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Abstract: This paper investigated the Hopf bifurcation in fractional-order ring neural networks
incorporating multiple time delays (leakage, transmission, and distributed delays) and reaction-diffusion
effects. By introducing virtual neurons into the original system, a new model capable of equivalently
describing the influence of distributed time delays was constructed. The critical conditions for the
emergence of pure imaginary roots in the characteristic equation were analytically determined using
the Coates flow graph and the holistic element method. Furthermore, by selecting the leakage and
transmission delays as bifurcation parameters, explicit criteria for local stability and the existence of Hopf
bifurcation were established. The theoretical findings were substantiated through numerical simulations.
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1. Introduction

Nowadays, neural networks have demonstrated extensive application potential in various fields,
including medical science [1], deep learning [2], and system evaluation [3]. With the deepening of
research, a large number of artificial neural network models have been established, and the rich nonlinear
dynamic behaviors of neural networks have been revealed, such as stability, bifurcation, chaos, etc.
Among them, Hopf bifurcation, as one of the most representative behaviors in the bifurcation field, has
been widely applied in the fields of biology, economics, engineering, etc. [4–6]

In recent years, the rapid development of artificial intelligence has greatly promoted bionics and
the research on human brain mechanisms. In the central nervous system, neurons receive and transmit
information through dendrites and use synapses to pass it on to other neurons, forming a highly complex
network connection structure. The ring structure, as a fundamental topological form of neural networks,
has received extensive attention in brain science and related fields.
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In 1994, Baldi and Atiya first proposed a class of integer-order neural networks with a unidirectional
loop structure composed of n neurons [7]. In 2013, Cai et al. [8] analyzed the influence of the total time
delay on a unidirectional loop on the stability of the model and Hopf bifurcation. In 2018, Huang et
al. [9] extended this model to a fractional-order form and systematically investigated its bifurcation
dynamics. In 2019, Xu et al. [10] further proposed a bidirectional double-ring structure based on the
single-ring framework. However, in the real world, there is a widespread phenomenon of two-way
information transmission, such as client-server communication architectures, closed-loop feedback
in sensor-controller-actuator systems, and reciprocal signaling in neural networks. Inspired by this,
researchers introduced the bidirectional transmission mechanism into artificial neural networks to explore
their complex dynamic characteristics. In [11, 12], scholars applied the Coates flow graph [13] method
to solve the computational problem of high-dimensional feature matrices for bidirectional networks with
hyperloop structures and multiple delays. Subsequently, Dai [14] proposed a bidirectional double-loop
coupled fractional-order network sharing two nodes and studied the bifurcation dynamics of this network.
In [15–17], high-dimensional fractional-order networks with multi-ring shared nodes were investigated,
establishing sufficient conditions for stability and Hopf bifurcation induced by time delays.

In the dynamic research of neural networks, the existence of time delays is a key factor inducing
complex dynamic behaviors such as oscillations, bifurcations, and chaos. Time delays in real neural
networks exhibit multiple types, including leakage delays [18, 19], transmission delays, and distributed
delays [20–22]. It is worth noting that Xu et al. [21] effectively simplified the impact of distribution
delay in high-dimensional networks by introducing the method of virtual neurons. This train of thought
provides an important reference for us on how to reasonably simplify the model and maintain the
essential characteristics of dynamics when dealing with complex neural network structures.

These dynamic processes dominated by time delays are often accompanied by memory-dependent
characteristics. For example, hippocampal neurons continuously invoke historical information of
preceding signals during spatial memory encoding, a feature that can be accurately depicted by fractional-
order operators. In real biological neural networks, reaction-diffusion phenomena coexist naturally
with the aforementioned characteristics. The conduction of neural signals does not rely solely on direct
transmission between synapses, but can also be achieved indirectly through media surrounding neurons,
such as cerebrospinal fluid, extracellular fluid, etc.

In 2015, Tian et al. [22] analyzed the Hopf bifurcation of reaction-diffusion neural networks with
leakage delays and distributed synaptic transmission delays. Wang et al. [23] investigated synchronous
bifurcation and stability in reactive-diffusion ring neurons with time delay. Meanwhile, high-dimensional
neural networks have gradually become a research hotspot. In 2022, Chen et al. [24] proposed a class of
high-dimensional reaction-diffusion neural networks with multiple delays and conical structures, and
studied their stability and Hopf bifurcation. In 2023, He et al. [25] designed a full-dimensional nonlinear
state feedback control strategy to optimize the dynamic behavior of multi-delay high-dimensional
reaction-diffusion neural networks with binary tree structures. Lu et al. [26] studied a multi-delay high-
dimensional reaction-diffusion neural network with bidirectional associative memory, focusing on the
influence of network scale and diffusion rate on spatiotemporal dynamics. It should be emphasized that
the topological structure of neural networks directly determines the path and efficiency of information
transmission. A deep understanding of these topological properties is not only essential for revealing
the brain’s information processing mechanisms but also provides critical theoretical support for building
more efficient and intelligent artificial systems [27–29].

Electronic Research Archive Volume 34, Issue 2, 1238–1268.



1240

The introduction of fractional-order reaction-diffusion models has provided a new research perspec-
tive for this field [20, 30–35] and greatly enriched the dynamic behaviors of the system. Li et al. and
Sun et al. [30, 31] investigated the complete synchronization problem of Caputo-type fractional-order
reaction-diffusion memristive neural networks with specific discrete constant delays by designing
Lyapunov functions. In 2020, Lin et al. [32] mainly studied the Turing patterns of a class of delayed
reaction-diffusion neural networks with Caputo-type fractional derivatives. Datsko et al. [33, 34] carried
out research on fractional-order reaction-diffusion systems: On the one hand, they analyzed the chaotic
dynamic characteristics of the Bonhoeffer–van der Pol fractional-order reaction-diffusion system; on the
other hand, they explored the stability of the two-component time-fractional reaction-diffusion system
in the linear stage. The results show that when the fractional derivative order takes a specific value,
a new type of instability will occur in the system. Hymavathi et al. [20] studied the synchronization
problem based on pinning control for fractional-order neural networks with constant delays, distributed
delays, and reaction-diffusion terms.

In ecosystems, both predators and prey exhibit synergistic characteristics of fractional order, bidirec-
tional coupling, multiple types of time delays, and reaction-diffusion. Taking the interaction between
wolf and deer populations as an example, the number of wolves and deer among populations influence
each other, forming a bidirectional coupling relationship; prey disperse and migrate (reaction-diffusion
effect); predators require time to digest prey and reproduce (delay mechanism); and populations have
long-term memory characteristics in their evolution (fractional-order operator). These elements together
determine the complex dynamics such as oscillation and bifurcation of population sizes [36, 37]. There-
fore, combining fractional-order operators with multiple types of time delays and reaction-diffusion
effects is essentially a synergistic simulation of biological neural networks, which can improve the bionic
accuracy of the model. Although existing studies have partially involved elements such as fractional
order, time delay, and reaction-diffusion, there are still significant gaps: Most studies do not consider
the synergistic impact of bidirectional coupling and distributed delays [24]; some fractional-order
reaction-diffusion models do not involve bifurcation analysis of high-dimensional systems [20,32], or do
not clarify the coupling mechanism of multiple delay types [34]. However, research on high-dimensional
reaction-diffusion neural networks is still in its infancy, and research results are relatively limited. In
particular, research combining specific topological structures with multiple factors such as fractional
order operators and distributed delays is still scarce and needs further in-depth exploration.

The main contributions of this study are as follows: (i) A multi-delay fractional-order bidirectional
ring neural network based on reaction-diffusion was studied. (ii) The critical conditions for the existence
of pure virtual roots in the characteristic equations of the system were determined by using the Coates
formula and the holistic element method. (iii) Taking leakage delay and transmission delay as bifurcation
parameters, respectively, the local stability of the system and Hopf bifurcation were studied. The
correctness and validity of the theoretical analysis results were verified through numerical simulation.

The remainder of this paper is structured as follows: In Section 2, a multi-delay fractional-order bidi-
rectional ring neural network model with reaction-diffusion terms is investigated, and its characteristic
equation is derived using the Coates flow graph formula combined with the holistic element method.
Section 3 establishes explicit criteria for the local stability and the existence of Hopf bifurcation by
selecting the leakage delay and transmission delay as bifurcation parameters. Numerical simulations are
provided in Section 4 to validate the correctness of the theoretical analysis. Finally, Section 5 concludes
the paper.
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In this paper, Cn denotes the space of n-times continuously differentiable functions, and N+ represents
the set of positive integers.

2. Preliminaries

In this section, we first introduce the definition of the Caputo fractional derivative. We then study a
class of n-dimensional ring-structured neural networks with multiple time delays and reaction-diffusion
terms. Finally, the characteristic equation of the system is derived using the Coates flow graph formula.

Lemma 2.1. ( [38], [9] Definition 2) For the function f (t) ∈ Cn([t0,+∞) ,R), its α-order Caputo
fractional derivative is defined as

Dα f (t) =
1

Γ(n − α)

∫ t

t0
(t − s)n−α−1 f (n)(s)ds, (2.1)

where t0 ≤ t, n − 1 < α < n (n ∈ N+) and Γ(·) is the Gamma function. Especially, when 0 < α < 1,

Dα f (t) =
1

Γ(1 − α)

∫ t

t0
(t − s)−α f ′(s)ds.

