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Abstract: This study investigates a numerical method for incompressible flows governed by unsteady
Navier–Stokes equations, proposing a characteristic finite element method based on two Gauss
integrations. The proposed method is compared and analyzed with the classical two-grid method
and variational multiscale methods, respectively, with error estimates conducted. The superiority of
the characteristic finite element method based on two Gauss integrations is verified through numerical
examples with exact solutions. For a high Reynolds number of 106, both algorithms remain stable.
The computational results show strong agreement with those reported in well-established literature.
Furthermore, simulations of the lid-driven cavity flow are performed, and the computational results are
in excellent agreement with those of Ghia Ghia and Shin.
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1. Introduction

For an incompressible fluid flow, we consider a bounded convex domain Ω ⊂ R2 with a Lipschitz-
continuous boundary ∂Ω and a finite time interval (0,T ). Standard notation for norms and seminorms
in Sobolev spaces is adopted throughout this work. The convective velocity field u and the pressure
p are obtained as the solution of the time-dependent incompressible Navier–Stokes equations (NS),
which takes the following form:

∂u
∂t − 2ν∇ · D(u) + (u · ∇u) + ∇p = f , in Ω × (0,T],

∇ · u = 0 in Ω × (0,T],
u(0) = u0 on Ω × {0},

u = 0 on ∂Ω × (0,T],

(1.1)

where D(u) = (∇u + ∇uT )/2 is the velocity deformation tensor. f is denoted for the external
force. u0 represents the initial velocity of system (1.1) at time zero. Several scientifically valid
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and effective algorithms have been proposed for the incompressible Navier–Stokes equations, such
as the two stabilized finite element methods based on local polynomial pressure projections [1],
two-level iterative finite element methods [2], evolving interfaces without re-meshing processes or
regularization [3], a split-step scheme in conjunction with the standard finite-element method [4], and
a linearized, fully discrete, arbitrary Lagrangian–Eulerian finite element method [5]. Spatial error
is estimated by evaluating finite element residuals and jump terms across element boundaries, while
temporal discretization error is assessed via reconstructions to better approximate continuous solutions
and guide time-step refinement [6]. An immersed Petrov–Galerkin formulation is implemented on
a uniform Cartesian mesh that does not conform to the interface [7]. The multiscale finite element
methods [8–14], and others [15–17], have proven effective for tackling problems featuring disparate
spatial or temporal scales.

This work presents a comparative analysis of four different finite element schemes for the time-
dependent Navier–Stokes equations. The most effective algorithm is subsequently selected for a
detailed study of its stability and error estimates. Here, we first introduce some notations:

X = H1
0(Ω)2, Y = L2(Ω)2, M = L2

0(Ω), V = {v ∈ X : ∇ · v = 0}.

D(A) = H2(Ω)2 ∩ V, H = {v ∈ H1
0(Ω)2 | ∇ · v = 0 in Ω and v · n = 0}.

Lα(0,T ; X) = {v : t1..., tN → X |‖ v||Lα(0,T ;X) = [∆t
N∑

i=1

||v(ti)||αX]
1
α
< ∞}, 1 ≤ α < ∞.

L∞(0,T ; X) = {v : t1..., tN → X | ||v||L∞(0,T ;X) = max
1≤i≤N

||v(ti)||X < ∞}.

We define a generalized bilinear form on the product space (X,M) × (X,M) as follows:

B0((u, p); (v, q)) = a(u, v) − d(v, p) + d(u, q).

The continuous bilinear forms a(·, ·) and d(·, ·) along with the trilinear form b(·, ·, ·) are defined on
X × X and X × M, respectively, by

a(u, v) = ν(∇u,∇v), d(v, q) = (∇ · v, q) = −(v,∇q).

b(u, v,w) =

∫
Ω

(u · ∇)v · wdx.

The norm in L2(Ω)2 is denoted by ‖ · ‖0, and the norm in the standard Sobolev space Hk(Ω)2 is
denoted by ‖ · ‖k. The space X is equipped with the norm {(∇·,∇·)}1/2 or ‖ · ‖1, and Q is endowed with
the standard L2 norm.

Let 0 < h < H and define h̃ = h or H. The mesh size is given by h̃ = maxΩe∈τh̃
diam(Ωe), where β is

a constant independent of h̃.
We consider the low-order P1–P1 finite element pair

Xh̃ =
{
uh̃ ∈ C(Ω)2 | uh̃|Ωe ∈ P1(Ωe)2, ∀Ωe ∈ τh̃

}
,

Qh̃ =
{
qh̃ ∈ C(Ω) | qh̃|Ωe ∈ P1(Ωe), ∀Ωe ∈ τh̃

}
.
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We also introduce the piecewise constant space

R0 =
{
νh̃ ∈ L2(Ω) | νh̃|Ωe ∈ P0(Ωe), ∀Ωe ∈ τh̃

}
,

where P0(Ωe) denotes the space of constant polynomials on Ωe.
Furthermore, we define two tensor-valued spaces: L = L2(Ω)2×2 and Lh̃ = R0(Ω)2×2. The latter is

defined on the same mesh as the velocity deformation tensor space Xh̃.
This paper is organized as follows. In Section 2, the characteristic finite element algorithm based

on two local Gauss integrations is proposed and briefly analyzed. In Section 3, a review of some
classical finite element algorithms for the unsteady Navier–Stokes equations are provided, such as the
variational multiscale (VMS) finite element method and the two-grid finite element method (TGFEM),
numerical experiments. In Section 4, the conclusion is drawn.

