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Abstract: This article study a coupled one-dimensional hyperbolic system with Lord-Shulman
thermal heat law on the first equation, and a general weak inherent damping, along with time-dependent
coefficient and time-varying delay term on the second equation. Using the multiplier method, through
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exponential and polynomial decay estimates as special cases. This result extends and generalizes
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1. Introduction

We investigate a coupled wave problem with Lord-Shulman thermal law, a general weak inherent
damping, along with time-dependent coefficient and time-varying delay term of the form

ϕtt − ϕxx + λψ + δ(θx + τθxt) = 0, in [0, L] × R+,

ψtt − ψxx + λϕ + b(t)
[
α1 f1(ψt) + α2 f2(ψt(t − σ(t)))

]
= 0, in [0, L] × R+,

ρ(θt + τθtt) − κθxx + βϕxt = 0, in [0, L] × R+,

(1.1)

with initial data
ϕ(x, 0) = ϕ0(x), ϕt(x, 0) = ϕ1(x), in [0, L],
ψ(x, 0) = ψ0(x), ψt(x, 0) = ψ1(x), in [0, L],
θ(x, 0) = θ0(x), θt(x, 0) = θ1(x), in [0, L],
ψt(x, t − σ(0)) = g0(x, t − σ(0)), in [0, L] × [0, σ(0)]

(1.2)

and Dirichlet-Dirichlet-Neumann boundary conditions given by

ϕ(0, t) = ϕ(L, t) = ψ(0, t) = ψ(L, t) = θx(0, t) = θx(L, t) = 0, in [0,∞[, (1.3)
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where ϕ = ϕ(x, t) and ψ = ψ(x, t) represent the displacements of two elastic membranes surfaces under
some form of elastic force, which can attracts one membrane towards the other with a coefficient of
attraction λ > 0, such that (1 − λcp) > 0, with cp the Poincaré’s constant. Also, θ = θ(x, t) is the
temperature deviation from the reference temperature between the two membranes and the positive
constants δ, σ, ρ, κ, and β, represent coupling coefficients which depends on the material properties.
The function b(t) is a nonlinear weight function, α1 and α2 are real positive damping constants, f1

and f2 are nonlinear damping functions, and τ(t) > 0 is the time-varying delay. Due to the boundary
conditions imposed on θ, the application of Poincaré’s inequality is not achievable directly. Thus
integrating equation (1.1)3 over [0, L], and on account of the boundary conditions (1.3), we obtain

τ
d2

dt2

[∫ L

0
θ(x, t)dx

]
+

d
dt

[∫ L

0
θ(x, t)dx

]
= 0. (1.4)

Solving (1.4) and using the initial data for θ , we obtain∫ L

0
θ(x, t)dx =

(
1 − e

−t
τ

) ∫ L

0
θ1(x)dx +

∫ L

0
θ0(x)dx.

Therefore, if we set

θ̂(x, t) =
1
L

[(
1 − e

−t
τ

) ∫ L

0
θ1(x)dx +

∫ L

0
θ0(x)dx

]
, (1.5)

then ∫ L

0
θ̂(x, t)dx = 0. (1.6)

Thus, we can apply Poincaré’s inequality for θ̂ and it is easy to verify that (ϕ, ψ, θ̂) satisfies (1.1)–(1.3)
with initial data for θ̂ given by

θ̂(x, 0) = θ0(x) −
1
L

∫ L

0
θ0(x)dx and θ̂t(x, 0) = θ1(x) −

1
L

∫ L

0
θ1(x)dx.

Going forward, we work with (ϕ, ψ, θ̂), but, we write (ϕ, ψ, θ) for simplicity. For b(t) ≡ 0 and τ ≡ 0 in
system (1.1), Hizia et al. [1] considered

ϕtt − ϕxx + λψ + δθx = 0,
ψtt − ψxx + λϕ = 0,
ρθt − κθxx + δϕxt = 0,

(1.7)

and established the well-posedness and a polynomial stability result. For recent results with Lord-
Shulman thermal heat law, general weak internal damping, time varying coefficient, and time-varying
delay: Apalara and Almutairi [2] considered a carbon-nanotube model with Lord-Shulman thermal
heat law and established the well-posedness and exponential decay result. Raposo el at. [3] studied
a suspension bridge model with weak internal damping and proved an exponential stability result.
Mukiawa [4] considered a plate equation with time-varying delay feedback and proved a general
stability result. For more related results, we refer the reader to [5–11] and the references therein.
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For previous results without thermal damping, Alabau [12] investigated a coupled wave with only
linear damping on the first equation, namelyϕtt − ∆ϕ + λψ + ϕt = 0,

ψtt − ∆ψ + λϕ = 0,
(1.8)

for x ∈ Ω, where Ω is a bounded domain with smooth boundary in Rn, n ≥ 1. The author proved
the indirect stabilization and a polynomial decay result of the system. Moreover, Santos et al. [13]
improved the polynomial decay result in [12] to the rate t−1 and Lobato et al. [14] further improved the
result to an optimal rate of t−

1
2 . Recently, Guesmia et al. [15] studiedϕtt + Aϕ −

∫ t

0
g(t − s)Aαϕ(s)ds + λψ = 0,

ψtt + Aψ + λϕ = 0,
(1.9)

where α ∈ [0, 1] and proved a general decay result. We refer readers to Almeida and Santos [16] for a
polynomial decay result on system (1.9) when α = 1.

The current work, motivated by the articles in [1, 2, 17], we study the asymptotic behaviour of
solutions to the coupled one-dimensional hyperbolic system with Lord-Shulman thermal heat law on
the first equation, and a general weak inherent damping, along with time-dependent coefficients and
time-varying delay terms on the second equation given in (1.1)–(1.3). Therefore, the result in [1]
becomes a particular case of the present paper.