This paper studies a class of fractional-order reaction-diffusion neural networks with multiple time
delays in an n-dimensional setting. The network adopts a bidirectional ring topology, as illustrated in
Figure 1.

Figure 1. Schematic diagram of the topological structure of a bidirectional ring neural network.

By introducing time delay, distributed time delay, and reaction-diffusion, the spatial dynamics of this
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network can be described by the following equations:

Dαy1(x, t) = d1∆y1(x, t) − a′1 f11 (y1(x, t − θ1)) + b′21 f21 (y2(x, t − τ21))

+b′n1 fn1 (yn(x, t − τn1)) + β1

∫ t

−∞
k(t − s)g1 (y1(x, s)) ds,

Dαy2(x, t) = d2∆y2(x, t) − a′2 f22 (y2(x, t − θ2)) + b′12 f12 (y1(x, t − τ12))

+b′32 f32 (y3(x, t − τ32)) + β2

∫ t

−∞
k(t − s)g2 (y2(x, s)) ds,

...

Dαyi(x, t) = di∆yi(x, t) − a′i fii(yi(x, t − θi)) + b′i−1,i fi−1,i(y(x, t − τi−1,i))
+b′i+1,i fi+1,i(yi+1(x, t − τi+1,i) + βi

∫ t

−∞
k(t − s)gi (yi(x, s)) ds,

...

Dαyn(x, t) = dn∆yn(x, t) − a′n fnn(yn(x, t − θn)) + b′1n f1n(y1(x, t − τ1n))
+b′n−1,n fn−1,n(y(x, t − τn−1,n)) + βn

∫ t

−∞
k(t − s)gn (yn(x, s)) ds,

(2.2)

subjecting to Neumann boundary conditions

∂yi(x, t)
∂v

= 0, i = 1, 2, . . . , n, t > 0, x ∈ ∂Ω,

with the initial conditionsyi(x, t) = ϕi(x, t), i = 1, 2, . . . , n,
(x, t) ∈ [0, π] × [−max{θ1, . . . , θn, τ12, τ21, . . . , τ(n−1)n, τn(n−1)}, 0],

where i = 1, 2, . . . , n. Here, di > 0 denotes the diffusion coefficient, and v is the outward unit normal
vector of the smooth boundary ∂Ω. ∆ = ∂2

∂x2 is the Laplacian operator in one-dimensional space
Ω = [0, π]. yi(x, t) represents the state of the i-th neuron at time t and space x. a′i and βi are the
self-feedback coefficients of neurons, and b′i−1,i denotes the connection weight from neuron yi−1(x, t)
to yi(x, t). The functions gi, fii, and fi−1,i are the activation functions. Furthermore, θi denotes the
leakage delay of the i-th neuron, which corresponds to the time lag in the decay process of its own state.
τi−1,i represents the transmission delay between neuron yi−1(t) and neuron yi(t), accounting for the time
consumption in inter-neuronal signal propagation.

The kernel function k(s) is defined on the interval [0,∞). Commonly used examples include the weak
kernel k(s) = re−rs and strong kernel k(s) = r2se−rs, r > 0. This paper focuses on the weak kernel case.

To facilitate the analysis of the system’s characteristic equation, we introduce n virtual neurons
u1(x, t), u2(x, t),· · · , un(x, t). The core purpose of introducing these virtual neurons is to convert the
distributed delay term

∫ t

−∞
k(t − s)gi(yi(x, s))ds in the original system into an equivalent state variable

representation, thereby simplifying the model while preserving the essential characteristics of its
dynamics. This approach to handling distributed delays can be referred to in [21–23].

The dynamics of these virtual neurons are described as follows:

ui(x, t) =
∫ t

−∞

k(t − s)gi(yi(x, s))ds, i = 1, 2, · · · , n.

Differentiating both sides of the above equation with respect to time t, we obtain

u̇i(x, t) =
∂ui(x, t)
∂t

= rgi(yi(x, t)) − rui(x, t), i = 1, 2, · · · , n.
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Subsequently, substituting the expression of ui(x, t) into the original system (2.2), we get

Dαy1(x, t) = d1∆y1(x, t) − a′1 f11(y1(x, t − θ1)) + b′21 f21(y2(x, t − τ21))
+b′n1 fn1(yn(x, t − τn1)) + β1u1(x, t),

Dαy2(x, t) = d2∆y2(x, t) − a′2 f22(y2(x, t − θ2)) + b′12 f12(y1(x, t − τ12))
+b′32 f32(y3(x, t − τ32)) + β2u2(x, t),
...

Dαyi(x, t) = di∆yi(x, t) − a′i fii(yi(x, t − θi)) + b′i−1,i fi−1,i(y(x, t − τi−1,i))
+b′i+1,i fi+1,i(yi+1(x, t − τi+1,i) + βiui(x, t),
...

Dαyn(x, t) = dn∆yn(x, t) − a′n fnn(yn(x, t − θn)) + b′1n f1n(y1(x, t − τ1n))
+b′n−1,n fn−1,n(y(x, t − τn−1,n)) + βnun(x, t),

u̇1(x, t) = rg1(y1(x, t)) − ru1(x, t),
...

u̇n(x, t) = rgn(yn(x, t)) − run(x, t),

(2.3)

subjecting to Neumann boundary conditions∂yi(x,t)
∂v = 0,

∂ui(x,t)
∂v = 0, i = 1, 2 . . . , n, t > 0, x ∈ ∂Ω,

with the initial conditions
yi(x, t) = ϕi(x, t),
ui(x, t) = ψi(x, t), i = 1, 2 . . . , n,
(x, t) ∈ [0, π] × [−max{θ1, . . . , θn, τ12, τ21, . . . , τ(n−1)n, τn(n−1)}, 0],

where ϕ, ψ ∈ C ≜ C(X, [−max{θ1, . . . , θn, τ12, τ21, . . . , τ(n−1)n, τn(n−1)}, 0]), and X is defined by

X = {yi, ui ∈ W2,2(Ω)|
∂yi(x, t)
∂v

=
∂ui(x, t)
∂v

= 0, i = 1, 2, . . . , n, x ∈ ∂Ω}.

We assume that

(H1) : fi1,i2 , gi ∈ C(R,R),
fi1,i2(0) = 0, gi(0) = 0,
f ′i1,i2(0) , 0, g′i(0) = 1, i1 = 1, 2 . . . , n, i2 = 1, 2 . . . , n, i = 1, 2 . . . , n.

Obviously, the origin E∗ = (0, 0, · · · , 0)T
1×2n is the equilibrium point of (2.3). The linearization of system

(2.3) at the origin can be expressed as
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

Dαy1(x, t) = d1∆y1(x, t) − a1y1(x, t − θ) + b21y2(x, t − τ21)
+bn1yn(x, t − τn1) + βu1(x, t),

Dαy2(x, t) = d2∆y2(x, t) − a2y2(x, t − θ) + b12y1(x, t − τ12)
+b32y3(x, t − τ32) + βu2(x, t),
...

Dαyi(x, t) = di∆yi(x, t) − aiyi(x, t − θ) + bi−1,iyi−1(x, t − τi−1,i)
+bi+1,iyi+1(x, t − τi+1,i) + βui(x, t),
...

Dαyn(x, t) = dn∆yn(x, t) − anyn(x, t − θ) + b1ny1(x, t − τ1n)
+bn−1,ny(x, t − τn−1,n) + βun(x, t),

u̇1(x, t) = ry1(x, t) − ru1(x, t),
...

u̇n(x, t) = ryn(x, t) − run(x, t),

(2.4)

where ai = a′i fii(0), bn1 = b′n1 fn1(0), b21 = b′21 f21(0), bn−1,n = b′n−1,n fn−1,n(0), b1n = b′1n f1n(0), b j−1, j =

b′j−1, j f j−1, j(0), b j+1, j = b′j+1, j f j+1, j(0), and j = 1, 2, . . . n.
We assume that

(H2) : di = d, ai = a, βi = β, i = 1, 2, . . . n,
(H3) : θ1 = θ2 = · · · = θn−1 = θn = θ,

τ12 + τ21 = τ23 + τ32 = · · · = τn1 + τ1n = 2τ,
τ12 + τ23 + · · · + τn−1,1 + τn1 = τ1n + τn,n−1 + · · · + τ32 + τ21 = nτ.

The eigenvalue of ∆ in Ω under Neumann boundary conditions is −k2 for k ∈ N := {0, 1, 2, · · · }. The
corresponding eigenfunctions are given by

µ1
k(x) = (γk, 0, . . . , 0)T , µ2

k(x) = (0, γk, . . . , 0)T , . . . , µ2n
k (x) = (0, 0, . . . , γk)T ,

where γk =
cos(kx)
∥ cos(kx)∥ . The set {µ1

k , µ
2
k , . . . , µ

2n
k }
+∞
k=0 constructs a basis of the phase X.

