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Abstract: In this paper, we investigated the existence and uniqueness of solutions for a class of interactive
fuzzy Caputo—Katugampola F-correlated fractional differential equations with time delay. First, we
gave the definition of the correlated integral and derivative for interactive fuzzy Caputo—Katugampola
F-correlated systems. Second, we presented an equivalent integral formulation and, under suitable as-
sumptions, established the existence of solutions to fuzzy interactive Caputo—Katugampola F-correlated
fractional-order differential equations with time delay by applying Schauder’s fixed-point theorem.
Finally, a numerical example was presented to validate the effectiveness of the proposed approach.
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1. Introduction

In the theory of fuzzy fractional differential equations (FFDEs), there are at least two types of FFDEs.
The first type includes functions taking values in fuzzy sets (see [1]). For such fuzzy functions, the
fuzzy derivative is obtained by extending the classical derivative operator for crisp functions using
Zadeh’s extension principle. The second type considers fuzzy-number-valued functions, in which case
we can define two types of fuzzy derivatives. One is based on the Fréchet derivative definition of
the fuzzy derivative, which is given by a continuous linear operator acting on fuzzy-number-valued
functions (see [2]). The alternative approach to defining the derivative of a fuzzy-number-valued
function is the limit method (see [3]), where the formulation of the limit expression depends on the type
of fuzzy number difference operation employed. For example, the Hukuhara difference (—y) [4] and the
generalized Hukuhara difference (—,z) [5] yield the Hukuhara derivative and the generalized Hukuhara
derivative, respectively, whenever the corresponding limit exists.
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In 2004, Carlsson et al. [6] stated that the interaction of fuzzy numbers and their interdependence
can be described by their joint possibility distribution, and showed that the membership functions
of the interactive and non-interactive sums of any pair of fully positively correlated fuzzy numbers
are identical. In 2017, the interactive derivative of a fuzzy function was introduced, incorporating
the concepts of joint possibility distribution and interactive arithmetic operations [7]. The interactive
difference is defined using the sup-J extension principle [8]. One motivation for the development of
interactive arithmetic and fuzzy derivatives is the possible interactivity or dependence between variables
in a process. The idea of interactivity between two fuzzy numbers can be expressed by a joint possibility
distribution [6,9, 10]. Based on this concept, fuzzy processes have been developed (see [11-13]). In
certain cases, the interactive derivative is similar to the generalized Hukuhara derivative (see [14, 15]).

In 2019, Ibanez et al. [16] solved a linear fuzzy boundary value problem (FBVP) by exploiting
the concept of mutual interaction between fuzzy numbers. To provide solutions for a class of fuzzy
boundary value problems involving non-interactive fuzzy boundary values, Zadeh’s extension principle
was implemented. In addition, based on the extension principle of the joint possibility distribution,
the fuzzy solution was obtained in cases where the boundary value is given by interactive fuzzy
numbers. Moreover, Pedro et al. studied a fuzzy initial value problem (FIVP) describing the evolution
of an autocorrelated process. Therefore, the concept of the F-correlated derivative (F-derivative) was
applied to fuzzy-number-valued functions (see [14] for more details). It has been observed that the
interactivity of the process depends on the chosen derivative, which in turn provides a bidirectional
measure of interactivity for the FIVP solution. The study of a population growth model governed by
an interactive fuzzy differential equation shows that, for fuzzy-number-valued functions describing a
locally F-correlated fuzzy process, the interactive derivative is more suitable than the gH derivative.

In 2021, Esmi et al. [17] investigated higher-order linear differential equations with additional
conditions (initial or boundary conditions) expressed in terms of interactive fuzzy numbers. Their results
show that the solution obtained via the Fréchet derivative for fuzzy functions corresponds to the solution
obtained by the sup-J extension. Similarly, Wasques et al. stated that generalized (and generalized
Hukuhara) differences are interactive, thus underlining the interactivity of generalized fuzzy derivatives.

In 2023, Pedro et al. [18] considered a fuzzy initial value problem given by the F-correlated Caputo
fractional derivative of order a € (0, 1):

{ COx(t) = f(t, x(1)),

x(a) = xp € Rp,

where gZ);ﬂ is the fuzzy F-correlated Caputo fractional derivative and Ry 1s the space of fuzzy numbers.
That paper discussed fuzzy fractional differential equations that involve interactive fuzzy relations. It
examined the corresponding integral equation and fractional differentiability theory from an interactive
perspective, specifically introducing the concept of the fuzzy interactive derivative as a fractional
derivative of Caputo type. Furthermore, the paper presented a fractional initial value problem by
utilizing the interactive fuzzy Caputo fractional derivative. However, the effect of time delay was not
considered in that work.

In 2024, Huang and Luo [19] investigated Ulam—Hyers stability for a class of fuzzy fractional
switched implicit differential equations with non-instantaneous impulses under generalized Hukuhara
differentiability. More precisely, they considered the switched impulsive system governed by a piecewise-
constant switching law r(-), in which the non-instantaneous impulsive action persists over an interval
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(gi, p:] rather than acting at a single instant. From a modeling perspective, this line of work highlights a
key advantage of fuzzy formulations: when uncertainty is intrinsic and cannot be faithfully encoded by
crisp parameters, stability concepts in the fuzzy sense can provide robust and practically meaningful
conclusions, which further motivates our investigation in an interactive fuzzy fractional setting with delay.

Recently, beyond fuzzy settings, qualitative analysis of fractional models has been actively developed
in many areas. For instance, Ouyang et al. [20] investigated sign-changing and signed solutions for
fractional Laplacian equations with critical or supercritical nonlinearities. Lu et al. [21] studied the
solvability of a coupled system of Hadamard fractional p-Laplacian differential equations with infinite-
point boundary conditions at resonance on an unbounded interval. In the context of fractional-order
neural networks, synchronization criteria have been developed via intermittent control [22], and finite-
time synchronization of fractional-order reaction—diffusion neural networks has been analyzed via
generalized Halanay inequalities [23]. For uncertain environments, wave solutions for time-fractional
geophysical KdV equations have also been studied [24]. Meanwhile, within the fuzzy fractional
framework, Yan and Luo [25] considered finite-time stability for Caputo fractional fuzzy differential
equations with delay in a granular sense.

