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Abstract: Let S be a commutative Noetherian ring and a a proper ideal of S. We give several bounds
of a-depth of S -complexes and S -modules, investigate the behavior of a-depth and a-Cohen-Macaulay
modules under tensor product with a faithfully flat §-module. Furthermore, we establish the Foxby
equivalence of a-Cohen-Macaulay S -modules.
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1. Introduction

The theory of Cohen-Macaulay (CM) rings and modules forms a cornerstone of modern
commutative algebra, with profound implications in fields such as algebraic geometry, algebraic
combinatorics, and algebraic representation theory. A fundamental theorem established by Bruns and
Herzog [1] asserts the stability of Cohen-Macaulayness under flat local extensions. More precisely,
for a homomorphism of local rings f : (§,m) — (T,n), a finitely generated S-module M, and a
finitely generated 7-module N that is flat as an S -module, M ® N is a CM-module over S precisely
when M is a CM-module over S, and the quotient N/mN is a CM-module over 7.

Given a semidualizing S-module D, Enochs and Yassemi [2] proved the following category
equivalence, known as Foxby equivalence:

Ap(S) v Bp(S),

Homg (D,-)

where Ap(S) (resp. Bp(S)) means the Auslander (resp. Bass) class with respect to D. This equivalence
has subsequently been refined and extended to various subcategories of Ap(S) and Bp(S); see, for
instance [3-6]. Notably, Beigi et al. [3] examined the behaviour of CM-modules under this equivalence
and established the following category equivalence:

D®s—

CM(S) N Ap(S) CM(S)NBp(S),

Homg (D,—)
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where CM(S) stands for the classes of CM-modules over S'.

Generalizations of CM-modules go in different directions. On one hand, over commutative
Noetherian local rings, there are (surjective) Buchsbaum modules, (sequentially) generalized
CM-modules, sequentially CM-modules, filtered CM-modules, and so forth (see, [7-9] for details).
On the other hand, Mahmood and Azam in [10] gave a generalization over commutative Noetherian
(not necessarily local) rings: Let S be a commutative Noetherian ring and a a proper ideal of §. As
usual, A finitely generated S-module M is said to be a-Cohen-Macaulay (a-CM-module) if
depthg (a, M) + dimg(M/aM) = dimg M. Note that this module exhibits many properties analogous to
classical CM-modules. The aim of the paper is to further justify this viewpoint about these two kinds
of modules.

Our main objectives are as follows:

In Section 1, we present a derived depth formula for the ideal a under certain conditions and
investigate bounds for the a-depth of complexes and modules.

In Section 2, we consider the behaviour of a-depth and a-CM-modules under local
ring homomorphisms.

In Section 3, we establish the Foxby equivalence of a-CM-modules.

Throughout this work, unless otherwise stated, S and T denote two commutative Noetherian rings
which are not necessarily local, and a denotes a proper ideal of S. We use S-Mod (resp. S-mod)
to denote the category of all S-modules (resp. the category of all finitely generated S-modules) and
D(S) to denote the derived category of S -modules. The full subcategories D-(S) and D-(S) consist of
S -complexes M such that H;(M) = 0 for [ > 0 and [ < 0, respectively. By D!(S), we denote the full
subcategory of D-(S) consisting of S-complexes M with H(X) € S-mod for all / € Z. We begin by
recalling some preliminary definitions that will be used in the following sections.

Associated primes, supports, dimensions, depths. As usual, we denote by Spec(S) the set of
all prime ideals of S, and by B(a) = {p € Spec(S)la C p}. For g € Spec(S), set U(q) = {p €
Spec(S)|p € q}.

Let X € S-mod. The associated prime AssgX of X is defined by

AssgX : = {p € Spec(S)| A acyclic submodule Z of X, s.t. AnngZ = p}.
The support Suppg X of X is defined by
Suppg X := {p € Spec(S)|X, # 0},

where X, means the localization of X at p.
The Krull dimension dimg X of X is defined by

dimg X := sup{dimS /p|p € SuppyX}.
The a-depth depthg (a, X) of X is defined by
depthg(a, X) := inf{l € Z|Ext,(S/a, X) # 0.
When (S, m) is a local ring, depthg(m, X) is denoted simply by depthg X, called the depth of X.
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2. a-depth of complexes

In this section, we show the derived depth formula with respect to a whenever S/a is semisimple
and give several bounds of the a-depth of complexes and modules. We also investigate the behavior
of a-depth of modules upon tensoring with a faithfully flat S-module. in what follows, we denote by
fdg M (resp. fdgM) the flat dimension of an S -module M (resp. S -complex M).