Consequently, the perturbation solution of system (2.4) can be expanded in x as the following
Fourier series:

(y1, . . . , yn, u1, . . . , un)T =

∞∑
k=0

(
M1

k ,M
2
k , . . . ,M

2n
k

)T
eλt cos kx, (2.5)

where k ∈ N represents the number of waves in space and λ describes the growth rate of the disturbance
in time t.

Applying the Laplace transform to system (2.4) and incorporating the Fourier expansion (2.5) leads
to the frequency-domain formulation(

λα + dk2 + ae−λθ
)

Yi(λ) = bi−1,ie−λτi−1,iYi−1,i(λ) + bi+1,ie−λτi+1,iYi+1,i(λ) + βUi(λ), (2.6)
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Ui(λ) =
r

λ + r
Yi(λ), i = 1, . . . , n, (2.7)

where Yi(λ) and Ui(λ) are the Laplace transforms of y(t) and u(t).
Substituting Eq (2.7) into (2.6) eliminates Ui(λ), and we get(

λα + dk2 + ae−λθ −
rβ
λ + r

)
Yi(λ) = bi−1,ie−λτi−1,iYi−1,i(λ) + bi+1,ie−λτi+1,iYi+1,i(λ).

Consequently, the dynamics of the entire network are governed by a linear system in the vector
Y(λ) = (Y1(λ), . . . ,Yn(λ)), from which the characteristic matrix V(λ, k) of the system at the equilibrium
E∗ can be directly constructed.

V(λ, k) =


E(λ,k) −b21e−λτ21 0 ··· 0 −bn1e−λτn1

−b12e−λτ12 E(λ,k) −b32e−λτ32 ··· 0 0
...

...
...

...
...

...
−b1ne−λτ1n 0 0 ··· −bn−1,ne−λτn−1,n E(λ,k)

 ,
where E(λ, k) = λα + ae−λθ + dk2 −

rβ
λ+r .

The characteristic equation is then given by

det(V(λ, k)) = 0. (2.8)

Lemma 2.2. ( [13], Theorem 1) The determinant V of system (2.4) can be calculated by its flow graph
G according to the following formula:

detV = (−1)n
ρ∑

i=1

(−1)ni Mi, (2.9)

where n is the order of the determinant. ρ represents the number of subgraphs Gi (Gi is a subgraph of
G), which is composed of simple disjoint link points. ni is the number of directed cycles in the subgraph
Gi. Mi is the connection gain of the subgraph Gi.

Figure 2. Flow graph decomposition of matrix V(λ, k).
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The subgraph of the flow graph G of the determinant V(λ, k) is shown in Figure 2. Define c1 = b12b21,
c2 = b23b32, c j = b j−1, jb j, j−1, and cn = bn1b1n, with j = 2, 3, · · · , n − 1. We can use (2.9) to calculate the
expression of detV(λ, k). As can be easily seen from Figure 2, all subgraphs of the flow graph G can be
divided into k1 + 2 non–contact loops, where k1 = ⌊

n
2⌋ (⌊·⌋ indicates rounding down).

G0 = (−1)n(λα + ae−λθ + dk2 −
rβ
λ + r

)n,

G1 = (−1)n−1(λα + ae−λθ + dk2 −
rβ
λ + r

)n−2φ1e−2λτ,

G2 = (−1)n−2(λα + ae−λθ + dk2 −
rβ
λ + r

)n−4φ2e−4λτ,

...

Gm = (−1)n−m(λα + ae−λθ + dk2 −
rβ
λ + r

)n−2mφme−2mλτ,

...

Gk1+1 = −φk1+1e−nλτ,

where

φ1 =

n∑
i=1

ci,

φ2 =

n−1∑
i1=3

c1ci1 +

n−2∑
i1=2

n∑
i2=i1+2

ci1ci2 ,

φm =

n+3−2m∑
i1=3

n+5−2m∑
i2=i1+2

· · ·

n−1∑
im−1=im−2+2

c1ci1ci2 · · · cim−1 +

n+2−2m∑
i1=2

n+4−2m∑
i2=i1+2

· · ·

n∑
ii=im−1+2

ci1ci2 · · · cim ,

...

φk1+1 = b12b23 · · · b(n−1)1bn1 + b1nbn(n−1) · · · b32b21.

Finally, we can obtain the characteristic equation of system (2.4)

(λα + ae−λθ + dk2 −
rβ
λ + r

)n +

k1∑
i=1

(−1)i(λα + ae−λθ + dk2 −
rβ
λ + r

)n−2iφie−2iλτ

+ (−1)n+1φk1+1e−nλτ = 0.

(2.10)

Multiply both sides of the equation by enλτ and define a holistic element

s(k) = (λα + ae−λθ + dk2 −
rβ
λ + r

)eλτ.

After substitution, Eq (2.10) becomes

Φ(s) = sn(k) +
k1∑

i=1

(−1)iφisn−2i(k) + (−1)n+1φk1+1. (2.11)
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We know that there are n roots in Eq (2.11), denoted as s j = ξ j + iη j, j = 1, · · · , n. This indicates that

(λα + ae−λθ + dk2 −
rβ
λ + r

)eλτ = ξ j + iη j. (2.12)

Remark 2.1. The characteristic matrix V(λ, k) and the corresponding characteristic equation are
derived by using the Coates formula, which constructs a key mathematical tool for the dynamic analysis
of fractional-order delay ring neural networks. In the matrix structure, the main diagonal elements
characterize the self-feedback of individual neurons (including fractional order, time delay, and diffusion
effects), while the non-diagonal elements describe the coupled time delay effects between neurons.
The ring graph drawn based on this matrix is the same as that in Figure 1. Through flow graph
decomposition (Figure 2) and Lemma 2.2, the characteristic equation corresponding to the derivative
characteristic matrix V(λ, k) can be derived.

Remark 2.2. The incorporation of reaction-diffusion terms leads to a characteristic equation (2.10)
composed of an infinite set of higher-order transcendental equations parameterized by the wavenumber
k. This structure poses a significant challenge for conventional analytical methods. Fortunately, the
Coates flow graph formula offers an effective graphical approach to compute the determinant of the
characteristic matrix V(λ, k) and thus tackles this complex characteristic problem.

3. Local stability and Hopf bifuraction

Next, we will discuss the stability of model (2.4) and the Hopf bifurcation by analyzing the zero-point
distribution of Eq (2.10).

3.1. Case without time delay (θ = τ = 0)

When θ = τ = 0, the characteristic equation (2.10) reduces to

(λα + a + dk2 −
rβ
λ + r

)n +

k1∑
i=1

(−1)i(λα + a + dk2 −
rβ
λ + r

)n−2iφi + (−1)n+1φk1+1 = 0,

where
λα + a + dk2 −

rβ
λ + r

= ξ j + iη j. (3.1)

Lemma 3.1. For θ = τ = 0, the trivial equilibrium point of network (2.4) is local asymptotic stability if
the following condition holds:
(H4) : ξ j − a < 0, β ≤ 0, j = 1, 2, . . . , n.

Proof. Assume Eq (3.1) has a solution satisfying Re(λ) ≥ 0, which implies |arg(λ)| ≤ π
2 . The argument

of λα is then given by arg(λα). Accordingly, we obtain |arg(λα)| ≤ απ
2 . Since α ∈ (0, 1), it follows that

απ
2 < π

2 .
By transforming Eq (3.1), we obtain the following expression:

λα −
rβ(λ + r)

(λ + r)(λ + r)
= ξ j − a − dk2 + iη j.
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From this result, we obtain the following expressions:

Re(λα) =
(ξ j − a − dk2)[(Re(λ) + r)2 + (Im(λ))2] + rβ(Re(λ) + r)

[Re(λ) + r]2 + [Im(λ)]2 .

Given that [Re(λ) + r]2 + [Im(λ)]2 > 0,Re(λ) > 0, r > 0, ξ j − a − dk2 < 0, and β ≤ 0, it can be deduced
that Re(λα) < 0. This result contradicts the condition Re(λα) > 0. It follows that all characteristic roots
of Eq (3.1) have negative real parts. □

Remark 3.1. The characteristic equation (3.1) can be simplified to a fractional polynomial λ1+α + aλ +
bλα + c = 0 in the following form. Among them, the coefficients a, b, and c are all functions of the
wavenumber k. The stability problem of such polynomial equations can be analyzed by referring to the
method proposed in [39]. This method provides a set of approaches for handling the root distribution
of such characteristic equations. Based on this train of thought, this paper deduces Lemma 3.1 and
establishes sufficient conditions to ensure that all roots of Eq (3.1) lie in the left semi-complex plane.

3.2. Selecting τ as the bifurcation parameter

When τ = 0, Eq (2.12) can be transformed into

J1e−λθ + J2 = 0, (3.2)

where

J1 = a(λ + r),
J2 = (λα + dk2 − ξ j − iη j)(λ + r) − rβ.