The paper is arrange as follows. In Section 2, we transform our problem into the correct functional
setting and state the needed assumptions. In Section 3, we provide some needed lemmas for the main
result. In Section 4, we establish the main stability result. Throughout this paper, c and ci, i = 1, 2, · · · ,
are positive constants, which are not necessarily the same from line to line.

2. Problem transformation and conditions

In this section, we define a new function and impose some conditions on the given functions. Using
similar definition as in [18], we define a new function as follows:

u(x, z, t) = ψt(x, t − σ(t)z), for (x, z, t) ∈ [0, L] × [0, 1] × [0,∞[. (2.1)

Simple implicit differentiation gives

σ(t)ut(x, z, t) + (1 − σ′(t)z)uz(x, z, t) = 0. (2.2)

Therefore, system (1.1) becomes
ϕtt − ϕxx + λψ + δ(θx + τθxt) = 0, in [0, L] × R+,

ψtt − ψxx + λϕ + b(t)
[
α1 f1(ψt) + α2 f2(u(x, 1, t))

]
= 0, in [0, L] × R+,

ρ(θt + τθtt) − κθxx + βϕxt = 0, in [0, L] × R+,

σ(t)ut(x, z, t) + (1 − σ′(t)z)uz(x, z, t) = 0, in [0, L] × [0, 1] × R+

(2.3)
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subjected to the boundary conditions
ϕ(0, t) = ϕ(L, t) = ψ(0, t) = ψ(L, t) = 0, in [0,∞[,
θx(0, t) = θx(L, t) = 0, in [0,∞[,
u(x, 0, t) = ψt(x, t), in [0, L] × [0,∞[,

(2.4)

and initial data
ϕ(x, 0) = ϕ0(x), ϕt(x, 0) = ϕ1(x), in [0, L],
ψ(x, 0) = ψ0(x), ψt(x, 0) = ψ1(x), in [0, L],
θ(x, 0) = θ0(x), θt(x, 0) = θ1(x), in [0, L],
u(x, z, 0) = ψt(x,−σ(0)) = g0(x,−σ(0)z), in [0, L] × [0, 1].

(2.5)

For the nonlinear time-varying damping coefficient b, nonlinear functions f1 and f2, and the time-
varying feedback σ, we assume the following conditions, see [17,18], where similar assumptions have
been used.

(P1) : b : [0,+∞) −→ (0,+∞) is a decreasing C1−function and there exists a positive constant c
such that

|b′(t)| ≤ cb(t),
∫ +∞

0
b(t)dt = +∞. (2.6)

(P2) : f1 : R −→ R is a non-decreasing continuous function and there exist positive constants c1, c2, ζ

and a convex, non-decreasing function L ∈ C1([0,+∞))∩C2((0,+∞)) satisfying L(0) = 0 or L is a
strictly nonlinear convex C2−function on [0, ζ] such that L′(0), L′′ > 0 and satisfies the following:

s2 + f 2
1 (s) ≤ L−1(s f1(s)), for all |s| ≤ ζ, (2.7)

c1s2 ≤ s f1(s) ≤ c2s2, for all |s| ≥ ζ. (2.8)

f2 : R −→ R is an increasing and odd C1− function such that for some positive constants c3, η1, η2,

| f ′2(s)| ≤ c3, (2.9)
η1(s f2(s)) ≤ F(s) ≤ η2(s f1(s)), (2.10)

with
F(s) =

∫ s

0
f2(y)dy. (2.11)

(P3) : There exist σ0, σ1 > 0 such that

0 < σ0 ≤ σ(t) ≤ σ1, ∀ t > 0, (2.12)

σ ∈ W2,∞(0,T ), ∀T > 0, (2.13)

σ′(t) ≤ d < 1, ∀ t > 0. (2.14)

(P4) : The damping coefficients satisfy

α2η2(1 − dη1) < η1(1 − d)α1. (2.15)
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Remark 2.1. On account of the monotonicity of f2 and thanks to the mean value theorem for integrals,
we have

F(s) =

∫ s

0
f2(y)dy < s f2(s). (2.16)

Therefore, due to (2.10), we get that η1 < 1.

For completeness, we define the following Sobolev spaces:

L2
?([0, L]) = {w ∈ L2(0, L) :

∫ L

0
w(x)dx = 0} and H1

∗ (0, L) = H1(0, L) ∩ L2
?([0, L]),

H2
?([0, L]) = {w ∈ H2([0, L]) : wx(0) = wx(L) = 0},

H =
[
H1

0([0, L]) × L2([0, L]L)
]2
× H1

?([0, L]) × L2
?([0, L]),

H1 =
[
H2([0, L]) ∩ H1

0([0, L]) × H1
0([0, L])

]2
× H2

?([0, L]) ∩ H1
∗ ([0, L]) × H1

∗ ([0, L]).

The existence and uniqueness result for problems (1.1)–(1.3) is given below.

Theorem 2.1. Let

(ϕ0, ψ0, θ0) ∈ H2([0, L]) ∩ H1
0([0, L]) × H2([0, L]) ∩ H1

0(0, L) × H2
?([0, L]) ∩ H1

∗ ([0, L]),

(ϕ1, ψ1, θ1) ∈ H1
0(0, L) × H1

0(0, L) × H1
∗ ([0, L]), g0(.,−σ(0)) ∈ H1

0

(
[0, L]; H1([0, L])

)
be given such that the compatibility condition g0(., 0) = ψ1 holds. Suppose conditions (P1)–(P4) hold.
Then, problems (1.1)–(1.3) have a unique global weak solution in the class

ϕ, ψ ∈ L∞
(
[0,+∞); H2(0, L) ∩ H1

0([0, L])
)
, ϕt, ψt ∈ L∞

(
[0,+∞); H1

0([0, L])
)
,

ϕtt, ψtt ∈ L∞
(
(0,+∞); L2([0, L])

)
,

θ ∈ L∞
(
[0,+∞); H2

?([0, L]) ∩ H1
∗ ([0, L])

)
, θt ∈ L∞

(
[0,+∞); H1

∗ ([0, L])
)
,

θtt ∈ L∞
(
(0,+∞); L2

∗([0, L])
)
.