Given an S -complex M over a local ring (S, m), its (classical) depth (see [11]) is defined as

depth{M = —supRHomg (S /m, M).
Definition 2.1. ([12]) The a-depth depthg(a, M) of an S -complex M is defined by
depthg (a, M) = —supRHomg (S /a, M).
When (§, m) is a local ring, depthg (im, M) is exactly depth¢ M.

Christensen and Foxby [13, Theorem 5.2.2] provide the following classical derived depth formula
over local ring (S, m): If M, N € D-(S), and fdgN < oo, then

depthg (M ®§ N) = depthgM + depthgN — depth, S
Take a = m for a local ring (S, m). The following result was proved in [14, Theorem 16.3.1(a)].
Proposition 2.2. Let S/a be a semisimple ring. If M,N € D-(S), and fdgN < oo, then

depthg(a, M ®§ N) = depthg(a, M) — sup(S/a ®§ N)
= depthg (a, M) + depthg(a, N) — depthg(a, S).

Proof. For M and N, we have

depthg(a,M ®§ N) = —supRHomg (S /a,M ®§ N)

D —sup(RHomyg (S /a, M) ®I§ N)

= —sup(RHomg (S /a, M) ®;, S /a ® N)

2 _sup(RHomy (S /a, M) &%, (S /a &% N))

@ —sup(H(RHomg (S /a, M)) ®s/, H(S /a ®§ N))

= —(supH(RHomyg (S /a, M)) + supH(S /a & N))
© _ (supH(RHomg (S /a, M)) + sup(S /a &% N))
= depthg(a, M) — sup(S /a ®% N),

where (1) is by [13, Theorem 4.3.5], (2) is by associativity, and (3) and (4) are
by [13, Proposition 2.1.19] because S /a is semisimple.
Futhermore, taking M = S to the above equality, one gets

depthg (a, N) = depthg(a, S) — sup(S/a ®5 N).

Now we are done. O
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Remark 2.3. Let M,N € D-(S), and fdgN < 0.
(1) If S is a semilocal ring or § is a semiprimary ring, or S is a semiperfect ring with Jacobson
radical J, then Proposition 2.2 yields the following equality:

depthg (J, M &% N) = depthg (J, M) + depthg (J,N) — depthg (J, S).

(2) If S is an Artinian ring, and a is a prime ideal of S, then Proposition 2.2 yields the
following equality:

depthg(a, M ®§ N) = depthg(a, M) + depthg(a, N) — depthg(a, S).

Let X, Y € S-Mod. We say that X and Y are Tor-independent if Torg(X,Y) = 0 for any i > 0. This
happens if and only if X ®]§ Y —» X ®s Y is a quasi-isomorphism.

Corollary 2.4. Let S/a be a semisimple ring and X,Y € S-Mod. If X and Y are Tor-independent with
fdgY < oo, then

depthg (a, X ®s Y) = depthg(a, X) + depthg(a, Y) — depthg(a, S).
Let M be an S -complex. Following [13], the Support of M is
SuppgM = {p € Spec(S) | M, # 0},

where M,, means the localization of M at p.
The (Krull) dimension of M is

dimgM = sup{dim§/p — infM, | p € Supp,M}.
The next two results give bounds of a-depth of complexes.
Proposition 2.5. If0 # M € D!(S), then
depthg(a,M) < depthSqu + dimgS/q — dimgS/p
Sfor any p € SuppsM N B(a) and q € U(p).
Proof. By [14, Lemma 17.6.1], depthg(a, M) < depthsp(ap,Mp), it follows that

depthg(a, M) < depthsp(ap, M,) < depthSDMp.
For g € U(p), one has
depthg (a, M) < depthg M,
%) depthg (M), + dim(S ,/aS ;)
2 depthy M, +dim(S ,/aS )
(%) depthSqu + dimgS/q — dimgS/p,

where (1) follows [14, E 16.4.1], (2) follows the isomorphism (M,), = M,, and (3) follows [14,
Proposition 14.2.8]. This shows the desired inequality. O

Proposition 2.6. If0 # M € DL(S), then
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depthg(a, M) < dimgM — dimgS/p
for all p € SuppgM N B(a). Moreover, if (S, m) is a local ring, then depthyM < dimgM.
Proof. By [15, Proposition 5.2], one has depthg(a, M) < depthg M,; by [13, Lemma 6.3.6], one gets
depthSDMp < dimg,M,; by [13, Lemma 6.3.4], one obtains
dimg M, < dimgM — dimg S /p.

