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Abstract: We present radial basis function (RBF) collocation methods for time-dependent space-
fractional problems on general bounded domains. Building on a recently developed approach for
accurately computing the integral fractional Laplacian of any RBF, we design collocation schemes for
fractional heat and Stokes equations using extended-domain techniques. In particular, we propose a
numerical Leray projection method for fractional Stokes problems, where both the discrete projection
operator and the collocation scheme are formulated on extended domains to handle complex domains.
Numerical results demonstrate the effectiveness of the proposed methods in solving time-dependent
nonlocal problems on complex domains.
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1. Introduction

In this paper, we develop collocation methods based on radial basis functions (RBFs) for time-
dependent space-fractional problems, specifically addressing the fractional heat problem in (2.1)—(2.3)
and the fractional Stokes problem in (3.1)—(3.4).
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1.1. Significance of time-dependent space-fractional models

Space-fractional models are powerful tools for describing complex phenomena with long-range
interactions and spatial heterogeneity; when combined with a temporal derivative, the resulting time-
dependent models capture not only spatial complexity but also the transient dynamics of the system.
Examples include fractional reaction—diffusion equations for modeling transport in porous media [1],
as well as fractional heat equations for anomalous heat conduction [2, 3], such as those describing
heat transfer dynamics in hybrid nanofluids [3]. In particular, the fractional heat equation serves
as a prototype time-dependent extension of fractional elliptic models, where the temporal evolution
highlights important aspects such as stability and long-time behavior, thus providing a fundamental
testbed before addressing more complex fractional systems.

Moving from these scalar transport models to fluid motion, a particularly notable example is the
fractional Navier—Stokes equations (NSE), which describe turbulent flows [4, 5] and can be derived
from Boltzmann kinetic theory [5]. The linear counterpart of fractional NSE—fractional Stokes
equations, which describe slow and viscous-dominated flows, provides a natural starting point for
understanding the fractional NSE. By removing the nonlinear advection term, the model allows
the study to focus on the effects of nonlocal diffusion and long-range spatial interactions. This
simplification facilitates kinetic-theory-based modeling [6], enables theoretical analysis such as well-
posedness of the weak formulation [7], and offers a more reliable baseline for validating numerical
methods previously designed for fractional NSE, which underscores the significance of studying
fractional Stokes problems.

1.2. Literature on numerical methods for time-dependent space-fractional problems

Various numerical methods have been developed to solve time-dependent space-fractional prob-
lems, including finite difference methods [8, 9], finite element methods [1, 10], and spectral methods
[11, 12], just to name a few. These approaches are mesh-based or rely on structured collocation
point distributions.

An alternative to mesh-based approaches is the use of meshless radial basis function methods, which
offer greater flexibility in accommodating complex domains. Among many meshless RBF methods,
those formulated in a pseudo-spectral framework are of particular interest because this framework is
structurally compatible with nonlocal operators and allows for efficient implementation. This class
of methods has been developed for space-fractional elliptic problems [13—-16], as well as for time-
dependent heat and wave equations [14, 15]. However, to our best knowledge, their application to
fractional Stokes problems remains unexplored. We also refer readers to related RBF methods that
incorporate specialized treatments, such as RBF-differential quadrature techniques [17, 18], which
approximate space-fractional derivatives with weighted linear combinations of function values at
scattered nodes.

In practice, RBF methods may suffer from ill-conditioning, particularly when Gaussian kernels
with small shape parameters are used [19-21]; see also [22] and the references therein for results
on conditioning and preconditioning from a numerical linear algebra perspective. To address this,
RBF-QR methods [19, 20] were developed based on a change-of-basis technique, modifying the
RBF basis functions to enhance linear independence while preserving the original function space.
This approach has been successfully applied to space-fractional problems [21,23]. In addition to
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RBF-QR, other strategies, such as collocation methods based on extended domains in our previous
work [24], can also improve conditioning and enhance numerical stability, which we briefly review in
the following subsection.

1.3. Closely related works

For fractional problems, the numerical stability is not only affected by the conditioning but also
by the singularity of the integral fractional Laplacian. To illustrate this, we consider the following
fractional Poisson problem:

(-A"?u(x) = f(x), xe€QcCRY (1.1)
ux) =gx), xeQ =R\ Q. (1.2)

Recall the definition of the fractional Laplacian [25-27]

(=A)2u(x) = ¢4, P.V. f Mdy, fory € (0,2), (1.3)

pe X =yl

where d indicates the spatial dimension, P.V. stands for the Cauchy principal value, and ¢, represents
the normalization constant. Denote an RBF approximation of the solution of the problems (1.1)
and (1.2) as &z, and then using the definition in (1.3), the fractional Laplacian in (1.1) can be
approximated by [14]

u(y) — g(y)

d+y

(~N)*u(x) = (~AYPa(x) + Al,  Au = cqy f (1.4)

o [x-yl
Based on (1.4), the RBF collocation scheme for the fractional Poisson problem was designed in [14],
which deployed the collocation points in the interior domain €2 and on the boundary. We note that the
exterior integral A term in (1.4) may introduce a weak singularity under the computational sense (i.e.,
produce large values), when x is close to the boundary. To mitigate this issue, our previous work [24]
introduced the extended domain Q and redesigned (1.4) into the following form:

u(y) — g(y)
—— d

(=M)x) = (-A"*a(x) + Bit, Bu = cy, f (1.5)

o [x-yl
This design mitigates the weak singularity (under the computational sense) and numerically demon-
strates its capability in improving conditioning [24]. Compared to [14], this approach also collocates
in Q \ Q, in addition to Q and 4Q.

To deliver RBF collocation methods for nonlocal problems, a crucial component is effectively
computing the integral fractional Laplacian of an RBF kernel ¢(|-|), i.e., (~A)"/?¢. Indeed, using the
Hankel transform and the fact that (=A)"?v = F1(|&]” (Fv)(£)), one can obtain

[S1oW

(=A"Pp(r) = r'” f i w%”(m)(w)J%_l(wr) dw, (1.6)
0

where ¥ is the Fourier transform, and J,(-) Bessel function of the first kind of order v. Then, by
applying the double exponential transform (e.g., in [28]) to (1.6), we obtain the following highly

efficient numerical approach to compute the fractional Laplacian of an RBF kernel in [24]:
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N d . j
Wt Y T FGEN e ()5, T #0,
SN GRS S | (1.7)
h _z_:szz Y(T‘ﬁ)(]n)win r= Oa

where j, = Mep(nh + @), w£ = My’ (nh + (d_f)h ), Sn = Me(nh), wi = My’ (nh), h is the mesh size
for the trapezoid rule, At = &, and (1) = t/(1 —exp (-2t — a(l —e™") = B(e' — 1))), with B = 1/4,
a = B/ V1 +MIn(1 + M)/(4r). The numerical approach described in (1.7) for computing the integral
fractional Laplacian of RBF kernels achieves nearly machine precision, as demonstrated in [24].
Furthermore, the collocation schemes based on extended domains for the fractional Poisson problem

in (1.1) and (1.2) have shown the ability to deliver high accuracy and improved conditioning.

1.4. Main contributions and novelty of the work

The development of highly accurate numerical approaches for evaluating the integral fractional
Laplacian of RBF kernels, along with the demonstrated success of the collocation methods in [24],
motivates us to extend this methodology to broader classes of fractional PDEs. A natural next step is
the space-fractional heat equation. Our approach developed in [24] adopts a pseudo-spectral framework
that is structurally better suited and more streamlined for nonlocal problems than localized RBF
methods (e.g., the aforementioned RBF-differential quadrature method [17]). Moreover, the extended-
domain technique employed in [24] was shown to improve accuracy and conditioning for fractional
elliptic problems, in contrast to pseudo-spectral methods that do not use domain extension, such as [14].
As a result, the proposed approach in the current study that integrates highly efficient evaluation
of the fractional Laplacian with an extended-domain pseudo-spectral formulation is promising for
solving space-fractional heat equations accurately and efficiently. For more complex models, such as
the fractional Stokes equations, we are further inspired by the effectiveness of the Leray projection
method for the classical (integer-order) Stokes problem as demonstrated in [29], which provides a
streamlined framework that delivers highly accurate results. By integrating the Leray projection with
the numerical approach for evaluating the integral fractional Laplacian of RBF kernels in [24], we
aim to establish an efficient solver for fractional Stokes equations—of particular interest due to their
relevance in theoretical turbulence. These considerations collectively motivate the present study.

However, the application of the Leray projection (e.g., as in [29]) to space-fractional Stokes
problems is not straightforward and must be handled with care to accommodate complex domains
and to avoid violating the underlying physics. In particular, the construction of the Leray projection
may involve collocation points outside the domain, as the proposed collocation schemes in this study
for nonlocal problems on complex domains involve exterior collocation points. Additionally, some
physical conditions that hold in the integer-order setting, e.g., the impermeable boundary condition,
are not applicable in the fractional case, which prevents the use of the perpendicular component of the
Leray projection from recovering the pressure (as was done in the integer-order case in [29]).