The result in Theorem 2.1 can be proof thanks to the Faedo-Galerkin approximation method, see
(Theorem 2.1, [19]). To define the energy functional of our problem, we consider the positive number
µ̄ such that

α2(1 − η1)
η1(1 − d)

< µ̄ <
α1 − α2η2

η2
(2.17)

and set
µ(t) = µ̄b(t).

The continuous energy functional of systems (2.3)–(2.5) is given by

E(t) =
1
2

∫ 1

0

[
ϕ2

t + ψ2
t + ϕ2

x + ψ2
x + 2λϕψ +

ρδ

β
(θ + τθt)2 +

κτδ

β
θ2

x

]
dx

+ µ(t)σ(t)
∫ L

0

∫ 1

0
F(u(x, z, t))dzdx,

(2.18)

where F is the function defined in (2.11).
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Remark 2.2. Using Young’s and Poincaré’s inequalities, we have

λ

∫ L

0
ϕψdx ≥ −

λcp

2

∫ L

0
ϕ2

xdx −
λcp

2

∫ L

0
ψ2

xdx. (2.19)

It follows from (2.18) that

E(t) ≥
1
2

∫ L

0

[
ϕ2

t + ψ2
t + (1 − λcp)

(
ϕ2

x + ψ2
x

)
+
ρδ

β
(θ + τθt)2 +

κτδ

β
θ2

x

]
dx

+ µ(t)σ(t)
∫ L

0

∫ 1

0
F(u(x, z, t))dzdx,

(2.20)

for any positive λ satisfying (1 − λcp) > 0.

3. Needed lemmas

In this section, we provide needed lemmas that are crucial in establishing the main stability result.

Lemma 3.1. Under the assumptions of Theorem 2.1, the energy functional (2.18) satisfies

dE(t)
dt
≤ −

κδ

β

∫ L

0
θ2

xdx − b(t)
[
α1 − µ̄η2 − α2η2

] ∫ L

0
ψt f1(ψt)dx

− b(t)
[
µ̄(1 − σ′(t))η1 − α2(1 − η1)

] ∫ L

0
u(x, 1, t) f2(u(x, 1, t))dx

≤ 0, ∀ t ≥ 0.

(3.1)

Proof. We begin by multiplying (2.3)1 by ϕt, (2.3)2 by ψt, and (2.3)3 by
δ

β
(θ + τθt), Integrating the

resulting outcome over [0, L], using integration by parts and the boundary conditions (2.4), we arrive at

1
2

d
dt

∫ L

0

[
ϕ2

t + ϕ2
x

]
dx + λ

∫ L

0
ψϕtdx − δ

∫ L

0
(θ + τθt)ϕxtdx = 0, (3.2)

1
2

d
dt

∫ L

0

[
ψ2

t + ψ2
x + λ(ϕ − u)2

]
dx + λ

∫ L

0
ϕψtdx

+ α1b(t)
∫ L

0
ψt f1(ψt)dx + α2b(t)

∫ 1

0
ψt f2(u(x, 1, t))dx = 0, (3.3)

1
2

d
dt

∫ L

0

[
ρδ

β
(θ + τθ)2 +

κτδ

β
θ2

x

]
dx +

κδ

β

∫ L

0
θ2

xdx + δ

∫ L

0
(θ + τθt)ϕxtdx = 0. (3.4)

Adding (3.2)–(3.4), we obtain

1
2

d
dt

∫ 1

0

[
ϕ2

t + ψ2
t + ϕ2

x + ψ2
x + 2λϕψ +

ρδ

β
(θ + τθt)2 +

κτδ

β
θ2

x

]
dx

= − α1b(t)
∫ L

0
ψt f1(ψt)dx − α2b(t)

∫ 1

0
ψt f2(u(x, 1, t))dx −

κδ

β

∫ L

0
θ2

xdx.
(3.5)
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Next, multiplying equation (2.3)4 by µ(t) f2(u(x, z, t)) and integrating the outcome over [0, L] × [0, 1],
we get

µ(t)σ(t)
∫ L

0

∫ 1

0
ut(x, z, t) f2(u(x, z, t))dzdx

+ µ(t)
∫ L

0

∫ 1

0
(1 − σ′(t)z)uz(x, z, t) f2(u(x, z, t))dzdx = 0.

(3.6)

It follows from (2.11) that

∂

∂z
[F(u(x, z, t))] = uz(x, z, t) f2(u(x, z, t)). (3.7)

Thus, Eq (3.6) leads to

µ(t)σ(t)
∫ L

0

∫ 1

0
ut(x, z, t) f2(u(x, z, t))dzdx

= −µ(t)
∫ L

0

∫ 1

0
(1 − σ′(t)z)

∂

∂z
[F(u(x, z, t))] dzdx

(3.8)

from which we get

d
dt

(
µ(t)σ(t)

∫ L

0

∫ 1

0
F(u(x, z, t))dzdx

)
= − µ(t)

∫ L

0

∫ 1

0

∂

∂z
[
(1 − σ′(t)z)F(u(x, z, t))

]
dzdx + µ′(t)σ(t)

∫ L

0

∫ 1

0
F(u(x, z, t))dzdx

= µ(t)
∫ L

0
(F(u(x, 0, t)) − F(u(x, 1, t))) dx + µ(t)σ′(t)

∫ L

0
F(u(x, 1, t))dx

+ µ′(t)σ(t)
∫ L

0

∫ 1

0
F(u(x, z, t))dzdx

= µ(t)
∫ L

0
F(ψt(x, t))dx − µ(t)(1 − σ′(t))

∫ 1

0
F(u(x, 1, t)dx

+ µ′(t)σ(t)
∫ L

0

∫ 1

0
F(u(x, z, t))dzdx.

(3.9)

