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Abstract: From a theoretical perspective, it is worthwhile to use the idea of control to synchronize
multiple individual assets. We regard personal assets as multi-agent systems, i.e., second-order multi-
agent systems (SOMAS). The delayed feedback control for consensus and average quasi-consensus
of delayed SOMAS is studied. First, two weight matrices are studied, where the interactions are not
entirely cooperative into the SOMAS with mixed time-varying delays (the delay varies with time).
Second, a delayed feedback control is designed based on two weight matrices where the interactions
are cooperative to get the consensus about followers and the average quasi-consensus about leader and
followers. The consensus and average quasi-consensus of the delayed SOMAS are established by the
graph-theoretic technique and Lyapunov functions. Finally, some numerical simulations is given to
verify the theory.

Keywords: delayed feedback control; consensus; average quasi-consensus; SOMAS; graph-theoretic
technique; mixed time-varying delays

1. Introduction

The total assets of an individual are influenced by both external and internal factors, and the
fluctuations in their rate of change are often influenced by their acceleration (such as consumption
acceleration, investment acceleration). The classic Samuelson model was born from this purpose.
This paper regards personal assets as multi-agent systems, with the goal of using feedback control to
achieve synchronization among multiple individual assets, that is, to achieve common prosperity. We
consider two different groups, the first to become wealthy (leader) and the second to become
wealthy (follower).

Multi-agent systems (MAS) are a very important aspect of research, and consensus is the hot topic
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in MAS study. With the contributions of many related researchers, many definitions and problems
about MAS consensus have been put forward and studied. Velocities Consensus: [1-4] studied a
common consensus problem about SOMAS. To achieve the research goal, the authors of the four
papers designed this specific type of feedback control which used the weight matrix of the positions
and did not use the weight matrix of the velocities. In particular, [1-4] achieved the consensus of
the velocities by making the velocities tend to zero. [5—7] achieved the consensus of the velocities
by considering the weight matrix of the velocities instead of making the velocities tend to zero. [8]
considered the consensus performance of first-order agents. [9-13] studied finite-time consensus about
SOMAS and gave some criteria. [14] established the consensus about MAS under asynchronous denial-
of-service attacks.

Positions and Velocities Consensus: Though [1-7] solved the consensus problems of SOMAS, it
was difficult to make the position state attach a specific state when the consensus was achieved. Many
researchers considered the tracking control of SOMAS [15-17], and not only obtained the consensus of
the leader and the followers, but also made the positions and the velocities of the followers tend to the
position and the velocity of the leader, respectively. In [17], the authors considered the related weight
matrix for the non-control part instead of the control part, which was different from most papers, such
as [1-7].

Time Delay: In reality, the time delay situation can not be ignored. [18-20] designed a delay
feedback control for consensus about SOMAS, where the time delay was a constant. Time-varying
delays were considered for the containment control of SOMAS in [21]. [22,23] studied time-varying
delays of the non-control part instead of the control part, and [24] specifically considered the mixed
delay times. In [25], authors not only considered the delay time, but also studied the difference of the
weight matrix of the positions and the weight matrix of the velocities, when they designed the
feedback control. [26] studied the strong consensus of convex SOMAS with time-varying
topologies. [27] obtained the asynchronous impulsive consensus of discrete-time nonlinear MAS with
time-varying delays. [28] obtained the consensus and average quasi-consensus of first-order delayed
multi-agent systems. [29] obtained the containment control of heterogeneous multi-agent systems
subject to Markovian randomly switching topologies and unbounded delays. In this paper, we
consider the bounded delay, which is different from [29]. From the perspective of control theory, it is
reasonable to always use known information to control the future, making time-delay feedback
control reasonable. That is to say, it is reasonable to use previous information to control the present.
A natural question, how long ago do we need to use the information? That is, how long should the
time delay be? [30] studied the impact of time-dealy on stability, where they proved the small
time-delay can stabilize the system, but when the time-delay becomes large, the system will become
unstable. In this paper, we use a similar idea to consider the consensus issue.

Different Strategy: [31] considered the distributed dynamic event-triggered consensus control of
multiagent systems subject to external disturbances, which is different from the strategy “feedback
control”. [32] established an adaptive dynamic event-triggered bipartite time-varying output formation
tracking problem of heterogeneous multi-agent systems. [33] studied the problem of robust adaptive
leaderless consensus for heterogeneous uncertain non-minimum phase linear multi-agent systems over
directed communication graphs. In our future work, event-triggered strategy and leaderless consensus
will be considered.

Inspired by [17] and [25], we consider two different weight matrices where the interactions are

Electronic Research Archive Volume 34, Issue 2, 1017-1043.



1019

not entirely cooperative in SOMAS. Second, we design a delayed feedback control based on two
different weight matrices where the interactions are cooperative. Inspired by [22] and [24], we not
only consider the mixed time-varying delays for the non-control part, but also study feedback control,
which is based on the mixed time-varying delays. Inspired by [15-17], we study consensus about
followers and average quasi-consensus about leader and followers, and the definition of the average
quasi-consensus between the leader and the follower will be given in the following section. The reason
why we consider the average quasi-consensus is the following fact:

f ) ki(s)*ds < f ) ka(s)ds 7= ki(1) < ky(0),
0 0

where k;(¢), ko() are positive functions. But, we can consider the average, so we introduce a new
definition “average quasi-consensus”. In fact, it is difficult to achieve asset synchronization at all
times, but it is possible to achieve synchronization within a certain time interval, or, in the sense of
time averaging, assets are synchronized.

In this paper, we face two key problems. First, different from common MAS, SOMAS are controlled
only in terms of the velocities, while the positions are not controlled, which may affects the consensus
of the positions. Second, we need to consider feedback control with time-varying delays and the non-
control with mixed time-varying delays.

[34-36] have given some methods for studying the delay equations. [37] provided an especial
useful research method for the second problem. [38] also gave some ideas for the first problems. So we
combine [37] and [38], and give a reasonable research method. In a future paper, we will use a similar
method to consider the multi-UAV system [39].

Contributions:

(i) A new delayed SOMAS is introduced, and a new definition of “average quasi-consensus”
is given.

(i1) A feedback control with mixed time-varying delays for SOMAS is designed. More precisely,
a special Lyapunov function based on the state of the followers of SOMAS to study the consensus
of the followers is constructed; moreover, the second special Lyapunov function based on the state of
the leader and the followers to get the average quasi-consensus between the leader and the follower
is designed.

(ii1) A new strategy for consensus of personal assets is given.

The rest of this paper is organized as follows. In Section 2, problem formulation and preliminaries
are given. Section 3 is concerned with the main results. Some numerical examples are given in
Section 4.