Below, we summarize our main contributions and novelty:

e We develop a novel and efficient RBF collocation method based on the pseudo-spectral
global framework for fractional heat equations on complex domains, using extended-domain
techniques. The proposed approach is able to attain relatively high spatial accuracy and
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reasonable spatial-temporal accuracy with first-order time discretizations (e.g., the backward-
Euler scheme in (2.15)), and can improve the conditioning of the resulting linear systems.

e We formulate a practical guideline (“rule of thumb”) for placing collocation points that yields
numerically stable results for fractional heat problems, based on a first-order time-discretization
scheme and validated through extensive numerical experiments. This guideline also provides
insights for collocation strategies for a broad range of time-dependent fractional problems.

e We propose a novel numerical Leray projection method for fractional Stokes problems, in
which both the discrete projection operator and the collocation scheme can be formulated on
an extended domain to effectively handle the problems on complex domains. This unified
approach synergistically integrates the Leray projection, extended-domain techniques, and
efficient numerical approximation of the integral fractional Laplacian to streamline the decoupling
of the fractional Stokes system and deliver rapid convergence with highly accurate solutions, even
on complex domains. Observe that the numerical Leray projection method in [29, 30] cannot be
directly applied here because of the nonlocal boundary condition. In particular, the impermeable
boundary condition cannot be satisfied in general, while the methods in [29, 30] depend on the
impermeable boundary condition.

1.5. Layout of the paper

The layout of the article is as follows. In Section 2, we design an RBF collocation scheme for the
fractional heat equation using extended domains. In Section 3, we propose an RBF collocation scheme
for the fractional Stokes equation utilizing Leray projection. Sections 4 and 5 respectively report the
numerical results for fractional heat and fractional Stokes equations. Finally, a brief conclusion and
discussion are presented in Section 6.

2. Collocation methods for fractional heat conduction problems
In this section, we consider collocation methods for a linear fractional heat conduction problem.

We introduce our methods and discuss the stability of the resulting linear system.
Consider the following fractional heat conduction problem:

Aux, 1) + (~A?ux, )= f, (x,1) € Qx(0,T], 2.1)
u(x,t) = g(x,1, (x,1)eQ°x[0,T], (2.2)
ux,0) = up(x), xe€Q. (2.3)

Following the idea in [24] and referring to (1.5), let uy(X, ) be an RBF approximation of u, and then the
RBF scheme corresponding to problems (2.1)—(2.3) can then be formulated with an extended domain

Q, as follows:

Quy + (=A)Puy + Buy = f, (x,1) € Qx (0, T], (2.4)
uy(x, 1) = g(x,0), (x,1) € (Q\Q)x][0,T], (2.5)
un(x,0) = up(x), X €Q, (2.6)

where
1) — t
Bu(x,t) = cd’yf Mdy, xc Q.

d+y

o |x-yl
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Denote, for x € Q,

1) = 8@y, 1)
= — AY/ZM_C de, :_f—d’
8 [x — yI** "8 o [x -yl ™ '

and then (2.4) can be re-written as
Oun(x, 1) — Lun(X,1) = [+ cq, X, 1), (X,1) € QX (0,T]. (2.7)

Throughout this paper, we define the collocation point sets: X; = {x }k > X = (x ) Ve X =

~ - k:N1+1’
{xk}kNi ;ﬁ;ﬁffl, respectively, in Q, on 9Q, and in Q \ Q. We also denote Xpr = Xz U Xg, and the overall

counts of the collocation points as N = N; + Np + Ng.

The collocation points {xk} , and the RBF centers {x ]} ", are not necessarily the same in general.
However, in this work, we cons1der the case that they are comc1dent which leads to desirable properties
such as the symmetry and positive definiteness of the RBF interpolation matrix in (2.16). Then (2.5)—
(2.7) yield the following practical scheme for the fractional heat conduction problem with collocation
points deployed:

('JWN - LUN = f + Cd,yga on (X[, t) cQx (0, T], (28)
uy =g on (X, 1) C Q\Qx[0,T], (2.9)
uy(x,0) = uy, onX; C Q. (2.10)

Here the term (—A)"?uy can be computed with (1.7) as in [24]. The scheme described in (2.8)—(2.10)
applies to the case where Q = Q, i.e., no extended domain or exterior points are included. In this
scenario, the collocation scheme degenerates and becomes that in [14] if there is no time evolution.
In this paper, we refer to the scheme with Q = Q as Formulation I, and the scheme with Q ¢ C Q as
Formulation II.

2.1. Backward Euler scheme in time

Consider the uniform partition in time: 0 = #y < #; <--- <ty = T, with N; > 2 and N, € N*. The
backward Euler scheme for (2.7) can be written as

Wt — T Ly =+ T(f”“ + ¢y yg””), xeQ. (2.11)
Here, we have denoted u* = uy(x, ), f* = f(X, 1), 8" = &(x, ). Let ¢(r) be an RBF kernel, and then
N N
un(x,0) = ) BOG(X =X, = ) (0),(%). (2.12)
j=1 J=1

To facilitate the descriptions in this section, we also introduce the following notations of discrete

functions and vectors: 12’; = a;n), & = gx.n), gk = g(x, ), ub = (@, W), 0@ =

(it1(t), - -+ , iin(t)) ". With collocation points x;, we define u = uy(X;, 1)), 5 = (F(X15 1)y voos Sy )T
gt = (3(x1, 1), . e 8XN, )T, gBE = (g(Xn;+15 11), - ’g(XN»tk))T Then (2.11) and (2.12) imply

N N

Z W gi(x) =7 ) W Lpi(x) = (%) + T (7 X) + cay@ (%)), i =12, N (213)

J=1 J=1
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For x; € £~2\Q, i=N;+1,...,N, we have

N
W x) = g (x), i =N+ 1,..,N. (2.14)

=1

Now denote H;(x) = ¢;(x)—7Lg;(x), ™! = f"*!+¢,,g™'. Then (2.13) and (2.14) yield the following
matrix form:

[ Hi(x;) - Hy(xy) |[[@'] [ ') +7fm™(x) ]
_ Hi(xy) -+ Hy(xy) [| @5 ' (xy,) + 777 (x,)
M= | UL | = ! 7l 2.15
A1(Xnp41) 0 ON(Xwpe1) M';\;;il " (Xy,41) 2.15)
| di(xy) o on(xy) Lyt | g (xy)

Since the time evolution occurs only within €, where the governing equation (2.8) is defined, we
derive the operator form in the following subsection. This aims to better identify the transmission
factor between time layers that impacts stability and to achieve a consistent implementation format
with the fractional Stokes problem to be discussed in Section 3.

2.2. The collocation methods in operational matrix form

Consider the following RBF interpolation matrix:

Pr1(x1) - Pn(X1)
o = : : : ) (2.16)
$1(xXy) - Pn(Xy)

We introduce a discrete operator £, corresponding to £, with £, ® defined component-wise as follows:

(Ln®@);j := L(i(X)k=x;, i,j=1,2,...,N.

Also, for a function v(x, 1), if we denote vy, = (v(X1,1),...,v(Xy,1))" as a vector that contains its

evaluations at collocation points {X,»}f‘i1 , then £, v,, is defined as

Livu = (Lvx 0| _ e Lvxn| )T

We denote
L= (L,0)D". (2.17)

Here, we note that using a strictly positive definite kernel ensures that the interpolation matrix @
in (2.16) is symmetric positive definite, and hence invertible. The Gaussian and Matern kernels
considered in this study are strictly positive definite ([31, p. 95], [32]), thus guaranteeing the
invertibility of ®@. Utilizing (2.12), we have

ot = o™, (2.18)
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and combining (2.17), we have
L™ = £,00" = Lu™, (2.19)

Now we define the following sub-matrices of L:
L[ = L(l . N], 1: N[), LBE = L(l . N],N] +1: N)

Here, a notation such as 1:N; follows MATLAB style, meaning it is used to extract specific rows
or columns of a matrix. Then L; is the matrix that operates on interior nodes and Lgg operates on
boundary and exterior nodes. We extract the values of u"*! corresponding to the interior evaluation

points, denoted by u’*!, and the values corresponding to the boundary and exterior points, denoted by

u’lggl, respectively. Then from (2.19), we have

L = Lttt + Lypult! (2.20)
Then according to (2.11), we have the matrix form
(I = TLuf™ =) + 7 (£ + gy 8" + Loxgyy!). (2.21)

Let A be the eigenvalues of L;, and then the stability of the time evolution can be quantified by (I — 7).
We define the transmission factor as follows.

Definition 2.1. Let A be the eigenvalues of L;. Given a temporal step size 7, the transmission factor n
for the backward Euler collocation scheme (2.21) for the fractional heat equation is: 7 = min |1 — 7A|.

It can be readily verified that n in the previous definition equals min |A(M;)|, where A(M,) are
eigenvalues of M;, M; = M(1 : N;,1 : Nj), with M = M®!, and M and ® are defined in (2.15)
and (2.16). A stable collocation scheme for fractional heat equations requires > 1.

3. Collocation methods for fractional Stokes problems

In this section, we consider collocation methods for a fractional Stokes equation. We introduce our
methods and discuss key differences between the projection methods for the classical Stokes equation
(e.g., [29]) and the fractional Stokes equation. Consider the following incompressible fractional
Stokes problem:

du+Vp=vAu—(-AY?u+f, (x,1)eQx(0,T], (3.1)
u=g, (x,0)eQ°x[0,T], 3.2)
ux,0) =uy, x€Q, 3.3)
V-u=0, x,0)eQx(0,T]. (3.4)

We note that (3.1) includes both the classical Laplacian and fractional Laplacian operators, which
represent distinct dissipation mechanisms, with the former modeling molecular viscous dissipation
and the latter accounting for nonlocal momentum transfer and anomalous dissipation. This mixed
local-nonlocal model distinguishes itself from the classical Stokes equations (where only the classical
Laplacian is present), and the mixed operator is commonly used for modeling turbulence and fractional
fluid dynamics (see, e.g., [4,5]).
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Then, similar to the derivation of the fractional heat problem, an RBF collocation scheme
corresponding to (3.1) and (3.2) can be formulated as follows:

oy +Vpy = Luy +f+c4,8 (x,1)CcQx(0,T],
uy=g (xHcQ\Qx[0,T],

where uy and py are the RBF approximations of u and p, respectively, and

, 1
Lu = vAu - (A u - ¢y, f 0Dy (3.5)
o [x =y

~ gy, 1)
=c ———dy. (3.6
g d,)"fﬁc |X—y|d+7 y )

With collocation points deployed, it becomes the following practical RBF collocation scheme:

ouy + VPN =Luy+f+ Cd,yga on (X;,1) cQx(0,T], (3.7)
uy=g on Xzt CQ\QXI[0,T]. (3.8)

We still refer to the scheme with Q = Q as Formulation I, and the scheme with Q - Q as Formulation II.