Based on the above discussion, we are concerned with a class of interactive fuzzy Caputo—
Katugampola F-correlated fractional differential equations with time delay of the form

(1.1

COTPx(t) = f(t, x(1), x(t — 7)), teJ=(ab],
x(s) = D(s) e Rp, s€(a—r1,al,

where D7 is the fuzzy Caputo—Katugampola F-correlated fractional derivative of order @ € (0, 1),

7 > 0 is the time delay, f : [a,b] X Rp X Rp — R is a continuous fuzzy mapping, x(a) = ®(a) = O,

and @ : [a — 7,a] — Rp is given.

Equation (1.1) is a fractional delay dynamical model with a Caputo—Katugampola—type fractional
derivative. It is suitable for systems exhibiting hereditary effects together with time-delay phenomena,
where uncertainty is represented by fuzzy quantities. Such structures arise naturally in engineering
models involving delayed feedback and memory (e.g., hereditary material behavior or delayed control),
and the fuzzy setting reflects imprecision in parameters or measurements. The F-correlated formulation
further captures correlation/interaction in the uncertainty structure.

In this paper, the main objective is to investigate the Caputo—Katugampola F-correlated fractional
differential equation with time delay given by system (1.1) and to obtain existence and uniqueness
results for its solution. Below we highlight the main contributions of this work:

First, we provide a definition of the fuzzy Caputo—Katugampola integral and derivative in the
interactive setting. We introduce two types of fuzzy processes: the original process denoted by x(-) and
the process xi_,,,(-). We then explore the relationship between these two types of fuzzy processes, with
a specific focus on the interaction type of x;_, ,(-).

Next, we investigate the properties of solutions to fuzzy Caputo—Katugampola interactive fuzzy
differential equations. To account for time delay effects, we incorporate a constant delay term into
the interactive fuzzy fractional model. We present two equivalent integral forms of the solutions and
establish theoretical results on the existence and uniqueness of these solutions. This distinguishes our
work from other articles in the field. Finally, a numerical example is given to verify the validity of the
theoretical approach.
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The subsequent sections of this paper are organized as follows. Section 2 introduces basic concepts of
interactive fuzzy theory, such as F-correlated fuzzy numbers and calculus for correlated fuzzy processes.
A new class of interactive fuzzy fractional integrals and derivatives is introduced in Section 3. In
Section 4, we present two corresponding integral expressions of the solution of (1.1) for the fuzzy
interactive system and prove the existence and uniqueness of a solution. In Section 5, an example is
given to illustrate the practicality of the results.

2. Preliminaries

In this segment, we delineate foundational concepts and lemmas.

Definition 2.1. (see [26]). A fuzzy subset A of R" is described by its membership function ps(u) :
R™ — [0, 1], which gives the degree to which u belongs to A. Any subset Y of R" can be viewed as a
fuzzy subset whose membership function is given by its characteristic function yy : R" — {0, 1}, where
xr(w) =1 o ueY. The r-levels of a fuzzy subset A are classical subsets defined as

[A], ={ueR": us(u) >rj, forO<r<l,

[Alo ={u e R": us(u) > 0}, forr=0.

Definition 2.2. (see [27]). A fuzzy subset A of R" is a fuzzy number if every r-level is a closed, bounded,
and nonempty interval of R", that is,

[Al, = [a, . a]], Vrel0,1],

where [A], = la;,a] denotes the r-level set of A and a; ,a; are the lower and upper branches of A,

respectively.
The diameter of the r-level of A is defined by

diam([A],) = sup{la, () —a'(®)| : t € J}.

Denote by Ry the family of fuzzy numbers. The r-levels of a fuzzy number A are closed intervals of R.
We denote by + and — the traditional (Minkowski) sum and difference between fuzzy numbers, which
can also be defined via Zadeh’s extension principle (see [28]).

Definition 2.3. (see [29]). The Pompeiu—Hausdor{f distance d : Rp X Rp — R* U {0} is defined by

d(A,B) = S:(l)l?i] du([Al,, [B],)

= sup max{la; (1) -~ b; (1), la} (1) — b} D).

rel0,1] €la.b]

Furthermore, the Pompeiu—Hausdorff diameter of [A], € Rr is given by
d([Al,, 0) = max{la; - a;l},

where the symbol 0 stands for the characteristic function of the real number 0.
If the function t — d([x(t)],) is nondecreasing (respectively, nonincreasing) on |a,b), then the

Sfuzzy-number-valued function x : J — R is said to be d-increasing (respectively, d-decreasing) on
[a, b].
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Definition 2.4. (see [30]). Let A,B,C € Rp. The generalized Hukuhara difference of A and B
(gH-difference for short) is given by
A=B+C, if d([A],) = d([B],),
AguB=Ces
B=A+(-1)C, ifd(Al,) <d([B],).
Definition 2.5. (see [6, 10]). Let A, B € Ry, and let J be a fuzzy subset of R%. Then uy is called a joint
possibility distribution of A and B if

supuy(u,v) = ua(u) and sup u,(u,v) = ug(v),

forall u,v € R. In this case, A and B are also called the marginal possibility distributions of J.

Every fuzzy number can be regarded as a possibility distribution on R. The interactivity between
Sfuzzy numbers is determined from a possibility distribution. If J is a possibility distribution of fuzzy
numbers A and B, then the following relationship holds:

g (u, v) < minfuy (), up(v)},

for all u,v € R. In addition,
[J]- € [A], X [B],,

forallr € [0,1].

Definition 2.6. (see [6,9]). Let J be a joint possibility distribution of the fuzzy numbers A and B. The
fuzzy numbers A and B are said to be non-interactive if and only if their joint possibility distribution J
is given by
g (u, v) = minfps (), pp(v)}
or, equivalently,
[J], = [A], x [B],,

forallu,v € Randall r € [0, 1]. Otherwise, they are said to be J-interactive or, simply, interactive.

Using the concept of a possibility distribution, Cabral and Barros (see [31]) introduced a special
type of interactivity between fuzzy numbers, namely, F-correlation. Moreover, we consider a fuzzy-
number-valued function f such that the fuzzy numbers f(t) and f(t + h) are interactive for all t and all h
sufficiently small. This means that the value f(t + h) is correlated with the value f(t).

Definition 2.7. (see [32]). The fuzzy numbers A and B are said to be F-correlated if there exists a
Junction F : R — R such that the corresponding joint possibility distribution is given by

/JJ(M’ V) = X(u,v):v:F(u)(u’ V),UA(M) = X(u,v):v:F(u)(ua V),UB(V),
where X .v)v=ru) denotes the characteristic function of the curve {(u, F(u)) € R?}.
Lemma 2.1. (see [33,34]). Let A,B € Ry, let J be a joint possibility distribution whose marginal
possibility distributions are A and B, and let f : R> — R be a continuous function. Then f; : Rp xRy —
R is well defined and
Lfi(A,B)], = f([J],)  forallre[0,1].