2. Characteristics finite element method based on two local Gauss integrations

In this section, we will recall the traditional characteristic finite element method for the Navier–
Stokes model [18, 19]. The finite element subspaces used in this paper are the continuous piecewise
bilinear velocity subspace

Xh̃ = {v = (v1, v2) ∈ C0(Ω̄)2 ∩ X : vi |K∈ P1(K) ∀K ∈ Ωe, i = 1, 2}

and the linear pressure subspace

Mh̃ = {q ∈ C0(Ω̄) ∩ M : q |K∈ P1(K) ∀K ∈ Ωe}.

Here, Ωe is a triangulation of Ω into triangles or quadrilaterals, assumed to be regular in the usual
sense, and P1(K) is the set of all polynomials on K of degree less than or equal to one.

The characteristic finite element method is based on two local Gauss integrations. We first review
the characteristic finite element method and then introduce a stabilization term formulated through
local Gauss integration. This leads to the development of a characteristic finite element scheme,
incorporating two local Gauss integrations, for solving the time-dependent Navier–Stokes equations.

Let ψ(x, t) = (1+ | u |2)
1
2 , where | u |2= u2

1(x, t) + u2
2(x, t). The characteristic direction ut + (u · 5)u

is denoted by τ [18, 19]. Then,
∂
∂τ

= 1
ψ(x,t)

∂
∂t + 1

ψ(x,t)u · 5,
Dtu = ψ(x, t)∂u

∂τ
.

Under the notations above, the mixed variational form of the momentum equation of problem (1.1) is
to seek (u, p) ∈ (X,M) such that

(Dtu, v) + B0((u, p); (v, q)) = ( f , v) ∀(v, q) ∈ (X,M). (2.1)

Consider the backward difference along the τ characteristic tangent as the approximation of
ψ(x, t)∂u

∂τ
. For an integer N, define the time step ∆t = T

N and discrete times tm = t0 + m∆t, m =

0, 1, 2...,N. Furthermore, we have

Dtu(x, tm) ≈ ψ(x, t)
u(x, tm) − u(x, tm−1)√

(x − x)2 + ∆t2
=

um − um−1

∆t
,
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where x = x − u(x, tm−1)∆t.
The characteristic finite element discretization of the transient Navier–Stokes equations (1.1) seeks

(um+1
h̃

, pm+1
h̃

) ∈ Xh̃ × Mh̃ to satisfy, for all (vh̃, qh̃) ∈ Xh̃ × Mh̃,

(dtum+1
h̃

, vh̃) + B0((um+1
h̃

, pm+1
h̃

); (vh̃, qh̃)) = ( f m+1, vh̃), (2.2)

where dtum+1
h̃

(x) =
um+1

h̃
(x)−um

h̃
(Xm

h̃
(x,tm+1;tm))

∆t , and X(x, tm+1; t) denotes the characteristic curves associated
with the material derivative Dtu [18, 19]. For all (vh̃, qh̃) ∈ Xh̃ × Mh̃, Xm

h̃
(x, tm+1; tm) is the solution of

dXm
h̃

(x,tm+1;t)

dt = um
h̃

(Xm
h̃

(x, tm+1; t, t)), tm ≤ t ≤ tm+1,

Xm
h̃

(x, tm+1; tm+1) = x.

Algorithm 1. Characteristic finite element method (CFEM) based on two Gauss integrations.

The Navier–Stokes equations are solved via the characteristic finite element method. This involves
finding (um+1

h̃
, pm+1

h̃
) ∈ Xh̃ × Mh̃ such that

(dtum+1
h̃

, vh̃) + B1((um+1
h̃

, pm+1
h̃

); (vh̃, qh̃)) = ( f m+1, vh̃), (vh̃, qh̃) ∈ (Xh̃ × Mh̃), (2.3)

B1((um+1
h̃

, pm+1
h̃

) = B0((um+1
h̃

, pm+1
h̃

) + G1(uh̃, vh̃).

The introduction of the stabilization form, conceived as the difference between a consistent and an
underintegrated mass matrix, is based on employing two local Gauss integrations per element:

G1(uh̃, vh̃) = (ak(uh̃, vh̃) − a1(uh̃, vh̃)).