Recalling (2.18), and summing Eqs (3.5) and (3.9), we arrive at

dE(t)
dt

= − α1b(t)
∫ L

0
ψt f1(ψt)dx − α2b(t)

∫ 1

0
ψt f2(u(x, 1, t))dx −

κδ

β

∫ L

0
θ2

xdx

+ µ(t)
∫ L

0
F(ψt(x, t))dx − µ(t)(1 − σ′(t))

∫ 1

0
F(u(x, 1, t)dx

+ µ′(t)σ(t)
∫ L

0

∫ 1

0
F(u(x, z, t))dzdx.

(3.10)
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Using assumptions (P1) and (2.10), it follows that

dE(t)
dt
≤ − (α1b(t) − µ(t)α2)

∫ L

0
ψt f1(ψt)dx − α2b(t)

∫ L

0
ψt f2(u(x, 1, t))dx

− µ(t)(1 − σ′(t))
∫ L

0
F(u(x, 1, t))dx −

κδ

β

∫ L

0
θ2

xdx.
(3.11)

At this stage, we consider the convex conjugate of the function F defined by

F∗(t) = t(F′)−1(t) − F((F′)−1(t)), ∀ t ≥ 0 (3.12)

satisfying the generalized Young inequality, see [20]:

XY ≤ F∗(X) + F(Y), ∀X,Y > 0. (3.13)

Using the definition of F and (2.10), we obtain

F∗(t) = t f −1
2 (t) − F( f −1

2 (t)), ∀ t ≥ 0. (3.14)

Thus, on account of (2.10) and (3.14), we have

F∗( f2(u(x, 1, t))) = u(x, 1, t) f2(u(x, 1, t)) − F(u(x, 1, t))
≤ (1 − η1)u(x, 1, t) f2(u(x, 1, t)).

(3.15)

On account of (3.13) and (3.15), it follows from (3.11) that

dE(t)
dt
≤ − (α1b(t) − µ(t)α2)

∫ L

0
ψt f1(ψt)dx − α2b(t)

∫ L

0
ψt f2(u(x, 1, t))dx

− µ(t)(1 − σ′(t))
∫ L

0
F(u(x, 1, t)dx −

κδ

β

∫ L

0
θ2

xdx

≤ − (α1b(t) − µ(t)η2)
∫ L

0
ψt f1(ψt)dx + α2b(t)η2

∫ L

0
ψt f1(ψt)dx

+ α2b(t)(1 − η1)
∫ L

0
u(x, 1, t) f2(u(x, 1, t))dx

− µ(t)(1 − σ′(t))
∫ L

0
F(u(x, 1, t)dx −

κδ

β

∫ L

0
θ2

xdx

≤ − (α1b(t) − µ(t)η2 − α2b(t)η2)
∫ L

0
ψt f1(ψt)dx

−
(
µ(t)(1 − σ′(t))η1 − α2b(t)(1 − η1)

) ∫ L

0
u(x, 1, t) f2(u(x, 1, t))dx

−
κδ

β

∫ L

0
θ2

xdx.

(3.16)

Since µ(t) = µ̄b(t), the inequality in (3.16) becomes

dE(t)
dt
≤ −

κδ

β

∫ L

0
θ2

xdx − b(t)
[
α1 − µ̄η2 − α2η2

] ∫ L

0
ψt f1(ψt)dx

− b(t)
[
µ̄(1 − σ′(t))η1 − α2(1 − η1)

] ∫ L

0
u(x, 1, t) f2(u(x, 1, t))dx.

(3.17)

On account of (2.14) and (2.17), we obtain (3.1). This completes the proof.
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Lemma 3.2. Let W = (ϕ, ψ, θ, u) be the solution of systems (2.3)–(2.5) in Theorem 2.1, then the
functional G1, defined by

G1(t) := ρ

∫ L

0
ϕt

∫ x

0
(θ(y, t) + τθt(y, t)) dydx,

satisfies, for any positive ε1 and ε2, the estimate

G′1(t) ≤ −
β

2

∫ L

0
ϕ2

t dx + ε1

∫ L

0
ϕ2

xdx + ε2

∫ L

0
ψ2

xdx + c
∫ L

0
θ2

xdx

+ c
(
1 +

1
ε1

+
1
ε2

) ∫ L

0
(θ + τθt)2dx, ∀t ≥ 0.

(3.18)

Proof. Differentiation of G1 with respect to t, using (2.3)1, (2.3)3, integration by parts, and exploiting
the boundary conditions (2.4), we have

G′1(t) = ρ

∫ L

0
ϕtt

∫ x

0
(θ(y, t) + τθt(y, t)) dydx + ρ

∫ L

0
ϕt

∫ x

0
(θt(y, t) + τθtt(y, t)) dydx

= ρ

∫ L

0

[
ϕxx − λψ − δ(θx + τθxt)

] ∫ x

0
(θ(y, t) + τθt(y, t)) dydx

+

∫ L

0
ϕt

∫ x

0

(
κθyy(y, t) − βϕty(y, t)

)
dydx

= − β

∫ L

0
ϕ2

t dx + κ

∫ L

0
ϕtθxdx − ρ

∫ L

0
ϕx(θ + τθt)dx

− ρλ

∫ L

0
ψ

∫ x

0
(θ(y, t) + τθt(y, t)) dydx + ρδ

∫ L

0
(θ + τθt)2dx.

(3.19)

Applying Cauchy-Schwarz, Young and Poincaré inequalities, we obtain

κ

∫ L

0
ϕtθxdx ≤

β

2

∫ L

0
ϕ2

t dx +
κ2

2β2

∫ L

0
θ2

xdx,

− ρ

∫ L

0
ϕx(θ + τθt)dx ≤ ε1

∫ L

0
ϕ2

xdx +
ρ2

4ε1

∫ L

0
(θ + τθt)2dx, ∀ε1 > 0,

− ρλ

∫ L

0
ψ

∫ x

0
(θ(y, t) + τθt(y, t)) dydx

≤ ε2

∫ L

0
ψ2

xdx +
(ρλ)2c2

p

4ε2

∫ L

0
(θ + τθt)2dx, ∀ε2 > 0.