When F is a continuous function, then according to Nguyen’s theorem (see [27]), the r-levels are

given by
[B], = F([A],).
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The next proposition establishes formulas for the r-levels of arithmetic operations of F-correlated
fuzzy numbers when F' is monotone differentiable.

Proposition 2.1. (see [14]). Let A and B be F-correlated fuzzy numbers. If F is monotone differentiable,
then for all r € [0, 1] we have

S —a,bt—a'l, ifF(u)>1,YuelA],
[B-rAl, ={Fw)—uluclAl,}={[bf —a’, b; —a;], ifO<F(u) <1, VuclAl, 2.1
. —al,br—a’l, if F'(u) <0, Yuce[A].

This can be easily verified by noticing that F(«) — u is an increasing function in the first case, a
decreasing function in the second case, and, in the third case, one just needs to use the fact that F is a
decreasing function.

Moreover, the operation —p coincides with the usual fuzzy difference © when diam([A],) <
diam([B],) and F'(u) > 1 for all u € [A],; it coincides with the generalized Hukuhara difference
©,n When diam([A],) > diam([B],) and 0 < F "(u) < 1 for all u € [A],; and it coincides with the usual
difference — when F'(u) < —1 for all u € [A],. Similarly, +# coincides with the usual sum + when
F'(u) > 0 for all u € [A],.

Next, we introduce the fuzzy derivative for autocorrelation processes. A fuzzy autocorrelation
process is a statistical process that resembles an autocorrelated statistical process. Fuzzy autocorrelated
processes have been studied in several areas. If the interactivity is determined by a functional relationship
F, we refer to the processes as being F-correlated.

Definition 2.8. (see [35]) (Fuzzy process). A fuzzy process x is a fuzzy-number-valued function that,
for each t € |[a,b), associates a fuzzy number, that is, x : [a,b] — Rp. For every r € [0, 1] and
t € [a, b), since x(t) is a fuzzy number, we have that [x(t)], is a nonempty closed interval of R, denoted
by [x(1)], = [x; (1), X  (D].

When the diameter of a fuzzy-number-valued function is increasing (respectively, decreasing) in the
independent variable, we say that the process is expansive (respectively, contractive).

Definition 2.9. (see [14]) (F-autocorrelated). The fuzzy process x is said to be d-locally F-
autocorrelated at t € |a, b] (or, for short, F-autocorrelated) if for each 6 > 0, there exists a family of
functions F,;, such that

[x(z + )], = Fiu([x(D],), VYrel0,1],
whenever 0 < |h| < 6.

Definition 2.10. (see [14]) (F-differentiable). An F-autocorrelated fuzzy process x : [a,b] — Rg is
F-correlated differentiable (or, for short, F-differentiable) at t, € [a, b] if there exists a fuzzy number
x;(to) such that
x(to + h) —F x(f)

7 )

xp(to) = lim

where the above limit is evaluated using the metric d. When it exists, x}(to) is called the F-correlated
fuzzy derivative of x at ty. At the endpoints of [a, b], we consider only the one-sided derivatives.
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Remark 2.1. (see [6]). The existence of

x(to + h) —F x(to)
h

xr(ty) = lim
F( O) h—0

is equivalent to the limits limj_+ w limy,_0- Ho)-pxlto—h)

limy,_o- x(to+h)—rx(10)
limy,_q- x(to)—FhX(to—h)

7 , and
existing and being equal. Thus,

. x(to + h) —p x(to) . : . x(to) —F x(tg — h)
lim is equivalent to  lim .
h—0 h h—0 h

Also, if x}(to) exists, then

’ . to + h — 1 ’ . ) — o — h .
uﬁmbzgghw :ZFﬂw]:gghw)Ffo )]
=i [X(to + h) —F .X(to)]r L [X(t()) —r X(t() _ h)],
= = lim ’
h—0~ h P A

for any r € [0, 1], where the limits above are calculated using the Pompeiu—Hausdor{f metric dy.
By Definition 2.9,

[x( + W], = Fiu([x(D)]), VYrel0,1],
and according to (2.1), if [x(?)], = [x;(¢), x}(?)], then

[Fin(x; () = x, (1), Fen(x( (1) — x5 (0],
if F,w) > 1, Yu € [x(D)],,

Ft : - :— aFt, r_ — r— ,
[x(t + h) —F x(1)], = [Fin(x7 (1)) = x7(0), Fin(x, (1) = x,(0)]

, (2.2)
ifO<F,,u) <1, Vue [x(0)],

[Fin(x; () = x7(0), Fon(x( (1) — x: (0],

if F,,(u) < 0, Vu € [x(t)],.

Lemma 2.2. (see [14]). Let x : [a,b] — Rp be F-differentiable at t, € |a,b), and assume that the

corresponding family of functions F,), is monotone and continuously differentiable for each h, and that
[x(D)], = [x; (), xI ()] for r € [0, 1]. If x; and x| are differentiable at t,, then

, [(x7) (10), () (10)], if ) > 1, Y u € [x(1)],,
[xp ()], = , , /
{(x) (o)} ={(x)) (1)}, if F,,(w) <0, Yu € [x(D)],,

for each 0 < |h| < 6 with some 6 > 0.

Definition 2.11. (see [36]). A function x : [a,b] — R is said to be strongly measurable if, for every
r € [0, 1], the set-valued mapping [x(-)], is (Lebesgue) measurable on [a, b] with respect to the Hausdorff

metric. Moreover, x : [a,b] — Ry is said to be integrably bounded if there exists an integrable function
h: [a,b] — R* such that ||x(t)|| < h(t) for all t € [a, b].
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A strongly measurable and integrably bounded function x : [a,b] — Rp is called Aumann-integrable
over |a,b). Let x : [a,b] — Ry be integrable over [a, b]. The Aumann integral of x over |a, b], denoted
by fa ’ x(t) dt, is a fuzzy number whose r-levels are given by (see [34]):

b b b
[f x(t)dt] :f[x(t)]rdt:f[xr_(t),x:(t)]dt

b
= {f (1) dt | v : la, b] — R is a measurable selection of [x(-)]r} ,

forall r € [0,1]. By Remark 4.2 of [34], if the fuzzy-number-valued function x is integrable over [a, b],
then the integrals of the endpoint functions x, and x\ over [a, b] exist and the following equality holds:

b b b
[ f x(t)dt] = [ f X (¢) dt, f xj(t)dt],

for all r € [0,1]. We denote the set of all locally integrable functions from the interval [a,b] to