Consequently,

depthg(a, M) < depthSpMp < dimg, M, < dimgM — dimgS§ /p.

Giving 0 # M € S-mod, it is well known that dimg$/q < dimg M.
Proposition 2.7. For 0 # M € S-mod, one has
depthg (a, M) < dimgS/q — dimgS/p

for every p € SuppgM N B(a) and q € AsssM N U(p). Moreover, if (S,m) is a local ring, then
depthy M < dimgS/q for all g € Assg M.

Proof. One has
1
depthg(a, M) < depthg M,
2
< dimg, (S ,/aS ;) for all g € Assg M,

(3)
< dimgS/q — dimgS/p for all g € Assg M N U(p),

where (1) follows by [15, Proposition 5.2], (2) holds by [1, Proposition 1.2.13], and (3) follows by [13,
Lemma 6.3.4]. a

Let M € S-mod. It follows from [12, Theorem 8.4] that depth(a, M) is the maximal length of an
M-regular sequence in a.

Lemma 2.8. Let f : (S,m) — (T,n) be a homomorphism of local rings M € S-mod, N € T-mod,
with N being faithfully flat as an S -module. Then, the following hold:

(1) Homy(T /aT, M ®s N) # 0 if and only if Homg (S /a, M) # 0.

(2) Ify is a N/mN-regular sequence in T, theny is an (M ®g N)-regular sequence, and N|/yN is a
Saithfully flat S -module.

Proof. (1) It follows from the isomorphism Homy(7'/aT, M ®s N) = Homg (S /a, M) ®s N and faithful
flatness of V.

(2) By [1, Lemma 1.2.17], the first statement holds, and N/yN is flat over §. Next, we show that
N/yN is faithful. Take an S -module L. If L € §-mod, then N ®s L € T-mod. Thus, if (N®g L)/y(N ®s
L) = N/yN ®s L = 0, then Nakayama’s lemma implies that N ®s L = 0. But N is faithful, so L = 0. If
L € S-Mod and N/yN ®s L = 0. Then, L = (J,.; L;, where each L; is a finitely generated submodule
of L. Hence, N/yN s L = |J;;(N/yN ®s L;) = 0, which implies that N/yN ®s L; = O for all i € I.
Consequently, L = 0. This shows that N/yN is a faithfully flat S -module. O
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Theorem 2.9. Let f : (S, m) — (T,n) be a homomorphism of local rings, M € S-mod, N € T-mod,
with N being faithfully flat as an S -module. Then,

depth, (a7, M ®s N) = depthg(a, M) + depth, (a7, N/mN).
Proof. As [15, Proposition 5.2], one has depth;(a7,M ® N) = depthg(a, M ® N) and
depth; (a7, N/mN) = depthg(a, N/mN). Set depthg(a, M) = k and depthg(a, N/mN) = [. It suffices to
show that depthg(a, M ® N) = k+ 1. Letw = wy,...,w; € a be a maximal M-regular sequence and
zZ = Zi,...,y € a a maximal N/aN-regular sequence. Due to Lemma 2.8(2), z is a
(M/wM ®s N)-regular sequence. Set M = M/wM. Because M ®s N = (M ®s N)/w(M ®s N), w,z € a
is an (M ®s N)-regular sequence. So, depthg(a, M ® N) > k + [. Put N = N/zN. One has

N/mN = (N/mN)/z(N/mN),
M®g N = (M®s N)/(w,z)(M & N).
It follows that
Exts"(S /a, M ®5 N) = Homg(S /a, M ®s N) = Homg(S/a, M) ®; N.

By [1, Proposition 1.2.3] and Lemma 2.8(2), Ext’§+’(S/a, M®gN) # 0. Thus, depthy(a, M®s N) < k+1,
as desired. O

By Theorem 2.9, we have the following standard formula of a-depth of modules:

Corollary 2.10. ([1, Proposition 1.2.16 (a)]) Let f : (S, m) — (T, n) be a homomorphism of local rings
M € S-mod, N € T-mod, with N being faithfully flat as an S -module. Then,

depth, (M ®s N) = depthg M + depth,(N/mN).
3. a-CM-modules

In this section, the behavior of a-CM-modules over homomorphism of local rings is discovered.