(3.20)

Substituting the estimates in (3.20) into (3.22) leads to (3.18). This completes the proof.

Lemma 3.3. Let W = (ϕ, ψ, θ, u) be the solution of systems (2.3)–(2.5) in Theorem 2.1, then the
functional G2, defined by

G2(t) := −τρ
∫ L

0
θ (θ + τθt) dx,

satisfies, for any positive ε3, the estimate

G′2(t) ≤ −
ρ

2

∫ L

0
(θ + τθt)2 dx + ε3

∫ L

0
ϕ2

t dx + c
(
1 +

1
ε3

) ∫ L

0
θ2

xdx, ∀t ≥ 0. (3.21)
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Proof. Differentiating G2 with respect to t, using (2.3)3 and integrating by parts, and exploiting the
boundary conditions (2.4), we have

G′2(t) = − τρ

∫ L

0
θt (θ + τθt) dx − τρ

∫ L

0
θ (θt + τθtt) dx

= − ρ

∫ L

0
(θ + τθt − θ) (θ + τθt) dx + τ

∫ L

0
θ (−κθxx + βϕxt) dx

= − ρ

∫ L

0
(θ + τθt)2 dx + ρ

∫ L

0
θ(θ + τθt)dx + κτ

∫ L

0
θ2

xdx − βτ
∫ L

0
ϕtθxdx.

(3.22)

Making use of Young and Poincaré inequalities, we get, for any ε3 > 0,

G′2(t) ≤ −
ρ

2

∫ L

0
(θ + τθt)2 dx +

ρcp

2

∫ L

0
θ2

xdx + κτ

∫ L

0
θ2

xdx

+ ε3

∫ L

0
ϕ2

t dx +
β2τ2

4ε3

∫ L

0
θ2

x

= −
ρ

2

∫ L

0
(θ + τθt)2 dx + ε3

∫ L

0
ϕ2

t dx + c
(
1 +

1
ε3

) ∫ L

0
θ2

xdx.

This completes the proof.

Lemma 3.4. Let W = (ϕ, ψ, θ, u) be the solution of systems (2.3)–(2.5) in Theorem 2.1, then the
functional G3, defined by

G3(t) :=
∫ L

0
(ϕϕt + ψψt) dx,

satisfies the estimate

G′3(t) ≤ −
∫ L

0

(
1
2
ϕ2

x +
1
2
ψ2

x + 2λϕψ
)

dx +

∫ L

0

(
ϕ2

t + ψ2
t

)
dx

+ c
∫ L

0
(θ + τθt)2 dx + c

∫ L

0
| f1(ψt)|2dx + c

∫ L

0
| f2(u(x, 1, t))|2dx, ∀ t ≥ 0.

(3.23)

Proof. Differentiating G3 with respect to t, using (2.3)1, (2.3)2, then integration by parts, and boundary
conditions (2.4), we have

G′3(t) =

∫ L

0

(
ϕ2

t + ψ2
t

)
dx +

∫ L

0
(ϕϕtt + ψψtt) dx

=

∫ L

0

(
ϕ2

t + ψ2
t

)
dx +

∫ L

0
ϕ
[
ϕxx − λψ − δ(θx + τθxt)

]
dx

+

∫ L

0
ψ

[
ψxx − λϕ − α1b(t) f1(ψt) − α2b(t) f2(u(x, 1, t))

]
dx

= −

∫ L

0

(
ϕ2

x + 2λϕψ + ψ2
x

)
dx +

∫ L

0

(
ϕ2

t + ψ2
t

)
dx + δ

∫ L

0
ϕx(θ + τθt)dx

− α1b(t)
∫ L

0
ψ f1(ψt)dx − α2b(t)

∫ L

0
ψ f2(u(x, 1, t))dx.

(3.24)
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Now, using condition (P1), and Young’s and Poincaré’s inequalities, we obtain

δ

∫ L

0
ϕx(θ + τθt)dx ≤

1
2

∫ L

0
ϕ2

xdx +
δ2

2

∫ L

0
(θ + τθt)2 dx,

− α1b(t)
∫ L

0
ψ f1(ψt)dx ≤

1
4

∫ L

0
ψ2

xdx +
3b2(0)c2

pα
2
1

4

∫ L

0
f1(ψt)|2dx,

− α2b(t)
∫ L

0
ψ f2(u(x, 1, t))dx ≤

1
4

∫ L

0
ψ2

xdx +
3b2(0)c2

pα
2
2

4

∫ L

0
| f2(u(x, 1, t))|2dx.

(3.25)

Substituting (3.25) into (3.24) leads to (3.23). This completes the proof.

Lemma 3.5. Let W = (ϕ, ψ, θ, u) be the solution of systems (2.3)–(2.5) in Theorem 2.1, then
the functional

G4(t) := µ̄σ(t)
∫ L

0

∫ 1

0
e−2σ(t)zF(u(x, z, t))dzdx,

satisfies the estimate

G′4(t) ≤ − 2G4(t) +
µ̄η2

2

∫ L

0

(
ψ2

t + | f1(ψt)|2
)

dx, ∀ t ≥ 0. (3.26)

Proof. Differentiating G4, we get

G′4(t) = µ̄σ′(t)
∫ L

0

∫ 1

0
e−2σ(t)zF(u(x, z, t))dzdx

− 2µ̄σ(t)σ′(t)
∫ L

0

∫ 1

0
ze−2σ(t)zF(u(x, z, t))dzdx

+ µ̄σ(t)
∫ L

0

∫ 1

0
e−2σ(t)zut(x, z, t) f2(u(x, z, t))dzdx.