Rr by Li(la, b],Rr) and the set of all locally absolutely continuous functions from [a, b] to Ry by
ACloc([aa b], RF)

Lemma 2.3. (see [18]). Let x € AC,(la, b], Rr) be F-differentiable.
(i) If x is expansive on [a, b], that is, diam(x(¢)) is an increasing function of t and the function x}, is
Aumann-integrable over [a, b, then, for all r € [0, 1], (xr‘)' and (x;r)/ are integrable over [a, b] and

[ f x;(s)ds] :[ f (x7) (s)ds, f (x:)’(s)ds], V1€ [a,b)

(ii) If x is contractive on |a, b, that is, diam(x(¢)) is a decreasing function of t and the function x'F is
Aumann-integrable over |a, b, then, for all r € [0, 1], (xr‘)’ and (x;r)' are integrable over |a, b] and

[ f x;(s)dsl :[ f (xD) (s)ds, f (x;)’(s)dsl, V1€ [a,b).

Proposition 2.2. (see [6]). If x : [a,b] — Ry is F-differentiable on the interval [a, b, then we have

b
f xp(t) dt = x(b) — x(a).
Theorem 2.1. (see [37]). (Schauder’s fixed-point theorem) Let X be a Banach space and let C C X

be nonempty, bounded, closed, and convex. If T : C — C is continuous and compact, that is, T(C) is

relatively compact in X, then T has at least one fixed point in C; namely, there exists x* € C such that
T(x*) = x".

3. Interactive fuzzy fractional integral and derivative

In this section, we use interactive fuzzy calculus to define fractional differential equations. Interactive
calculus is capable of simulating the time-evolving uncertainty of fuzzy dynamical systems. We also
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define fuzzy Caputo—Katugampola fractional derivatives and integrals, which give rise to two different
processes: the original process x(-) and the process x;_, ,(-). We then examine fuzzy processes from
the viewpoint of fractional interactive derivatives. It has been shown that the Caputo—Katugampola
fractional operator has the ability to change the interaction type of the autocorrelated fuzzy process
x(-). Therefore, we investigate the relationship between x(-) and x;_, ,(-), and analyse the interaction
type of xi_, (+). For instance, if x(-) is expansive, then x;_, ,(-) cannot be contractive. In addition, we
discuss this connection, which is important for understanding the uncertainty evolution of the resulting
fuzzy solutions.

The classification of processes as expansive or contractive is essential for ensuring the well-
definedness of the fractional derivative in the fuzzy context, as it affects the order of the endpoint
functions in the r-level sets.

Let x € Lj,.([a, b],RFr) be a fuzzy function and [x(¢)], = [x, (¢), x} ()] for r € [0, 1].

Definition 3.1. The fuzzy fractional Riemann—Liouville—Katugampola integral of order a > 0 of x is
defined levelwise by

1-a

p
I'(@)

provided that the above expression defines a fuzzy number; that is, (I,;' x)(t) € Rp.
For the fuzzy fractional derivative, consider x € L;,.([a, b],Rr) and the fuzzy process

[l 0], =

¢ t
U s = sP) X (s) ds, f s = s X (s)ds|, 1 € (a,b],

Xi—ap(t) = )f sPN P — sP) " *x(s)ds, forallt e (a,b], 3.1

F(l -

where xi_q p(a) = lim,_, 4+ X1_4 () in the sense of the Pompeiu—Hausdorff metric. For all 0 < a < 1, the
fuzzy function x,_,,, : [a,b] — R is defined by (3.1), provided that this equation satisfies Proposition 4
(see [38,39]), that is, it defines a fuzzy number for each t € (a, b].

Definition 3.2. The fuzzy Riemann—Liouville-Katugampola fractional derivative of order 0 < a < 1 of
x with respect to the F-derivative is defined by

1 4 t ’
D)) = _p(f PP = sP)x(s)ds| = 1P (X1ap(D)ps
- as sPY " x(s sF (X120.p()) 2

provided that fa t sP=N(tP — sP)x(s)ds is an F-correlated fuzzy process and F-differentiable for all
t € (a, b].

It is important to highlight that fa ' sP71(t? — sP)™*x(s) ds can be an expansive or contractive fuzzy
process. However, it is expansive if x(-) is expansive. Thus, if x;_, ,(-) or x(-) is expansive, then

t=rpe [d (" o d (" _ _
RL 1 _ a 1 _ a -+
[(& DyPx)(0)], = —( s [_dt fa ST = sP) X (s) ds, 7 fa ST = sP) " x7(s)ds | .

Thus,

[FEDLE (x)(@),RE DYF(x) (0] if x1-4,5(+) or x(+) is expansive;
[FEDT (xH)(@),RE DYP ()] if x1-4,,(-) is contractive.

[(F“DyT X)), = {

Electronic Research Archive Volume 34, Issue 2, 1315-1341.



1324

Definition 3.3. Let x be an F-correlated fuzzy process. The fuzzy Caputo—Katugampola fractional
derivative Dy x, with respect to the F-derivative, is defined by

EDE X)) = (FDIP1x() = X(@)]) (), 1 € (a,b].
Thus,

(€D (x)(0).C DyP(x)(D],  if X1-a,p(-) or x(°) is expansive;

CD(ZP .=
[Cr )()] { [CDZ *)(t) D (x YD1, if X1—e,p(*) or x(+) is contractive.

Definition 3.4. Let x € AC\,.(J,Rr) be an F-correlated fuzzy process, F-differentiable with [x(t)], =
[x;(8), x5 (t)] for r € [0, 1], and let @ € (0, 1). Then

,F(l— f(t" sP)7(x) (5) ds, F(l f(l’ sP) () )(s)ds :
(EDEP Y1), = ) if x( ) is expansive;
P Py~ P _ P\«
_r<1— f(r Y W) ds, fu o) (x)(s)ds,
if X1-q.p(+) or x(+) is contractive.

Moreover, from the above equation, if x € AC loc(-] Rp), then

DL = f(”—sp) “(xr) (s)ds.

F(l
Theorem 3.1. If x € AC(J,Rf) is a d-monotone F-correlated fuzzy process, then

I5PSDEP x(t) = x(t) —F x(a), t € (a,b).
Proof. By using Definition 3.4 and Proposition 2.2, we have
IEPEDErx(r) = (I U (s P X ))(0)
= (I (s"Px))(0)
= f t xp(s)ds = x(t) —r x(a).