Here,
ak(uh̃, vh̃) = uT

G MkvG, a1(uh̃, vh̃) = uT
G M1vG,

uT
G = [u1, u2..., uN]T , vG = [v1, v2, ..., vN],

Mi j = (∇φi,∇φ j), uh̃ =
N∑

i=1
uiφi, ui = uh(xi), ∀uh̃ ∈ Xh̃, i = 1, 2, ...,N,

Mk = (Mk
i j)N×N , M1 = (M1

i j)N×N;

φi is the basis function of the velocity on the domain Ω such that its value is one at node xi and zero at
other nodes, and N is the dimension of Xh̃. The symmetric and positive matrices Mk

i j, k ≥ 2, and M1
i j

are the stiffness matrices computed by using k-order and 1-order Gauss integrations at element level,
respectively. ui and vi, i = 1, 2, ...,N are the values of uh̃ and vh̃ at the node xi. In detail, the stabilized
term can be rewritten as

G1(uh̃, vh̃) =
∑

Ωe∈τh̃

{
∫

Ωe,k
∇uh̃∇vh̃dx −

∫
Ωe,1
∇uh̃∇vh̃dx}, ∀uh̃, vh̃ ∈ Mh̃.

We make the regularity assumption that the corresponding solution (u, p) of problem (1.1) satisfies
the following conditions.

Regularity hypotheses:
A. u ∈ L∞(0,T,H2(Ω)2)

⋂
C(C0,1(Ω̄)2)

⋂
C(V)
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B. du
dt ∈ L2(H2(Ω)2 ⋂

L2(H)), D2
t u ∈ L2(H)

C. p ∈ L∞(H1(Ω))
⋂

L∞(L2
0(Ω)), dp

dt ∈ L2(H1(Ω))
Theorem 2.1. Let (Xh̃,Mh̃) be defined as above; there exists a positive constant β independent of
h [18–20] such that

| B((u, p); (v, q)) |≤ c(‖ u ‖1 + ‖ p ‖0)(‖ v ‖1 + ‖ q ‖0) (u, p), (v, q) ∈ (X,M).
β(‖ uh̃ ‖1 + ‖ ph̃ ‖0) ≤ sup

(ṽh,qh̃)∈(Xh̃,Mh̃)

|B((uh̃,ph̃);(ṽh,qh̃))|
‖v‖1+‖q‖0

∀(uh̃, ph̃) ∈ (Xh̃,Mh̃).

| G1(u, v) |≤ C ‖ (I − I Ĩh)∇u ‖0‖ (I − I Ĩh)∇v ‖0 ∀u, v ∈ X.

3. Error analysis of the characteristic finite element method (CFEM) based on two local
Gauss integrations

As in [19, 20], taking vh̃ = um+1
h̃

,qh̃ = pm+1
h̃

in (2.3) yields

‖ um+1
h̃
‖20 +ν∆t ‖ ∇um+1

h̃
‖20 +∆t ‖ (I − Πh̃)∇um+1

h̃
‖20

= ∆t( f m+1, um+1
h̃

) + (um
h̃

(Xm
h̃

(x, tm+1; tm)), um+1
h̃

).

Using the Young inequality, we obtain

(‖ um+1
h̃
‖20 +ν∆t ‖ ∇um+1

h̃
‖20 +∆t ‖ (I − Πh̃)∇um+1

h̃
‖20)

1
2

= ∆t ‖ f m+1 ‖20 + ‖ um
h̃
‖20;

further,
(‖ um+1

h̃
‖20 +ν∆t ‖ ∇um+1

h̃
‖20 +∆t ‖ (I − Πh̃)∇um+1

h̃
‖20)

1
2

= ∆t ‖ f m+1 ‖20 +(‖ um
h̃
‖20 +ν∆t ‖ ∇um

h̃
‖20)

1
2 .

So,
(‖ um+1

h̃
‖20 +ν∆t ‖ ∇um+1

h̃
‖20)

1
2

= ∆t ‖ f m+1 ‖20 +(‖ um
h̃
‖20 +ν∆t ‖ ∇um

h̃
‖20)

1
2 .

Based on the definitions above, we obtain the following approximation properties.
Lemma 4.1 [19,20]. For ∀(u, p) ∈ (X,M), there holds

‖ Rh̃(u, p) − u ‖1 + ‖ Qh̃(u, p) − p ‖0≤ C(‖ u ‖1 + ‖ p ‖0),

and for ∀(u, p) ∈ (D(A),H1(Ω) ∩ M),

‖ Rh̃(u, p) − u ‖0 +h(‖ Rh̃(u, p) − u ‖1 + ‖ Qh̃(u, p) − p ‖0)
≤ Ch2(‖ u ‖2 + ‖ p ‖1),

where D(A) = (H2(Ω)2) ∩ V.
Theorem 4.1 Under regularity hypotheses, we have

‖ u − uh̃ ‖L∞(L2(Ω)2)≤ C(∆t + h2).