2. Problem formulation and preliminaries

2.1. Notation

N={1,2,3,..., M}, N=1,2,3,..., 0, represents the k-dimensional zero matrix, and I; represents
the k-dimensional identity matrix. 1,,_; represents a column vector composed of the element 1 with size

M—-1.VxeR" x| = VxTx, YA € R™", ||All = 2L, 275 |al-j|2. Let G = (V,T) represent a graph
G with vertex set V and arc set . Denote by (G, A) the graph G with weight matrix A = (a;;)yxm,
where a;; # 0 means that there exists an arc (j,i) € T, a;; > 0 means that the interaction between i and
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J 1s cooperative, and a;; < 0 means that the interaction between i and j is competitive. Let 7 > 0 and
0> 0. C([-7 — 9,0]; R™) denotes the family of continuous functions & from [-7 — §,0] to R". ® is the
Kronecker product. A,,,(A) and 4,,,,(A) represent its smallest and largest eigenvalues, respectively.

2.2. Problem formulation

Consider the following delayed SOMAS:

Xo(D)
vo(l)

vo(D),1 >0,
ay xo(l) + azvo(l) + by xo(l = 6,(1) 2.1)
+byvo(l = 62(D) + f(D),1> 0,

and

x(D = vi(),1>0,

vil) = aixi(D) + ayvi(D) + bixi(l — 6,(1))
+byvi(l = 62(D) + g(D) (2.2)
+ 3% ayTi[x( = 61(D) = xi(L = 61(D)]
+ Zjﬁil biiIa[vi(l = 62(D) —vi(l = 0,(D)],i € N, 1> 0,

where xy(/) € R™ and vy(l) € R™ are the position state and the velocity state of the leader, x;(/) € R™ and
vi(l) € R™ are the position state and the velocity state of the follower i, 0 < 6,(/) < 9 and 0 < 6,(]) < 9,
xo(u) = &o1(w) and vo(u) = Epp(w) € C([—7 — 6,0]; R™), and x;(u) = &1(u) and vi(u) = Ep(u) € C([—7 —
6,0]; R™). ay, ay, by, and b, are known positive constants, [ € R and [, € R™ are the inner-
coupling matrices, f(/) € R™ and g(/) € R™ are the disturbances of the MAS with max {|f ()|, |g(D)|} < d,
and d > 0. A = (a;j)uxm 1s the outer-coupling matrix of the position state, i, j € N. When the jth
subsystem has influence on the ith subsystem, a;; # 0, otherwise, a;;=0, and assume a;;=0 forall i € N.
B = (bij)uxm 1s the outer-coupling matrix of the velocity state, i, j € N. When the jth subsystem has
influence on the ith subsystem, b;; # 0, otherwise, b;;=0, and assume b;=0 for all i € N.

Remark 2.1. System (2.2) shows that MAS has its own weight matrices. Due to the difference of the
position state and the velocity state, the position and the velocity of followers have weight matrix A
and weight matrix B, respectively.

Then we give the corresponding delayed feedback control system as follows:

{ACo(l)
Vo()

90(1),1 > 0,
arxo(l) + azvo(l) + b1 xo(l = 61(1)) (2.3)
+brbo(l = 62(D) + f(D), 1> 0,
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and
)ACi(l) = %(),1>0,
%D = a®(D)+adi) + bkl - 6,(D)
+byVi(l = 02(D) + g()
+ Zjﬂil a;il' [X;(I = 61(D)) = % (I = 61(]))]
+ Zjlvil bi;ia [V (1 = 62(D) = Di(1 = 62(D))] (2.4)
+ 20 eis[20 = 11(D) — 2l = 11(D)]
+ 20 dyTa[P (1 = 12(D) = D1 — 72(D))]
+al's[Xo(l — 71(])) — Xi(l — 71(D))]
+Bls[Vo(l — T2(D) — Vil = T2(D))], i € N, 1> 0,
where 0 < 7i(), () < 7, (Row),Pow) = (Enw),énwm) € C(-t — 6,0];R™),

Riw), %)) = (En(w),éx(w) € C([-7 — 6,0;R™)?*, and s € R™™, Iy € R™™, I's € R™", and
I'c € R™™ are the inner-coupling matrices. C = (c¢;j)uxm is the outer-coupling matrix, and c;; is a
known nonnegative constant, i, j € N. ¢;; > 0 or ¢;;=0, and assume ¢;=0 for all i € N. D = (d;;) yxm
is the outer-coupling matrix, and d;; is a known nonnegative constant, i, j € N. d;; > 0 or d;;=0, and
assume d;;=0 for all i € N. T, ¢;;Ts3[2;(1 — 11(D) — 2l — T1())] + XM, dyTald (1 = T2(D) — Dl —
T2(0)] + al's[xo(l — 71(0)) = x:(l = 71(D)] + BLs[Do(l = 12(1)) — V:i(I — 72(1))] is the delayed feedback
control. @ > 0 and 8 > 0 represent that leader has influence on all the followers.

Remark 2.2. In (2.4), we design a delayed feedback control for SOMAS based on the weight matrix
C, weight matrix D, a, and .

The roles of I'; (i = 1, ...,6) are as follows: I'1 makes the individuals x; and x; have the same class;
I', makes the individuals x; and x; have the same transition rate; I's makes the individuals x; and x;
have the same class under the different time-delay; I'y makes the individuals x; and x; have the same
transition rate under the different time-delay,; 1's makes the individuals x; and x, have the same class;
and I's makes the individuals x; and xy have the same transition rate.

Let p;(1) = x;(1) — X,(D), gi(D) = V(1) — (D), i = 1,2, ..., M. Using system (2.4) and the special case
i = 1 (difference between two systems), we can rewrite the error system as

pilh = ql)
() = aipi() + axqi() + b1 pi(l = 61(D) + bagi(l — 62(1))
+ Zjlvil a;U'[p;l —61(D) — pi(l = 61(D)]
+ 3% byTalg (L= 62(D) — gi(l = 62(D)]
+ 3% cilslp(l = T1(D) = pill = T1(D)] (2.5)
+ 20 diTalg (L — 12(D) = gi(l = T2(D)]
- Y aTipil = 61(D) — ¥, byTag (1 = 62(D)
- ZinQ c1lspil = 11(D) — 220 dijTag (1 = 12(D)
—alspi(l — 71(D) — Bleqi(l — 12(D), i = 2, ..., M.