For simplicity, the real and imaginary parts of Jl(λ) (l = 1, 2) can be expressed as JR
l , JI

l , respectively.
Let λ = iω (ω > 0) be a pure imaginary root of Eq (3.2), and we can obtainJR

1 cosωθ + JI
1 sinωθ = −JR

2 ,

JI
1 cosωθ − JR

1 sinωθ = −JI
2,

(3.3)

where

JR
1 = ar,

JI
1 = aω,

JR
2 = r

(
ωα cos

απ

2
+ dk2 − ξ j

)
− ω

(
ωα sin

απ

2
− η j

)
− rβ,

JI
2 = ω

(
ωα cos

απ

2
+ dk2 − ξ j

)
+ r

(
ωα sin

απ

2
− η j

)
.

From (3.3), we acquire cosωθ = −JR
1 ·J

R
2 −JI

1·J
I
2

(JR
1 )2+(JI

1)2 = B1(ω),

sinωθ = −JI
1·J

R
2 +JR

1 ·J
I
2

(JR
1 )2+(JI

1)2 = B2(ω).
(3.4)
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It can obviously be concluded from equation system (3.4) that

(B1(ω))2 + (B2(ω))2 =

(
JR

2

)2
+

(
JI

2

)2(
JR

1

)2
+

(
JI

1

)2 = 1. (3.5)

We construct a function Ψk(ω) on (0,+∞) from Eq (3.5) such that the existence of its zeros directly
determines the solvability of the equation. Specifically, Eq (3.5) admits a solution if and only if Ψk(ω)
possesses at least one positive zero.

Ψk(ω) =ω2α+2 + 2ωα+2
(
cos

απ

2
dk2 − cos

απ

2
ξ j − sin

απ

2
η j

)
+ ω2

((
dk2 − ξ j

)2
+ η2

j

− a2
)
+ 2ωα+1rβ sin

απ

2
+ ω2αr2 − 2ωrβη j + 2r2ωα

(
cos

απ

2
dk2 − cos

απ

2
ξ j

− sin
απ

2
η j − β cos

απ

2

)
+ r2

((
dk2 − ξ j − β

)2
+ η2

j − 4βξ j − a2
)
.

(3.6)

Lemma 3.2. Define the root of Eq (2.11) as s j. The following results apply characteristic equation (2.10):

i) If there exists some j ∈ {1, 2, . . . , n} such that the following condition holds:
(H5) : (ξ j + β)2 < a2 + 4βξ j − η

2
j ,

then, for this specific j, the function (3.6) has at least one zero point for every k ∈ {0, 1, 2, . . . , kT }

(where kT is a finite non-negative integer). Correspondingly, Eq (3.5) has at least one positive real
root, and as a consequence, the characteristic equation (2.10) admits at least one pair of pure
imaginary roots.

ii) For every j ∈ {1, 2, . . . , n}, there exists a sufficiently large K j ∈ N such that the following conditions
hold for all k ⩾ K j:
(H6) : cos απ

2 dk2 − cos απ
2 ξ j − sin απ

2 η j > 0,

(H7) :
(
dk2 − ξ j − β

)2
+ η2

j − β
2 − a2 − 4βξ j > 0,

(H8) :
(
dk2 − ξ j

)2
− a2 − β2 sin2 απ

2 > 0.
Under these conditions, the function Ψk(ω) > 0 holds for all ω > 0. This implies that Eq (3.5)
has no positive real roots. And since k is a parameter in the characteristic equation (2.10), this
further means that no solutions exist for (2.10) corresponding to k ⩾ K j. Thus, the number of valid
k-values for (2.10) is restricted.

Proof. (i) If (ξ j + β)2 < a2 + 4βξ j − η
2
j for some j ∈ {1, 2, . . . , n} is established, it will exist for a

particular kt > 0, making (dk2
t − ξ j − β)2 + η2

j − 4βξ j − a2 = 0.
Solving for kt, we obtain:

kt =

√√√ √
a2 + 4βξ j − η

2
j + ξ j + β

d
.

We further define kt to satisfy the range kT < kt ≤ kT + 1 where kT ∈ N.
When k = 0, 1, 2, . . . , kT , we have

Ψk(0) = r2
(
(dk2 − ξ j − β)2 + η2

j − 4βξ j − a2
)
< 0,
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and lim
ω→+∞

Ψk(ω) = +∞. According to the zero point theorem, Eq (3.5) must have a positive root,
that is, Eq (2.10) has a pair of pure imaginary roots.

(ii) To prove (ii), we transform Eq (3.6) into the following equivalent form:

Ψ(ω) =ω2α+2 + 2ωα+2
(
cos

απ

2
dk2 − cos

απ

2
ξ j − sin

απ

2
η j

)
+ ω2

((
dk2 − ξ j

)2
− a2 − β2 sin2 απ

2

)
+

(
ω2β2 sin2 απ

2
+ 2ωα+1rβ sin

απ

2
+ ω2α · r2

)
+

(
ω2η2

j − 2ωrβη j + r2β2
)
+ 2r2ωα

(
cos

απ

2
dk2 − cos

απ

2
ξ j − sin

απ

2
η j − β cos

απ

2

)
+ r2

((
dk2 − ξ j − β

)2
+ η2

j − β
2 − 4βξ j − a2

)
=ω2α+2 + 2ωα+2

(
cos

απ

2
dk2 − cos

απ

2
ξ j − sin

απ

2
η j

)
+ ω2

((
dk2 − ξ j

)2
− a2 − β2 sin2 απ

2

)
+

(
ωβ sin

απ

2
+ ωαr

)2

+
(
ωη j − rβ

)2
+ 2r2ωα

(
cos

απ

2
dk2 − cos

απ

2
ξ j − sin

απ

2
η j − β cos

απ

2

)
+ r2

((
dk2 − ξ j − β

)2
+ η2

j − β
2 − 4βξ j − a2

)
.

For ω > 0, the terms ω2α+2, (ωβ sin απ
2 + ω

αr)2, and (ωη j − rβ)2 are inherently positive. Therefore,
a sufficient condition for Ψk(ω) > 0 is that the coefficients of the ωα+2, ω2, and ωα terms, along
with the constant term, are all positive. Furthermore, there exists a minimal K j ∈ N satisfying
conditions (H6)–(H8). Consequently, for all k ⩾ K j, we have Ψk(ω) > 0, which implies that Eq
(3.5) admits no solution.

□

Let the zero solution of function (3.6) have m jk solutions for each j and the corresponding k, and this
solution is defined as ωm jk .

θ(l)
m jk
=

1
ωm jk

[arccos B1(ωm jk) + 2lπ], l = 0, 1, . . . , j = 1, 2, . . . , n, k = 0, 1, . . . ,K j, (3.7)

θ0 = θ
(0)
m j0k0
= min

j=1,2,...,n
k=0,1,...,K j

{θ(0)
m jk
}, ω0 = ωm j0k0

. (3.8)

Remark 3.2. Lemma 3.2 (ii) establishes that the existence of a solution ω to Eq (3.5) depends critically
on the wavenumber k. It rigorously guarantees that for all wavenumbers k exceeding a certain critical
threshold K j, such solutions ω cease to exist.

When θ ∈ [0, θ0), τ > 0, Eq (2.12) can be transformed into

K1eλτ + K2 = 0, (3.9)

K1 = (λα + ae−λθ + dk2)(λ + r) − rβ,

Electronic Research Archive Volume 34, Issue 2, 1238–1268.



1251

K2 = (−ξ j − iη j)(λ + r).

For simplicity, the real and imaginary parts of Kl(λ) (l = 1, 2) can be expressed as KR
l ,K

I
l , respectively.

Let λ = iω (ω > 0) be a pure imaginary root of Eq (3.9), and we can obtain

KR
1 cosωτ − K I

1 sinωτ = −KR
2 ,

K I
1 cosωτ + KR

1 sinωτ = −K I
2,

(3.10)

where

KR
1 = −ω

α+1 sin
απ

2
+ aω sinωθ + rωα cos

απ

2
+ ar cosωθ + rdk2 − rβ,

K I
1 = ω

α+1 cos
απ

2
+ aω cosωθ + ωdk2 + rωα sin

απ

2
− ar sinωθ,

KR
2 = η jω − rξ j,

K I
2 = −ξ jω − rη j.

From (3.10), we acquire cosωτ = −KR
1 ·K

R
2 −KI

1·K
I
2

(KR
1 )2+(KI

1)2 = A1(ω),

sinωτ = KI
1·K

R
2 −KR

1 ·K
I
2

(KR
1 )2+(KI

1)2 = A2(ω).
(3.11)

It can obviously be concluded from equation system (3.11) that

(A1(ω))2 + (A2(ω))2 =
(KR

2 )2 + (K I
2)2

(KR
1 )2 + (K I

1)2
= 1. (3.12)

We construct a function Ψ̂k(ω) on (0,+∞) from Eq (3.12), such that the existence of its zeros directly
determines the solvability of the equation. Specifically, Eq (3.12) admits a solution if and only if Ψ̂k(ω)
possesses at least one positive zero.

