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Abstract: This article study a coupled one-dimensional hyperbolic system with Lord-Shulman
thermal heat law on the first equation, and a general weak inherent damping, along with time-dependent
coefficient and time-varying delay term on the second equation. Using the multiplier method, through
a suitable Lyapunov functional, we prove a general decay stability result that encompasses both
exponential and polynomial decay estimates as special cases. This result extends and generalizes
existing findings in the literature related to the system under study.
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1. Introduction

We investigate a coupled wave problem with Lord-Shulman thermal law, a general weak inherent
damping, along with time-dependent coefficient and time-varying delay term of the form

P — Pxx T /h// +0(0, +76) =0, in [0,L] XR,,
Ui = Yox + A0 + b(@) [a1 i) + ar ot — ()] =0,  in [0,L] X Ry, (1.1)
PO, + 70,) — kO, + Pp = 0, in [0,L] XR,,
with initial data
@(x,0) = @o(x), @i(x,0) = ¢1(x), in [0,L],
¢(x’ 0) = l//()(X), wz(X, 0) = ¢1(x)7 in [07 L]’ (1 2)
0(x,0) = 0y(x), 0:(x,0) = 6,(x), in [0, L], ’

'ﬁt(X, r— O-(O)) = gO(xa r- 0-(0))5 in [Oa L] X [Oa 0-(0)]
and Dirichlet-Dirichlet-Neumann boundary conditions given by

©(0,1) = (L, t) = Y(0,1) = Y(L, 1) = 6,(0,1) = 0,(L, 1) =0, 1in [0, oo, (1.3)
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where ¢ = ¢(x, 1) and ¥ = Y(x, ) represent the displacements of two elastic membranes surfaces under
some form of elastic force, which can attracts one membrane towards the other with a coefficient of
attraction 4 > 0, such that (1 — Ac,) > 0, with ¢, the Poincaré’s constant. Also, 8 = 6(x,1) is the
temperature deviation from the reference temperature between the two membranes and the positive
constants d, 0, p, k, and 3, represent coupling coefficients which depends on the material properties.
The function b(¢) is a nonlinear weight function, @; and «, are real positive damping constants, f;
and f, are nonlinear damping functions, and 7(#) > 0 is the time-varying delay. Due to the boundary
conditions imposed on 6, the application of Poincaré’s inequality is not achievable directly. Thus
integrating equation (1.1); over [0, L], and on account of the boundary conditions (1.3), we obtain

d2 L
Tﬁ [ f(; O(x, H)dx

Solving (1.4) and using the initial data for 8 , we obtain

L L L
f O(x, dx = (l — eft)f 6,(x)dx + f Bo(x)dx.
0 0 0

L L
B(x, 1) = 1 (1 - e%’) 6,(x)dx + | Bo(x)dx|, (1.5)
L 0 0

d L
= fo Q(x,t)dx] = 0. (1.4)

Therefore, if we set

then .
f (x, H)dx = 0. (1.6)
0

Thus, we can apply Poincaré’s inequality for 6 and it is easy to verify that (¢, w,g) satisfies (1.1)—(1.3)
with initial data for 6 given by

L

L
9(x,0) = Oy(x) — % f 6o(x)dx and ,(x,0) = 6,(x) —% f 6, (x)dx.
0 0

Going forward, we work with (¢, zﬁ,g), but, we write (¢, i, 8) for simplicity. For b(f) = 0 and 7 = 0 in
system (1.1), Hizia et al. [1] considered

QO[t_(pxx+/lw+60x = 0,

lr//tt - l/’xx + /190 = O’ (17)
P8, — kb, + 0, =0,

and established the well-posedness and a polynomial stability result. For recent results with Lord-
Shulman thermal heat law, general weak internal damping, time varying coefficient, and time-varying
delay: Apalara and Almutairi [2] considered a carbon-nanotube model with Lord-Shulman thermal
heat law and established the well-posedness and exponential decay result. Raposo el at. [3] studied
a suspension bridge model with weak internal damping and proved an exponential stability result.
Mukiawa [4] considered a plate equation with time-varying delay feedback and proved a general
stability result. For more related results, we refer the reader to [5—11] and the references therein.
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For previous results without thermal damping, Alabau [12] investigated a coupled wave with only
linear damping on the first equation, namely

- Ap+AW+¢ =0,
{gp,, ®p U+ e (1.8)

Uy —AY + 29 =0,
for x € €, where Q is a bounded domain with smooth boundary in R",n > 1. The author proved
the indirect stabilization and a polynomial decay result of the system. Moreover, Santos et al. [13]

improved the polynomial decay result in [12] to the rate ' and Lobato et al. [14] further improved the
result to an optimal rate of . Recently, Guesmia et al. [15] studied

!
On +Ap — f g(t = )A"p(s)ds + Ay = 0,
0

¢t1+A¢+/l‘P:0,

(1.9)

where « € [0, 1] and proved a general decay result. We refer readers to Almeida and Santos [16] for a
polynomial decay result on system (1.9) when a = 1.

The current work, motivated by the articles in [1, 2, 17], we study the asymptotic behaviour of
solutions to the coupled one-dimensional hyperbolic system with Lord-Shulman thermal heat law on
the first equation, and a general weak inherent damping, along with time-dependent coefficients and
time-varying delay terms on the second equation given in (1.1)—(1.3). Therefore, the result in [1]
becomes a particular case of the present paper.