To solve problem (1.1), we suppose that every r-level of f(¢, x(¢), x(t — 7)) can be written in terms of
the corresponding r-level of x(r) as follows:

Lf (7, x(0), x(z = 7))];
= [f (6, x, (0, x[(0), %, (t = 1), %7 (t = 1), ;7 (8, %, (1), (D), %, (¢ = 1), %7 (£ = 7))]
forall r € [0, 1], t € J = (a, b]. For convenience, let
[f @ x@), x(t — )] = [fF @, [ O]
Then the above initial value problem (1.1) becomes
(Dl 0O, = [f(t, x(@), x(t = )], t€J=(a,b],
{[x(S)]r = [D(s)], € Rp, s€(a—1al

(3.2)

O
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Lemma 3.1. If an F-correlated fuzzy process x € C(J,Rp) is an F-differentiable mild solution of the
FFDE:s (1.1) and the corresponding family of functions F,; is monotone continuously differentiable,
and if xi1_q ,(*) or x(+) is expansive, then the r-levels of the initial value problem (3.2) are equivalent to

[x(l)]r = [(D(a)]r

+ ﬁ ts”_l(t” — ") £ (s, x(s), x(s = 1)), ds, t € J = (a, b] G-
[(@) Ja e T S

If x1_a,,(*) or x(*) is contractive, then the r-levels of the initial value problem (3.2) are equivalent to

l-a !
[x(®)], =[<D(a)]r9(—1)1]f(a)f PP = 57

X [f(s, x(5), x(s = 7))]. ds, t€J=(a,b].

(3.4)

Proof. According to Definition 3.4, if x;_, ,(-) or x(-) is expansive, then the initial value problem (3.2)
can be written as

(DG x; (0, DI x} (01 = [f; (0, £ 0],
[x;(S), x:—(s)] = [(D;(S)a (D:(S)] € RF, S (Cl -7, Cl].
Applying I;;” to both sides of the above equation and using Theorem 3.1, we obtain

e DG x (0, 15 Dl (1))

at *r\*)> fat a+ *r

=L 0, I £ (0]

=[x, () —r x, (@), x7 (1) —F x; (a)]
l-a t

_ [llf(a) a PP = P £ (s) ds,

P " oty et g
F(Q)Ls” (7 = s7) f,(s)ds].

Since (x,‘)'(t) < (x;r)/ (1), we have x; (t) = x, (a) < x;(t) —r x/(a). According to Proposition 2.1, in this
case —r = ©, and therefore

[x (1) © x. (a), x; (1) © x(a)]

= L f(t, x(0), x(t = D)),

=[x, (1), x; ()]

= [, (a), D/ (a)]

l-a t 1-a !

p “1gp _ pya-l -
@ J. sPTH(P - sP) fr(s)ds,r(a) )

+

ST — s ER(s) ds],

- t
30, = D@, + £ f S — 7Y s, 2(s), x(s — )], d.

r

If xi_q,,(+) or x(-) is contractive, according to Definition 3.3, the initial value problem (3.2) can be
written as

[CDZYxF (0.C Dglx; (0] = [f7 (), fF ()], teJ = (a,b],
[x(5), x ()] = [D,(5), DI (s)] € Rp, s€(a—Ta]
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The above equation can also be transformed into the following two sets of initial value problems:

CDyPxi(t) = f7(1), t€J=(a,b], 35
xf(s) =DQf(s) eRp, se(a—r,al, .
and
CDyPx (t) = (1), teJ={(a,b],
(3.6)

X, (s) =D, (s) ERp, s€(a—r1,al.

Integrating both sides of the first equation of (3.5) and (3.6) and using Theorem 3.1, we obtain

X(0) —F X/ (@) =

P 1
p=lep _ pya-1 p-
F(a)fa‘ sP(P = sP)T f(s) ds,

and

1-a 1

(@) Ja

X, (1) = X, (a) = ST = PV () ds.

Since (x;r)' (1< (x;)'(t), it follows that x7(¢) —p x/(a) < x, () —f x, (a). According to Proposition 2.1,
in this case —p = ©,p, and hence

l-a t
X' () Ogr X (a) = % f PP = Py (s) s,

X (1) = xf(@ e (-1)

p 1 1
p=lcp _ pya-1 g-
F(a)fa sPT(P = P f7(s) ds,

and

l-a 1
X () Ognr X, (a) = Ilf o f PP — Py (s) s,

X (1) = x; (@) © (-1)

P 1
p—lep _ pya-l o+
@ f SN = ) fH(s) ds.

Therefore, if xi_,,(-) or x(-) is contractive, then the r-levels of the initial value problem (3.2) are
equivalent to

[x, (1), xf (1)] - t
= [ (a), x* (@] 6 (-2 PP = sPY [ f(s, x(s), x(s — 7)), ds
F(clv) a
p - !

= [ (a), D} (@) © (1) s = sPY T [ f (s, x(5), x(s = T))], ds

1-a

4
(@) Ja

1;(0/) a
sP7HP — s f(s, x(5), x(s — 1)), ds.

[x®]. =[P@] e (1)
O
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4. The existence of a solution of fuzzy interactive fractional differential equations

By taking r-level sets and using the standard level-set representation of fuzzy-valued functions,
problem (1.1) is equivalent to the parametric r-level formulation given in (4.1). Thus, (4.1) is the
level-wise representation used for the fixed-point analysis.

Consider the following fuzzy Caputo-Katugampola F'-correlated fractional differential equations:

[(EDgl )], = [f(t, x(2), x(t = T))],., teJ=(a,b),
[x(s)], = [D(5)], € Rp, s€(a—T,al.

4.1

f :la,b] X R X Rp — Rp is a continuous fuzzy mapping, [x(s)], = [D(s)],, and O : [a — T,b] — Rp.
According to Lemma 3.1, if x;_, () or x(-) is expansive, the mild solution [x(?)], of problem (4.1) is
equivalent to

-« t
o= | 10@L T [ - s xx — 0) ds. r € = (@b,
[©(®)],, te(a—T,al

The solution to problem (1.1) in the above equation is

pl—af ¢ ., ~ ol B B
x(f) = @(a) + T(l—a) fa PP = sP)T f (s, x(8), x(s = T))ds, t€J = (a,b],

O(t), te(a—-rT,al.

If x;_q,,(+) or x(-) is contractive, then

I-a 4
= | 10@L e DR [ =y x5 = 0] ds, v d = (@b

[®(D)],, te(a—Tal.