Definition 3.1. (10]) Let M € S-mod. We say that M is an a-Cohen-Macaulay module (a-CM-module)
provided that
depthg (a, M) + dimg(M/aM) = dimg M.

The ring § is said to be a-CM if it is an a-CM-module.
Remark 3.2. (1) For any M € S-mod, one has

dimgM = sup{dimgS/p|p € Supps M}
sup{dimgS/p|p € Suppg(M/aM) U Suppg(aM)}
max{dimg(M/aM), dimg(aM)}.
(1) dimg(M/aM) > dimg(aM) whenever M is a-CM and depth(a, M) = 0.
(i1) dimg(M/aM) < dimg(aM) whenever M is a-CM and depthg(a, M) > 0.
(2) Suppose that (S, m) is a local ring, and M € S -mod.
(ii1) If a is generated by an M-regular sequence, then M is a-CM by [1, Theorem 2.1.2(c)].

(iv) m-CM-module is exactly the CM-module (see [1, Chapter 2]). In particular, if M is a CM-
module, then M is an a-CM-module by [1, Theorem 2.1.2(b)].
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Definition 3.3. ([16]) Let p € Spec(S). We say that a is primary ideal if for ab € S witha ¢ S,
there exists n > 1 such that " € a. In particular, if a is a primary ideal with p = +/a, then a is called
p-primary.

The following result provides a link between a-CM-modules and p-CM-modules by primary ideals.

Proposition 3.4. Let M € S-mod and a a p-primary ideal of S with p € SuppyM. Then, M is a-CM if
and only if it is p-CM.

Proof. By [17, Proposition 4.1], p is the smallest prime ideal containing a. So,
B(a) = V(p), and Suppg(M/aM) = Supps(M/pM).

Thus, dimg(M/aM) = dimg(M/pM), and depthg(a, M) = depthg(p, M) by [1, Proposition 1.2.10(b)].
The result then follows. O

The next result is inspired by an analogous statement for CM-modules (see [1, Theorem 2.1.2]),
which is a more general version of ( [10, Proposition 2.9, and Theorem 2.11]).

Proposition 3.5. Let a be a p-primary ideal of S and M be an a-CM-module with p € SuppgM. Then,
(1) depthg(a, M) = dimgS/q — dimgS/p for all g € AsssM N U(p).
(2) dimgM = dimgS/q for all q € Assg M N U(p).
(3) depthg (b, M) = dimgM — dimg(M/bM) for all ideals b C a.

Proof. (1) By Proposition 2.7, depthg(a, M) < dimgS/q — dimgS/p for all g € AssgM N U(p). Note
that p € SuppgM N B(a) = Suppg(M/aM) = Suppg(M/pM). Therefore, dimg(M/aM) = dimgS/p.
By AsssM C SuppgM, dimgS/q — dimgS/p < dimgS/q — dimg(M/aM) < dimgM — dimg(M/aM) =
depthg (a, M). This shows the desired equality.

(2) By (1), dimg(M/aM) = dimg S /p. Because M is an a-CM-module, dimg M = dimgS/q.

(3) There are the following two cases: the first one, if depthg(b, M) = 0, then Homg (S /b, M) #
0. Thus, 0 # AsssHomg(R/b, M) C SuppyM N B(b). Because p € SuppgM N B(b), there is q €
AssgHomg (S /b, M) such that ¢ C p. Hence, q € AssgM N U(p) with b C q. It follows from (2) that
dimg(M/bM) < dimgM = dimgS/q < dimg(M/bM). The second one: if depthg (b, M) > 0, we choose
x € bregular on M. Then, dimg(M/xM) = dimgM — 1, and depthg (b, M/xM) = depthy(b, M) — 1, so
the result follows from induction. O

Let f : (§,m) — (T,n) be a homomorphism of local rings, M € S-mod, N € T-mod, with N
being flat as an S-module. A classical result by Bruns and Herzog [1, Theorem 2.1.7] tells us that
M ®g N is a CM-module over S if and only if M is a CM-module over §, and the quotient N/mN is a
CM-module over 7. Our main theorem below will investigate the behavior of a-Cohen-Macaulayness,
which improves Mahmood and Azam [10, Theorem 2.7].