Consequently, we have the compact form

e() = Ave(l) + Brie(l — 61(D) + Brae(l — 62(1))
—Kue(l - Tl(l)) - Klze(l - Tz(l)),l > O, (26)
e)=¢&,(D,-0-7<1<0,
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where
el) = (P20, p3Dsees Py Dy g7 D, g3 D, e (D)
E) = ED =D, En(D) = LD, (D) = ELD), - (D = ELD)T
Denote

A = ( M M ), 311:( M M ), B12=( M M ),

aj ImM—m aZImM—m (Dl 0mM—m 0mM—m (DZ

_ 0mM—m 0mM—m _ 0mM—m 0mM—m
Kll B ( (D3 OmM—m)’ K12_(0mM—m (D4 )’

where @y = bilpy—m — Ly ® T = 1y ® [(a12,a13, ., aip) @11, @2 = bylypy—m — Loy ® I —
1y ® [(b12, D13, .., big) @12, @3 = L3 1 ® '3 + 1y @ [(C12, €13, s 1) @ T3] + @l @ T's, By =
Lypy ®T4 + 1y ® [(di2, di3, ..., diyg) @ T4l + Bly-1 ® T, and

Zjﬂ/il ayj —dan3 Tt —dam
—as Z%l azj - —a3m
Ly = ) . )
—dm —ays3 T Z?ﬁ] apy;
Zjﬁ/il byj  —bx e —boy
) Zjﬂ/i] b3 --- b3y
Loy-1 = : : . )
~byy  —bus -+ T b
Zﬁil Coj —C23 T —Com
—C32 Zjﬂ/il C3j —C3m
L3y = ) ) ,
—Cm2 —Cm3 T Z?i] Cumj
Zjlvil dyj —dy - —doy
—d3) Zjﬁi] dzj - —dsy
Lypy-1 = . . .
~dyy  —dyz -+ XM du;
Let p;() = xi(1) — Xo(D), g:(D) = V(1) = Vo(]), i =1, ..., M. According to (2.3) and (2.4), we get
b = 4D
gi() = aipi(D) + axgi(l) + by pi(1 = 6,(D) + b2g;(I — 62(D))

+ 30 aiTi [ = 61(D) = pil — 61(1)]

+ 30 byl — 62(D))

=il = 5:(DN] + XL, e Ts[p(1 — 71(D)
—pil =T + X, dijTulg (1 — 72(D)
—gi(1 = T2(1)] = al'sp;(L — 71(D))

—Blegi(l — To(D) + g(D) = f(D),i = 1,... M.

2.7)
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Then, we have the compact form

e() = Ase() + Bye(l = 61(D) + Bre(l - 6:(1))
—Kye(l = 71(D)) = Kpe(l = 12(D)
1,m ® 0, (2.8)
+( d() ),l 0,
e() = &W),-0-1<1<0,

where el = B1 D,y D5 ees Py (D, G (D), G5 (D, s Gy (DT
&) = (€[,(D = &5, (D, &5, (D = &5, (D), -, 3 (D) = £, (D, ELWD) = £, (D, E, (D = &5y (D), s E3p (D) — £ (D) T
d(l) =1, ®(g(l) — f(I)). Denote

0, I, 0,27 0, 0,0 0,
A :( u M), Bﬂ:( u M), Bn:( M M),

arlyy  arlpu

Om Om Om Om
Ky = (q)f omz)’ Kzzz( v M),

where (1)5 = bllmM—L1®F1, @6 = bz[mM—L2®Fz, q)7 = L3®F3 +C¥IM®F5, q)g = L4®F4 +,BIM®F69
and

M
Zj:l ajj —dip —adim
M
—asi ijl azj - —am
Ll = >
M
—dapmi —ayn T ijl ayj
M
Zj:]blj _blz _blM
M
—byy ijl byj - —bau
L, = ) : ;
M
—bun —byy - Zj:] bu;j
M
Zj:] ¢y —Ci2 —Cim
M
—C21 Z{,-=1 Caj - —CoM
L3 = >
M
—Cmi —Cm2 Zj:] Cmj
M
sMidy  —dp - —d
M
_d21 Zj:l d2j T _dZM
Ly = . :
M
—dm —dm2 - ijl du;j

Definition 2.1. SOMAS (2.4) achieves the consensus among the followers, if
lim le()* = 0.

Electronic Research Archive Volume 34, Issue 2, 1017-1043.



1024

Definition 2.2. SOMAS (2.3) and (2.4) achieve the average quasi-consensus between the leader and
the follower, if there exists a positive constant n such that

!
lim - le(s)I* ds < n.
=00 L Jorias

Assumption 2.1. 6,(]), 9,(l), 71(l), and 7,(l) are bounded and continuously differentiable functions,
satisfying 61(1) <6 <1, 6() <d< 1, 71() <% < 1, and t-(]) < 7 < 1.

Assumption 2.2. There are positive constants A,—A;, such that

ﬂma}c {\Pl} < _8/11 - 12’ (29)
/lmax {\PZ} < /13, (210)
/lmax {\P3} < /145 (21 1)
/lmax {\P4} < _8/11 - /159 (212)
/lmax {\PS} < /16, (213)
/lmax {\P6} < /l7a (214)
where —1, < —% and —1s < —%,
¥, = (2611 + 2')ImM—m (Cl] + a2)ImM—m _ (I)3 + (I);— 0mM—m
b @t adlen 22+ a)luy-n) \ Ous-n @a+ @)

N7 — (Dl Omem ! ch Omem ¥, = Omem (DZ ! Omem (DZ
: (Dl 0mM—m (I)l 0mM—m ’ : 0mM—m (DZ 0mM—m (DZ ’

Wy, — Ray + 3wy (a1 + a)luyu _ ®; + (D7T 0,1
4 (ar + a)lyy  2Q2.5 + a)luy 01 Dz + @)

and

Y. = (DS OmMT (DS 0mM ¥, — 0mM (D6T OmM (DG
i (DS 0mM (DS 0mM ’ 0 0mM (I)6 0mM q)é '

Assumptions 2.1 show that the delay is bounded, and Assumption 2.2 synchronizes between
followers and between followers and leaders. Because we used the Lyapunov method, we imposed
restrictions on its main eigenvalues.

3. Main results

In this section, we will give the key lemma and the main theorem.