The solution to problem (1.1) in the above equation is

_ pl—a ' -1 _ a-1 _ —
(1) = D(a) o ( DF(I S j; s — DY f(s, x(8), x(s — 1))ds, teJ=(a,b],

o), te(a—-r1,al.

Next consider the following assumptions:
(H1) (Non-Lipschitz condition). For each fixed ¢ € [-7, b], f(t, x,y) € R is a continuous function
and, for all x;, x3, y1,y, € Rp, the following inequality holds:

d([f(t, x1, YD, [f (1, %2, 2)]) < AOG(A([x1];, [x2],), d([y1 175 [¥2]0)),

where I, € C(J,R*) and G : R* x R* — R* is a continuous function with G(0, 0) = 0, and we denote
G(t, 1) simply by G(1).

(H2) For any x(t), xo(t) € C(J,Rp), we suppose that there exists a function g such that for
G(d(x1(1), x2(1))) : R —» R*, we have

Gd([x1(D],, [x2(D)],) < gOd([x1(D], [x2()],),
where g € C(J,R").
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Theorem 4.1. Assume x € C(J,Rp) is an F-correlated fuzzy process and that, under the conditions
(H1) and (H2), there exists at least one solution [x(t)], to Eq (4.1).

Proof. First consider the case where x;_,,(-) or x(-) is contractive, and define the operator T :
C([a,b],Rr) — C([a,b],RF) by

Tx(®)],

1-a
= ;@ e (-

' -1 _ a—1 -~
F(ll_a)ﬁ sPT(AP = $P)T £ (s)ds,
P f sPH(EP — P R (s)d s

@6 Do

= [P(@)], e (=1

pl—af ! ., ~ - )
r(l_a)fasp (" = sP)* 7 [f(s, x(5), x(s — 1))], ds.

Step 1. T is completely continuous. For this, we need to show that T is continuous. Let {x,(¢),n =
1,2,---} be a sequence converging to x(f) in C(J,Rr) and x,(f) = ®(¢) for ¢t € [a — 7,a]. For each
x,(t) € C(J,Rp) and for all t € J, by Lemma 3.1 and condition (H1), we get

d(T[x,(D], T[x(®)],)

1-a 4
- d([fl)(a)]r e (—l)r(lly e f PN = $PY TS, x0(8), Xa(s = )]s,

[®.]-© (—1)% f s = s T (s, x(s), x(s — T))]rds)

a

-«

- ¢
< d(ﬁ j; sPHP — sPYTU£(s, x0(8), Xu(s — 7)), ds, F(11? —
X j: Sp—l(tp — sl’)a—l [f(S, X(S), X(S _ T))]rds)
'
ra

< :aa) f P = P A (8 xa(9), X5 = D),
G ). x(s =) ds
< ﬁ f P71 = 8P ADG(d(Lxa(9)], [X(5)],),

d([x,(s = D1, [x(s = )1, )ds.
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According to the definition of d, we obtain

d([x,(t — T, [x(t = D)],)

= sup max {lx,(t— 1) — x5 (t = Db It — 1) — x (= D)
rel0,1] tela,b]

< sup max (g (s) = x ()l b (s) — 5 ()}
rel0,1] s€la—1,b—71]

< sup max, (15,() ~ 5 (9L 5. ~ 50l

< sup max {lx,(s) = X, (9l 1x,(5) = 5 (9]}
s mas {11, (5) = 37 () 1, ) = /)

~ sup max [l (5) - x:(5)L b (9) - X/ (5l

S ma (b (0 X0 0 £

re[0,1] 41

= d([xn(t)]r, [x(D)],).
Then

dTLoO). Tx0]) < =2 f sP7@” = P ASG(Axn(9)] [X(5)),),
r(-a) J,

d([x,(9)],» [X(5)],) )ds.
By conditions (H1) and (H2), we have

d(T[x,(D], T[x(®)],)

< F(l )f sPH(EP — sP)* l/l(S)G(d([x,,(s)],, [X(S)],))ds

= r(1 ~a) f S = )T A)@()A([x(5)]r [X(9)] ).

Since 157 A € C(J,R") and g is continuous, it follows that I’ 1 and g are bounded. Let I;;’A < M and
N = sup,c,.5 8(9), and then
Mp=(b — a)P*N
al'(l —a)
We can see that d(T[x,(t)],, T[x(?)],) — 0 as n — oo. So T is continuous.
Next, T maps bounded sets into bounded sets in C(J,Rr). We prove that there exists a positive
constant 8, and for every ¢ > 0 satisfying Vx(¢) € Bs = {x(t) € C(J,Rp) : d(x(t),0) < 6}, one has
d(T (x(1)), f)) < B. Now, for all # € J and all x(¢) € Bs,, we obtain

d(T[x(t)],,0)

d(Tx, 0] Tx(0],) < d([x,]r, [x],).

=d ([(D(a)]r (-1

p t -1 _ a—1 _ A
F(I—Q)LSP @ = sP)YTf (s, x(5), x(s T))]rdS,O)

l-a
F(l @)
m_ 5 f 77N = 57)"d (Lf (s, x(s), x(s = )], 0) ds

O a1 (0. x0 = 1)1, 0).

< d([®(a)],, 0) + (—l)d( f s = sP)TMLF(s, x(s), x(s — 7)), ds, 6)

< d([®(@)],,0) + (-1)

< d([®(@)],,0) + (-1)
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By the condition that f € C(J,Rp), there is a constant C, > 0 such that d([ f(z, v, w)],, 0) < ¢, for all
(t,v,w) € [a,b] X Rp X Rg. Therefore d([ f(t, x(¢), x(t — 7))],, O) < Cj. Then we get

. . C.(b = a)P?p=
AT 0) < d((@),.0) + ()P g,

Hence, for every x(7) € Bg,, we have d(T'[x(1)],, 0) < B, which means that TBg, C Bg,.