Theorem 3.6. Let [ : (S, m) — (T,n) be a homomorphism of local rings, M € S-mod, N € T-mod,
with N being faithfully flat as an S -module. Then, M ®g N is aS -CM over T if and only if M is a-CM
over S, and N/mN is aS-CM over T.

Proof. Lety =y,...,y; be a maximal N/mN-regular sequence in a7. Because (y) C a7,
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T/aT = (T/aT)/y(T/aT)
= (T/aT)®r (T/(y)).

By Lemma 2.8(2), N/yN is flat over S. Hence, [1, Theorem A.11] implies that

dim7((M ®s N)/aT(M ®s N)) = dimy((T/aT) @7 M ®5 N)
= dimy((T/aT) &7 (T/(y)) & M ®s N)
= dim7(((S/a) ®s M) ®s (S/(y) ®r N)
= dimy((M/aM) ®s (N/yN))
= dimg(M/aM) + dimr(N'/mN"),

where N’ = N/yN. Also,

dimy(M ® N) = dimgM + dimz(N/mN),

and

dimy(M/aM ®s, N/aN) = dimgM/aM + dim7(N/aN)/m(N/aN).

“If ” part. Becausey is a maximal (N/mN)-regular sequence in a7, and N/mAN is an a7-CM-module,
one has

dimz (N’ /mN") = dimp(N/mN)/y(N/mN))
=dimyN/mN —k
=dimyN/mN — depth,(aT, N/mN)
= dimy(N/mN)/aT (N/mN)).

Thus, we have

dimy(M ®s N) — depth, (a7, M ®s N)

2 dimg M + dim;N/mN — (depthg (a, M) + depth,(aT, N/mN))

2 (dims M — depthg (a, M)) + (dim;N/mN — depth,(aT, N/mN))

D dimg M/aM + dimy(N/mN)/aT(N/mN)
@ dimg M/aM + dimy N’ /mN’

D dimy (M ®& N)/aT(M &g N).

In the sequence, (1) is by the above equalities and Theorem 2.9, (2) is obvious, (3) is by assumption,
and (4) and (5) are by the above equalities. Thus, M ®g N is a7-CM.

“Only If ” part. By assumption, we have
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dimy(M ®s N) — dimy((M ®s N)/aT(M & N))
© depth, (aT, M ®5 N)

2 depthg (a, M) + depth,(aT, N/mN)

(2 dimg M — dimgM/aM + depth,(aT, N/mN)

)]
<dimgM — dimgM/aM + (dimyN/mN — dimy(N/mN)/aT (N/mN))

D dimg M + dim;N/mN — (dimg M/aM + dimy(N/mN)/aT(N/mN))

= dimg M + dimyN/mN — (dims M/aM + dimy(N/aN)/m(N/aN))
"= dimy (M ©5 N) - dimy (M/aM @5/, N/aN)

D dimy (M ®5 N) — dimp(M ®5 N)/aT(M & N)

14
< dimgM — dimy(M/aM) + depth, (a7, N/mN).

Here, (6) follows by assumption, (7) is by Theorem 2.9, (8) and (9) are by Proposition 2.6, (10) is
ovbious, (11) follows by (N/mN)/aT(N/mN) = (N/aN)/m(N/aN), (12) is by the above
equalities, (13) is by M/aM ®g;u N/aN = (M ®s N)/aT(M ®s N), and (14) is by (6)—(8). It
follows that

depth, (a7, N/mN) = dimy(N/mN) — dimy((N/mN)/aT(N/mN)),

and depthg (a, M) = dimg M —dimy(M/aM). Thus, M is a-CM over §, and N/mN is aS-CMoverT. O
As a consequence of Theorem 3.6, we have the following:

Corollary 3.7. Let f : (S, m) — (T, n) be a faithfully flat homomorphism of local rings. Then, T is an
al-CM-ring if and only if S is an a-CM-ring, and T /mT is an aS -CM-ring.

The a-Cohen-Macaulayness is stable under specialization.

Proposition 3.8. Let (S, m) be a local ring and M € S-mod. Assume thatw = wy,...,wy is an M-
regular sequence in a. Then, M is an a-CM-module over S if and only if M/wM is an a/(w)-CM-module
over S [/(w).