3.1. Divergence-free kernel (Leray projection) method

According to [33,34], a given vector field w can be decomposed as
w=Vg+v, 3.9

with V-v = 0. This decomposition, known as Helmholtz—Hodge [34] decomposition of w, exists and is
unique up to an additive constant for g. Then the Leray projection II can be defined such that II(w) = v,
I1I(v) = v, and [1(Vg) = 0. Applying the Leray projection II to the governing equation of the fractional
Stokes problem (3.1), it follows that

du =I(vAu — (-A)?u+1), (x,1)e Qx(0,T],

where we have used the fact that [I(0,u) = du, I1(Vp) = 0. We employ a matrix Py,—a discrete
Leray projection—to approximate the continuous operator I1 and apply it to (3.7). Combining this
with (3.8), we formulate a practical RBF collocation scheme for uy based on the discrete Leray
projection as follows:

atuN = Pdiv(LuN + Cd,)/g + f)’ on (XI’ t) € QX (O, T]9 (310)
uy =g on(Xpst)eQ\QxI[O0,T]. (3.11)

3.1.1. Approximate Leray projector I1

Inspired by the approach in [29, 30], we now describe the construction of the discrete Leray
projection Py;,. Note that the divergence-free and curl-free matrix-valued kernels are defined as [29,35]

Dy = (~AI+VV")§, Doy = -VV'9,
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respectively, where ¢ is a standard scalar-valued RBF and I € R is an identity matrix. ®g;, consists
of divergence-free columns, while @, is composed of columns that are curl-free [30]. The kernel @,
termed as the full kernel [29], is defined as

D, = Ogiy + Dy = _A¢I

In this work, we focus on the case d = 2 (i.e., the two-dimensional case). Denoting r = [|x — x|,
x =¢'(r)/r,and ¥ = x'(r)/r, Og;y and O, take the following forms [29]:

b -b
q)div(X, Xj) = [Z C] . (Dcuﬂ(X, Xj) = |:_Cb ] (312)

a
Here, a = —x(r) —¢(r)(y — y))% b = y(r)(x — x)(y = y}), ¢ = —x(r) — ¥(r)(x — x;)*. For a vector
field f, inspired by [29], an interpolant that coincides with f at the interior nodes X; and also satisfies
the divergence-free nonlocal boundary condition g on the boundary and exterior nodes Xgg can be
constructed as follows:

Ny Np+Ng
st= ) Gl x) + > D Xjen),
k=1 j=1

where ¢; = (cr1,cr2) . dy = (di1,di2)". Fork,l =1,...,Nyand i,j = 1,...,Np + Ng, we define the
following 2 x 2 real block matrices:

Ags = O, (X1, X)), By, i = (Ddiv(xk,xj+N1)» G, ji= (Ddiv(xi+N,an+N1)- (3.13)

Then we have A € R?N>2Ni | B ¢ R2VP2eWNs+Ne) ¢ ¢ R2Ns+Ne»2WNs+NE) - Tmplementing the interpolation
conditions with

Sf(Xk) f(Xk), k = 192’ ceey NI’
PdiVSf(Xj+N1) = g(Xj+N1)’ J = 19 2a ceey NB + NE’

[I?T g] [3] ) [gt;E] ‘ (3.14)

In practice, to facilitate implementation, we follow [29] and reorganize the matrices A, B, and C into
2 x 2 block structures. Each block corresponds to a specific component-wise evaluation of the kernel
functions—for instance, the upper-left block involves evaluations of the upper-left components of the
kernels (as defined in (3.12)), the upper-right block collects the upper-right component evaluations, and
likewise for the remaining blocks. Letting X, E, and C denote the reordered versions of the original
matrices, (3.14) can now be rewritten as

yields the following matrix form:

f;

A B|[e] | £
BT C||d]| " |gi |
Zhr
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where the right-hand-side vectors have been rearranged accordingly so that ff and f] are x and y
components of f evaluated at X;, and g}, and g, are x and y components of g evaluated at Xp.

To simplify the notation, although we use A indeed, we will denote it as A, and similarly for other
matrices involved, throughout the remainder of the paper. Then II(f) can be approximated by the

following Pg;yS¢:
Ny Np+NEg

II(f) ~ Pyiysp = Z i Paiy (-, Xi) + Z d;Dgiy (-, Xjin,)- (3.15)

k=1 =1

Finally, (3.14) and (3.15) yield the discrete Leray projector Pg;,:

A B

-1
BT C] = [Adiv B]G_19 (316)

Paiy = [P Pgel = [Agiv Bl [

where Ag, is the divergence-free-kernel counterpart of A (i.e., replace @, by @), P; € R2NX2N1
PBE e RZN[XZ(NB+NE)'

3.1.2. Recover the pressure

For a vector field w, recall the Helmholtz-Hodge decomposition in (3.9), we specify v = d,u, Vg =
Vp, with d,u, Vp from the fractional Stokes governing equation (3.1). Then combining (3.1), w takes
the following form:

W =du+Vp=vAu-(—A)u+f. (3.17)

It is important to note that, according to [36] and Proposition 2.1 in [30], the relation Vg L v (Vp L o)
holds under the condition that v-n = 0 on Q. This condition is satisfied, for instance, when the
impermeable boundary condition u - n = 0 is imposed, as was done in [29]. However, enforcing this
impermeable boundary condition is generally incompatible with the physics of the fractional Stokes
equations, where a non-zero velocity field may exist outside the domain (i.e., in ﬁ). Therefore,
in the fractional setting, imposing the impermeable condition u - n = 0 to guarantee Vg L v is
physically incompatible.

As a result, in the fractional Stokes problem considered, Vg L v (Vp L d,u). In this case, although
the Leray projector I can be used to decouple the velocity and pressure in (3.17)—specifically, yielding
I[I(w) = [I(Ou) = I1 (vAu — (=A)"?u + f) , we are unable to recover the pressure p via the curl-free
projector P.,. This is because it is readily verified that when Vp L 9, it follows that P # I+,
Therefore, applying P, to w does not extract the pressure p in the same manner as in Egs (4) and (27)
of [29]. (In [29], Peyy = IT*, thus Pogw = II*w = I1+(Vp) = P.a(Vp), and then p can be exacted
using the curf-free kernel. However, this is not the case in the current study.)

A common practice to recover the pressure term is to solve an auxiliary Poisson problem about
p [35,37]. To be specific, applying the divergence operator to (3.17), and combining the Neumann
boundary condition, we can formulate an auxiliary problem about p as follows:

Ap=V-(Au-(-A)iu+f), (x,0)eQx(0,T], (3.18)
Vp-n=({f+vAu—(-A) u-9du)-n, (x,1)€dQx0,T]. (3.19)
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When using an RBF function py to approximate p, considering (3.7), the corresponding auxiliary
problem regarding py with collocation points can be formulated as follows:

Apy =V - (Luy +f+cq,8), on({xey,,0) e Qx(0,T], (3.20)
Vpn =+ Luy +cap@—duy) - n,  on (XeJy,.r 1) € 0Q X (0, T1. (3.21)

We note that when solving the auxiliary problems (3.20) and (3.21), approximating d,uy is unavoid-
able, as the boundary term d,uy - n cannot be eliminated due to the lack of an applicable impermeable
condition. Likewise, the term Luy - n cannot be canceled on 9Q, necessitating an extension of Luy to
the boundary. A similar extension is also required for §. However, extending g to x € 9Q can amplify its
weak singularity, as indicated by its definition in (3.6). These approximations and boundary extensions
may affect the accuracy of the auxiliary problems (3.20) and (3.21), and likely require specialized
treatment to address properly.

As a first and crucial step toward accurate pressure reconstruction, in this work, we focus on
evaluating the accuracy of pressure gradient reconstruction by directly computing Vpy from the RBF
scheme (3.7), i.e.,

Vpy = f+ Luy +cy@ —duy, on ({x)Y,,1) € Qx (0, T]. (3.22)

This Vpy will be used to approximate Vp and be recorded in the numerical results in Section 5. A
comprehensive investigation of the auxiliary problem about p and its accurate numerical treatment is
left as an important direction for future research.

3.2. BDF?2 scheme

We consider £ in (3.5) and the RBF interpolation matrix @ in (2.16), as well as the discrete operator
L, corresponding to L (cf. Section 2.2 for the relation between £ and £;). Then we define L :=
O~ £,®, and the following sub-matrices of L:

L, :L(l :Np, 1 IN[), Lk :L(l N, N;+ 1 IN1+NB+NE).

We also introduce the following notation related to (3.7). The x and y components, evaluated at the
indicated points for a function, are denoted as follows: u,, v; for u evaluated at X;; (p.);, (py); for Vp at
Xp; f], f;' for f at X;; g%, 8 for g at X;; and g5, g”gE for g at Xpg. For these functions, when a superscript
k appears, it indicates evaluation at t = #;, with {tk},i”: o @ uniform time partition of [0, T'].