(3.27)

From Eq (2.3)4, the last term on the right hand-side of (3.26) can be express as follows:
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µ̄σ(t)
∫ L

0

∫ 1

0
e−2σ(t)zut(x, z, t) f2(u(x, z, t))dzdx

= µ̄

∫ L

0

∫ 1

0
e−2σ(t)z (σ′(t)z − 1

)
uz(x, z, t) f2(u(x, z, t))dzdx

= µ̄

∫ L

0

∫ 1

0

∂

∂z

[
e−2σ(t)z (σ′(t)z − 1

)
F(u(x, z, t))

]
dzdx

+ 2µ̄σ(t)
∫ L

0

∫ 1

0
e−2σ(t)z (σ′(t)z − 1

)
F(u(x, z, t))dzdx

− µ̄σ′(t)
∫ L

0

∫ 1

0
e−2σ(t)zF(u(x, z, t))dzdx

= − µ̄(1 − σ′(t))e−2σ(t)
∫ L

0
F(u(x, 1, t))dx +

∫ L

0
F(ψt)dx

+ 2µ̄σ(t)
∫ L

0

∫ 1

0
e−2σ(t)z (σ′(t)z − 1

)
F(u(x, z, t))dzdx

− µ̄σ′(t)
∫ L

0

∫ 1

0
e−2σ(t)zF(u(x, z, t))dzdx.

(3.28)

The substitution of (3.28) into (3.27) leads to

G′4(t) = − 2µ̄σ(t)
∫ L

0

∫ 1

0
e−2σ(t)zF(u(x, z, t))dzdx + µ̄

∫ L

0
F(ψt)dx

− µ̄(1 − σ′(t))e−2σ(t)
∫ L

0
F(u(x, 1, t))dx.

(3.29)

On account of assumptions (2.10), (2.14) and Young’s inequality, we obtain (3.26). This completes
the proof.

Lemma 3.6. Let W = (ϕ, ψ, θ, u) be the solution of system (2.3)–(2.5) in Theorem 2.1. Then, for some
positive numbers n, n1, n2 to be specified, the Lyapunov functional Q, defined by

Q(t) := nE(t) + n1G1(t) + n2G2(t) + G3(t) + G4(t), (3.30)

satisfies

a1E(t) ≤ Q(t) ≤ a2E(t), ∀t ≥ 0 (3.31)

and

Q′(t) ≤ −γE(t) + c
∫ L

0
(ψ2

t + | f1(ψt)|2)dx + c
∫ L

0
| f2(u(x, 1, t))|2dx, ∀t ≥ 0, (3.32)

for some positive constants a1, a2, γ.
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Proof. Thanks to Cauchy-Schwarz’s, Young’s and Poincaré’s inequalities, we obtain

|Q(t) − nE(t)| ≤ n1ρ

∫ L

0

∣∣∣∣∣ϕt

∫ x

0
(θ(y, t) + τθt(y, t)) dy

∣∣∣∣∣ dx + n2τρ

∫ L

0
|θ (θ + τθt)| dx

+

∫ L

0
|(ϕϕt + ψψt)| dx + µ̄σ(t)

∫ L

0

∣∣∣∣∣∣
∫ 1

0
e−2σ(t)zF(u(x, z, t))dz

∣∣∣∣∣∣ dx

+ λ

∫ L

0
ϕψdx − λ

∫ L

0
ϕψdx

≤
n1ρ + 1

2

∫ L

0
ϕ2

t dx +
1
2

∫ L

0
ψ2

t dx + cp

∫ L

0
ϕ2

xdx + cp

∫ L

0
ψ2

xdx

λ

∫ L

0
ϕψdx +

n1ρ + n2τρ

2

∫ L

0
(θ + τθt)2 dx +

n2τρcp

2

∫ L

0
θ2

xdx

+ µ̄σ(t)
∫ L

0

∫ 1

0
F(u(x, z, t))dzdx.

(3.33)

From (3.33), we get

|Q(t) − nE(t)| ≤ n0E(t), (3.34)

for some positive consatant no. Thus for n large enough such that

a1 = n − n0 > 0, a2 = n + n0 > 0, (3.35)

we arrive at (4.15). Next on account of Lemmas 3.1–3.5, we have

Q′(t) ≤ −
[
n1
β

2
− n2ε3 − 1

] ∫ L

0
ϕ2

t dx −
∫ L

0
ψ2

t dx −
[1
2
− n1ε1

] ∫ L

0
ϕ2

xdx

−

[1
2
− n1ε2

] ∫ L

0
ψ2

xdx − 2λ
∫ L

0
ϕψdx

−

[
n2
ρ

2
− cn1

(
1 +

1
ε1

+
1
ε2

)
− c

] ∫ L

0
(θ + τθt)2 dx

−

[
κδ

β
n − cn1 − cn2

(
1 +

1
ε3

) ] ∫ L

0
θ2

xdx

−
2e−2σ1

b(0)
µ(t)σ(t)

∫ L

0

∫ 1

0
F(u(x, z, t))dzdx +

[
2 +

µ̄η2

2

] ∫ L

0
ψ2

t dx

+

[
c +

µ̄η2

2

] ∫ L

0
| f1(ψt)|2dx + c

∫ 1

0
| f2(u(x, 1, t))|2dx.

Choosing

ε1 = ε2 =
1

4n1
, ε3 =

n1β

4n2
,
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we arrive at

Q′(t) ≤ −
[
n1
β

4
− 1

] ∫ L

0
ϕ2

t dx −
∫ L

0
ψ2

t dx −
1
4

∫ L

0
ϕ2

xdx −
1
4

∫ L

0
ψ2

xdx

− 2λ
∫ L

0
ϕψdx −

[
n2
ρ

2
− cn1 (1 + 8n1) − c

] ∫ L

0
(θ + τθt)2 dx

−

[
κδ

β
n − cn1 − cn2

(
1 +

4n2

n1β

) ] ∫ L

0
θ2

xdx

−
2e−2σ1

b(0)
µ(t)σ(t)

∫ L

0

∫ 1

0
F(u(x, z, t))dzdx +

[
2 +

µ̄η2

2

] ∫ L

0
ψ2

t dx

+

[
c +

µ̄η2

2

] ∫ L

0
| f1(ψt)|2dx + c

∫ 1

0
| f2(u(x, 1, t))|2dx.