Proof. Let M = M/wM, S = S/(lv), and a = a/(w). “Only iz’ part by [10, Theorem 2.1_0]. iIf ”
part is by the equalities depthg(a, M) = depthg(a, M) — k, dimgM = dimgM — k, and dimg(M /aM) =
dimg(M/aM). O

The following proposition provides a height formula of ideal by the p-Cohen-Macaulayness.

Proposition 3.9. Let (S, m) be a local ring and v a prime ideal of S. If S is a p-CM-ring, then
htp = htq + htp/q

for any prime ideals q C .

Proof. By [10, Theorem 2.14], S, is a CM-ring. Therefore, htp = dimS, = htqS, + dim(S,/qS,) =
htq + ht(p/q), as desired. O
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4. Foxby equivalence

In this section, we establish the Foxby equivalance of a-CM-modules over S'.
Definition 4.1. ([18]) Let D € S-mod. D is said to be semidualizing if the canonical map
S — Homs (D, D)
is an isomorphism, and
Exti(D,D) =0
foralli > 1.
In the remainder of this section, let D be a fixed semidualizing S -module.

Definition 4.2.([2]) (1) The Auslander class Ap(S) with respect to D consists of all S-modules N
such that the canonical map
N — Homg(D,D ®s N)

is an isomorphism, and
Tor; (D, N) = 0 = Ext;(D, D ®s N)
foranyi > 1.
(2) The Bass class Bp(S) with respect to D consists of all S -modules N such that the canonical map

D ®s Homp(D,N) — N

is an isomorphism, and
Exty (D, N) = 0 = Tor} (D, Homg(D, N))
foranyi > 1.

The following lemma gives some characterizations of associated primes and support of modules
with respect to semidualizing module, which was already proved in [3, Lemma 3.1] under the condition
that (S, m) is a local ring.

Lemma 4.3. Let M € S-mod. Then,

(1) SuppyD = Spec(S).

(2) Suppg(D ®s M) = SuppgM = SuppgHomg (D, M). Particularly, dimg(D ®s M) = dimgM =
dimgHomg (D, M).

(3) C®s M # 0 ifand only if M + 0 if and only if Homg (D, M) # O.

Proof. (1) follows from [19, Lemma 2.5], and (3) holds by (1).
(2) By (1), we have

Supp, (D ®s M) = Suppg D N SuppgM = Suppg M.
By (1) and [20, Proposition 10], one obtains that
AssgHomg (D, M) = SuppgD N Assg M = Assg M.
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Thus, Anng M = AnngHomg (D, M) and Suppy M = SuppgsHomg (D, M). |
The next result provides a dimension formula for S -modules with respect to D.
Lemma 4.4. Let M € S-mod. Then,
dimg(D ®s M)/a(D ® M) = dimgM/aM = dimgHomg (D, M)/a(Homg (D, M)).

Proof. (1) It follows from Lemma 4.3 that Suppg (D ®s M) = SuppyM = SuppgHomg (D, M). Thus,
Suppg (D ®s M) N B(a) = SuppgM N V(a) = SuppgHomyg (D, M) N V(a); that is to say, Suppg (D ®g
M)/a(D®s M) = SuppgM/aM = SuppgHomg (D, M)/a(Homg (D, M)). Hence, dimg (D ®s M)/a(D ®g
M) = dimgM/aM = dimgHomg (D, M)/a(Homg (D, M)). O

The following lemma was proved in [3, Lemma 3.2] under the condition that (S, m) is a local ring.

Lemma 4.5. Let M,N € S-mod. Ifw =wy,...,wy€a, M € Ap(S),N € Bp(S), then
(1) AsssM = Assg(D ®s M).
(2) w is an M-regular sequence if and only if it is a D ®5 M-regular sequence. Particularly,
depthg (a, M) = depthg(a, D ®s M).
(3) AssgN = AssgHomg (D, N).
(4) w is an N-regular sequence if and only if it is a Homg (D, N)-regular sequence. Particularly,
depthg (a, N) = depth, (a, Homg (D, N)).
Proof. (1) One has
Assg M = AsssHomg (D, D ®¢ M)
= SuppgD N Assg (D ®s M)
=Assg (D ®s M),
where the first is by M € Ap(S), the second is by [20, Proposition 10], the third is by Lemma 4.3.
Thus, Anng M = Anng(D ®s M).
(2) It M/aM = 0, then depthg(a,M) = oo. By Lemma 4.3, D ® M/a(D ® M) = 0, and
depthg(a,D ® M) = oo. If M/aM + 0, then M/wM # O. By Lemma 4.3,
D ®s (M/wM) = (D ®s M)/w(D ®s M) # 0. So, we need enough to prove that w is weak M-regular

sequence if and only if w is a weak D ®s M-regular sequence. We proceed by induction on k. If
k =1, then

wy is a weak M-regular element <= w; ¢ U p
peAsss M

= w, ¢ U D
peAsss (D®s M)

= w; is a weak D ®¢ M-regular element,

where the second is by (1).