Proof. Let e = u−uh̃, δ = u−Rh̃(u− p), σ = δ−e = uh̃−Rh̃(u, p), η = ph̃−Qh̃(u, p). Subtracting (2.3)
from (2.1) with (v, q) = (vh̃, qh̃), we have

(dtσ
m+1, vh̃) + a(σm+1, vh̃) − d(vh̃, η

m+1) + d(σm+1, qh̃)
+G2(σm+1, vh̃) = (Dtu − dtu, vh̃) + (dtδ

m+1, vh̃). (3.1)
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taking vh̃ = σm+1, qh̃ = ηm+1 we then get

(dtσ
m+1, σm+1) + ν ‖ ∇σm+1 ‖20 + ‖ (I − qh̃)∇σm+1 ‖20

= (Dtu(·, tm+1) − dtu(·, tm+1), σm+1) + (dtδ(·, tm+1), σm+1).

From Theorem 4.1 of [19], we obtain

1
2∆t

(‖ σm+1 ‖20 − ‖ σ
m ‖20) + ν ‖ ∇σm+1 ‖20 + ‖ (I − qh)∇σm+1 ‖20

≤ ε1 ‖ σ
m+1 ‖20 +ε2 ‖ ∇σ

m+1 ‖20 +C∆t(‖ D2
t u ‖2L2(tm,tm+1;L2(Ω)2) +

‖
du
dt
‖2L2(tm,tm+1;L2(Ω)2)) +

C
∆t
‖

dδ
dt
‖2L2(tm,tm+1;L2(Ω)2)

+C ‖ em ‖20 +C ‖ δ ‖2L∞(L2(Ω)2) +C ‖ σm ‖20 . (3.2)

Upon multiplying inequality (3.2) by 2∆t, summing over index m from 0 to n, and selecting ε1 = 1
4T ,

ε2 = ν
2 , we derive the following recurrence relation.

‖ σn+1 ‖20 +ν∆t
n+1∑
m=0

‖ ∇σm ‖20 +2∆t
n∑

m=0

‖ (I − qh)∇σm+1 ‖20

≤ C∆t2(‖ D2
t u ‖2L2(L2(Ω)2) + ‖

du
dt
‖2L2(L2(Ω)2)) + C(‖ δ ‖2L∞(L2(Ω)2)

+ ‖
dδ
dt
‖2L2(L2(Ω)2)) + C∆t

n∑
m=0

‖ em ‖20 +C∆t
n∑

m=0

‖ σm ‖20 . (3.3)

An application of the discrete Grönwall’s lemma and Lemma 4.1 yields

‖ en+1 ‖20≤ 2 ‖ σn+1 ‖20 +2 ‖ δn+1 ‖20

≤ C∆t2(‖ D2
t u ‖2L2(L2(Ω)2) + ‖

du
dt
‖2L2(L2(Ω)2))

+Ch4(‖ u ‖2L∞(H2(Ω)2) + ‖
du
dt
‖2L2(L2(Ω)2) + ‖ p ‖2L∞(H1(Ω))

+ ‖
dp
dt
‖2L2(H1(Ω))) + C∆t

n∑
m=0

‖ em ‖20 . (3.4)

We thus conclude the proof by invoking the discrete Grönwall’s lemma to obtain Theorem 4.1.
Theorem 4.2. Under the regularity hypothesis and condition 2C < h̃2

∆t < 1, it holds that

‖ u − uh̃(tm) ‖L∞(H1(Ω)2)≤ C(∆t + h̃). (3.5)

An optimal order estimate for ‖ u−uh̃ ‖L∞(H1(Ω)2) can be derived in a similar fashion of Theorem 4.1.
Taking vh̃ = σm+1−σm

∆t , qh̃ =
ηm+1

∆t in (3.1), we have
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‖
σm+1 − σm

∆t
‖20 +

ν

2∆t
(‖ ∇σm+1 ‖20 − ‖ ∇σ

m ‖20) + d(
σm

∆t
, ηm+1)

+
1
∆t

(‖ ∇σm+1 ‖20 − ‖ ∇σ
m ‖20) +

ν

2
|
σm+1 − σm

(∆t)
1
2

|21

≤ ε3 ‖
σm+1 − σm

∆t
‖20 +C∆t(‖ D2

t u ‖2L2(tm,tm+1;L2(Ω)2) + ‖
du
dt
‖2L2(tm,tm+1;L2(Ω)2))

+
C
∆t
‖

dδ
dt
‖2L2(tm,tm+1;L2(Ω)2) +C ‖ em ‖20 +C ‖ δ ‖2L∞(H1(Ω)2)

+ε4 |
σm+1 − σm

(∆t)
1
2

|21 +C(1 +
αm

∆t
) ‖ δ ‖2L∞(H1(Ω)2) +C ‖ ∇σ ‖20

+C(1 +
αm

∆t
) ‖ ∇σm ‖20, (3.6)

where, αm = DN (̃h)2((∆t)2 + ∆t ‖ du
dt ‖

N
L2(tm,tm+1;L2(Ω)2))),DN (̃h) = h̃1− 1

N (log 1
h̃
)1− 1

N . Then,
n∑

m=0
αm =

DN (̃h)2∆t(T+ ‖ du
dt ‖

2
L2(L2(Ω)2)).

Generally, we have

d(
σm

∆t
, ηm+1) = −

1
∆t

(σm, ηm+1) ≥ −C(
h̃2 ‖ ∇ηm+1 ‖20

∆t
+

∆t

h̃2
‖
σm

∆t
‖20).