Lemma 3.1. Let e(l) and e(l) be the solutions of (2.6) and (2.8), respectively. The following
estimates hold:

le(Dl < [le(0)] + SUPOlfe(u)l(lanll+||Blz||+IIKuII+||K12||)l]eXp{gll}, (3.1
—T7-0<u<

el < [leo)l + S?P0|§é(u)|(||321||+||Bzz||+||K21||+||K22||)l+2Mdl]eXP{gzl}, (3.2)
—T—0<u<

where gy = [|All + 1Byl + [1Bizll + [Ki1ll + [|Ki2ll and g2 = (1Al + [ Bl + [|Boal| + [1K2ill + [1K22l-
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Proof. First, we prove (3.1). According to (2.6), we obtain

e()

which implies that

le(D)

Consequently, we have

sup |e(u)|

0<u<l

IA

[
e(0) + fo [Aje(s) + Biie(s — 61(5)) + Biae(s — 62(5))
—Kje(s — 71(s)) — Kize(s — 12(s))]ds,

[
‘e(O) + fo [Are(s) + Biie(s — 01(s)) + Biae(s — 62(s))

~Kire(s = 71(5) = Kiae(s = Ta(s)1ds]

e(0)] + 1] fo el ds + 1By fo e - Gi(sDIds
+|Bul fo e(s = Ga(sDIds + Ko fo et = Tl
+IKol fo lets = 61,

[ [
le(O) + 1|44l | sup le(u)[ds + Byl ( sup |€.(u)l

0 O0<u<s 0 —71-0<u<0

[
+ sup le(u)| )ds + [|B1al| fo ( sup &G0l + sup le(u)l )ds

0<u<s —7—0<u<0 0<u<s

/
+||K11||f0( sup |£ ()| + sup |e(u)|)ds

—T7—-0<u<0 0<u<s

/
+||K12||L( sup |é.(u)| + sup Ie(u)l)ds

—1—0<u<0 0<u<s
le(O)[ + sup &) (Bl + [1Biall + K11l + [|Ki2l))]
—1—0<u<0
!
+([JAL ]+ Bl + 1Bizll + 1K1 ]| + K521l sup le(u)|ds.

0 O<u<s

The Gronwall’s inequality and (3.3) yield that

le()| <

<

sup |e(u)|

O<u<l

[leO)+ sup |&) (1Bl + lIBi2l + K|l + (K2l exp {g11} .

—7—0<u<0

Next, we prove (3.2). According to (2.8), we get

Electronic Research Archive
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el

/
e(0) + f [Aze(s) + Byje(s — 01(s)) + Bneé(s — 62(s)) — Kxie(s — 71(s))
0

—Kpé(s — To(s)) + (lmZ 5)’ 01)]ds‘

IA

[ [
|€’(0)I+||Az||fO Ié(S)IdS+||1'321||fO e(s — 6,(s))lds
/ !
+ Bl f le(s — 62(s))lds + ”KZl”f (s — 71(s))l ds
0 0

!
+ || Kaal| f le(s — a(s)| ds + 2Mdl.
0

Consequently, we obtain

[
OSUPIIé(u)I < Ié(0)|+||Az||fosup ()| ds + ([|Baull + | B2l + 1Kzl
<us< 0 O<u<s
[
+ 11Kl f ( sup |&G@)l+ sup [e()| )ds + 2Mdl
0 —-1-6<u<0 0<u<s
< &0+ sup &) (1Bl + Bl + K2l + [ K22lDI + 2Mdl
—-7-0<u<0

I
+((1A2ll + 1Bl + |Bozll + [1K211l + IK22l) | sup [é(u)] ds,

0 O<u<s

which implies that

el < OSUPllé(u)I
< [+ sup | IBaull + Bl + [|Kaill + [ K22lD! + 2Mdl] exp {g-1} .

—7—0<u<0

Hence the proof is complete.

Theorem 3.1. Let Assumptions 2.1 and 2.2 hold. Assume that e(l) and é(l) are the solutions of (2.6)
and (2.8), respectively. Let T; > 0 and 1, > 0 be the roots to Eqs (3.4) and (3.5), respectively, and

S2(Ku I + 1K) Bl + 1Bl A3+ A
= “ﬂl = x( ”1_3” + 1141 - K1y — Kl ) = i_(;—/lz,
672(IKa > + 1Knl?)  /I1Batll? + 11Baal? Ao+ A
- 2111 2 ( “1_322 + 1142 = Koy = Kl ) = ;_87—/15-

Let

GD; +'(D4 > LmAl—nn
DT + O > Ly

Then, for any T € (0, 1.), there exists a positive constant n such that

lim le(DI” = 0,

(3.4)

(3.5)

(3.6)
(3.7)

(3.8)

Electronic Research Archive Volume 34, Issue 2, 1017-1043.
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1 [
lim — le(s)*ds < n, (3.9)

[=eo b Jori2s

_ : 3 1
where T, = min {TI’TZ’ \/ 00K IPHIKRID)’ \/ 8(|K21||2+||Kzz||2>}'

Proof. First, we prove (3.8). We denote ® = ®; + ®4 and

P = ( Imi_m ZZ::) : (3.10)
It follows from (3.6) that P, > 0. Define W,(l) = e" ()P e(l) and

Wi(l) = 2e"(DP\[Ae(]) + Bje(l - 6,(1)) + Biae(l — 65(1)) — Kye(l) — Kppe(D)].
Then we obtain

Wi + 84, le(DI?
— 2€T(l) (alImM—m D + aZImM—m )e(l) + 2€T(l) ($1 OmM—m) €(l _ 6](1))

allmM—m (1+a2)ImM—m 1 OmM—m

OmM—m CDZ (D3 (1)4 2
T _ _ T
+2e (I) (OmM—m (Dz) e(l—06,(D)—2e () ((D3 @4) e(l) + 844 |e(D)]
2a1Lup—m D + (a1 + a)lup-m
_ T
=0 ((al F @)t + DT 200 + Ayt )e(l)
T (Dl 0mM—m _ T OmM—m (DZ _
+2e (I) (q)l 01 e(l—061(D))+2e (D) 0, @ e(l —6,(D)

T O + CD;— (D;’r + Dy
—e () T T
O + (I)4 O, + q)4
2allmM—m (611 + a2)ImM—m
_ T
=e® ((al k@)t 201+ @)l n)

)e(l) + 81 le(DP

O + (I);r OmM—m
Omem D, + (DI

0,00-m @
T m m
+2e (1) (OmM—m O

(1)1 0mM—m

—e'(l) ( )e(l) +2e"(]) (q)1 0, )e(l -01(D)

2) e(l = 5,(D) + 84, le(D|* . (3.11)
2

By the inequality X"Y + Y"X < X"G™'X + YTGY, where X,Y € R" and 0 < G € R™"™, we get

(Dl OmM—m
q)l OmM—m

(Dl 0mM—m
(Dl 0mM—m

0mM -m

2e" () ( ) e(l = 61(D) +2e" (1) (0'"M_m gz) e(l - 6,()

2 2
< 2e"(De(l) + + . (3.12)

)e(l —61())

OmM—m (DZ
0mM—m (DZ

) e(l = 62(D))

(3.11) and (3.12) yield that
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Wi(D) + 84, le(D)*

e‘l’(l) (201 + 2)ImM—m (al + a2)ImM—m
(al + aZ)]mM—m 2(2 + aZ)ImM—m

IA

) e(l)

O; + D 0 M-
T 3 mM-m
¢ (l)( 0,0-m D4+ q)l—

(Dl 0mM—m
+‘((D1 0mM—m

)e(l) + 82 le(D

2 2
+ .