Therefore (3.7) becomes

R
dt | vi (Py)1 L||v Lprgy,

Applying the discrete Leray projector in (3.16) to the above equation, it follows that

d |u, L, 111] [LBng ) d [gx ]
— = P + BE + Pgpr— | PBE|,
dt [VI] 1([ LI] [Vl Lypgy, P dr | gy

Then we discretize the time with the following BDF?2 scheme:

u’}” L 1 _ % L] u’}+2
Ml lvln+2] T ([ I] STPI LI V1n+2
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+ Cdy

4 u};+1 1 ll;l 2 LBE(gx )n+2 (fx)n+2
== - = + =7P BE ol D
3 [V[’Hl] 3 [Vln 3T 1 LBE(g;;E)rH—Z (f}V)n+2
P, [%(g;;a"” ~2(gp)" + (ggEY’]
%(g)l’gE)rHZ _ 2(%E)n+1 + (gyBE)n
Resorting to Chapters 6 and 7 of [38], the stability of the BDF2 scheme can be verified with the
following theorem:

(gx)n+2])
(gy)n+2

(3.24)

Theorem 3.1. Let A be the eigenvalues of P; [LI ] The BDF2 collocation scheme (3.24) for the

L
fractional Stokes equation is absolutely stable if |£;| < 1, i = 1,2, where &; are roots of the equation
(% — )& =26+ 1 withz =71A

The gradient of pressure can be recovered from (3.23) combining the BDF2 scheme with
(u’}*z, v’,”z)T already known from (3.24). The details are illustrated as follows:

[pz+2] %(gEE)rH—Z _ z(ggE)nH + (ggE)n] ~ |:%ll?+2 _ 211?“ + ul; (3 25)
p;z+2 %(%E)n+2 _ z(g)BE)nH + (g;EE)n %V7+2 _ 2V111+1 + V?
LI u;z+2 LBE(gEE),H—Z (f;C)n+2 y (gx>n+2
+ T( LI] [V7+2 + LBE(g)éE)IHZ + (fi)n+2 + Cd (gy)n+2 .

4. Numerical examples for fractional heat equations

In this section, we present two numerical examples for solving fractional heat problems in (2.8)—
(2.10). We focus on the two-dimensional case (i.e, d = 2 in (2.8)). To be specific, we discuss
the impact of employing Matern and Gaussian kernels for problems on different complex domains
with different smoothness of solutions. Additionally, we explore the benefits of utilizing extended
domains and provide a rule of thumb for placing collocation points that help maintain stability in time-
dependent problems. The numerical solver utilizes the matrix form in (2.15), where cond(M) in the
tables represents the condition number of matrix M.

We measure solution accuracy using the root-mean-square (RMS) error. Specifically, for a scalar
or vector-valued function f with an RBF approximation fy, and recalling that the interior collocation
points X; = {x J-};V:’ ,» the RMS error is defined as

1 N 1/2
2
lerllms = | 37 ;} f(x,. T) - fn(x, T

Unless otherwise stated, in Section 4, ||e||,,s denotes the RMS error of the RBF approximation to u. To
further examine the error, we also introduce ||e|;, defined as the L? error over the domain Q, which is
computed using Gauss—Legendre quadrature. Similarly, without stating otherwise, ||e||; denotes the L2
error of the RBF approximation to u.

For x € RY (d > 1), the Matern RBF kernel takes the form: ¢(x) = riil)le)*l K, (alx|), with
K, the modified Bessel function of the second kind. The Gaussian RBF kernel takes the form:

#(x) = exp(—e|x|*) with a constant € > 0. In this paper, we take a = 1,v = 5.5, and € = 0.1. To
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evaluate our method, we apply it to examples with the following exact solutions on two-dimensional
domains. The analytical form of the fractional Laplacian of those solutions can be derived with the
information in Appendix A of [24], and the source term f can then be generated accordingly.

a) Algebraically decaying: u = (1 + x> + y*)™/? sin(rt);

)3+y/2

b) Compactly supported on a unit disk Q: u = (1 —min(x? +y%, 1) sin(r?);

c) Exponentially decaying: u = exp(—(x?> + y?)) sin(rt).

In all numerical examples in this section, we let the time domain be [0, 1]. For time-dependent
problems, the collocation points should be handled with more care compared to the steady-state
problems, as it might violate the stability condition (i.e., the stability condition > 1 in Definition 2.1)
associated with the first-order time discretization scheme. We investigate the relation between
the minimal distances and transmission factors by scattering different combinations of collocation
points. Recall that X;, X, Xg represent the set of interior, boundary, and exterior collocation points,
respectively. We denote (i) min All, (ii) min IB, (iii) min E, (iv) min BE, (v) min Ic, (vi) min Ec,
respectively, to represent the minimal distances between points in the set of (1) X; U Xz U Xg, (2)
X; U Xp, (3) Xg, (4) Xp U Xg, (5) dist(X;, 0Q2), and (6) dist(Xg, 092).

Example 4.1 (Fractional heat equation, 3-petal domain). We consider a 3-petal domain regulated by
Q={r0|r <0.7+0.2sin(30),0 < 0 < 2r}. The extended domain € is a unit open disk centered at
(0,0).

Figure 1. Sketch of 3-petal domain and scattering. Left: (N;, Ng, Ng) = (17, 10, 40); Right:
(N1, N, Np) = (20, 10, 40).

As indicated in Table 1, which corresponds to Figure 1, for the two combinations of the
collocation points that have similar distributions, the major difference lies in min IB and minIc. The
combination (20,10,40) with smaller min IB and min Ic leads to < 1, which incurs the non-stability
in the time evolution. In Figure 1, the interior and exterior collocation points closest to 9Q are circled
in red and black, respectively. We have also tested the other combinations and observed similar
behavior. Therefore, a good practice of scattering is to avoid collocating the interior points too close to
the boundary.
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Table 1. Points distance comparison and resulting n using the Matern kernel with y =
1.8, 7 = 1/64 for Example 4.1.

(N;, Ng, Ng) min All min IB min E min BE min Ic min Ec n
(17,10,40) 0.06 0.13 0.07 0.06 0.12 0.03 1.15
(20,10,40) 0.06 0.09 0.07 0.06 0.06 0.03 0.93

As shown in Tables 2 and 3, for algebraically decaying solutions (which are smooth), both the
Matern kernel and the Gaussian kernel deliver good and comparable accuracy, with the Gaussian kernel
providing slightly better accuracy. However, we observe that the condition number when using the
Gaussian kernel is significantly larger. This suggests that for smooth solutions, the Matern kernel
serves as a more robust tool, as the Matern kernel with the parameter v = 5.5 exhibits considerable
smoothness and provides better conditioning compared to the Gaussian kernel. We also record the
corresponding L? errors in Table 4, and observe that they exhibit similar behavior to the RMS errors in
Tables 2 and 3. Since the backward Euler scheme is employed, the error is dominated by the time step
size. To facilitate the observation of spatial convergence, we select a smaller time step of 7 = 1/1024.
The results, illustrated with the Matern kernel, and presented in Table 5, and measured in both RMS
and L? norms, demonstrate spatial convergence with the increase in the number of collocation points.
Similar phenomena are observed when the exact solution decays exponentially.

Table 2. RMS errors for Example 4.1 with the algebraically decaying solution using the
Matern kernel when ¢t = 1 with 7 = 1/64.

(N;,Ng,Np) y=12 y=15 y=18

llellms condlM) n llel]ms cond(M) n llel]ms cond(M) n
(17,10,40)  6.7591e-03 7.75e+06 1.06 3.7737¢-03 7.75e+06 1.10 1.8987¢-03 7.76e+06 1.15
(33,10,82)  6.1534e-03 9.01e+08 1.07 3.1596e-03 9.00e+08 1.11 1.4951e-03 8.98e+08 1.16
(46,20,113) 5.1858¢-03 1.6le+10 1.07 2.4638¢-03 1.61e+10 1.12 1.0665¢-03 1.6le+10 1.19

Table 3. RMS errors for Example 4.1 with the algebraically decaying solution using the
Gaussian kernel when t = 1 with 7 = 1/64.

(N;,Ng,Ng) y=1.2 vy=1.5 y=1.8

llellrms condlM) n llell s cond(M) n llell s cond(M) n
(17,10,40)  6.5367e-03 4.89e+07 1.07 3.5283e-03 4.79e+07 1.10 1.7022e-03 4.69e+07 1.15
(33,10,82)  7.5325e-03 8.62e+12 1.04 4.4270e-03 9.35e+12 1.09 1.6712e-03 1.09e+13 1.19
(46,20,113)  4.1401e-03 2.21e+16 1.09 1.4464e-03 1.88e+16 1.16 5.3133e-04 3.23e+16 1.26
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Table 4. L? errors for Example 4.1 with the algebraically decaying solution using Matern and
Gaussian kernels when ¢ = 1 with 7 = 1/64. Here, M. and G. are, respectively, abbreviations
for Matern and Gaussian.

(N;,Np,Np) y=12 y=15 y=18

llell; (Matern) [lell; (Gaussian) lell; M.)  llell; (G) llell; M.) llell; (G.)
(17,10,40)  8.0766e-03  7.9383¢-03 4.4917¢-03 4.2618¢-03 2.2508¢-03  2.0460e-03
(33,10,82)  6.7691e-03  1.2061e-02 3.4710e-03  9.7303e-03 1.6353e-03 3.6611e-03
(46,20,113)  5.7542e-03  4.7375¢-03 2.7277e-03  1.6355¢-03 1.1689¢-03 5.6815e-04

Table 5. RMS and L? errors for Example 4.1 with the algebraically decaying solution using
the Matern kernel when ¢ = 1 with 7 = 1/1024.