From [18–20], the term 1
∆tG(σm+1, σm+1) can be treated as below:

C
h̃2 ‖ ∇σm+1 ‖20

∆t
≤

1
∆t
‖ (I − I Ĩh)∇σm+1 ‖20 .

For 2C < h̃2

∆t < 1, choosing Cmin = {1 − h̃2

∆t , 1 −
∆t
h̃2 }. and simplying (3.6) yields

(
ν

2∆t
+

1
2∆t

)(‖ ∇σm+1 ‖20 − ‖ ∇σ
m ‖20) + Cmin ‖

σm+1

∆t
‖20 +Cmin ‖

σm

∆t
‖20 +

ν

2
|
σm+1 − σm

(∆t)
1
2

|21

≤ ε3 ‖
σm+1 − σm

∆t
‖20 +C∆t(‖ D2

t u ‖2L2(tm,tm+1;L2(Ω)2) + ‖
du
dt
‖2L2(tm,tm+1;L2(Ω)2))

+ε4 |
σm+1 − σm

(∆t)
1
2

|21 +C(1 +
αm

∆t
) ‖ δ ‖2

L∞ (̃h1(Ω)2)
+C ‖ ∇σ ‖20

+C(1 +
αm

∆t
) ‖ ∇σm ‖20 . (3.7)

We begin by multiplying Eq (3.7) by 2∆t, followed by summing the result over index m from 0 to
n. With the parameter choices ε1 = 1

4T and ε2 = ν
2 , the recurrence relation is obtained. With ε3 =

1
2Cmin, ε4 = ν

4 , we obtain
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‖ ∇σn+1 ‖20 +Cmin∆t
n∑

m=0
‖ σm+1

∆t ‖
2
0 +Cmin∆t

n∑
m=0
‖ σm

∆t ‖
2
0 +∆t

n∑
m=0
| σ

m+1−σm

(∆t)
1
2
|21

≤ C∆t2(‖ D2
t u ‖2L2(L2(Ω)2) + ‖ du

dt ‖
2
L2(L2(Ω)2))

+C(1 +
n∑

m=0
αm) ‖ δ ‖2L∞(H1(Ω)2) +C ‖ dδ

dt ‖
2
L2(L2(Ω)2)) + C∆t

n∑
m=0
‖ em ‖20

+C
n∑

m=0
(∆t + αm) ‖ ∇σm ‖20;

together with the discrete Grönwall’s lemma and Lemma 4.1,

‖ ∇en+1 ‖20≤ 2 ‖ ∇δn+1 ‖20 +2 ‖ ∇σn+1 ‖20
≤ C∆t2(‖ D2

t u ‖2L2(L2(Ω)2) + ‖ du
dt ‖

2
L2(L2(Ω)2))

+Ch2(‖ u ‖2
L∞ (̃h2(Ω)2)

+ ‖ du
dt ‖

2
L2 (̃h2(Ω)2)

+ ‖ p ‖2
L∞ (̃h1(Ω))

+ ‖
dp
dt ‖

2
L2 (̃h1(Ω))

) + C∆t
n∑

m=0
‖ em ‖20 .

By the Poincaré–Friedrichs inequality, ‖ en ‖0≤ C ‖ ∇en ‖0, and the discrete Grönwall’s lemma, we
complete the proof of Theorem 4.2.
Theorem 4.3 Under regularity hypotheses, we have

‖ p − ph̃ ‖L2(0,T,L2(Ω))≤ C(∆t + h̃).