)e(l —61()

(OmM—m (DZ

0,1 (Dz) e(l = 62(D)

By (2.9)-(2.11), we get
Wi(D) + 82y le(DF < =z e(DI” + A3 le(I = 51 (D) + A4 le(l = S:(D) .

When [ > 26 + 27, we build a Lyapunov function (see [35])

KR+ K2 0
Wall) = Wi(l) + 1Kl . 1Kl f f (2)dzds,
1 -1 Jl+s

where

o) = tlArel) + Biie(l = 6,(1)) + Bise(l — 65(D)
—Kye(l — 11(D) — Kipe(l — 12(D)I*.

Thus, we get

Wa) = Wi(l) +2¢" (DK e(l) — Kire(l — T1(D) + Kize(l) — Kize(l — 72(1)]
2 2 2 2l
+||K11|| + K12l ro(l) - 1K1 lI” + [|K 2] o(s)ds
A A1 It
s Kl le() — e(l — 7, (D)
< W)+ 8, |e(l)|2+” ull” le() —e(l = 71(D)]
41
1Kl le() — el = () IIKnll* + 1Kl
[
- il " 1, ()
Kl + Kl o(s)ds.
A1 It

By the definition of ¢(l), we obtain

o) = 7|(A; = K11 — Kip)e(D) + Brie(l — 61(D) + Brae(l — 62(1))
+Ki1(e(D) — el — 71(D)) + Kia(e(D) — el = 1,(D))
5t(lA1 — Kiy — KuolP le +11Bull® le = s ()P
+Brall? le(l = S2x(D) + 1K1 le(D) — e(l = Ty (D)

+IK 12l le(D) = e(l = T2(D)P),

IA

(3.13)

(3.14)

(3.15)

(3.16)
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and

2 ]

)
<t f le(s)I> ds < f o(s)ds,i=1,2. (3.17)
I-7i(]) I

-7

)
le(D) — e(l — T,(D)* = ’ f 1de(s)
I-7;()

(3.15)—(3.17) imply that

Wa(l)
~ WKul? 57201Kullt 5T 1IKulP 1Kl 2
< Wi+ 821 le(D|> + + + D —e(l—1(
< Wi+ 8P + (3 T % )le(D) = el = 71(D)
IKol? 572 01Knllt 521Kl 1K P )
+ + + D) —e(l—1a(
(T2 T T )le()) = el = 2(D)
521K |2 + 1K 1alP)
+ s - 22 2(1Ay - Ky — Kol e + 1By le(d — 6:(D)
1
1Kl + IKal?
+[1Byoll? le( = 82(D)P) — — - = o(s)ds
1 I-t
< (||K11||2+||K12||2 SPKGI + IKRIP? 1Kl + 1K)l !
< + - ) o(s)ds
44, A A -t
S Kul? + 1K)
2K - 22214y - Ky — Kol leD + 1By le(d — 6,(D)
1

+11Bial* le(l = S:(D)) + Wi (D) + 82 le(D)* .
According to (3.13) and 7 € (0, 7.), we obtain

Wa) < —drle(DP + D le(l = 51D + A le(l — 6>(D)F
_|_57'2(||K11||2 + 1K1l

A1
+1B1all” el = 8:(D)P).

(IlA; = K1y — KiallP le())* + 1|1Bul le(l = 8, (D)

Leté =5—-0,(s),i=1,2. Then, ds = 1—?@)’ and from Assumption 2.1, we have

! 1 [—06;(1)
f2 le(s — 6i(s)* ds A fz le(&)|* d¢

426 1 = 6 J2r+26-6,20+26)

1 27420 1 [
i f2 (@)F d + —— f @) de.

1-90 T+0 - 27428

IA

IA

Thus, we get
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/1 +/l 5 2 K 2_|_ K 2 B 2+ B 2
Wo() < W2(27-+25)+( stA (1K ll” + 1Kzl )(U 1ll” + 1Bl ))
-0 (1 -6)
27420 ) 5 )
A3+ A 5 K +IK
Xf le(s)]> ds — [/12 e T ([IKull” + 1Ki2l17)
27+8

1-6 A
B> + ||Ball? !
><(” 1l |A| 12l

s A - Ku - Kl )| f le(s)I” ds

27+26
/

= W27 +20)+ Q) - sz le(s)I* ds,

27+26

where

L+ 57Kl + IKnlP)AIB P + ||Biall? 27420
Q1:( st Ay T (IKnll” + 1K) AIB1ll” + [1Bi2ll) Xf () ds,
2

1-6 (1 =96)

T+0

L+ ST(KIP + 1Kl JABulP + 1Bol?
0y = 1 i 34_ (Il 11”/1 I 12||)X(|| 11||1 212” +||A1—K11—K12||2).
—_— 1 —_—

By Lemma 3.1 and (3.14), we get the both W,(27 + 26) and Q, are finite, and, furthermore, we have
W,(l) = 0. Using 7 € (0, 7,), we have

)
WL(21 + 26) +
[ letopas < REREE
2

(3.18)
7426 0>
which implies that
!
Wo(21 + 26) +
lim e(s)Pds < P2ETH20 O (3.19)
=00 Joryos (0}
It follows from Lemma 3.1 and (3.18) that there exists a positive constant M; such that
!
e < le2T +20)1" + 2(|A4]l +2) le(s)I” ds
27426
! i
+1Bull le(s — 61(s))I* ds + [|Byal® le(s — 62(s))I* ds
27+20 27426
i !
+ 1Kl le(s — T1(s))I* ds + [IK le(s — T2(s))I* ds
27426 27426
!
< et + 28) + 2(|A |l + 2) le(s)|* ds
27426
B 2 + B 2 27+20 B 2 + B 2 [
+|| 1l IAI 12l e(s)P ds + 1Byl IAI 12l e(s) ds
1-6 20+6 27426
K 2 + K 2 27+20 K 2 + K 2 [
+|| 1l IAI 12l e(s)P ds + 1K1l IAI 12l e(s) ds
-7 7426 -7 27426
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IA

M.