Ψ̂k(ω) =ω2α+2 + 2aωα+2 cos
(
απ

2
+ ωθ

)
+ 2dk2 cos

απ

2
ωα+2 + 2dk2a · ω2 cosωθ

+

((
dk2

)2
+ a2 −

(
ξ2

j + η
2
j

))
ω2 + r2ω2α + 2ar2ωα cos

(
απ

2
+ ωθ

)
+ 2r2 cos

απ

2

(
dk2 − β

)
ωα + 2rβ sin

απ

2
ωα+1 + 2r2

(
adk2 − aβ

)
cosωθ

− 2arβω sinωθ + r2
((

dk2
)2
+ a2 − 2βdk2 + β2 − ξ2

j − η
2
j

)
.

(3.13)

Lemma 3.3. Define the root of Eq (2.11) as s j. The following results apply characteristic equation (2.10):

i) If there exists some j ∈ {1, 2, . . . , n} such that the following condition holds:
(H9) : (a − β)2 < ξ2

j + η
2
j ,

then, for this specific j, the function (3.13) has at least one zero point for every k ∈ {0, 1, 2, ..., k̂T }.
Correspondingly, Eq (3.12) has at least one positive real root, and as a consequence, the charac-
teristic equation (2.10) admits at least one pair of pure imaginary roots.
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ii) For every j ∈ {1, 2, . . . , n}, there exists a sufficiently large K̂ j ∈ N such that the following conditions
hold for all k ⩾ K̂ j:
(H10) : dk2 cos απ

2 − |a| > 0,

(H11) :
(
dk2

)2
− 2dk2|a| − ξ2

j − η
2
j > 0,

(H12) :
(
dk2

)2
− 2|a|dk2 − ξ2

j − η
2
j + a2 − 2βdk2 + 2|a|β − β2 sin2 απ

2 > 0.
Under these conditions, the function Ψ̂k(ω) > 0 holds for all ω > 0. This implies that Eq (3.12)
has no positive real roots. And since k is a parameter in the characteristic equation (2.10), this
further means that no solutions exist for (2.10) corresponding to k ⩾ K̂ j.

Proof. (i) If (a − β)2 < ξ2
j + η

2
j for some j ∈ {1, 2, . . . , n} is established, it will exist for a particular

k̂t > 0, making (dk2 + a − β)2 − ξ2
j − η

2
j = 0.

Solving for k̂t, we obtain:

k̂t =

√√√ √
ξ2

j + η
2
j + β − a

d
.

We further define k̂t to satisfy the range k̂T < k̂t ≤ k̂T + 1 where k̂T ∈ N.
When k = 0, 1, 2, . . . , k̂T , we have

Ψ̂k(0) = r2
(
(dk2 + a − β)2 − ξ2

j − η
2
j

)
< 0,

and lim
ω→+∞

Ψ̂k(ω) = +∞. According to the zero point theorem, (3.12) must have a positive root, that
is, Eq (2.10) has a pair of pure imaginary roots.

(ii) By leveraging the bounds cos(·) ≥ −1 and sin(·) ≥ −1 to relax the trigonometric terms in Ψ̂k(ω),
we construct a function ĝk(ω) such that Ψ̂k(ω) ≥ ĝk(ω) holds.

ĝk(ω) =ω2α+2 +

(
2dk2 cos

απ

2
− 2|a|

)
ωα+2 +

((
dk2

)2
− 2dk2|a| + a2 − ξ2

j − η
2
j

)
ω2

+ 2rβ sin
απ

2
ωα+1 + r2ω2α + 2r2

(
cos

απ

2

(
dk2 − β

)
− |a|

)
ωα

+ 2|a|rβω + r2
((

dk2
)2
+ a2 − 2βdk2 + β2 − ξ2

j − η
2
j − 2|a|

(
dk2 − β

))
.

The presence of negative coefficients in the terms 2rβ sin απ
2 ω

α+1 and 2|a|rβω of ĝ(ω) is han-
dled by completing the square. We reformulate the relevant parts of ĝ(ω) into the squares(
ωα+1 + rβ sin απ

2

)2
and (|a|ω + rβ)2, which are guaranteed to be non–negative for all ω > 0.

ĝk(ω) =
(
ωα+1 + rβ sin

απ

2

)2
+

(
2dk2 cos

απ

2
− 2|a|

)
ωα+2 + r2ω2α

+

((
dk2

)2
− 2dk2|a| − ξ2

j − η
2
j

)
ω2 + 2r2

(
cos

απ

2

(
dk2 − β

)
− |a|

)
ωα + (|a|ω + rβ)2

+ r2
((

dk2
)2
− 2|a|dk2 + a2 − ξ2

j − η
2
j − 2βdk2 + 2|a|β − β2 sin2 απ

2

)
.

Given thatω > 0, the terms
(
ωα+1 + rβ sin απ

2

)2
, r2ω2α, and (|a|ω + rβ)2 are all positive. Consequently,

a sufficient condition for Ψ̂k > ĝk(ω) > 0 is that the coefficients of ωα+2, ω2, ωα and the constant
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term are all positive. Furthermore, there exists a minimal K̂ j ∈ N satisfying conditions (H10)–
(H12).Therefore, for all k > K̂ j, we have Ψ̂k > 0, which implies that Eq (3.12) admits no solution.

□

Let the zero solution of Eq (3.13) have m̂ jk solutions for each j and the corresponding k, and this
solution is defined as ω̂m̂ jk .

τ̂(l)
m̂ jk
=

1
ω̂m̂ jk

[arccos A1(ω̂m̂ jk) + 2lπ], l = 0, 1, 2, . . . , j = 1, 2, . . . , n, k = 0, 1, . . . , K̂ j, (3.14)

τ̂0 = τ̂
(0)
m̂ j0k0
= min

j=1,2,...,n
k=0,1,...,K̂ j

{τ̂(0)
m̂ jk
}, ω̂0 = ω̂m̂ j0k0

. (3.15)

The occurrence of Hopf bifurcation must be based on the following assumptions:

(H13) :
dΦ(s)

ds
|s=s0,k=k0,λ=iω̂0,τ=τ̂0 , 0. (3.16)

Lemma 3.4. Let λ(τ) = δ(τ) + iω(τ) be the root of Eq (2.10) near τ = τ̂0 satisfying δ(τ̂0) = 0 and
ω(τ̂0) = ω̂0. If (3.16) holds, we have the following transversality condition:

(H14) : Re
(
dλ
dτ

)−1
∣∣∣∣∣∣∣
k=k0,λ=iω̂0,τ=τ̂0

=
E1G1 + H1F1

E2
1 + F2

1

, 0, (3.17)

where

E1 = ω̂
α+1
0 sin

απ

2
− aω̂0 sin ω̂0θ +

rβω̂2
0

r2 + ω̂2
0

,

F1 = −ω̂
α+1
0 cos

απ

2
− aω̂0 cos ω̂0θ − dk2

0 +
r2βω̂0

r2 + ω̂2
0

,

G1 = αω̂
α−1
0 cos

(α − 1)π
2

− aθ cos ω̂0θ + τ̂0

(
ω̂α

0 cos
απ

2
+ a cos ω̂0θ + dk2

0

)
+
−r2βτ̂0

r2 + ω̂2
0

−
rβ

(
ω̂2

0 − r2
)

(
r2 + ω̂2

0

)2 ,

H1 = αω̂
α−1
0 sin

(α − 1)π
2

+ aθ sin ω̂0θ + τ̂
(
ω̂α

0 sin
απ

2
− a sin ω̂0θ

)
+

rβτ̂0ω0

r2 + ω2
0

−
2r2βω̂0(
r2 + ω̂2

0

)2 .

Proof. The derivative of Eq (2.10) with respect to τ can be obtained:

dΦ(s)
ds

ds
dτ
= 0.

Among them,

ds
dτ
=

[
αλα−1 ·

∂λ

∂τ
− ae−λθθ

∂λ

∂τ

]
eλτ +

(
λα + ae−λθ + dk2

)
eλτ

(
∂λ

∂τ
· τ + λ

)
−

rβeλτ
(
∂λ
∂τ
· τ + λ

)
(λ + r) − rβeλτ

(λ + r)2 .

Electronic Research Archive Volume 34, Issue 2, 1238–1268.



1254

If Eq (3.16) holds true, we can obtain(
∂λ

∂τ

)−1
∣∣∣∣∣∣∣
k=k0,λ=iω̂0,τ=τ̂0

=
αλα−1 − aθe−λθ +

(
λα + ae−λθ + dk2

)
τ − rβτ

λ+r +
rβ

(λ+r)2

−λ
(
λα + ae−λθ + dk2) + rβλ

λ+r

∣∣∣∣∣∣∣∣
k=k0,λ=iω̂0,τ=τ̂0

.

Then it can be obtained that(
∂λ

∂τ

)−1
∣∣∣∣∣∣∣
k=k0,λ=iω̂0,τ=τ̂0

=
E1G1 + H1F1 + i (E1H1 −G1F1)

E2
1 + F2

1

.

Therefore, we have

Re(
dλ
dτ

)−1
∣∣∣∣∣
k=k0,λ=iω̂0,τ=τ̂0

=
E1G1 + H1F1

E2
1 + F2

1

, 0.

This proof is completed. □

Theorem 3.1. Under the assumptions (H1)–(H5), (H9), (H13), and (H14), the following conclusions
hold:

i) If θ ∈ [0, θ0), when τ ∈ [0, τ̂0), the origin is asymptotically stable at system (2.4).

ii) If θ ∈ [0, θ0), when τ = τ̂0, system (2.4) undergoes a Hopf bifurcation at the origin.