(3.36)

Next, we select n1 large such that [
n1
β

4
− 1

]
> 0,

follow by choosing n2 very large such that[
n2
ρ

2
− cn1 (1 + 8n1) − c

]
> 0.

Finally, we choose n even larger such that (3.31) remains true and[
κδ

β
n − cn1 − cn2

(
1 +

4n2

n1β

) ]
> 0.

Thus, recalling (2.18), it follows from (3.36) that

Q′(t) ≤ −γE(t) + c
∫ L

0
(ψ2

t + | f1(ψt)|2)dx + c
∫ L

0
| f2(u(x, 1, t))|2dx, ∀t ≥ 0, (3.37)

for some constant γ > 0. This completes the proof.

4. Stability result

Now, we are ready to establish the main stability result of this paper.

Theorem 4.1. Let W = (ϕ, ψ, θ, u) be the solution of systems (2.3)–(2.5) in Theorem 2.1 and suppose
conditions (P1)–(P4) hold. Then, the energy functional (2.18) satisfies

E(t) ≤ γ1L−1
1

(
γ2

∫ t

0
b(s)ds + γ3

)
, t ≥ 0, (4.1)

for some positive constants γ1, γ2, γ3, and ζ0, with

L1(t) =

∫ 1

t

1
L0(s)

ds and L0(t) = tL′(ζ0t).
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Proof. The proof is divide into two parts:
Part I: L is linear. On account of condition (P2), we have

c1|s| ≤ | f1(s)| ≤ c2|s|, ∀s ∈ R.

It follows that

f 2
1 (s) ≤ c2s f1(s), ∀s ∈ R. (4.2)

Thus, by multiplying (3.32) with b(t) and recalling (3.1) and (4.2), we obtain

b(t)Q′(t) ≤ − γb(t)E(t) + cb(t)
∫ L

0
ψt f1(ψt)dx + cb(t)

∫ L

0
u(x, 1, t) f2(u(x, 1, t))dx

≤ − γb(t)E(t) − cE′(t), ∀t ≥ 0.

By exploiting condition (P2) again and the equivalent relation (3.31), it follows that

Q0(t) := b(t)Q(t) + cE(t) ∼ E(t), (4.3)

and Q0 satisfies
Q′0(t) ≤ −δ1b(t)Q0(t), ∀t ≥ 0, (4.4)

for some positive constant δ1. By integrating the estimate (4.4) over (0, t), using (4.3), we get

E(t) ≤ γ1 exp
(
−γ2

∫ t

0
b(s)ds

)
= γ1L−1

1

(
γ2

∫ t

0
b(s)ds

)
, ∀t ≥ 0. (4.5)

Part II: L is nonlinear on [0, ζ]. Using similar ideas as in [21], we choose 0 < ζ1 ≤ ζ such that

s f1(s) ≤ min {ζ, L(ζ)} , ∀|s| ≤ ζ1. (4.6)

Thus using assumption (P2) and the continuity of f1 such that | f1(s)| > 0, for s , 0, we obtains2 + f 2
1 (s) ≤ L−1(s f1(s)), ∀|s| ≤ ζ1,

c′1|s| ≤ | f1(s)| ≤ c′2|s|, ∀|s| ≥ ζ1.
(4.7)

Next, we define the following partitions:

J1 = {x ∈ [0, L] : |ψt| ≤ ζ1} , J2 = {x ∈ [0, L] : |ψt| > ζ1} ,

J̃1 = {x ∈ [0, L] : |u(x, 1, t)| ≤ ζ1} , J̃2 = {x ∈][0, L] : |u(x, 1, t)| > ζ1}

and the function g, defined by

g(t) =

∫
J1

ψt f1(ψt)dx.

On account that L−1 is concave (as L is convex) and using Jensen’s inequality for nonlinear functions,
it follows that

L−1(g(t)) ≥ c
∫

J1

L−1 (ψt f1(ψt)) dx. (4.8)
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Now, multiplying the inequality (3.32) by b(t), we get

b(t)Q′(t) ≤ −γb(t)E(t) + cb(t)
∫ L

0
(ψ2

t + | f1(ψt)|2)dx + cb(t)
∫ L

0
| f2(u(x, 1, t))|2dx, ∀t ≥ 0. (4.9)

Using (4.7) and (4.8), we have

b(t)
∫ L

0
(ψ2

t + | f1(ψt)|2)dx = b(t)
∫

J1

(
ψ2

t + f 2
1 (ψt)

)
dx + b(t)

∫
J2

(
ψ2

t + f 2
1 (ψt)

)
dx

≤ b(t)
∫

J1

L−1 (ψt f1(ψt)) dx + cb(t)
∫

J2

ψt f1(ψt)dx

≤ cb(t)L−1(g(t)) − cE′(t), (4.10)

and

cb(t)
∫ L

0
| f2(u(x, 1, t))|2dx

= b(t)
∫

J̄1

| f2(u(x, 1, t))|2dx + b(t)
∫

J̄2

| f2(u(x, 1, t))|2dx

≤ cb(t)
∫

J̄1

u(x, 1, t) f2(u(x, 1, t))dx + cb(t)
∫

J̄2

u(x, 1, t) f2(u(x, 1, t))dx

≤ −cE′(t).