Then, there exists a positive constant M, such that

3
et = P | < | [ 2T + 47 et
I
+e'(s — 61(s))B],Biie(s — 61(s))
+e' (s — 62(5))B{,Biae(s — 62(s))
+e' (s — Ti()K| Kye(s — 71(5))
+e' (s — 1a($)K |, Kpe(s — ‘rz(s))]ds’
753
< 2(lIAl +2) le(s)I* ds
A
I
+(1B11 > + 111211 ( sup le@)*+  sup
i \27+20<u<s 2T+0<u<27t+26
>
+(IKull® + 1K 1211 ( sup le)*+  sup
Iy \27+20<u<s T+20<u<27+26
753
< 2(IIA1 +2) M,ds
I
1 ,
+(IBul? + 1Bl | (My+  sup  le(w)*)ds
A 27+0<5u<27+26
l>
+(IKnllP + 1K) | (My+ sup  le(u)l*)ds
I T+20<u<21+26
< ML -1,

for I}, 1, > 27 + 26. It is obvious that |e())| is uniformly continuous in [27 + 26, o), which implies that

lim le(D)]* = 0.
Next, we prove (3.9). By (2.8), we denote ® = O] + dg and
(D L
P2 B (ImM Im )
It follows from (3.7) that P, > 0. Define W5(l) = &' (/)P,é(l) and

Wi) = 22"()P, [Azé(l) + Byie(l = 6,() + Bxe(l - 6:(D)

) B 01) ]

—K>e(l) — Kpe(l) + ( d(l)

Consequently, we obtain

(3.20)
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Ws(l) + 84, [e()I?

= 2@T(l)( s O

q)S 0mM

allmM d) + aZImM
allmM (1 + a2)ImM

)é(l) +22" (D) ( )é(l - 01(D)

R 0, Do) . n D; D), A2
T _ _ T
+2¢ () (OmM (D6) e(l—0,(D)—2¢e () (CI)7 (DS) e() + 84, |e(D)
d()

d(l)
Qay + 3Ly (ay + ax)lym
(a1 +a)lyy 2(2.5 + ax)
AT (D7 + (D;— OmM

¢ (l)( OmM Og + (Dér

2
+ (DS OmM + 0mM (D6
(OR Om M 0mM D

+227 (1) (

IA

() ( ) el

)é(l) + 81 ()

2
+

2

)é(l —61(D)

) el = 62(D)

d(l)
d(l)

Ws(D) + 84, [2(D? < =5 [2(D) + A6 2(1 = 51 (D) + A7 2(I = 5,(D)* + 8Md>.

By the (2.12)—(2.14), we get

When [ > 26 + 27, we build a Lyapunov function

K 2+ K 2 0 [
Wall) = Wa(l) + 1Kl . 1Kl f $(2)dzds,
1 -7

I+s

where
@) = t|Ase()) + Bye(l — 6,(1)) + Bxe(l — 6,(1)) — Kye(l — (1))
1 2
—Kype(l - 7o(D) +( '"Z(i 01)| .
Then

1Kl 1e() = el = 1 ()PP

Wal) < Ws(D) + 84, [e(D) +

4
IKanl* 1e(D) — el = 2D (1K |* + [|Kaal®
+ + o(1
41, 1, 7o)
Kol + [1Knll> ([
1Kl + (1Kl o(5)ds.
A I-t

By the definition of &(/), we get

@) < 61(|lAy = Koy = Kll* [ + 11Bail* [(1 = 61 (D) + [1Baall* [(1 = 62(D)I
+ 1K1 1* 12(1) = &l = (D) + [|Knall? [2(D) = o(l = 7)) + 4MdP),

(3.21)

(3.22)

(3.23)

(3.24)
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and

2 ! !
<t f lécs)|” ds < f $(s)ds,i=1,2. (3.25)
I l

-7i(l) -7

[
() - el = TP = ' f 1de(s)
I-7;(])

(3.23)—(3.25) yield that

Wa) < WD)+ 84, le()P
+(||K21||2 + || Kool N 671K |I> + IKnll*)? B K| + ||K22||2) fl
44 A A z
4_672(||K21||2 + IKnll®)
A1
+1Boall* (1 = 62(D)|* + 4Md>).

@(s)ds

-7

(142 = K21 = Knll* [eDF + 1Bl [ = 61(D)F

According to (3.21) and 7 € (0, 7.), we obtain

W) < =asleD + Agle(d = 61 (D) + A7 el = 62:(D)* + 8Md”
+6T2(||K21||2 + 1Kl

A
+1Baall* el = 62(D)* + 4Md>).

(142 = Ko1 = Kl [P + [1Bail* [ = 6, (D)

It follows from Assumption 2.1 that

[ 1 27+20 1 [
f 16(s — 6:(s))* ds < _ f le(s)]> ds + _ f le(s)[>ds, i = 1,2.
2 1-0J2 1-06

T+26 T+0 - 27+26

Consequently, we get
Wy(l)

le(s)I* ds

IA

Ag + A 672(I1K 2+ K 2 B 2+ B 2 27426
W4(27'+26)+( ot T (1Ko ll” + 1Kol UIBaill” + [1Baall”) Xf
2

1-6 A(1-9)
Ao+ 6T (K + IKnall) y (||le||2 + 1B’
1-6 A 1-6

! 20072 2 2

247 Md-(||K + ||K; l

+]|A2 = K3y — Kol le(s)* ds + SMd°1 + ‘ UK I” + [1K2211)
27+20 /l]

T+0

_[/15 _

! 20072 2 2
- W 240" Md~(||K2 ||” + |IK l
42T +20) + Q3 — Q4f le(s)* ds + 8Md*1 + ‘ K17 + 1K) ,

27426 Ay

where

0s = (5 e(s)I ds,

1-6 (1 -6)

Ao+ A7 6T (1K I” + 1Kol ) (1B |I” + 1|Baall”) y fz”z‘s
2

T+0

Q4 =45 —

Adg + A7 672(||Kall* + [IK22ll*) « (||le||2 +[|Baal®

. + |4y — Koy — Knol?).
13 1 1 _3 [IA2 21 22||)
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By Lemma 3.1 and (3.22), we get not only that W,(27 + 26) and Q5 are finite, but also that Wy(/) > 0.
Together with 7 € (0, 7,), we obtain

: 2 2 2 2 2
Wi(21 + 26 8Md*l 24t"Md-(||K: K»|)1
f le(s)Pds < 47 +26) + Os n adl (K21 " + |K2|I7) ’

27426 0, Oy 2,0,

which implies that
! 2 20772 2 2
8Md~  24t°Md~(||Kx " + |IK:
lim — le(s)]> ds < " T (1K1 " + || K| ).
oo L Jorias 4 1,04

Hence the proof is complete.

Remark 3.1. When Assumptions 2.1 and 2.2, and (3.4)—(3.7) hold simultaneously, the multi-agent
systems (2.3) and (2.4) can achieve consensus about followers and achieve the average
quasi-consensus about leader and followers.