3.3. Selecting θ as the bifurcation parameter

When θ = 0, Eq (2.12) can be transformed into

M1eλτ + M2 = 0, (3.18)

where

M1 = (λα + a + dk2)(λ + r) − rβ,

M2 = −(ξ j + iη j)(λ + r).

For simplicity, the real and imaginary parts of Ml(λ) (l = 1, 2) can be expressed as MR
l , MI

l , respectively.
Let λ = iω (ω > 0) be a pure imaginary root of Eq (3.18), and we can obtainMR

1 cosωτ − MI
1 sinωτ = −MR

2 ,

MR
1 sinωτ + MI

1 cosωτ = −MI
2,

(3.19)

where

MR
1 = r

(
ωα cos

απ

2
+ a + dk2 − β

)
− ωα+1 sin

απ

2
,

MI
1 = ω

α+1 cos
απ

2
+

(
a + dk2

)
ω + rωα sin

απ

2
,

MR
2 = η jω − ξ jr,

MI
2 = −ξ jω − η jr.
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From (3.19), we acquire cosωτ = −MR
1 ·M

R
2−MI

1·M
I
2

(MR
1 )2+(MI

1)2 = D1(ω),

sinωτ = MI
1·M

R
2−MR

1 ·M
I
2

(MR
1 )2+(MI

1)2 = D2(ω).
(3.20)

It can obviously be concluded from equation system (3.20) that

(D1(ω))2 + (D2(ω))2 =

(
MR

2

)2
+

(
MI

2

)2(
MR

1

)2
+

(
MI

1

)2 = 1. (3.21)

We construct a function Ψ̄k(ω) on (0,+∞) from Eq (3.21), such that the existence of its zeros directly
determines the solvability of the equation. Specifically, Eq (3.21) admits a solution if and only if Ψ̄k(ω)
possesses at least one positive zero.

Ψ̄k(ω) =ω2α+2 + 2ωα+2 cos
απ

2

(
a + dk2

)
+ ω2

((
a + dk2

)2
− ξ2

j − η
2
j

)
+ 2ωα+1rβ sin

απ

2

+ r2ω2α + 2r2
(
a + dk2 − β

)
ωα cos

απ

2
+ r2

((
a + dk2 − β

)2
− ξ2

j − η
2
j

)
.

(3.22)

Lemma 3.5. Define the root of Eq (2.11) as s j. The following results apply characteristic equation (2.10):

i) If there exists some j ∈ {1, 2, . . . , n} such that the following condition holds:
(H15) : (a − β)2 < ξ2

j + η
2
j ,

then, for this specific j, the function (3.22) has at least one zero point for every k ∈ {0, 1, 2, ..., k̄T }.
Correspondingly, Eq (3.21) has at least one positive real root, and as a consequence, the charac-
teristic equation (2.10) admits at least one pair of pure imaginary roots.

ii) For every j ∈ {1, 2, . . . , n}, there exists a sufficiently large K̄ j ∈ N that satisfies the following
condition:
(H16) : a + dk2 >

√
ξ2

j + η
2
j + β

2 sin2 απ
2 .

Under the condition, the function Ψ̄k(ω) > 0 holds for all ω > 0. This implies that Eq (3.21) has
no positive real roots. And since k is a parameter in the characteristic equation (2.10), this further
means that no solutions exist for (2.10) corresponding to k ⩾ K̄ j.

Proof. (i) If (a − β)2 < ξ2
j + η

2
j for some j ∈ {1, 2, . . . , n} is established, it will exist for a particular

k̄t > 0, making
(
a + dk2 − β

)2
− ξ2

j − η
2
j = 0.

Solving for k̄t, we obtain:

k̄t =

√√√ √
ξ2

j + η
2
j − a + β

d
.

We further define k̄t to satisfy the range k̄T < k̄t ≤ k̄T + 1 where k̄T ∈ N.
When k = 0, 1, 2, . . . , k̄T , we have

Ψ̄k(0) = r2
((

a + dk2 − β
)2
− ξ2

j − η
2
j

)
< 0,

and lim
ω→+∞

Ψ̄k(ω) = +∞. According to the zero point theorem, Eq (3.21) must have a positive root,
that is, Eq (2.10) has a pair of pure imaginary roots.
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(ii) To prove (ii), we transform Eq (3.22) into the following equivalent form:

Ψ̄k(ω) =ω2α+2 + 2ωα+2 cos
απ

2

(
a + dk2

)
+ ω2

((
a + dk2

)2
− ξ2

j − η
2
j − β

2 sin2 απ

2

)
+

(
ωβ sin

απ

2
+ rωα

)2
+ 2r2

(
a + dk2 − β

)
ωα cos

απ

2

+ r2
((

a + dk2 − β
)2
− ξ2

j − η
2
j

)
.

(3.23)

For ω > 0, the terms ω2α+2 and
(
ωβ sin απ

2 + rωα
)2

are inherently positive. Therefore, a sufficient
condition for Ψ̄k(ω) > 0 is that the coefficients of the ωα+2, ω2 and ωα terms, along with the
constant term, are all positive. Furthermore, there exists a minimal K̄ j ∈ N satisfying condition
(H16). Consequently, for all k ⩾ K̄ j, we have Ψ̄k(ω) > 0, which implies that Eq (3.21) admits no
solution.

□

Let the zero solution of Eq (3.22) have m̄ jk solutions for each j and the corresponding k, and this
solution is defined as ωm̄ jk .

τ̄(l)
m̄ jk
=

1
ω̄m̄ jk

[arccos D1(ω̄m̄ jk) + 2lπ], l = 0, 1, 2, . . . , j = 1, 2, . . . , n, k = 0, 1, . . . , K̄ j, (3.24)

τ̄0 = τ̄
(0)
m̄ j0k0
= min

j=1,2,...,n
k=0,1,...,K̄ j

{τ(0)
m̄ jk
}, ω̄0 = ω̄m̄ j0k0

. (3.25)

When τ ∈ [0, τ0), θ > 0, Eq (12) can be transformed into

N1e−λθ + N2 = 0, (3.26)

where

N1 = aeλτ(λ + r),
N2 = ((λα + dk2)(λ + r) − rβ)eλτ − (ξ j + iη j)(λ + r).

For simplicity, the real and imaginary parts of Nl(λ) (l = 1, 2) can be expressed as NR
l ,N

I
l , respectively.

Substituting λ = iω (ω > 0) into (3.26) holds for some j ∈ {1, 2, · · · , n}NR
1 cosωθ + N I

1 sinωθ = −NR
2 ,

N I
1 cosωθ − NR

1 sinωθ = −N I
2,

(3.27)

where
NR

1 = ar cosωτ − aω sinωτ,
N I

1 = ar sinωτ + aω cosωτ,

NR
2 =

(
r
(
ωα cos

απ

2
+ dk2

)
− ωα+1 sin

απ

2
− rβ

)
cosωτ −

(
ω

(
ωα cos

απ

2
+ dk2

)
+ rωα sin

απ

2

)
× sinωτ −

(
ξ jr − η jω

)
,

N I
2 =

(
r
(
ωα cos

απ

2
+ dk2

)
− ωα+1 sin

απ

2
− rβ

)
sinωτ +

(
ω

(
ωα cos

απ

2
+ dk2

)
+ rωα sin

απ

2

)
× cosωτ −

(
ξ jω + η jr

)
.
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From (3.27), we acquire cosωθ = −NR
1 ·N

R
2 −N I

1·N
I
2

(NR
1 )2+(N I

1)2 = C1(w),

sinωθ = −N I
1·N

R
2 +NR

1 ·N
I
2

(NR
1 )2+(N I

1)2 = C2(w).
(3.28)

It can obviously be concluded from equation system (3.28) that

(C1(ω))2 + (C2(ω))2 =

(
NR

2

)2
+

(
N I

2

)2(
NR

1

)2
+

(
N I

1

)2 = 1. (3.29)

We construct a function Ψ̃k(ω) on (0,+∞) from Eq (3.29), such that the existence of its zeros directly
determines the solvability of the equation. Specifically, Eq (3.29) admits a solution if and only if Ψ̃k(ω)
possesses at least one positive zero.

Ψ̃k(ω) =P2 + Q2 +
(
ξ2

j + η
2
j − a2

) (
ω2 + r2

)
− 2

(
Pξ j + Qη j

)
(r cosωτ + ω sinωτ)

+ 2
(
Pη j − Qξ j

)
(ω cosωτ − r sinωτ),

(3.30)

where

P = rωα cos
απ

2
+ rdk2 − ωα+1 sin

απ

2
− rβ,

Q = ωα+1 cos
απ

2
+ ωdk2 + rωα sin

απ

2
.