(N;,Ng,Ng) y=1.2 vy=1.5 y=138
llellms cond(M) n llell s cond(M) n llellms cond(M) n
(17,10,40)  4.3333e-04 7.70e+06 1.00 2.4142¢-04 7.70e+06 1.01 1.2055e-04 7.76e+06 1.01
(33,10,82) 3.8585e-04 8.95e+08 1.00 1.9567e-04 8.95e+08 1.01 9.1252e-05 8.98e+08 1.01
(46,20,113) 3.2339¢-04 1.60e+10 1.00 1.5116e-04 1.60e+10 1.01 6.3859-05 1.61e+10 1.01
llell; llell; llell;
(17,10,40) 5.1800e-04 2.8757e-04 1.4307¢-04
(33,10,82)  4.2437e-04 2.1486e-04 9.9701e-05
(46,20,113) 3.5887e-04 1.6736e-04 6.9963e-05

We also plot the errors on a base-10 logarithmic scale against log,,(N;), the logarithm of the number
of time subintervals, in Figures 2 and 3. For both cases where the exact solutions are algebraically and
exponentially decaying, the convergence rates are close to 1 using both Matern and Gaussian kernels.
To further validate temporal convergence, we plot the convergence of the L? errors for algebraically
decaying solutions using Matern and Gaussian kernels in Figure 4, and observe behavior similar to the
RMS errors in Figure 2.

ns)
.
ns)

logyo(le]
log;o(|le]]s

12 1.4 1.6 1.8 2 2.2 1.2 14 1.6 18 2 2.2
log, (V) log;(IV:)

Figure 2. Convergence rates with respect to time in RMS errors for the algebraically
decaying solution using Matern (left) and Gaussian (right) kernels when (N;, Ng, Ng) =
(33,10, 82) for Example 4.1.
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Figure 3. Convergence rates with respect to time in RMS errors for the exponentially

decaying solution using Matern (left) and Gaussian (right) kernels when (N;, Ng, Ng) =
(33,10, 82) for Example 4.1.
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Figure 4. Convergence rates with respect to time in L? errors for the algebraically decaying

solution using Matern (left) and Gaussian (right) kernels when (N;, N, Ng) = (33, 10, 82) for
Example 4.1.

Example 4.2 (Fractional heat equation, 3/4 unit disk domain). In this example, we test for the
exponentially decaying solution and the compactly supported solution. The domain considered is

Q = {(x,y)|x = cosf,y = sin6,0 < 6 < Z}. We select the extended domain to be Q = {(x, y)lx? + y* <
(1 + )%}, with € = 0.1.

We generate the collocation points in Figure 5 in the following manner: We begin by generating a
Halton sequence of points within the square [—1, 1], which are then mapped to the unit disk {(x, ) |
x* + y* < 1} using the elliptical grid transformation. Then, by eliminating the points too close to
0Q, we obtain X; and one part of X contained in the lower-right quarter circle. We may enrich Xg

with uniformly distributed collocation points inside the 3/4 annulus, as shown in Figure 5 (right). We
employ points that are uniformly distributed along Q2.
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Figure 5. Sketch of 3/4 unit disk and the extended domain Q. The blue solid curve denotes
the boundary d€2, while the red dashed curve indicates the extended boundary 8Q. Interior
collocation points are marked by blue “*”, boundary points by black “x”, and collocation
points in the band Q\Q by red “”. Left: scattering exterior points only in the sector; Right:
also scattering some points in the 3/4 annulus.

To further examine the impact of collocation point distribution on stability, as learned from
Example 4.1, interior points should not be placed too close to the boundary. This consideration
naturally extends to exterior points as well. As shown in Table 6, comparing the cases (N;, Ng, Ng) =
(58,23,23) and (58,23,24) (corresponding to the left and right parts of Figure 6, respectively), we
observe that when the point distribution remains nearly identical, placing an exterior collocation point
closer to 0L can significantly exacerbate stability issues. Therefore, from our study on the distribution
of collocation points in Examples 4.1 and 4.2, supported by extensive numerical experiments and our
previous pertinent discussion regarding the point placement in Figures 1 and 5, we observe that, for a
stable first-order time-dependent scheme, it is crucial to avoid placing interior and exterior points too
close to the boundary.

Table 6. Points distance comparison and resulting 1 using the Gaussian kernel with y =
1.8,7 = 1/64 for Example 4.2.

(N;, Ng, Ng) minAll min IB min E min BE min Ic min Ec n

(53,23,23) 0.051 0.051 0.055 0.055 0.093 0.056 1.07
(53,23,24) 0.044 0.051 0.055 0.044 0.093 0.036 0.98
(114,23,43) 0.046 0.049 0.046 0.046 0.093 0.065 0.53

Moreover, using an excessive number of collocation points should be avoided, as it can lead to very
large condition numbers, particularly when using the Gaussian kernel (as discussed in Example 4.1),
thereby compromising stability (see, e.g., the last line of Table 6). Based on the investigation of point
distances and conditioning in Examples 4.1 and 4.2, we propose a rule of thumb for collocation points,
as outlined in Remark 4.1.

We collect the results for solving the fractional heat conduction equation with the Matern kernel
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when the exact solution is compactly supported in Table 7; while using the Gaussian kernel when
the exact solution is exponentially decaying in Table 11. For these numerical tests, the points are
collocated with the style in Figure 5 (right). In both cases, the numerical solutions match the exact
solutions reasonably well. In contrast, if we do not use an extended domain, 1.e., Q=Qin (2.9), the
results are summarized in Tables 9 and 12. Comparing Tables 7 and 9, as well as Tables 11 and 12, we
observe that, when using the same interior and boundary collocation points, incorporating an extended
domain and exterior collocation points generally enhances accuracy while maintaining comparable
conditioning. This improvement is particularly evident for the Gaussian kernel when the number of
collocation points is relatively large, as highlighted in the last line of Tables 11 and 12.

On the other hand, we also test the case where Np + Ng equals Np from the scheme without an
extended domain. The corresponding results are presented in Tables 10 and 13. For these additional
tests, the points Xz follow the style shown in Figure 5 (right). To facilitate specifying the required
number of exterior points, we generate points in the lower quarter circle with 8 uniformly distributed
and r sampled using the Halton sequence. As observed from the comparison between Tables 9 and 10,
as well as Tables 12 and 13, the scheme with an extended domain provides at least comparable accuracy
and conditioning for the same total number of collocation points. We also record the corresponding L2
error in Table 14. It further demonstrates that, for fixed N;, when Ng + Ng in Formulation II equals
Np in Formulation I, Formulation II achieves comparable (or better) accuracy. Notably, when using
the Gaussian kernel with N; = 56, introducing the extended domain and exterior collocation points
reduces the condition number by at least four orders of magnitude while also improving accuracy, as
highlighted in Tables 12 (Row 2) and 13 (Row 1). These observations suggest that the scheme with an
extended domain allows partial redistribution of collocation points into the exterior domain, thereby
improving conditioning and accuracy. The reduced collocation point density achieved through the
extended domain also helps to enhance the stability in time evolution.

To examine spatial convergence for the first-order scheme, a small time step of 7 = 1/1024 is used.
The results, obtained in both RMS and L? errors for a compactly supported solution with the Matern
kernel and shown in Table 8, demonstrate spatial convergence as the number of collocation points
increases. As for the temporal convergence, we plot the errors in log scale (log,,) versus time interval
partition N, in Figure 7 (in RMS errors) and Figure 8 (in L? errors). We observe that when the exact
solution is compactly supported and the Matern kernel is used, and when the solution is exponentially
decaying and the Gaussian kernel is applied, the convergence rates are approximately 1.

Remark 4.1 (A rule of thumb for collocation points). For RBF collocation methods for fractional
heat problems, stability tends to be preserved when collocation points are neither overly dense nor
placed too close to the domain boundary. Based on extensive numerical experiments for the first-order
time-discrete scheme, the recommended distance from an interior/exterior collocation point x to the
boundary is dist(x, 0Q) > 0.05 x 101°21071 with r the radius of the smallest disk that encloses Q and [-]
the floor function. This rule may also apply to other time-dependent fractional problems.
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Figure 6. Left: (N;, Ng, Np) = (58,23,23); Right : (N}, Ng, Ng) = (58,23,24).

Table 7. RMS errors for Example 4.2 with the compactly supported solution using the
Matern kernel when ¢t = 1, with v = 1/64.

(N;,Np,Ng) y=12 y=15 y=18

llellms cond(M) n llell s cond(M) n llellms cond(M) n
(29,33,16)  1.8627¢-03 3.99¢+07 1.05 5.6569¢-04 3.97e+07 1.08 4.4391e-04 3.93¢+07 1.12
(56,53,29)  2.4052¢-03 1.31e+09 1.06 1.2977¢-03 1.29e+09 1.09 6.1218¢-04 1.26e+09 1.14
(85,53,40)  2.5710e-03 2.25e+09 1.06 1.3688e-03 2.20e+09 1.09 6.0957¢-04 2.14e+09 1.14

Table 8. RMS and L? errors for Example 4.2 with the compactly supported solution using
the Matern kernel when 7 = 1, with 7 = 1/1024.

(N;,Ng,Ng) y=12 y=15 y=138
llell s cond(M) n llell s cond(M) n llell s cond(M) n
(29,33,16)  6.9858e-04 3.97e+07 1.00 9.8739e-04 3.97e+07 1.01 1.1279e-03 3.96e+07 1.01
(56,53,29)  2.0417e-04 1.32e+09 1.00 1.4785e-04 1.32e+09 1.01 9.4838e-05 1.31e+09 1.01
(85,53,40)  1.8127e-04 2.29e+09 1.00 9.7184e-05 2.27e+09 1.01 4.1399e-05 2.24e+09 1.01
llell; llell; llell;
(29,33,16)  1.1634e-03 1.5644e-03 1.7564¢-03
(56,53,29)  3.0515e-04 2.1874e-04 1.3998e-04
(85,53,40)  2.5873e-04 1.3645¢-04 5.8536e-05
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Table 9. RMS errors for Example 4.2 with the compactly supported solution using the
Matern kernel when ¢ = 1, with 7 = 1/64, without an extended domain (Formulation I).