Proof. From the definition B1 and (3.1), we have

B1(σm+1, ηm+1; (vh̃, qh̃)) = (Dtu(·, tm+1), vh̃) − (dtu(·, tm+1), vh̃)
+(dtδ

m+1, vh̃) − (dtσ
m+1, vh̃). (3.8)

From the Theorem 3.1, we get

β(‖ σm+1 ‖1 + ‖ ηm+1 ‖0) ≤ sup
(ṽh,qh̃)∈(Xh̃,Mh̃)

B((σm+1, ηm+1); (vh̃, qh̃))
‖ vh̃ ‖1 + ‖ qh̃ ‖0

≤ sup
(ṽh,qh̃)∈(Xh̃,Mh̃)

(Dtu(·, tm+1) − dtu(·, tm+1), vh̃) + (dtδ
m+1, vh̃) − (dtσ

m+1, vh̃)
‖ vh̃ ‖1 + ‖ qh̃ ‖0

. (3.9)

Furthermore, we have

‖ ηm+1 ‖0 + ‖ (I − I Ĩh)∇σm+1 ‖20≤‖ Dtu(·, tm+1) −
u(·, tm+1) − u(X(·, tm+1; tm), tm)

∆t
‖0

+ ‖
u(X(·, tm+1; tm), tm) − u(Xm

h (·, tm+1; tm), tm)
∆t

‖0

+ ‖
δ(·, tm+1) − δ(·, tm)

∆t
‖0 + ‖

δ(·, tm) − δ(X(·, tm+1; tm), tm)
∆t

‖−1

+C ‖
δ(X(·, tm+1; tm), tm) − δ(Xm

h̃
(·, tm+1; tm), tm)

∆t
‖0,1 + ‖

σm(·) − σm(X(·, tm+1; tm))
∆t

‖−1

+C ‖
σm(X(·, tm+1; tm)) − σm(Xm

h̃
(·, tm+1; tm))

∆t
‖0,1 + ‖

σm+1

∆t
‖0 + ‖

σm

∆t
‖0 . (3.10)
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By a similar argument with the proof of Theorems 4.1 and 4.2 together with Theorem 3.1, we obtain
Theorem 4.3.

4. Some classical finite element algorithms and numerical experiments

Algorithm 2. Simple two-level stabilized finite element approximation [21].

Step I: Solve the fully nonlinear equations on a coarse grid.
Solve the stabilized Navier–Stokes problem on a coarse mesh, and find (uH, pH) ∈ (XH,MH) such

that for all (vH, qH) ∈ (XH,MH),

B0((uH, pH); (vH, qH)) + b(uH, uH, vH) = ( f , vH).

Step II: Linearize the problem on a fine grid by inserting the value computed at Step I into the
nonlinear term

S h̃ = I − Π, G2(p, q) = (S h̃ p, S h̃q),

with I as the identity operator and the local pressure projection Π : L2(Ω) → R0. Note that R0 is a
piecewise constant on set K.

Solve the stabilized Stokes problem on a fine mesh and find (uh, ph) ∈ (Xh,Mh) such that for all
(vh, qh) ∈ (Xh,Mh),

B2((uh, ph); (vh, qh)) + b(uH, uH, vh) = ( f , vh).

B2((uh̃, ph̃); (vh̃, qh̃)) = B0((uh̃, ph̃); (vh̃, qh̃)) + G2(ph̃, qh̃).

where the bilinear form G1(·, ·) can be defined by the local Gauss integral technique (see [22]) by the
bounded operator S h̃ : L2(Ω)→ L2(Ω).
Algorithm 3. Common variational multiscale (VMS) method [23].

(∂uh̃
∂t , vh̃) + B3((um+1

h̃
, pm+1

h̃
) − α(gh̃,∇vh̃) + b(uh̃, uh̃, vh̃) = ( f , vh̃) ∀vh̃ ∈ Xh̃,

d(qh̃, uh̃) = 0 ∀qh̃ ∈ Qh̃,

(gh̃ − ∇uh̃, l̃h) = 0 ∀l̃h ∈ Lh̃. (4.1)

Here,
B3((um+1

h̃
, pm+1

h̃
) = B0((um+1

h̃
, pm+1

h̃
) + αa(uh̃, vh̃).

This system is determined by the choices of Lh̃ and α. The stabilization parameter α in this scheme
acts only on the small scales.

The corresponding solution (u,p) of problem (1.1) will be assumed to satisfy the following
regularity hypotheses.
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Table 1. Algorithm 1. CFEM based on two Gauss integrations for Re=1,000,000.
1
h

||u−uh ||0
||u||0

order ||u−uh ||1
||u||1

order ||p−ph ||0
||p||0

order CPU(s)
15 0.0348973 / 0.234885 / 0.0221604 / 1.096
30 0.00823913 4.1651 0.113878 2.0889 0.00864719 2.7154 23.683
60 0.00201651 4.0613 0.0564433 2.0252 0.00372448 2.4304 462.306
120 0.000498967 4.0297 0.0281015 2.0123 0.00171521 2.2373 13398.1

Table 2. Algorithm 2. Simple two-level stabilized finite element approximation for
Re=1,000,000.