4. Numerical example

Example 1. Considering (2.1) and (2.2), let 6,(l) = 0.1 arctan(l), (1) = 0.09 arctan(/), a;; = ax =
0, ajpp = adry = —0.1, bll = bzz = 0, b12 = b21 = —0.2, Fl = 0.1]2, Fz = 0.2]2, /11 = 01, M = 2, and m =
2. Leta; = a, = by = by = 0.5, xo(D) = (x01(D), x02(D) 7, x1(D) = (x11(D), x12(D) T, x2(D) = 21 (D), x22(D) 7,
Eo1(D) = (=11 + cos(D), 13 + cos(D)) ", &1(D) = (B1 + 21,24 + sin(]) ", &1(D) = (47 + 2sin(D), 57 + )7,
vo(l) = (Wor (D), voa (D)™, vi(D) = (i1 (D), via(D)T, va(D) = (Va1 (D), vaa (D)7, €02 (D) = (=3 + cos(]), 4 +sin(]) ",
En(D) = (11 +cos(D), 3 + 2T, &£,(1) = (21 + sin(?), =6 + 22T, £(1) = (cos(l) + 1,2cos(l) + 1)7, and
g() =2 +0.5cos(l),3cos(]))". (2.1) and (2.2) become (4.1) and (4.2) respectively, the corresponding

numerical simulation results are shown in Figure 1(a),(b).

o) = wo(D),1>0,
vo(l) 0.5x0(]) + 0.5vo(]) + 0.5x¢(I — 0.1 arctan(l))
cos()) + 1 ) 150

(4.1)

+0.5vo(l = 0.09 arctan(l)) + (2 cos(l) +1

x1(D) vi(D),1>0,
vi() = 0.5x1(0) +0.5vi(]) + 0.5x1(I — 0.1 arctan(/))
0.5cos(l) +2
3cos(l) )
—0.01[x,(I = 0.1 arctan(/)) — x;(I — 0.1 arctan(/))]
—0.04[v,(I — 0.09 arctan(/)) — v;(I — 0.09 arctan(/))], [ > 0O,
) = w),l>0,
va(l) 0.5x,(1) + 0.5v,(1) + 0.5x,( — 0.1 arctan(/))
0.5cos()) +2
+0.5v,(1 — 0.09 arctan(l)) + ( 3 cos(l) )
—0.01[x;(I = 0.1 arctan(/)) — x,(I — 0.1 arctan(/))]
—0.04[v{(I — 0.09 arctan(/)) — v,(I — 0.09 arctan(/))], [ > O.

+0.5v; (I - 0.09 arctan(l)) + (

(4.2)
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Numerical simulation shows that under the condition of no feedback control, Figure 1(a) indicates
that the consensus among followers cannot be achieved, and Figure 1(b) indicates that the average
quasi-consensus between the leader and the follower cannot be achieved either.

Example 2. Based on example 1, letI'; = L, 'y = 1.1, s = 1.25, ¢ = 1.35, ¢;; = ¢ =0,
cn=cy =05,dy1 =dyp =0,d, =dr =0.6,

(e1(D), ex(D), es(D), ea(D)T,
() = (1D, y2(D), y3(D), ya(D), ys (D), yo (D), y7(D), ys(D) ",

a =4,8 =45. Then, 1, = 7.1, 13 = 055, 44 = 0.7, 45 = 3.8, 1 = 0.55, and 4; = 0.68, so
we can get an effective upper bound 0.00076 on 7(/) and 7,(/). First, we consider the delay time
within the effective range(e.g., 71() = 0.0005 — 0.00026 cos(/) < 0.00076 and 7,() = 0.0005 —
0.0002 cos(/) < 0.00076), (2.5) and (2.7) become (4.3) and (4.4), respectively, and the corresponding
numerical simulation results are shown in Figure 2(a) and Figure 3(a). From Figure 3(a), we can get
that y; (1), y2(1), y3(D), y4(1), ys(1), ys(D), y7(1), and yg(/) are finite when [ > 27+ 29, so it is easy to get that
lim;_,., % £IT+2 s |é(s)|2 ds is finite. Meanwhile, Figure 2(a) indicates that the consensus among followers
can be achieved, Figure 3(a) indicates that the average quasi-consensus between the leader and the
followers can be achieved.

e(l)
e(l)

p2()
¢2(D)

q(D),1> 0,

0.5p>(1) + 0.5¢>(1) + 0.5p,(1 — 0.1 arctan(l)) + 0.5¢g,(1 — 0.09 arctan(l))

—0.01[p(I = 0.1 arctan(l)) — p(I — 0.1 arctan(l))]

—0.04[q; (I — 0.09 arctan(l)) — g»(I — 0.09 arctan(/))]

+0.5[p1(I — 0.0005 + 0.00026 cos(l)) — p>(I — 0.0005 + 0.00026 cos(1))] 4.3)
+0.66[¢g; (I — 0.0005 + 0.0002 cos(l)) — g»(I — 0.0005 + 0.0002 cos(1))]

+0.01p,(I = 0.1 arctan(l)) + 0.04g,(I — 0.09 arctan(l))

—0.5p,(1 - 0.0005 + 0.00026 cos(l)) — 0.66¢,(I — 0.0005 + 0.0002 cos(!))

—4.8p> (1 — 0.0005 + 0.00026 cos(l)) — 5.85¢, (I — 0.0005 + 0.0002 cos(l)), 1 > 0.
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1?1(1) = q(,1>0,

q:1(D) 0.5p1(1) + 0.5¢,(1) + 0.5p1(I — 0.1 arctan(l)) + 0.5, (I — 0.09 arctan(l))
—0.01[p2(I — 0.1 arctan(l)) — p1(I — 0.1 arctan(l))]
—0.04[g,(I — 0.09 arctan(l)) — g;(I — 0.09 arctan(/))]
+0.5[p,(I — 0.0005 + 0.00026 cos(l)) — p1(I — 0.0005 + 0.00026 cos(1))]
+0.66[g,(I — 0.0005 + 0.0002 cos(l)) — g (I — 0.0005 + 0.0002 cos(!))]
—4.8p1(1 — 0.0005 + 0.00026 cos(l)) — 5.85g, (I — 0.0005 + 0.0002 cos(l))

1 -0.5cos())

+( cos(l) - 1 )’l> 0

I?z(l) = q0),1>0,

(D) = 0.5p,() +0.5g>(1) + 0.5p,(1 — 0.1 arctan(/)) + 0.5g,(I — 0.09 arctan(/))
—0.01[p(I — 0.1 arctan(l)) — p(I — 0.1 arctan(l))]
—0.04[g:1(I — 0.09 arctan(l)) — g>(I — 0.09 arctan(/))]
+0.5[p1(I = 0.0005 + 0.00026 cos()) — p(I — 0.0005 + 0.00026 cos(/))]
+0.66[g (I — 0.0005 + 0.0002 cos(l)) — g,(I — 0.0005 + 0.0002 cos(l))]
—4.8p,(1 — 0.0005 + 0.00026 cos(l)) — 5.85¢,(1 — 0.0005 + 0.0002 cos(l))

1-0.5cos())
+( cos(l) - 1 ),l>0.