(N;,,Ng) y=12 y=15 y=138

llel] s cond(M) n llel]ms cond(M) n llell s condlM) n
(29,33) 1.5738e-03 2.99¢+07 1.06 4.9517e-04 3.00e+07 1.08 6.7644e-04 2.98e+07 1.13
(56,53) 2.5817e-03 9.04e+08 1.06 1.3812e-03 9.11e+08 1.09 6.2088e-04 9.11e+08 1.14
(85,53) 2.7128e-03 1.23e+09 1.06 1.4618¢-03 1.24e+09 1.09 6.6468e-04 1.24e+09 1.14

Table 10. RMS errors for Example 4.2 with the compactly supported solution using the
Matern kernel when ¢ = 1, with 7 = 1/64. Here Ng + Ng equals Ng in Table 9.

(N;,Ng,Ng) y=12 y=15 y=18

llellms cond(M) n llellms cond(M) n llellms cond (M) n
(56,33,20)  2.3616e-03 1.93e+09 1.06 1.3075e-03 1.93e+09 1.09 6.3215e-04 1.94e+09 1.14
(85,33,20)  2.5224e-03 3.01e+09 1.06 1.3717e-03 3.02e+09 1.09 6.2996e-04 3.07¢+09 1.14

Table 11. RMS errors for Example 4.2 with the exponentially decaying solution using the
Gaussian kernel when r = 1, with 7 = 1/64.

(N;,Ng,Ng) y=1.2 vy=1.5 y=1.8

llellms cond(M) n llell s cond(M) n llell s cond(M) n
(29,33,16)  6.2746e-03 4.09¢e+09 1.06 3.9903e-03 3.98¢+09 1.08 2.3140e-03 3.79¢+09 1.12
(56,53,29)  5.4843e-03 4.59e+17 1.07 4.0712e-03 1.17e+17 1.10 4.0248e-03 9.13e+16 1.14
(85,53,40)  3.5905e-03 1.42e+17 1.08 1.7009e-03 7.88e+16 1.12 8.6051e-04 2.7le+17 1.17

Table 12. RMS errors for Example 4.2 with the exponentially decaying solution using the
Gaussian kernel when ¢ = 1, with 7 = 1/64, without an extended domain (Formulation I).

(N;,Ng) v=12 vy=15 vy=138

lelloms condM) 1 llellms condM) 11 llellom cond(M) 1
(29,33)  5.4996e-03 2.05e+09 1.06 2.8687e-03 2.02e+09 1.10 1.2860e-03 1.94e+09 1.16
(56,53) 5.9306e-03 1.18e+17 1.06 3.5522e-03 1.01e+17 1.09 1.8912e-03 6.79e+17 1.13
(85,53) 6.6639%¢-03 6.78e+16 1.06 3.9613e-03 691e+16 1.09 2.0260e-03 5.80e+17 1.13

Table 13. RMS errors for Example 4.2 with the exponentially decaying solution using the
Gaussian kernel when ¢ = 1, with 7 = 1/64. Here Ny + Ng equals Np in Table 12.

(N;,Ng,Ng) y=12 y=15 y=18

llel]ms cond(M) 7 llel]rms cond(M) 7 llel]ms cond(M) n
(56,33,20)  3.5033e-03 1.11e+13 1.07 2.0409e-03 9.89¢+12 1.10 1.1653e-03 8.18e+12 1.15
(85,33,20)  4.2221e-03 5.52e+14 1.07 2.3170e-03 4.64e+14 1.10 1.3606e-03 4.28e+14 1.15
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Table 14. L? errors for Example 4.2 with the exponentially decaying solution using the
Gaussian kernel when ¢ = 1, with 7 = 1/64 using Formulations I and II. Here, for a given N,

Np + Ng in Formulation II equals N in Formulation I.

(N;, Np) or . y=12 y=15 =18
(N1, Ng. Ni) Formulation lell lell lell
(56,53) 1 8.7957¢e-03 5.3094¢e-03 2.8717e-03
(56,33,20) II 5.4518e-03 3.1300e-03 1.8380e-03
(85,53) 1 1.0170e-02 5.9555e-03 3.0169¢-03
(85,33,20) 11 1.4451e-02 6.4262e-03 2.7422e-03
-1.6 1
——~y=12
18} i
Tz 227
g:' g'z'z \
g g 24+ s
3.4 26 \
3.6 : : : : : 2.8 : : : —
1.2 1.4 1.6 1.8 2 2.2 1.2 1.4 1.6 1.8 2 2.2

logo (V) logyo(N:)

Figure 7. Convergence rates with respect to time in RMS errors for the compactly supported
solution using the Matern kernel (left) and the exponentially decaying (right) solution using
the Gaussian kernel when (N;, N, Ng) = (56, 53, 29) for Example 4.2.
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Figure 8. Convergence rates with respect to time in L? errors for the compactly supported
solution using the Matern kernel (left) and exponentially decaying (right) solution using the
Gaussian kernel when (N;, N, Ng) = (56, 53, 29) for Example 4.2.

Electronic Research Archive Volume 34, Issue 2, 1124-1156.



1146

5. Numerical examples for fractional Stokes equations

In this section, we present three numerical examples for two-dimensional fractional Stokes
problems: the first example considers a rotating disk with forcing, the second example focuses on
arotating 3/4 disk—a non-convex domain that provides a more challenging test case with forcing, and
the third example involves a rotating 3-petal shape as a further test on another complex domain. Since
the first example does not involve a complex domain, we perform with the scheme without an extended
domain or exterior collocation points (i.e., Q = Qin (3.8), the scheme reduces to Formulation I). For
the second and third examples, we utilize the scheme with an extended domain (Formulation II) to
better address the complex domains. The results generated by the scheme with (Formulation II) and
without (Formulation I) an extended domain are compared in the second example.

Our focus is on the Matern kernel with v = 5.5. The RMS errors of velocity and the gradient of
the pressure are respectively denoted by ||e,||ms and ||ey)l|,ms, With the numerical solutions uy and Vpy
respectively solved from (3.24) and (3.25). We consider the time domain is [0, 7], with T = 1.5, and the
time step T = T'/N,. Since the primary goal is to evaluate the collocation methods proposed in Section 3
for the fractional model, we focus on the case with viscosity coefficient v = 1. We also note that the
conditioning of the fractional Stokes solver depends on three matrices: the RBF interpolation matrix
® in (2.16), the Gram matrix G in (3.16), and the left-hand-side matrix M, in BDF2 solver (3.24). We
denote the condition number of these three matrices as cond(®), cond(G), and cond(M,), respectively.
The numerical stability of the BDF2 solver (3.24) that depends on the placement of collocation points
is verified with Theorem 3.1, and we have found that the stability is maintained for all numerical
examples presented in this section.

Example 5.1 (Rotating disk with forcing). This example considers fractional Stokes equations with an
external force on a rotating unit disk Q = {(x, y)|x*> + y*> < 1}. The source term f is generated from (3.1)
by substituting the analytical solution: u = (—y, x)T exp(—(x*> + y?)) sin(xt), p = sin(x — y + ). See a
more detailed discussion in Appendix A.

We test the spatial convergence in Table 15, and the numerical results exhibit fast spatial
convergence for u. This becomes particularly evident with the increase in the collocation point counts
from modest to modestly large, as seen in cases where (N, Ng) increases from (78, 20) to (157, 40).
The magnitude of the error for Vp is relatively large; however, it still exhibits spatial convergence.
Table 16 records the corresponding L? errors, which exhibit convergence behavior similar to the RMS
errors in Table 15. As also demonstrated in Table 17, when the collocation point counts increase to
(N;, Npg) = (921, 152), the error in Vp decreases substantially, reaching the level of 1073

Table 15. RMS errors for Example 5.1 using the Matern kernel when ¢ = 1.5, with 7 = 1/64.

(Ni,Ng) v=12 vy=15 vy=138

lleullrms llevpllrms lleullrms llevpllrms lleullrms llevpllrms
(19,5) 1.0202e-01  1.0722e+00 9.9776e-02  1.0528e+00 1.0496e-01 1.0439e+00
(39,10)  6.1334e-02 9.8100e-01  5.6273e-02  1.0245e+00 5.1998e-02  1.1369e+00
(78,20)  2.0796e-02 7.9162e-01  1.9256e-02 8.0146e-01  1.6988e-02 8.2331e-01
(157,40) 1.1227e-03  2.5972e-01  1.0845e-03  2.7266e-01  1.0458e-03  3.0901e-01
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Table 16. L? errors for Example 5.1 using the Matern kernel when ¢ = 1.5, with 7 = 1/64.