1
h

1
H

||u−uh ||0
||u||0

order ||u−uh ||1
||u||1

order ||p−ph ||0
||p||0

order CPU(s)
15 10 0.034991 / 0.234988 / 0.152727 / 1.117
30 20 0.0087213 4.0087 0.114269 2.0803 0.0790345 1.9008 20.386
60 40 0.0035672 2.5795 0.0577235 1.9704 0.0401588 1.9535 558.178
120 80 0.0030149 0.4854 0.0322965 1.6756 0.0202463 1.9761 21833

Table 3. Algorithm 3. Common variational multiscale (VMS) method for Re=1,000,000.
1
h

||u−uh ||0
||u||0

order ||u−uh ||1
||u||1

order ||p−ph ||0
||p||0

order CPU(s)
15 0.0348975 / 0.234885 / 0.0221614 / 1.829
30 0.00823943 4.1651 0.113878 2.0889 0.00864759 2.7154 39.2
60 0.00201951 4.0613 0.0564433 2.0252 0.00372448 2.4304 779.743
120 0.000498967 4.0297 0.0281015 2.0123 0.00171521 2.2373 22512.3

Table 4. CPU for Algorithm 1; VMS vs Algorithm 3; CFEM based on two
Gauss integrations.

1/h tAlgorithm3 tAlgorithm4 savetimes

15 1.829 1.096 40.0765446 %
30 39.2 23.683 39.5841837 %
60 779.743 462.306 40.7104649 %
120 22512.3 13398.1 40.4854235 %

As can be seen from Tables 1, 3 and 4, the time discretization of Algorithm 3 includes an unsteady
term ∂uh̃

∂t and a nonlinear convective term b(uh̃,uh̃, vh̃), adopting an implicit scheme (evident from
um+1

h̃
): The implicit scheme requires iterative linearization of the nonlinear term (e.g., the Newton–

Raphson method), with the coupled system (velocity + pressure + small-scale variables) reassembled
in each iteration.

In contrast, the conventional method of characteristics has no additional stabilization terms: Its
stability comes from the accurate discretization of the convective term via characteristic line tracing
(essentially an “upwind-type discretization”). No artificial stabilization terms or tensor projections
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are needed, only basic interpolation operations (for node value interpolation during trajectory tracing),
resulting in much lower computational overhead.

The time discretization of the conventional method of characteristics is usually explicit or
semiexplicit: The convective term is discretized explicitly via characteristic line tracing (directly using
the velocity field from the previous time step to compute particle trajectories), requiring no iteration,
and the diffusion term can be explicit or implicit, but the system scale is still much smaller than VMS
without additional unknowns, making iterative overhead negligible.

As can be seen from Table 2, the high Reynolds number amplifies nonlinear errors; with Re = 106,
the flow is characterized by a high Reynolds number where the convective term dominates as inertial
forces are much larger than viscous forces, leading to extremely strong nonlinear effects. At this
point, using the coarse-grid solution uH to approximate the fine-grid solution uh results in a sharp
amplification of the linearization error of the convective term. Moreover, as h is refined (the fine grid
is more capable of capturing local structures such as strong shear and vortices), the “approximation
accuracy” of uH fails to keep pace with the “discretization accuracy” of the fine grid, leading to a
continuous decline in the convergence order.

As can be seen from Table 3, the core idea of VMS is to separate large-scale and small-scale effects
of the flow. It introduces an additional small-scale unknown gh̃ ∈ Lh̃ related to the velocity deformation
tensor to stabilize high-Reynolds number flows, leading to a drastic increase in the number of degrees
of freedom (DOFs) of the solved system. Basic unknowns include the velocity uh̃ ∈ Xh̃ (d-dimensional
vector, d = 2), and pressure, ph̃ ∈ Qh̃ (scalar). An additional unknown is small-scale deformation
tensor-related variable gh̃ ∈ Lh̃ (d × d tensor space, e.g., 3 independent components per grid node
in 2D).

The final solved system is a coupled equation set of number of velocity components plus pressure
plus a number of small-scale tensor components, with a scale of

System Size = O
(
N · (d + 1 + d2)

)′
where N is the number of velocity grid nodes.

The stabilization term B3 in Algorithm 3 consists of the basic bilinear form B0 (viscous + pressure
terms) and an additional stabilization term αa(uh̃, vh̃). The constraint equation for the small-scale
variable gh̃,

(gh̃ − ∇uh̃, l̃h) = 0 ∀l̃h ∈ Lh̃

is essentially an orthogonal projection of the difference between the small-scale deformation tensor
and velocity gradient onto Lh̃. It requires per element (Ωe ∈ τh̃) computations as follows:

(i) Calculation of the velocity gradient ∇uh̃ (tensor operation with multiple components per element
in 2D);

(ii) Projection matrix computation via Gauss quadrature (high-order quadrature is often required for
accuracy, similar to the dual-integration logic in Algorithm 2);

(iii) Assembly of local integration results into the global system.
Consider Eq (1.1) in the domain Ω = [0, 1] × [0, 1] with the following exact solutions:

u(x, y) = (u1(x, y), u2(x, y)), p(x, y) = 10(2x − 1)(2y − 1) cos(t),

u1(x, y) = 10x2y(x − 1)2(y − 1)(2y − 1) cos(t), u2(x, y) = −10xy2(2x − 1)(y − 1) cos(t).
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For numerical verification, a time step size of ∆t = 0.8h2 is adopted. Relative errors, convergence
rates, and computational costs of the characteristic finite element method with two local Gaussian
integrations are summarized in Table 1, and Tables 2 and 3 provide reference results from several
classical finite element schemes. Comparative analysis confirms the superior accuracy and efficiency
of the proposed characteristic method with two local Gaussian integrations.