Next, we assume that k > 1, and the result holds for k — 1. Suppose that w; is a weak M-regular
element and it is also a weak D ®5 M-regular element. Set M := M/w,; M. Considering the following
exact sequence,

w1

M M 0,
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it follows from [18, Proposition 3.1.7 (a)] that M € Ap(S). Using the induction hypothesis, ws, ..., wy
is a weak M-regular sequence if and only if it is a weak D ®¢ M-regular sequence. Note that

Thus, wi, ws, ..., w; € ais weak M-regular sequence iff it is a weak D ®¢ M-regular sequence.
From N € Bp(S), we know that N = D ® Homg (D, N), and Homg (D, N) € Ap(S). So, one can
prove (3) and (4) by (1) and (2). |

Now, we establish Foxby equivalance of a-CM-modules, which is our main theorem in this section.
Theorem 4.6. Let M,N € S-mod. If M € Ap(S),N € Bp(S), then

(1) M is a-CM if and only if D ®s M is a-CM.
(2) N is a-CM if and only if Homg (D, N) is a-CM.

Proof. (1) In view of Lemmas 4.3—4.5, one obtains that
M is a-CM
& depthg(a, M) + dimgM/aM = dimpM
&= depthg(a, D ®s M) + dimg(D ®s M)/a(D ®s M) = dimg(D ®s M)
— D ®s M is a-CM.
(2) From Lemmas 4.3—4.5, we see that
N is a-CM
& depthg(a, N) + dimgN/aN = dimgN
& depthg (a, Homg (D, N)) + dimgHomg (D, N)/a(Homg (D, N)) = dimsHomg (D, N)
<= Homg (D, N) is a-CM.

Corollary 4.7. There exists an equivalence of categories:
D®g —

a—CM(S) N Ap(S) a—CM(S) N Bp(S),

Homg (D,-)

where a—CM(S') stands for the class of all a-CM-modules over S .

Remark 4.8. Let (S, m) be a local ring, and take a = m. Then, the equivalence in Corollary 4.7 is just
the equivalence established in [3, Corollary 4.10].

We end the paper by an example to give an a-CM ring in which the ideal a is not maximal.
Example 4.9. Consider the polynomial ring 7 = K[xi, x2, X3, y1, Y2, y3] in which K is a field. Let
b = (x1,x2,x3) N V1, Y2, y3) (r€sp. a = (xy, x2, x3)S) be the ideal of T (resp. S), where S = T/b.
It follows from [10, Example 2.3(2)] that dimgS/a = 3. Then, a is not a maximal ideal of S by the
definition of Krull dimension. However, S is an a-CM ring (see [10, Example 2.3(2)]).

Use of Al tools declaration

The authors declare they have not used Artificial Intelligence (AI) tools in the creation of this article.

Electronic Research Archive Volume 34, Issue 2, 1195-1208.



1207

Acknowledgments

This research was partially supported by the Department of Education of Gansu Province:
University Teachers Innovation Fund Project (Grant No. 2026B-044) and the Doctoral Research

Startup Project of college of Mathematics and Statistics, Northwest Normal University (Grant No.
202403101204/6014).

Conflict of interest

The authors declare there are no conflicts of interest.

References

1.  'W. Bruns, H. J. Herzog, Cohen-Macaulay Rings, 2™ edition, Cambridge University Press, 2009.
https://doi.org/10.1017/CB0O9780511608681

2. E. Enochs, S. Yassemi, Foxby equivalence and cotorsion theories relative to semidualizing
modules, Math. Scand., 95 (2004), 33—43.