(4.11)

On account of (4.9)–(4.11), it follows that

b(t)Q′(t) + cE′(t) ≤ −γb(t)E(t) + cb(t)L−1(g(t)). (4.12)

Let Q1(t) = b(t)L(t) + cE(t), using assumption (P1), it follows that

Q′1(t) ≤ −γb(t)E(t) + cb(t)L−1(g(t)), (4.13)

and
Q1 ∼ E by virtue of (3.31). (4.14)

Also, let ζ0 < r and γ0 > 0 be constants to be chosen later and set

Q2(t) := L′
(
ζ0

E(t)
E(0)

)
Q1(t) + γ0E(t).

Then, using (4.13), the fact that E is decreasing (E′ ≤ 0), and L′ > 0, L′′ > 0 on (0, ζ], the functional
Q2, satisfies

$1Q2(t) ≤ E(t) ≤ $2Q2(t) (4.15)

for some positive constants $1, $2 and, we have

Q′2(t) = ζ0
E′(t)
E(0)

L′′
(
ζ0

E(t)
E(0)

)
Q1(t) + L′

(
ζ0

E(t)
E(0)

)
Q′1(t) + γ0E′(t)

≤ − γb(t)E(t)L′
(
ζ0

E(t)
E(0)

)
+ cb(t)L′

(
ζ0

E(t)
E(0)

)
L−1 (g(t))︸                            ︷︷                            ︸

G5

+γ0E′(t). (4.16)
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Next, we estimate the term G5 in (4.16) above. For this, we define the convex conjugate of L denoted
by L∗ as follows:

L∗(s) = s(L′)−1(s) − L[(L′)−1(s)] ≤ s(L′)−1(s), if s ∈ (0, L′(ζ)] (4.17)

and satisfies the generalized Young inequality

AB ≤ L∗(A) + L(B), if A ∈ (0, L′(ζ)], B ∈ (0, ζ]. (4.18)

We set A = L′
(
ζ0

E(t)
E(0)

)
and B = L−1 (g(t)) , and keeping in mind Lemma 3.1 and condition (4.6),

then (4.16)–(4.18) lead to

Q′2(t) ≤ − γb(t)E(t)L′
(
ζ0

E(t)
E(0)

)
+ cb(t)

[
L∗

(
L′

(
ζ0

E(t)
E(0)

))
+ L

(
L−1 (g(t))

)]
+ γ0E′(t)

= − γb(t)E(t)L′
(
ζ0

E(t)
E(0)

)
+ cb(t)L∗

(
L′

(
ζ0

E(t)
E(0)

))
+ cb(t)g(t) + γ0E′(t)

≤ − γb(t)E(t)L′
(
ζ0

E(t)
E(0)

)
+ cζ0b(t)

(
E(t)
E(0)

)
L′

(
ζ0

E(t)
E(0)

)
− cE′(t) + γ0E′(t)

≤ − (γE(0) − cζ0)b(t)
(

E(t)
E(0)

)
L′

(
ζ0

E(t)
E(0)

)
+ (γ0 − c)E′(t).

(4.19)

Now, we choose ζ0 =
γE(0)

2c
, γ0 = 2c, and using the fact that E′(t) ≤ 0, we obtain, for some γ1 > 0

Q′2(t) ≤ − γ1b(t)
E(t)
E(0)

L′
(
ζ0

E(t)
E(0)

)
= −γ1b(t)L0

(
E(t)
E(0)

)
, (4.20)

where L0(t) = tL′(ζ0t). Base on the fact that L is strictly convex on ]0, ζ], we conclude that L0(t) >
0, L′0(t) > 0 on ]0, 1]. It follows from (4.15) and (4.20) that the functional Q3, defined by

Q3(t) =
$1Q2(t)

E(0)
,

satisfies
Q3(t) ∼ E(t) (4.21)

and
Q′3(t) ≤ −δ2b(t)L0 (Q3(t)) , (4.22)

for some γ2 > 0. Thus, we obtain
[L1 (Q3(t))]′ ≥ γ2b(t), (4.23)

where

L1(t) =

∫ 1

t

1
L0(s)

ds, t ∈ (0, 1].

By integrating (4.23) over ]0, t], recalling the properties of L0, and the fact that L1 is strictly decreasing
on ]0, 1], we arrive at

Q3(t) ≤ L−1
1

(
γ2

∫ t

0
a(s)ds + γ3

)
, ∀t ∈ R+, (4.24)

for some γ3 > 0. On account of (4.21) and (4.24), we obtain the result in (4.1). This completes
the proof.
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Examples

In this section, we give some examples to illustrate the result in (4.1).
Let

f0 ∈ C2 ([0,+∞))

be a strictly increasing function satisfying

f0(|s|) ≤ | f1(s)| ≤ f −1
0 (|s|), ∀ |s| ≤ ζ,

c1s2 ≤ s f1(s) ≤ c2s2, ∀ |s| ≥ ζ,
(4.25)

for some positive constants c1, c2, and ζ. Let

L(s) =

(√
s
2

)
f0

(√
s
2

)
, (4.26)

then L is a C2-strictly convex function on (0, ζ] and satisfies condition (P2). We give some examples
of f0 such that f1 satisfies (4.25) near 0.

i. Let f0(s) = δs, where δ > 0 is a constant. Then L(s) = δ̄s, with δ̄ =
δ

2
satisfies (P2) near 0. Using

(4.1), we obtain

E(t) ≤ γ̄ exp
(
−γ2

∫ t

0
b(s)ds

)
, ∀ t ≥ 0.

ii. Let f0(s) = e−
1
s . Then L(s) =

√ s
2e−
√

2
s satisfies (P2) near 0. On account of (4.1), we obtain

E(t) ≤ γ1

(
ln

(
γ2

∫ t

0
a(s)ds + γ3

))−2

, ∀ t ≥ 0. (4.27)

iii. Let f0(s) =
1
s

e−
1
s2 . Then L(s) = e−

2
s satisfies (P2) near 0. It follows from (4.1) that

E(t) ≤ γ1

(
ln

(
γ2

∫ t

0
b(s)ds + γ3

))−1

, ∀ t ≥ 0. (4.28)
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