As evidenced in Tables 3 and 4, the stabilization terms constructed via two local Gaussian
integrations induce superconvergence phenomena in both the variational multiscale and characteristic
finite element frameworks, significantly enhancing numerical accuracy. Figure 1 further illustrates
the stabilized convergence behavior of the proposed method, which maintains a consistent error
reduction rate under mesh refinement, unlike the standard characteristic method, whose convergence
deteriorates progressively.

The lid-driven cavity flow is additionally simulated following the benchmark configuration in [24].
Our results in Figures 2–11 align closely with the classical data reported by Ghia et al. [24]. Streamline
patterns in Figures 7–11 reveal that elevated Reynolds numbers lead to increased vortex generation,
indicating that strong inertial effects amplify small perturbations and trigger flow instability. This
mechanism fosters multiscale vortex formation and evolution, ultimately culminating in turbulent
flow regimes.

Figures 12–15 present a classic numerical simulation of flow around a cylinder for which the
Reynolds number is set to Re = 600. At 25 minutes, both the velocity and pressure fields exhibit
a stable pattern, with a pair of symmetric vortices appearing behind the cylinder. By 50 minutes, slight
fluctuations begin to emerge in the otherwise stable flow. When the time reaches 75 minutes, the flow
becomes unstable, leading to large-scale oscillations. At 100 minutes, vortex shedding occurs in the
system, forming the well-known Kármán vortex street [25, 26].

Figure 1. Convergence analysis for the velocity and pressure using different methods. Left:
L2 error for the velocity; middle: H1 error for the velocity; right: L2 error for the pressure.
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Figure 2. At RE = 1000, the left and right figures show vertical midlines and horizontal
midlines, respectively.

Figure 3. At RE = 3200, the left and right figures show vertical midlines and horizontal
midlines, respectively.

Figure 4. At RE = 5000, the left and right figures show vertical midlines and horizontal
midlines, respectively.
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Figure 5. At RE = 7500, the left and right figures show vertical midlines and horizontal
midlines, respectively.

Figure 6. At RE = 10 000, the left and right figures show vertical midlines and horizontal
midlines, respectively.

Figure 7. At RE = 1000, the figure shows velocity streamlines.
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Figure 8. At RE = 3200, the figure shows velocity streamlines.

Figure 9. At RE = 5000, the figure shows velocity streamlines.
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Figure 10. At RE = 7500, the figure shows velocity streamlines.

Figure 11. At RE = 10 000, the figure shows velocity streamlines.
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Figure 12. At RE = 600 and t=25 minutes, the top figure shows the pressure contour plot,
and the bottom figure shows the velocity contour plot.

Figure 13. At RE = 600 and t = 50 minutes, the top figure shows the pressure contour plot,
and the bottom figure shows the velocity contour plot.
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Figure 14. At RE = 600 and t = 75 minutes, the top figure shows the pressure contour plot,
and the bottom figure shows the velocity contour plot.

Figure 15. At RE = 600 and t = 100 minutes, the top figure shows the pressure contour plot,
and the bottom figure shows the velocity contour plot.
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5. Conclusions

Our proposed characteristics finite element method is based on two local Gauss integrations. It not
only retains the speed advantage of the traditional CFEM but also solves the problems of instability
and low convergence order of the CFEM under high Reynolds numbers through localized stabilization
terms, ultimately achieving a triple balance of accuracy, stability, and efficiency.

The improved algorithm does not change the core design logic of decoupling convection and diffu-
sion effects via characteristic line tracing, which is the fundamental reason for its low computational
cost: The improved algorithm only adds local stabilization terms based on two Gaussian integrations
but does not introduce new global unknowns. The solved system still consists of only two core
unknowns: velocity u and pressure p, with a degree of freedom (CFEM) scale of O(N · (d + 1)),
where d = 2 corresponds to 2D flows.

Compared with the VMS method, with a DOF scale of O(N · (d + 1 + d2)) that requires additional
solution of small-scale tensor variables, the system scale of the improved algorithm is reduced by an
order of magnitude, directly bringing two key advantages:

i. Faster matrix assembly: The stiffness matrix is a sparse matrix with a low proportion of nonzero
elements (small fill rate).

ii. Efficient linear solution: When solving the diffusion term and pressure Poisson equation, the
number of iterations is small, and the cost of matrix–vector multiplication per iteration is low
(e.g., iterative methods such as CG and GMRES achieve extremely high efficiency).
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