E) in Fadell and Rabinowitz [34]. When E is homeomorphic to the unit
sphere "1 in R”, then i(E) = n. We require the following result to prove that Theorem 1.1 is satisfied.

Proposition 4.1. ( [25]) Let Y be a Banach space, and I : Y — R be an even C'-functional satisfying
the Palais—Smale condition at level c, where ¢ € (0, c*) and c* is a positive constant. Assuming that 0
is a strict local minimizer of I and there exists a compact symmetric set E C 0Bg and R > 0, where
Br = {u € Y|||lu|| < R}, such that i(E) = n,

max/ <0 and maxI < c”,
E H

where H = {éulé € [0, 1], u € E}, then the functional I possesses m pairs of nonzero critical points, and
all critical points with positive critical values.

2pk
p q ’

be satisfied in Lemma 3.1, [ satisfies (PS). for ¢ € (0,c*). Since 2p < g < p*, itis clear that u = 0
is a strict local minimizer of I. Let Z = {u € Di(’f:l(R3)| supp u C A}, where A is as in (&), then Z

Proof of Theorem 1.1. Letting

is an infinite-dimensional subspace of Dl;ﬁ[ R?). Let Z, denote the n-dimensional subspace of Z. On
Zy, lullg4 given in (2.3) is the norm of u € Z,. All norms on Z, are equivalent because dim Z, < co.
Therefore, for u € Z,, we get

1 b 1 2 Py
) = - f Vuldx + — f ulul’dx — = f g(luldx — — f f WO O ;g
D Jr3 2p Jgs q Jr3 2p; Jre ey X -yl 4.1)

< cllull” + bea|lul* — acslull? — cqllullP.
Take M > 0 such that
F(M) := e\ MP + c;M* — caM?Ph < 0. (4.2)

Let & := Z, N dBg, then i(E) = n. For all positive a, if u € &, then I(u) < f(M) < 0 by (4.1) and (4.2).
Hence, maxg I < 0. From (4.2), if f is continuous and f(0) = 0, then there exists o € (0, M) satisfying
f(t) < c*forallt € [0, p]. Let

If a > «,, it follows that
f(t) — acst?! < c* fort € [0, M].

Thus, foru € &,
1).ifée [0, %], we have ||éu|| < o, thus

I(&u) < f(|lEul)) < ¢
2).if & €| £, 1|, then [l€ul € [0, M1, thus
I(Euw) < f(|Eull) — acs - [IEull? < c*.
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Consequently, for H = {éu | £ € [0, 1], u € E}, we can get
max ] < c*.
H

By Proposition 4.1, we obtain n pairs of nonzero critical points, which correspond to nontrivial
solutions of system (1.1).
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