(N;,Ng) v=12 vy=15 v=138

llewlls llevplls llewlls llevplls llewlls llevplls
(19,5) 1.9818e-01 1.6332e+00 1.9754e-01 1.6256e+00 2.0892e-01 1.6271e+00
(39,10) 1.1302e-01  1.7734e+00 1.0382e-01 1.8251e+00 9.5917e-02  1.9584e+00
(78,20)  3.8133e-02 1.4424e+00 3.5354e-02 1.4580e+00 3.1252e-02  1.4892e+00
(157,40) 2.4775e-03 5.0986e-01  2.4028e-03 5.4461e-01  2.3332e-03  6.4079¢-01

We also examine the temporal convergence in Table 17, with (N;, Ng) = (921,152). The table
indicates the fast temporal convergence for u. Furthermore, when the time division is moderately fine,
the solution accuracy for u is very high (e.g., reaching the level of 107 when 7 = 1/64). We note that
Vp does not exhibit clear temporal convergence. This is likely because the current reconstruction of Vp
from (3.22) is a relatively simplified approximation, where the spatial errors may dominate. Table 18
records the corresponding L? errors, which exhibit convergence behavior similar to the RMS errors in
Table 17. Utilizing the Matern kernel, the solver remains well-conditioned. Even in the case of larger
number of collocation points (N;, Ng) = (921, 152), cond(®) and cond(G) are within the level of 10",

and cond(M,) is within the level 10'.

Table 17. RMS errors for Example 5.1 using the Matern kernel when ¢ = 1.5 under different
time divisions N;, with (N, Ng) = (921, 152) using the divergence free kernel method.

N, vy=12 y=1.5 vy=1.8
llewllms llew pllrms lleullrms llewpllrms llellrms llew pllrms

6 6.6208e-03 3.2253e-03 5.8126e-03 4.1787e-03 4.8221e-03 4.7639¢-03
12 1.1061e-03 2.7437e-03 9.5248e-04 2.9709e-03 7.7098e-04 3.5799e-03
24 1.8819e-04  2.7046e-03 1.5862e-04 2.9082e-03 1.2462e-04 3.5156e-03
48 3.4112e-05 2.6986e-03 2.7947e-05 2.9013e-03 2.0983e-05 3.5078e-03
96 6.0924e-06  2.6974¢-03 4.8701e-06 2.9000e-03 3.6329e-06 3.5063e-03
192 2.8260e-06 2.6972e-03 2.8087e-06 2.8997e-03 2.8971e-06 3.5060e-03

Table 18. L? errors for Example 5.1 using the Matern kernel when ¢ = 1.5 under different
time divisions N;, with (N, Ng) = (921, 152) using the divergence free kernel method.

N, y=12 vy=15 v=138
lleulls llewplls llewlls llevplls lleulls llevplls

6 1.3091e-02  5.0486e-03  1.1486e-02  6.2716e-03  9.5517e-03  7.1985e-03
12 2.1992e-03  4.3547e-03  1.8920e-03  4.7110e-03  1.5346e-03  5.6772e-03
24 3.7713e-04  4.2826e-03  3.1766e-04  4.5883e-03  2.5021e-04  5.5513e-03
48 6.9570e-05  4.2712e-03  5.7097e-05  4.5715e-03  4.3177e-05  5.5329e-03
96 1.2847e-05  4.2691e-03  1.0235e-05  4.5684e-03  7.4454e-06  5.5294e-03
192 4.3724e-06  4.2686e-03  4.2848e-06  4.5678e-03  4.3427e-06  5.5287e-03
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To further validate the proposed solver for the fractional Stokes equation, we perform a benchmark
test against its integer-order counterpart by considering the case y = 1.999 and comparing it withy = 2,
where the model reduces to the integer-order form. As shown in Table 19, the results for y = 1.999
closely match those for y = 2, further confirming the reliability and consistency of the fractional solver.

Table 19. RMS errors for Example 5.1 using the Matern kernel when ¢ = 1.5 under different
time divisions N,, with (N;, Ng) = (921,152) using the divergence-free kernel method
comparing the cases where 7y is close to 2 and y = 2.

N; v =1.999 v=2
ll€ullrms llevpllrms ll€ullrms llevpllrms

6 4.0961e-03 4.5916e-03 4.0924e-03 4.5952e-03
12 6.4238e-04 4.4896e-03 6.4173e-04 4.4959¢e-03
24 1.0104e-04 4.4654e-03 1.0092e-04 4.4721e-03
48 1.6118e-05 4.4596e-03 1.6093e-05 4.4663e-03
96 3.0351e-06 4.4581e-03 3.0335e-06 4.4649¢e-03
192 3.2469e-06 4.4578e-03 3.2501e-06 4.4645e-03

Example 5.2 (Rotating 3/4 disk with forcing). This example considers fractional Stokes equations with
an external force on a spinning 3/4 unit disk QQ = {(x, y) | x=cosf,y=sinf,0<6< 37”} The source
term f is generated from (3.1) with the following analytical solution: u = (—y, x)T exp(—(x*+y?)) sin(rt)
and p = sin(x — y + £). We select the extended domain as Q = {(x, y)]x> + > < (1 + &)?}, with & = 0.1.

The strategy to deploy the collocation points is the same in Example 4.2. We present the spatial
convergence results for the scheme with the extended domain (Formulation II) in Tables 20 and 21,
and compare the temporal convergence results of Formulations I and II in Tables 22 and 23 in RMS
errors, and in Tables 24 and 25 in L? errors, respectively. Tables 20 and 21 indicate that the results with
Formulation II in general exhibit fast spatial convergence and provide a good approximation when a
modestly large number of collocation points are employed.

The comparison of Tables 22 (Formulation I) and 23 (Formulation II) indicates that introducing
the extended domain and placing collocation points in the exterior region can significantly improve
accuracy. In particular, as highlighted in the tables, when 7 is moderately small (7 = 1/64), the error for
u using Formulation II is reduced by over 90% compared to that of Formulation I. The corresponding
L? errors in Tables 24 (Formulation I) and 25 (Formulation II) exhibit similar behaviors. Under the
BDEF?2 scheme, the conditioning of the solvers for both formulations remains comparable: cond(®) and
cond(G) are within the order of 10'?, and cond(M,) is within 10°. The results with Formulation II also
demonstrate faster temporal convergence compared to Formulation I. For Formulation II, temporal
convergence for u is observed with respect to a time subdivision up to N, = 192, although the
convergence rates become small for N, > 48. In contrast, for Formulation I, no temporal convergence
for u is observed once N, > 24.
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Table 20. RMS errors for Example 5.2 using the Matern kernel when 7 = 1.5, with 7 = 1/64.

(N;, N, Ng) vy=1.2 y=1.5 vy=1.8

lleullrms llewpllyms lleullrms llewpllms llewllrms llewpllms
(69,16,30) 1.9344e-02 6.9240e-01 1.7896e-02 7.1516e-01 1.5837e-02 7.6635e-01
(135,32,59) 4.6843e-03 3.1351e-01 4.4092e-03 3.2924e-01 3.9424e-03 3.5987e-01
(271,63,118)  6.3254e-05 2.3585e-02 6.1549e-05 2.5134e-02 5.8829e-05 2.8995e-02
(546,128,232) 5.1719e-05 9.4610e-03 5.0511e-05 1.0271e-02 4.8616e-05 1.2293e-02

Table 21. L? errors for Example 5.2 using the Matern kernel when ¢ = 1.5, with 7 = 1/64.

(N1, N, Ni) y=12 y=15 \ y=18

lleulls llew,lls lleulls llew,lls lleulls llev,lli
(69,16,30) 2.8420e-02 8.9533e-01 2.6292e-02 9.2068e-01 2.3277e-02 9.8543e-01
(13532,59)  6.5091e-03 4.0279e-01 6.1266e-03 4.2195e-01 5.4783e-03 4.5873e-01
(271,63,118)  8.6617e-05 3.7084e-02 8.4231e-05 3.9028e-02 8.0553e-05 4.3861e-02
(546,128,232) 8.7551e-05 1.6150e-02 8.5443e-05 1.7452e-02 8.1734e-05 2.0492¢-02

Table 22. RMS errors for Example 5.2 using the Matern kernel when 7 = 1.5 under different

time divisions N;, with Formulation I: (N;, Ng) = (1112, 172).

N, vy=1.2 y=1.5 vy=1.8
llewllrms llewpllrms llewllms llewpllms llewllms llewpllrms

6 1.3667e-03  1.0767e-01  1.1944e-03  1.0790e-01  9.6088e-04  1.0878e-01
12 1.8902e-04  1.9350e-02  1.6822e-04  2.0030e-02  1.4524e-04  2.1772e-02
24 1.3809e-04  9.4355e-03  1.3845e-04  1.0349e-02  1.4135e-04  1.2642e-02
48 1.5162e-04  8.6118e-03  1.5083e-04  9.5396e-03  1.5206e-04  1.1880e-02
96 1.5443e-04 8.5272e-03  1.5333e-04 9.4560e-03  1.5414e-04 1.1801e-02
192 1.5500e-04 8.5181e-03  1.5382e-04 9.4472e-03  1.5455e-04  1.1793e-02

Table 23. RMS errors for Example 5.2 using the Matern kernel when ¢ = 1.5 under different
time divisions N;, with Formulation II: (N;, Ng, Ng) = (1112,172,443).

N, vy=1.2 y=1.5 vy=1.8
llewllrms llewpllrms lleullrms llew pllrms lleullrms llevpllrms

6 1.2622e-03  1.0953e-01  1.1070e-03  1.0940e-01  8.9648e-04  1.0946e-01
12 1.9509e-04  1.5043e-02 1.7017e-04  1.5050e-02  1.3701e-04  1.5143e-02
24 3.6087e-05  3.2399e-03  3.2022e-05 3.4480e-03 2.6710e-05 4.0182e-03
48 1.4490e-05  2.6898e-03  1.3734e-05 2.9439e-03  1.2689e-05 3.6132e-03
96 1.1790e-05 2.6843e-03  1.1489e-05 2.9385e-03  1.1007e-05  3.6094e-03
192  1.1364e-05 2.6837e-03  1.1135e-05 2.9377e-03 1.0741e-05  3.6086e-03
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Table 24. L? errors for Example 5.2 using the Matern kernel when ¢ = 1.5 under different
time divisions N,, with Formulation I: (N;, Np) = (1112, 172).