Next, T maps bounded sets into equi-continuous sets. For each x(7) € Bg, and #;,1, € J with #; < 1,
using Lemma 3.1, we obtain

d(T[x(t)], T[x(22)])

-« 1
< d(l"(? o ‘[l Sp—l(tf — sP)f(s, x(5), X(s — 7))],ds,

L [ - ) (s (), x(s - 7)), ds)

1-a 1
= d(F(II) — a) L Sp_l(lf _ S[J)(t—l[f(s’ X(S), X(S _ T))]rds’

s [P = ) U f(s, (), x(s = )], ds

l-a

ribm [ 877N = ST £ (s, xX(s), (5 — T)],ds)

l-a 1
. d(r(lf ) f PN} = ) L (s a(s). x(s = T,

s [ s = 57 [f (s (), (s — T)],ds)

I-a

+ d(ri’l_a) f 2 SPNAE = sPY LA (s, x(s), X(s — 7))],ds, O)

1 1-a
< f d(hsﬁ"l(t{’—sp)“_l[f(s,X(S),X(S—T))]r,

s s = s (s, 2(5), 2(s = )], ) ds
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+ ftfz d(rfllf;) PN = $PY L f (s, x(5), x(5 = )], ()) ds

1] l-a
) f %SHW = /)" = (&) = )1 ([f (s, x(s), x(s = D)), 0) ds

" d (e s (6 = 51 Lf (5. x(s), s = )], 0) ds

il 1-a
= f r(‘l’—)sf"w(r”—sp)“‘l—(r’;—sf’)“‘l|d([f(s,x(s),x(s—r))]r,O)ds

-

+ - atiia AL (@ x(0), x(t = 1)1, 0)

4

P a o o .
‘an1_mK§—ﬁ)+Uf—ﬂ)—Og—f)wﬁﬂaﬂmxa_ﬂnnw
P AL (1. x(0), 2t = )], 0)
S T (pl__ o 2(t2 = t)™ + (1 — )" — (2 — @)™|d ([ f(t, x(1), x(t = 1)), 6)
= ﬁ'z(h =)'+ (1 = @) = (= ™Gy,
We can see that 7 Q)|2(12 1P + (ty — @)’ — (&, — a)’?| is independent of x(f) € B, and

am Q)IZ(tz — 1)’ + (t; — a)’* — (t, — a)?*| —» 0 when 1, — ;. It means that d(T[x(t,)],, T[x(2)],) — O.

Therefore, the set T By, is equicontinuous. According to the Arzela—Ascoli theorem, it is easy to see
that 7' is completely continuous.

Step 2. We need to prove that there is a bounded, convex, and closed subset By = {x(t) € C(J,Rp) :
d([x(1)],,0) < &'} such that TBy C By .

We know that By is a bounded, convex, closed subset of C(J,Rp) for every 5 € R*. If for some
§ € R*, there exists xg(t) € By such that T ([xy (¢)],) € By, thatis, d(T([xy ()],), 0) > &', then

8 <d(Tlxy(1)],.0)

=d ([CD(a)]r o (=1 f NP = 7Y T L (s, %7 (9), x5 (5 = )]s, O

p
ra - )

< d([D(@)],,0) + (-1) f PP = )AL f (s, %7 (8), x5 (5 = 7)), 0)ds

F(l - a)
a 1 1
N (b —a)
< d([D(a)],, -1)—————C,.
< d([®@)],.0) + (-1 T C
Taking the limit as 6 — +oo, it is immediate to obtain
a—l ]
(b —a)y
([(D(Cl)]r, )+( 1)mch — +o0o,

which is in contradiction with the fact that d([®(a)],,0) + (- 1)%@ is bounded. Consequently,
for every positive constant &', we get TBy C By .

By Theorem 2.1, there exists at least one solution of Eq (4.1). If x;_, ,(-) or x(-) is expansive, the
method of proving the existence of the horizontal level solution is similar, and is therefore omitted here.

To sum up, the proof of Theorem 4.1 has been completed. O
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Theorem 4.2. Suppose that conditions (HI) and (H2) hold. If

al'(1 — @)
su 1)< 5
te[a,pb] 8() Mp*1(b — ayre

then the solution to Eq (4.1) is unique.

Proof. 1f x1_,,,(-) or x(-) is contractive, then [x; (¢), x, (¢)] is a solution to Eq (4.1) if
[x, (1), X7 (D)]

1-a !
= [97@ e (D=0 f N = ) f(9)ds),

1-a !
@) © (D= f A O]

holds. If x(¢) € C(J,Rp) is a fixed point of T defined as in Theorem 4.1, then x(7) is the solution of
Eq (4.1). Let x(#), y(t) € C(J,Rf) and t € [T, a], and suppose x() = y(t) = O(¢). For all 1 € [a, b], we
can get

d(T X1, TIy(®)],)

l-a !
< £ f sP7H @ = $PY AL (s, x(5), x(5 = T (s, 3(5), (s = T, )ds

(1 - a’) a

1-a !

< F(Ilj e fa PP = sP)A(s)
X G(d([x(9)]r [Y()]), d([x(s = DI [y(s = T)]))ds

1-a !

<= (’1’ — f 771" = s7) 7 AS)G(X()]r, ()], d([x(3)], [Y(5)]))ds

1-a 4
< r(li — f sPN P — sp)"_l/l(s)G(d([X(S)]r, [y(s)]r))ds

1
P
T

:aa) f Sp—l(tp — s;))a—lﬁ(S)g(s)d([x(s)]r, [y(s)],)ds

Mp("‘l (b—a)”

ts[li’lz] g(®) ol (1 —a) d([x] [Y]»)-

IA

al'(1-a)

M b=y ? we know that

Due to sup,¢(, ;) 8(1) <

d(T[x(®0],, T[y®],) < d([x], [Y]).

Hence, T has a unique fixed point [x(?)], € C(J,Rr) based on the Banach contraction principle.
Therefore, the theorem is proved. O

If xi_o,,(-) or x(-) is expansive, the method of proving the uniqueness of the horizontal level solution
is similar, and is therefore omitted here.
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5. Example

Consider the following problem for the fuzzy fractional differential equation

(5.1)

COL () = Ax(t - 7). 1 € (a,b),
x(s) = D(s), se€(a—ral,

where @ = p = %,a =1,b=2,1=1,x0 = (1;2;3), and O(s) = (1 — s%;2 — s%;3 — 5°).

First, let us consider 4 > 0 in (5.1). If x(-) is an expansive process (i.e., diam[x(#)], is increasing) on
(a, b], then for x; = (1;2;3) and for all r € [0, 1], we have

CDIFx(t) = Ax (1 — 7); X () =D (s)=2— s>+,

a+ r

CDyPx(t) = AxH(t - 71); xf(s) =D (s) =4 -5 —r.

a+ vr

al'(1 —a)
kp=1(b — a)r>
Theorem 4.2 applies and the solution exists and is unique. The numerical simulation results are shown
in Figures 1 and 2.

It is easy to check that (H1) and (H2) are satisfied and that ~ 0.3989422 < 1. Therefore,

....................

LU
25
05

-05

Figure 1. Fuzzy solutions at the O-level set (dashed blue and red lines) and 1-level set
(solid line).