4.4)

Furthermore, we consider that the delay control time exceeds the effective range (e.g., 7i(l) =
2 > 0.00076 and 7,(/) = 2 > 0.00076), (2.5) and (2.7) become (4.5) and (4.6), respectively, and
the corresponding numerical simulation results are shown in Figure 4(a) and Figure 5(a). In the case
where delayed feedback control exists but the control delay time exceeds the effective range, Figure
4(a) indicates that the consensus among followers cannot be achieved, and Figure 5(a) indicates that
the average quasi-consensus between the leader and the followers cannot be achieved either. To further
verify the effectiveness of the delay time 7,(l) = 7,(/) = 0.00076, we assign some other values to
71(l) and 7,(!) again (e.g., () = 7() = 0.0001, 7,(/) = 72(/) = 0.0003, 7,(/) = 72(/) = 0.7 and
71(l) = 72(l) = 1.5), and the corresponding numerical simulation results are shown in Figure 2(b),(c),
Figure 4(b),(c), Figure 3(b),(c), and Figure 5(b),(c). Figure 2(b),(c) and Figure 3(b),(c) indicate that the
delay time feedback control takes effect and the system reaches the consensus and the average quasi-
consensus under the condition 7,(/) = 7,(/) < 0.00076. Figure 4(b),(c) and Figure 5(b),(c) indicate that
the delay time feedback control cannot take effect and the system cannot reach the consensus and the
average quasi-consensus under the condition that the control delay time is too large.

pl) = gD, 1> 0,
0] 0.5p>(1) + 0.5¢>(1) + 0.5p,(1 — 0.1 arctan(l)) + 0.5¢,(I — 0.09 arctan(l))
—0.01[p (I — 0.1 arctan(l)) — p(I — 0.1 arctan(l))]
—0.04[g;(I — 0.09 arctan(l)) — g»(I — 0.09 arctan(/))]
+0.5[p1(I = 2) — pa(l = 2)] + 0.66[q1(I — 2) — g2(1 = 2)]
+0.01p, (I — 0.1 arctan(l)) + 0.04g,(I — 0.09 arctan(l))
—0.5p,(L —2) — 0.66q,(1 - 2)
—4.8p,(1 —2)—5.85¢,(1 - 2),1> 0.

4.5)
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Figure 1. (a) and (b) respectively represent the non-consensus and non-average quasi-
consensus results of (4.1) and (4.2).

1?1(1) = q(,1>0,

q1(D) 0.5p1() + 0.5¢,(1) + 0.5p,(I — 0.1 arctan(l)) + 0.5, (I — 0.09 arctan(l))
—0.01[p2(I — 0.1 arctan(l)) — p1(I — 0.1 arctan(l))]
—0.04[g>(I — 0.09 arctan(/)) — g, (I — 0.09 arctan(/))]
+0.5[pa(l = 2) = p1(l = 2)] + 0.66[42(1 — 2) = 1 (I - 2)]

—4.8p,(1—2) - 5.854,(1 - 2) + (1 -0 COS(Z)) >0,

cos(l) —1
P = 31> 0.
@) = 0.5p,() +0.5¢,(1) + 0.5p,(1 — 0.1 arctan(l)) + 0.5g,(I — 0.09 arctan(l))
—0.01[p1(I — 0.1 arctan(l)) — p(I — 0.1 arctan(l))]
—0.04[g, (I — 0.09 arctan(l)) — g,(I — 0.09 arctan(/))]
+0.5[p1(1 = 2) = pa(l = 2)] + 0.66[4: (I — 2) = §2(1 - 2)]

—4.8p,(1 - 2) — 5.856,(1— 2) + (1 - 05 Cos(l)) 1> 0.

(4.6)

cos(l)—1

Example 3. 6,(/) and 9,(/) affect the speed of the consensus and the average quasi-consensus of
SOMAS. Replace 6,(/) = 0.1arctan(l) and 6,(I) = 0.09arctan(l) with 6,(I) = 6,(l) = 0.1, 6,(]) =
02() = 5, and 6,(l) = 6,() = 10; the corresponding numerical simulation results are shown in Figure
6(a)—(c) and Figure 7(a)—(c). Figure 6(a) shows SOMAS with 6(/) = 0.1 can achieve an effective
consensus on [/ = 5, Figure 6(b) shows SOMAS with §(/) = 5 can achieve an effective consensus on
[ = 8, and Figure 6(c) shows SOMAS with 6(/) = 10 can achieve an effective consensus on [/ = 14.
Figure 7(a) shows the SOMAS with 6(I) = 0.1 can achieve an effective average quasi-consensus on
[ =5, Figure 7(b) shows SOMAS with (/) = 5 can achieve an effective average quasi-consensus on
[ =7, and Figure 7(c) shows SOMAS with 6(/) = 10 can achieve an effective average quasi-consensus
onl/=14.
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Figure 4. (a)—(c) respectively represent the non-consensus results of error to (2.5) under
conditions 7((l) = 7,(l) = 2, 71() = 72(l) = 0.7, and 7((l) = 12() = 1.5 when 6,(]) =
0.1 arctan(/) and 6,(/) = 0.09 arctan(l).
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Figure 5. (a)—(c) respectively represent the non-average quasi-consensus results of (2.7)
under conditions 7() = () = 2, 7i(l) = () = 0.7, and 7((/) = (/) = 1.5 when
01()) = 0.1 arctan(l) and 6,(/) = 0.09 arctan(/).
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Figure 7. (a)—(c) respectively represent the average quasi-consensus results of (2.7) under
conditions 6{(l) = 6,() = 0.1, 61()) = 6,() = 5, and 6,() = 62(I) = 10 when (/) =
0.0005 — 0.00026 cos(!) and 1,(/) = 0.0005 — 0.0002 cos(l).
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5. Conclusions

In this paper, we regard personal assets as second-order multi-agent systems (SOMAS). The
delayed feedback control for consensus and average quasi-consensus of delayed SOMAS is studied.
This conclusion provides theoretical support for synchronizing multiple individual assets and offers a
pathway for common prosperity.

Meanwhile, from the examples, it is easy to find the delay is very small. In other words, for the
large time-delay, the method used here is not suitable. In addition, the environment is random, and so
the stochastic delayed differential equations should be considered. In future work, we will consider the
stochastic environment.
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