N, vy=12 y=1.5 vy=1.8
lleulls llevplls lleulls llewplls lleulls llevplls

6 2.1105e-03  1.9038e-01  1.8461e-03  1.9093e-01  1.4895e-03  1.9323e-01
12 3.3493e-04  4.7802e-02  3.0345e-04  5.0896e-02  2.6787e-04  6.0356e-02
24 2.4187e-04 3.9886e-02 2.4113e-04 4.3363e-02  2.4334e-04  5.3986e-02
48 2.5561e-04  3.9546e-02  2.5409e-04  4.3005e-02  2.5507e-04  5.3630e-02
96 2.5883e-04  3.9497e-02  2.5699e-04 4.2951e-02  2.5756e-04  5.3569e-02
192 2.5951e-04  3.9486e-02  2.5759e-04  4.2939e-02  2.5807e-04  5.3555e-02

Table 25. L? errors for Example 5.2 using the Matern kernel when ¢ = 1.5 under different
time divisions N;, with Formulation II: (N;, Ng, Ng) = (1112,172,443).

N, y=12 vy=15 v=138
llewlls llevplls lleulls llewplls llewlls llevplls

6 1.9167e-03  1.8985e-01  1.6803e-03  1.8953e-01  1.3608e-03  1.8962e-01
12 2.9530e-04  2.6609e-02  2.5739e-04  2.6640e-02 2.0711e-04  2.6960e-02
24 5.4913e-05  7.5921e-03  4.8850e-05  8.1066e-03  4.0965e-05  9.5209e-03
48 2.4170e-05 6.8937e-03  2.3059e-05  7.4747e-03  2.1454e-05  9.0175e-03
96 2.0797e-05 6.8711e-03  2.0268e-05  7.4529e-03  1.9366e-05  8.9974e-03
192 2.0284e-05 6.8643e-03  1.9838e-05  7.4459e-03  1.9038e-05  8.9901e-03

Example 5.3 (Rotating 3-petal shape with forcing). We test with an example of the fractional Stokes
problem on another complex domain. Here Q = {(r,0) | r < 0.7+0.25in(36),0 < 6 < 27} is the same 3-
petal domain as in Example 4.1. The source term f is generated from (3.1) with the analytical solutions
u and p the same as those in Example 5.2. The extended domain Q is selected to be a unit open disk
centered at (0, 0).

Table 26. RMS errors for Example 5.3 using the Matern kernel when ¢ = 1.5, with 7 = 1/64.

(Ny, N, Ng) y=1.2 vy=1.5 y=1.8

HeuHrms ”eVpHrms ”euHrms ”eVp”rms ”euHrms ||eVp”rms
(33,20,82) 8.4967e-03  3.6106e-01  8.0170e-03  3.7866e-01  7.3149e-03  4.1210e-01
(64,39,158) 7.7311e-04  9.4833e-02  7.5092e-04  1.0062e-01  7.1229e-04  1.1303e-01
(130,78,319) 5.8190e-05  2.5735e-02  5.6081e-05 2.7178e-02  5.1758e-05  3.0486e-02
(258,155,640)  8.6858e-06  5.8476e-03  8.5543e-06  6.2260e-03  8.3577e-06  7.2700e-03
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Table 27. L? errors for Example 5.3 using the Matern kernel when ¢ = 1.5, with 7 = 1/64.

(N.Ng,Ng)  y=12 y=15 y=18

lleulls llevllz lleulls llew,llz lleulls llevllz
(33,20,82) 9.7456e-03  4.0885¢-01  9.1888¢-03  4.2563e-01  8.3858¢-03  4.5753e-01
(64,39,158) 8.9126e-04 1.2673e-01  8.6488¢-04  1.3451e-01  8.1956e-04  1.5134e-01
(130,78,319)  1.0556e-04  5.0986e-02  1.0142e-04  5.4191e-02  9.2746e-05  6.1671e-02
(258,155,640)  1.7901e-05  1.0849e-02  1.7560e-05  1.1634e-02  1.6953e-05  1.3818e-02

Table 28. RMS errors for Example 5.3 using the Matern kernel when ¢ = 1.5 under different
time divisions N;, with Formulation II: (N;, Ng, Ng) = (452,291,971).

N; vy=1.2 y=1.5 v=1.8
llewllms llewpllrms lleullrms llew pllrms lleullrms llevpllrms

6 1.4974e-03  1.1865e-01  1.3149e-03  1.1793e-01  1.0615e-03  1.1822e-01
12 2.2244e-04  1.7161e-02  1.9375e-04  1.6973e-02  1.5469e-04  1.6932e-02
24 3.3085e-05 2.9250e-03  2.8478e-05 2.9014e-03  2.2353e-05  2.9454e-03
48 5.3419e-06  1.3506e-03  4.5297e-06  1.3927e-03  3.4752e-06  1.5249e-03
96 1.1638e-06  1.2570e-03  1.0216e-06  1.3074e-03  8.2846e-07  1.4506e-03
192 7.5665e-07 1.2512e-03  7.1757e-07  1.3022e-03  6.3966e-07  1.4464e-03

Table 29. L? errors for Example 5.3 using the Matern kernel when ¢ = 1.5 under different
time divisions N;, with Formulation II: (N;, Ng, Ng) = (452,291,971).

N, vy=1.2 vy=1.5 vy=1.8
llewlls llevplls llewlls llev,lls llewlls llevlls

6 1.7702e-03  1.3928e-01  1.5544e-03  1.3870e-01  1.2552e-03  1.3987e-01
12 2.6334e-04  2.1404e-02  2.2935e-04  2.1182e-02  1.8312e-04  2.1217e-02
24 3.9227e-05  3.9400e-03  3.3757e-05  3.9024e-03  2.6489e-05  3.9291e-03
48 6.3532e-06  1.8293e-03  5.3870e-06  1.8548e-03  4.1289e-06  1.9175e-03
96 1.4860e-06  1.6655e-03  1.3153e-06  1.6969e-03  1.0705e-06  1.7600e-03
192 1.0697e-06  1.6486e-03  1.0091e-06  1.6801e-03  8.8513e-07  1.7423e-03

The strategy for deploying the collocation points is the same as in Example 4.1. The spatial
convergence results are reported in Table 26 (RMS errors) and Table 27 (L? errors), while the temporal
convergence results with Formulation II are given in Table 28 (RMS errors) and Table 29 (L? errors).
Owing to the complexity of the domain geometry, the use of an extended domain significantly
simplifies the evaluation of the exterior integrals required in (3.5) and (3.6). Similar to the observations
in Example 5.2, Tables 26 and 27 demonstrate rapid spatial convergence and show that a high accuracy
for u can be achieved with a moderately large number of collocation points. Tables 28 and 29
further confirm the effectiveness of the proposed method in achieving high accuracy and fast temporal
convergence for u. The condition numbers associated with these tests remain within reasonable scales.
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For the results in Tables 26 and 27, cond(®) and cond(G) are within the order of 10'3, while cond(M, ) is
within the order of 102. For the results in Tables 28 and 29, due to the denser distribution of collocation
points, cond(®) increases to the order of 10!” but remains manageable; meanwhile, cond(G) is within
the order of 10'* and cond(M,) is within the order of 10°.

6. Conclusions and discussion

This study investigates RBF-based collocation methods for time-dependent spatial fractional
problems on general bounded domains. Specifically, we consider two classes of problems: fractional
heat conduction and fractional Stokes equations. The integral fractional Laplacian is evaluated using
the approach developed in [24], which is based on the double exponential transformation.

The proposed collocation methods utilize extended domains, which can address problems on
complex domains while improving both accuracy and conditioning compared to methods without
domain extension. For fractional heat conduction problems, in addition to developing the collocation
scheme, we provide a practical guideline for placing collocation points to avoid instability during time
evolution. For fractional Stokes problems, the collocation method is formulated based on the Leray
projection that can incorporate an extended domain to accommodate complex domains. Numerical
results demonstrate that the proposed methods generally exhibit rapid spatial and temporal convergence
with high accuracy.

This study presents meshless RBF methods within a pseudo-spectral framework for time-dependent
nonlocal problems, demonstrating both efficiency and accuracy. Furthermore, integrating efficient
numerical techniques for the integral fractional Laplacian (e.g., the approach in (1.7)), extended-
domain techniques, and streamlined decoupling methods for complex PDE systems (e.g., the Leray
projection for Stokes problems) offers insights for developing efficient solvers for complex fractional
models on complex domains.

Future work includes solving the auxiliary problem in (3.20) and (3.21) effectively to provide a more
accurate approximation for p. In addition, the methods developed in this study can serve as fast and
good initial guesses, which can be further refined for higher precision using techniques such as spectral
deferred corrections [39,40]. Finally, we remark that the domain extension techniques, known also as
immersed or fictitious domain methods [41-43], allow also a simplified numerical linear algebra for
the design of preconditioners or multigrid methods; see [42,43] and the references therein. This aspect
is not discussed here, but it is worth investigating in connection with the present work.

Appendix A. Derivation of the source term in Example 5.1

According to [15,44], we have

Y 2+ 2+
(=A)? exp(=x?) = 2Yr( . 7) F, (Ty 1 —|x|2), forx e R% y3>0.
We can derive the integral fractional Laplacian of the given analytical form of u in Example 5.1 as
follows:

2
Equipped with the above identity, the source term f in Example 5.1 can be readily generated.

(~Au(x,f) = 2'T (2 + %) F (2 + Yo 2+ yz)) sin(rt) [_xy ] .
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