Lemma 3.6. Define the root of Eq (2.11) as s j. The following results apply characteristic equation (2.10):

i) If there exists some j ∈ {1, 2, . . . , n} such that the following condition holds:
(H17) : (ξ j + β)2 < a2 − η2

j ,

then, for this specific j, the function (3.30) has at least one zero point for every k ∈ {0, 1, 2, ..., k̃T }.
Correspondingly, Eq (3.29) has at least one positive real root, and as a consequence, the charac-
teristic equation (2.10) admits at least one pair of pure imaginary roots.

ii) For every j ∈ {1, 2, . . . , n}, there exists a sufficiently large K̃ j ∈ N that satisfies the following condition:

(H18) : dk2 −

√(√
ξ2

1 + η
2
j + |a|

)2
+ β2 sin2 απ

2 > 0.

Under the condition, the function Ψ̃k(ω) > 0 holds for all ω > 0. This implies that Eq (3.29) has
no positive real roots. And since k is a parameter in the characteristic equation (2.10), this further
means that no solutions exist for (2.10) corresponding to k ⩾ K̃ j.

Proof. (i) If (ξ j + β)2 < a2 − η2
j for some j ∈ {1, 2, . . . , n} is established, it will exist for a particular

k̃t > 0, making (dk2
t − ξ j − β)2 + η2

j − a2 = 0.
Solving for k̃t, we obtain:

k̃t =

√√√ √
a2 − η2

j + ξ j + β

d
.
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We further define k̃t to satisfy the range k̃T < k̃t ≤ k̃T + 1 where k̃T ∈ N.
When k = 0, 1, 2, . . . , kT , we have

Ψ̃k(0) = r2
(
(dk2 − ξ j − β)2 + η2

j − a2
)
< 0,

and lim
ω→+∞

Ψ̃k(ω) = +∞. According to the zero point theorem, Eq (3.29) must have a positive root,
that is, Eq (2.10) has a pair of pure imaginary roots.

(ii) We now analyze the combined trigonometric terms of Ψ̃k(ω):

− 2
(
Pξ j + Qη j

)
(r cosωτ + ω sinωτ) + 2

(
Pη j − Qξ j

)
(ω cosωτ − r sinωτ)

= − 2
(
Pξ j + Qη j

)
O + 2

(
Pη j − Qξ j

)
Z,

where

O =r cosωτ + ω sinωτ,
Z =ω cosωτ − r sinωτ.

It can be obtained from the Cauchy–Schwarz inequality that

∣∣∣∣− (
Pξ j + Qη j

)
O +

(
Pη j − Qξ j

)
Z
∣∣∣∣ ≤ √(

Pξ j + Qη j

)2
+

(
Pη j − Qξ j

)2√
O2 + Z2. (3.31)

Among them,

O2 + Z2 = ω2 + r2,(
Pξ j + Qη j

)2
+

(
Pη j − Qξ j

)2
=

(
P2 + Q2

) (
ξ2

j + η
2
j

)
.

According to Eq (3.31), it can be obtained that

Ψ̃k(ω) ⩾
(
P2 + Q2

)
+

(
ξ2

j + η
2
j − a2

) (
ω2 + r2

)
− 2

√(
P2 + Q2) (ξ2

j + η
2
j

)
·
√
ω2 + r2.

Construct a function g̃k(ω)

g̃k(ω) =
(
P2 + Q2

)
+

(
ξ2

j + η
2
j − a2

) (
ω2 + r2

)
− 2

√(
P2 + Q2) (ξ2

j + η
2
j

)√
ω2 + r2

=

( √
P2 + Q2 −

√(
ξ2

j + η
2
j

)√
ω2 + r2

)2

− a2
(
ω2 + r2

)
=

( √
P2 + Q2 −

(√
ξ2

j + η
2
j − |a|

) √
ω2 + r2

) ( √
P2 + Q2

−

(√
ξ2

j + η
2
j + |a|

) √
ω2 + r2

)
.

(3.32)

We now analyze the conditions under which g̃k(ω) > 0. Consider the inequality

P2 + Q2 >
(
ξ2

i + η
2
j + a2 + 2

√
ξ2

j + η
2
j · |a|

) (
ω2 + r2

)
. (3.33)
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Expand on the above inequality

ω2α+2 + 2ωα+2dk2 cos
απ

2
+ 2ωα+1rβ sin

απ

2
+ ω2α · r2 +

((
dk2

)2
−

(√
ξ2

j + η
2
j + |a|

)2
)

× ω2 + 2ωα cos
απ

2
· r2

(
dk2 − β

)
+ r2

((
dk2 − β

)2
−

(√
ξ2

j + η
2
j + |a|

)2
)
> 0.

Complete the square for some terms on the left side of the inequality

ω2α+2 + 2ωα+2dk2 cos
απ

2
+

((
dk2

)2
−

(√
ξ2

i + η
2
j + |a|

)2
− β2 sin2 απ

2

)
ω2

+

(
ωαr + ωβ sin

απ

2

)2
+ 2ωα cos

απ

2
· r2

(
dk2 − β

)
+ r2

((
dk2 − β

)2
−

(√
ξ2

j + η
2
j + |a|

)2
)
> 0.

When
(
dk2

)2
−

(√
ξ2

i + η
2
j + |a|

)2
−β2 sin2 απ

2 ⩾ 0, inequality (3.33) is satisfied. Under this condition,
we have: √

P2 + Q2 >
(√

ξ2
j + η

2
j + |a|

) √
ω2 + r2,

which implies √
P2 + Q2 −

(√
ξ2

j + η
2
j − |a|

) √
ω2 + r2 > 0,

and consequently g̃k(ω) > 0. Furthermore, there exists a minimum K̃ j ∈ N satisfying condition
(H18) such that when k ⩾ K̃ j, the function Ψ̃k(ω) > 0, and Eq (3.29) has no solution.

□

Let the zero solution of Eq (3.30) have m̃ jk solutions for each j and the corresponding k, and this
solution is defined as ωm̃ jk .

θ̃(l)
m̃ jk
=

1
ω̃m̃ jk

[arccos C1(ω̃m̃ jk) + 2lπ], l = 0, 1, 2, . . . , j = 1, 2, . . . , n, k = 0, 1, . . . , K̃ j, (3.34)

θ̃0 = θ̃
(0)
m̃ j0k0
= min

j=1,2,...,n
k=0,1,...,K̃ j

{θ̃(0)
m̃ jk
}, ω0 = ωm̃ j0k0

. (3.35)

Lemma 3.7. Let λ(θ) = δ(θ) + iω(θ) be the root of Eq (2.10) near θ = θ̃0 satisfying δ(θ̃0) = 0 and
ω(θ̃0) = ω̃0. If (3.16) holds, we have the following transversality condition:

(H20) : Re
(
dλ
dθ

)−1
∣∣∣∣∣∣∣
k=k0,λ=iω̃0,θ=θ̃0

=
Ẽ1G̃1 + H̃1F̃1

Ẽ2
1 + F̃2

1

, 0, (3.36)
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where

Ẽ1 = aω̃0 sin ω̃0θ̃0 −
rβ

(
ω̃2

0 + r2
)

(
ω̃2

0 + r2
)2
+ 4ω̃2

0r2
,

F̃1 = aω̃0 cos ω̃0θ̃0 +
2ω̃0r(

ω̃2
0 + r2

)
+ 4ω̃2

0r2
,

G̃1 = a (τ − ω̃0) cos ω̃0θ̃0 + αω̃
α−1
0 cos

(α − 1)π
2

+ τ

(
ω̃α

0 cos
απ

2
+ dk2 −

r2β

ω̃2
0 + r2

)
,

H̃1 = −a (τ − θ0) sin ω̃0θ̃0 + αω̃
α−1
0 sin

(α − 1)π
2

+ τ

(
ωα

0 sin
απ

2
+

rβω̃0

ω̃2
0 + r2

)
.

Proof. The derivative of Eq (2.10) with respect to θ can be obtained:
dΦ(s)

ds
ds
dθ
= 0.

If Eq (3.16) holds true, we can obtain

ds
dθ
=

(
aeλτ · τ ·

∂λ

∂θ

)
e−λθ − aeλτ · e−λθ

(
θ ·

∂λ

∂θ
+ λ

)
+

(
αλα−1∂λ

∂θ
+

rβ
(λ + r)2

)
eλτ

+

(
λα + αk2 −

rβ
λ + r

)
eλτ · τ ·

dλ
dθ
= 0.

According to Lemma 3.4’s proof, the same principle applies

Re
(
dλ
dθ

)−1
∣∣∣∣∣∣∣
k=k0,λ=iω̃0,θ=θ̃0

=
Ẽ1G̃1 + H̃1F̃1

Ẽ2
1 + F̃2

1

, 0.

This proof is completed. □

Theorem 3.2. Under the assumptions (H1)–(H4), (H13), (H15), (H17), and (H20), the following
conclusions hold:

i) If τ ∈ [0, τ̄0), when θ ∈ [0, θ̃0), the origin is asymptotically stable at system (2.4).

ii) If τ ∈ [0, τ̄0), when θ = θ̃0, system (2.4) undergoes a Hopf bifurcation at the origin.

Remark 3.3. When d = 0, system (2.4) will degenerate into the ring neural network studied in [40].
This paper further expands on this basis. It extends the dynamic behavior of neuronal activities that only
varies with time to a reaction-diffusion system that simultaneously depends on temporal evolution and
spatial diffusion. This expansion makes the model more physiologically practical and is an important
supplement and improvement to the existing theory.