3. K. A. Beigi, K. Divaani-Aazar, M. Tousi, On the invariance of certain types of generalized
Cohen-Macaulay modules under Foxby equivalence, Czech. Math. J., 72 (2022), 989-1002.
https://doi.org/10.21136/CMJ.2022.0227-21

4. H. Holm, D. White, Foxby equivalence over associative rings, J. Math. Kyoto Univ., 47 (2007),
781-808. https://doi.org/10.1215/kjm/1250692289

5. Z.Zhang, J. Wei, Relative copure modules and Foxby equivalence, Commun. Algebra, 49 (2021),
3223-3231. https://doi.org/10.1080/00927872.2021.1892710

6. R.Zhao, Y. Li, A unified approach to various Gorenstein modules, Rocky Mountain J. Math., 52
(2022), 2229-2246. https://doi.org/10.1216/rmj.2022.52.2229

7. N. X. Linh, L. T. Nhan, On sequentially Cohen-Macaulay modules and
sequentially generalized Cohen-Macaulay modules, J. Algebra, 678 (2025), 635-653.
https://doi.org/10.1016/j.jalgebra.2025.04.024

8. P. Schenzel, On the dimension filtration and Cohen-Macaulay filtered modules, Lect. Notes Pure
Appl. Math., (1999), 245-264.

9. J. Stiickrad, W. Vogel, Buchsbaum Rings and Applications: An Interaction Between Algebra,
Geometry and Topology, 1* edition, Springer, 1986.

10. W. Mahmood, M. Azam, I-Cohen Macaulay modules, preprint, arXiv:1906.00143.

11. H. Foxby, Bounded complexes of flat modules, J. Pure Appl. Algebra, 15 (1979), 149-172.
https://doi.org/10.1016/0022-4049(79)90030-6

12. S. B. Iyengar, G. J. Leuschke, A. Leykin, C. Miller, E. Miller, A. K. Singh, et al., Twenty-Four
Hours of Local Cohomology, American Mathematical Society, 2007.

13. L. W. Christensen, H. Foxby, Hyperhomological algebra with applications to commutative Rings,
2006. Available from: https://www.math.ttu.edu/~Ichriste/download/918-all.pdf.

Electronic Research Archive Volume 34, Issue 2, 1195-1208.


https://dx.doi.org/https://doi.org/10.1017/CBO9780511608681
https://dx.doi.org/https://doi.org/10.21136/CMJ.2022.0227-21
https://dx.doi.org/ https://doi.org/10.1215/kjm/1250692289
https://dx.doi.org/https://doi.org/10.1080/00927872.2021.1892710
https://dx.doi.org/https://doi.org/10.1216/rmj.2022.52.2229
https://dx.doi.org/https://doi.org/10.1016/j.jalgebra.2025.04.024
https://dx.doi.org/https://doi.org/10.1016/0022-4049(79)90030-6
https://www.math.ttu.edu/~lchriste/download/918-all.pdf

1208

14.

15.

16.
17.

18.

19.

20.

L. W. Christensen, H. Foxby, H. Holm, Derived Category Methods in Commutative Algebra, 1*
edition, Springer, 2024. https://doi.org/10.1007/978-3-031-77453-9

S. Iyengar, Depth for complexes, and intersection theorem, Math. Z., 230 (1999), 545-567.
https://doi.org/10.1007/PL00004705

B. Singh, Basic Commutative Algebra, World Scientific, 2011. https://doi.org/10.1142/7811

M. FE. Atiyah, I. G. Macdonald, Introduction To Commutative Algebra, 1*' edition, CRC Press,
1969. https://doi.org/10.1201/9780429493638

S. Sather-Wagstaff, Semidualizing Modules, 2010. Available from: https://ssather.people.clemson.
edu/DOCS/sdm.pdf.

L. W. Christensen, Semi-dualizing complexes and their Auslander categories, Trans. Am. Math.
Soc., 353 (2001), 1839-1883.

N. Bourbaki, Commutative Algebra: Chapters 1-7, 1* edition Springer, 1998.

©2026 the Author(s), licensee AIMS Press. This

@ AIMS Press

is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

Electronic Research Archive Volume 34, Issue 2, 1195-1208.


https://dx.doi.org/https://doi.org/10.1007/978-3-031-77453-9
https://dx.doi.org/https://doi.org/10.1007/PL00004705
https://dx.doi.org/https://doi.org/10.1142/7811
https://dx.doi.org/https://doi.org/10.1201/9780429493638
https://ssather.people.clemson.edu/DOCS/sdm.pdf
https://ssather.people.clemson.edu/DOCS/sdm.pdf
https://creativecommons.org/licenses/by/4.0

	Introduction
	 a-depth of complexes
	 a-CM-modules
	Foxby equivalence