This corresponds to the case of fuzzy solutions at the O-level set. The initial value of the lower
solution (dashed blue line) is x; (1) = 1 and the initial value of the upper solution (dashed red line) is
xf(1) = 3. This also corresponds to the case of fuzzy solutions at the 1-level set (solid line), where
the initial value of the solution is x; (1) = x/(1) = 2. When the maximum solution coincides with the
minimum solution, the fuzzy solution becomes an exact (crisp) solution.
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Figure 2. Fuzzy solutions at the 0.5-level set (dashed blue and red lines) and 1-level set
(solid line).

This corresponds to the case of fuzzy solutions at the 0.5-level set. The initial value of the lower
solution (dashed blue line) is x; (1) = 1.5 and the initial value of the upper solution (dashed red line) is
x; (1) = 2.5. The solid line is the same as in Figure 1.

If x(-) is a contractive process (i.e., diam[x(¢)], is decreasing) on (a, b], then for x; = (1;2; 3) and for
all » € [0, 1], we have

CDIFx(f) = AxH(t — 1); X (8) =D (s)=2— s>+,

a+ 'r

CDyPx(t) = Ax (- 71); xf(s) =D (s) =4 -5 —r.

a+ r

It is easy to check that (H1) and (H2) are satisfied. Therefore, Theorem 4.2 applies and the solution
exists and is unique. The numerical simulation results are shown in Figures 3 and 4.

2.8

2.6

Figure 3. Fuzzy solutions at the O-level set (dashed blue and red lines) and 1-level set (solid
line) for the contractive case.

This corresponds to the case of fuzzy solutions at the O-level set. The initial value of the lower
solution (dashed blue line) is x, (1) = 1 and the initial value of the upper solution (dashed red line) is
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xf(1) = 3. This also corresponds to the case of fuzzy solutions at the 1-level set (solid line), where
the initial value of the solution is x; (1) = x/(1) = 2. When the maximum solution coincides with the
minimum solution, the fuzzy solution becomes an exact solution.

2.8

~GH e

Figure 4. Fuzzy solutions at the 0.5-level set (dashed blue and red lines) and 1-level set (solid
line) for the contractive case.

This corresponds to the case of fuzzy solutions at the 0.5-level set. The initial value of the lower
solution (dashed blue line) is x, (1) = 1.5 and the initial value of the upper solution (dashed red line) is
x;(1) = 2.5. The solid line is the same as in Figure 3.

Now let us consider 4 < 0 in (5.1). If x(-) is an expansive process (i.e., diam[x(?)], is increasing) on
(a, b], then for x; = (1;2;3) and for all r € [0, 1], we have

CDyPx (1) = AxH(t — 71); X (s) =07 (s) =2 s>+,

at+ tr

CDyPxi(t) = Ax (1 — 71); X(s) =OH(s)=4—s>—r.

a+ tr

It is easy to check that (H1) and (H2) are satisfied. Therefore, Theorem 4.2 applies and the solution
exists and is unique. The numerical simulation results are shown in Figures 5 and 6.
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45
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15
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Figure 5. Fuzzy solutions at the O-level set (dashed blue and red lines) and 1-level set (solid
line) for A < 0, the expansive case.

This corresponds to the case of fuzzy solutions at the O-level set. The initial value of the lower
solution (dashed blue line) is x, (1) = 1 and the initial value of the upper solution (dashed red line) is
x;(1) = 3. This also corresponds to the case of fuzzy solutions at the 1-level set (solid line), where
the initial value of the solution is x; (1) = x(1) = 2. When the maximum solution coincides with the
minimum solution, the fuzzy solution becomes an exact solution.

Figure 6. Fuzzy solutions at the 0.5-level set (dashed blue and red lines) and 1-level set (solid
line) for A < 0, the expansive case.

This corresponds to the case of fuzzy solutions at the 0.5-level set. The initial value of the lower
solution (dashed blue line) is x, (1) = 1.5 and the initial value of the upper solution (dashed red line) is
xf (1) = 2.5, which corresponds to the case of the lower branch set of solutions. The solid line is the
same as in Figure 5.

If x(-) is a contractive process (i.e., diam[x(¢)], is decreasing) on (a, b], then for x; = (1;2; 3) and for
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all r € [0, 1], we have

CDyPx (1) = Ax (t - 71); X (s) =D (s) =2 -5 +1,

at+ 'r

CDyPxt(t) = AxH(t - 71); xf(s) =D (s) =4—5°—r.

at+ tr

It is easy to check that (H1) and (H2) are satisfied. Therefore, Theorem 4.2 applies and the solution
exists and is unique. The numerical simulation results are shown in Figures 7 and 8.

14

12

Figure 7. Fuzzy solutions at the O-level set (dashed blue and red lines) and 1-level set (solid
line) for A < 0, the contractive case.

This corresponds to the case of fuzzy solutions at the O-level set. The initial value of the lower
solution (dashed blue line) is x; (1) = 1 and the initial value of the upper solution (dashed red line) is
xf(1) = 3. This also corresponds to the case of fuzzy solutions at the 1-level set (solid line), where
the initial value of the solution is x, (1) = x7(1) = 2. When the maximum solution coincides with the
minimum solution, the fuzzy solution becomes an exact solution.

Figure 8. Fuzzy solutions at the 0.5-level set (dashed blue and red lines) and 1-level set (solid
line) for A < 0, the contractive case.
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This corresponds to the case of fuzzy solutions at the 0.5-level set. The initial value of the lower
solution (dashed blue line) is x, (1) = 1.5 and the initial value of the upper solution (dashed red line) is
x;(1) = 2.5. The solid line is the same as in Figure 7.

6. Conclusions

Our research focuses on a class of fractional interactive fuzzy Caputo-Katugampola F-correlated
time-delayed differential equations, with an emphasis on the existence and uniqueness of solutions. First,
we give the definitions of the correlated integral and derivative for interactive fuzzy Caputo-Katugampola
F-correlated systems. Second, we derive an equivalent integral formulation and establish the existence
of solutions for fuzzy interactive Caputo-Katugampola F-correlated fractional differential equations
with time delay by applying Schauder’s fixed-point theorem. Finally, the behavior of fuzzy solutions
at different r-levels is illustrated, and their convergence to exact solutions under specific conditions is
highlighted. For future research, we may consider investigating the properties of solutions to fractional
interactive fuzzy differential equations in the sense of Hilfer, as well as exploring the stability and
boundary value problems of the interactive solutions proposed herein.
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