4. Numerical simulations

In this section, Examples 1 and 2 are respectively used to verify the correctness of Theorems 3.1
and 3.2. We will use tanh(·) as the activation function for fi j(·) and gi(·). We consider a ring neural
network with three neurons. The initial conditions are y1(x, t) = 0.025 cos(4x), y2(x, t) = 0.03 cos(3x),
and y3(x, t) = 0.05 cos(2x). This situation can be regarded as several tiny random disturbances around
the equilibrium state E∗ = (0, 0, . . . , 0)T .
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4.1. Example 1

In this example, we study the bifurcation problem caused by τ by fixing θ. The parameters we
selected are as follows: α = 0.95, d = 1, r = 0.1, β = −0.1, a = 1.8, b12 = −1.7, b21 = −0.4, b13 = −2,
b31 = −1.1, b23 = −2, and b32 = −1.2.

(a)

0 20 40 60 80 100 120 140 160 180 200
Time (t)

0

0.01
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y 1
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Time (t)
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(b)

(c)
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1

y 2

0 20 40 60 80 100 120 140 160 180 200
Time (t)

-1

0

1

y 3

(d)

Figure 3. (a),(b) When τ = 0.23 < τ̂0, the trivial equilibrium points of the network are locally
asymptotically stable. (c),(d) When τ = 0.31 > τ̂0, the trivial equilibrium point of the network
is unstable.

The three roots of Eq (2.11) are obtained through direct computation, yielding Maxξ j ≈ 1.3276 for
j = 1, 2, 3. Given that a = 1.8 > 1.3276 and β < 0, the assumptions of Lemma 3.1 are satisfied. We
further compute ω0 ≈ 1.4519 and the critical delay θ0 ≈ 0.5714. Setting θ = 0.45 ∈ [0, θ0], we solve
for ω̂0 ≈ 4.5537 and the corresponding bifurcation point τ̂0 ≈ 0.3036. In accordance with Theorem 3.2,
the trivial equilibrium of the network is locally asymptotically stable when τ = 0.23 < τ̂0, as illustrated
in Figure 3(a),(b). Conversely, when τ = 0.31 > τ̂0, the equilibrium becomes unstable, as shown in
Figure 3(c),(d).

As shown in Figure 4(a), under the condition that τ = 0, the critical value of the network
Hopf bifurcation θ0 exhibits a gradually decreasing trend as the self-feedback coefficient a increases
continuously. As shown in Figure 4(b), a horizontal comparison reveals that when the leakage delay
θ increases from 0 to 0.5, the first Hopf bifurcation point of the network exhibits a monotonically
decreasing trend. This indicates that an increase in the leakage delay θ can promote the earlier
occurrence of Hopf bifurcation. In addition, a vertical comparison shows that when θ < 0.2, increasing
the self-feedback coefficient tends to delay the onset of bifurcation. Notably, when the leakage delay
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θ > 0.25, the trend of the curve changes significantly; thereafter, as the parameter a increases, the Hopf
bifurcation point τ̂0 decreases gradually.

1.5 1.55 1.6 1.65 1.7 1.75 1.8 1.85 1.9 1.95 2
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(b)

Figure 4. (a) Effect of the self-feedback coefficient a on the network Hopf bifurcation point θ0

when τ = 0. (b) Effects of the leakage delay θ and self-feedback coefficient a on the network
Hopf bifurcation point τ̂0.
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Figure 5. (a) Influence of fractional-order α on the Hopf bifurcation point θ0 (with τ = 0).
(b) Combined effects of leakage delay θ and fractional-order α (ranging from 0.7 to 0.95) on
the Hopf bifurcation point τ̂0. (c) Combined effects of leakage delay θ and fractional-order α
(ranging from 0.4 to 0.65) on the Hopf bifurcation point τ̂0.

Figure 5(a) illustrates the impact of the fractional-order α (ranging from 0.3 to 0.95) on the Hopf
bifurcation point θ0 under the condition of τ = 0. θ0 exhibits a continuous upward trend as α increases.
This pattern indicates that a larger α leads to a higher threshold of θ0 required for the system to undergo
Hopf bifurcation. Figure 5(b) focuses on the interval α ∈ [0.7, 0.95], where the relationship between
the leakage delay θ and the bifurcation point τ̂0 shows a trend of first decreasing and then stabilizing.
Figure 5(c) corresponds to the low fractional-order interval α ∈ [0.4, 0.65]. Its variation trend is similar
to that in the interval α ∈ [0.7, 0.95], while the decreasing process is notably steeper.

4.2. Example 2

In this example, we study the bifurcation problem caused by θ by fixing τ. We utilize the parameter
set from Example 1.
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Figure 6. (a),(b) When θ = 0.11 < θ̃0, the trivial equilibrium points of the network are locally
asymptotically stable. (c),(d) When θ = 0.2 > θ̃0, the trivial equilibrium point of the network
is unstable.

As established in Example 1, the chosen parameters satisfy the conditions of Lemma 3.1. We further
compute ω̄0 ≈ 1.8788 and the critical delay τ̄0 ≈ 1.2731. Setting τ = 0.7 ∈ [0, τ̄0], we solve for
ω̃0 ≈ 3.2497 and the corresponding bifurcation point θ̃0 ≈ 0.1869. In accordance with Theorem 3.2,
the trivial equilibrium of the network is locally asymptotically stable when θ = 0.11 < θ̃0, as illustrated
in Figure 6(a),(b). Conversely, when θ = 0.2 > θ̃0, the equilibrium becomes unstable, as shown in
Figure 6(c),(d).

As shown in Figure 7(a), under the condition that θ = 0, the critical value of the network Hopf bifur-
cation τ̂0 exhibits a gradually increasing trend as the self-feedback coefficient a increases continuously.
As shown in Figure 7(b), the system exhibits distinct stage-specific dynamic characteristics. Specifically,
the leakage time delay θ̃0 increases continuously as τ rises; when τ increases to a certain value, θ̃0

decreases gradually with the increase of τ. The essence of this phenomenon lies in the following: Within
the interval where τ is increasing, the pure real root solution fails to generate a positive ω̃0 solution for
any wavenumber k, and at this stage, the ω̃0 solution is entirely determined by the complex conjugate
roots. However, when τ reaches a critical value, the pure real root solution begins to produce positive
ω̃0 solutions and gets activated. Since the minimum θ̃0 corresponding to the pure real root solution is
significantly smaller than that of the complex conjugate root solution, the system experiences a sharp
drop in θ̃0 at this critical value of τ. A vertical comparison reveals that when the leakage delay θ < 0.6,
increasing the self-feedback coefficient a can accelerate the occurrence of Hopf bifurcation; whereas
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when θ > 0.6, an increase in the self-feedback coefficient a will lead to a gradual increase in the Hopf
bifurcation point τ̂0.
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Figure 7. (a) Effect of the self-feedback coefficient a on the network Hopf bifurcation point
τ̄0 when θ = 0. (b) Effects of the delay τ and self-feedback coefficient a on the network Hopf
bifurcation point θ̃0.
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Figure 8. (a) Influence of fractional-order α on the Hopf bifurcation point τ̄0 (with θ = 0).
(b) Combined effects of leakage delay τ and fractional-order α (ranging from 0.7 to 0.95) on
the Hopf bifurcation point θ̃0. (c) Combined effects of leakage delay τ and fractional-order α
(ranging from 0.4 to 0.65) on the Hopf bifurcation point θ̃0.

Figure 8 characterizes the influence of the fractional-order α and leakage delay τ on the Hopf
bifurcation point θ̃0. Figure 8(a) illustrates the effect of the fractional-order α (ranging from 0.3 to 1) on
the Hopf bifurcation point τ̄0 under the condition θ = 0. τ̄0 shows a downward trend as α increases,
which means a larger α corresponds to a lower τ̄0 threshold required for the system to undergo Hopf
bifurcation. Figure 8(b) focuses on the interval α ∈ [0.7, 0.95], where the relationship between the
leakage delay τ and the bifurcation point θ̃0 follows a rising-then-falling pattern. For Figure 8(c),
which corresponds to the low fractional-order interval α ∈ [0.4, 0.65], θ̃0 exhibits a fluctuating trend
of repeated rises and falls as τ changes. Compared with Figure 8(c), θ̃0 shows greater volatility in its
response to τ in the low fractional-order region.
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5. Conclusions

This paper studied a class of multi-delay bidirectional ring neural networks based on reaction–
diffusion equations. For the bifurcation problem caused by two unequal delays, a general analysis
method was proposed. The characteristic equation of the system was derived by applying the Coates
formula, the stability of the network at the trivial equilibrium point was analyzed, and the bifurcation
behavior caused by two time delays was systematically studied. Theoretical results showed that when
the time lag exceeds a certain critical value, the system will generate a series of periodic oscillation
phenomena near the steady state. The numerical experiments further verified the correctness and validity
of the theoretical analysis. In subsequent research, we will introduce a bifurcation control strategy to
optimize the dynamic performance of the reaction-diffusion neural network.
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