The paper is arrange as follows. In Section 2, we transform our problem into the correct functional
setting and state the needed assumptions. In Section 3, we provide some needed lemmas for the main
result. In Section 4, we establish the main stability result. Throughout this paper, cand ¢;, i = 1,2, -,
are positive constants, which are not necessarily the same from line to line.

2. Problem transformation and conditions

In this section, we define a new function and impose some conditions on the given functions. Using
similar definition as in [18], we define a new function as follows:

u(x,z,1) = Y(x,t — o(t)z), for (x,z,1) €[0,L] X [0, 1] X [0, ool 2.1
Simple implicit differentiation gives
o(Du(x,z, 1) + (1 — o’ (DDuz(x, z,1) = 0. (2.2)

Therefore, system (1.1) becomes

it — Prx + A+ 6(0, + 70,) = 0, in [0,L] XR,,
Wi = ae + A + b(t) [ fr(W1) + an fo(u(x, 1,1))] = 0, in [0,L] XR,, 2.3)
P(Qt +70,) — KO, +,8‘pxt =0, in [0,L] xR, ’
o(Ou(x,z,t) + (1 — o' (®)D)u,(x,z,t) = 0, in [0,L] x[0,1] xR,
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subjected to the boundary conditions

@(0,1) = o(L,1) = (0,1) = Y(L,1) = 0, in [0, oo,
0.(0,1) = 0,(L,t) =0, in [0, oof, 2.4)
u(x,0,1) = Y, (x,1), in [0, L] X [0, oo,
and initial data
@(x,0) = @o(x), ¢:i(x,0) = p1(x), in [0, L],
Y(x,0) = o(x), Yi(x,0) = ¢1(x), in [0, L], 25)
0(x,0) = 6y(x), 0,(x,0) = 6,(x), in [0, L], ’
u(x, z,0) = ¥,(x, —0(0)) = go(x, —0(0)z), in  [0,L] x[0,1].

For the nonlinear time-varying damping coefficient b, nonlinear functions f; and f,, and the time-
varying feedback o, we assume the following conditions, see [17, 18], where similar assumptions have
been used.

(P)): b : [0,400) —> (0, +0o0) is a decreasing C'—function and there exists a positive constant ¢
such that

b’ ()| < cb(t), f+°° b(t)dt = +co. (2.6)
0

(P2) : fi : R — R is a non-decreasing continuous function and there exist positive constants cy, ¢;, {
and a convex, non-decreasing function L € C'([0, +00))NC?((0, +0)) satisfying L(0) = O or Lis a
strictly nonlinear convex C?—function on [0, /] such that L'(0), L” > 0 and satisfies the following:

s* + fi(s) < L7 (sfi(s)), forallls| <¢, (2.7)

c18% < sfi(s) < cp8%, forall [s| > £. (2.8)

f>» : R — Ris an increasing and odd C' - function such that for some positive constants c3, 17,2,

159 < s, 2.9)
m(sfa(s)) < F(s) < ma(sfi(s)), (2.10)
with :
F(s) = f H)dy. (2.11)
0

(P3) : There exist 0, 0y > 0 such that
O<op<o()<oy, V>0, (2.12)
o€ W*(0,T), VT > 0, (2.13)
o <d<1,¥Yt>0. (2.14)

(P4) : The damping coeflicients satisfy
(1 —dny) <mi(1 - d)ay. (2.15)
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Remark 2.1. On account of the monotonicity of f, and thanks to the mean value theorem for integrals,
we have

F6 = [ 500y < s (2.16)
0
Therefore, due to (2.10), we get that n; < 1.

For completeness, we define the following Sobolev spaces:

L2([0,L]) = {w € L*(0,L) : f " w(x)dx = 0} and H!(0,L) = H'(0, L) n L ([0, L),
H([0, L]) = {w € H*([0, L]) :wa(()) = wy(L) = 0},
H = [H)(10. L) x L2(10, LIL)|” x HA([0, L1) x L3 (10, L),
H, = [HA([0, L1) 0 HY([0. L) x H) (10, LD] x H2([0, L1) 0 HL(0, L)) x HX([0, L.
The existence and uniqueness result for problems (1.1)—(1.3) is given below.
Theorem 2.1. Let
(0, Y0, 60) € H*([0, L]) N Hy ([0, L]) x H*([0, L]) N Hy(0, L) x H3([0, L]) N H([0, L)),
(¢1.¥1.6) € Hy(0, L) X Hy(0, L) x HX([0, L), go(.. —(0)) € Hy ([0, L]: H'(10, L]))

be given such that the compatibility condition go(.,0) = ¢ holds. Suppose conditions (Py)—(P4) hold.
Then, problems (1.1)—(1.3) have a unique global weak solution in the class

@,y € L= ([0, +00); H*(0, L) N HY(10, LD), @1, 4; € L= ([0, +00); Hy([0, L])),
i € L™ ((0, +00); L2([0, L])).
6 € L ([0, +00); Hy (10, L1) N HI(0, L1)) , 6, € L™ ([0, +o0); HL([0, L])),
O € L™ ((0, +00); L2([0, L])).
The result in Theorem 2.1 can be proof thanks to the Faedo-Galerkin approximation method, see

(Theorem 2.1, [19]). To define the energy functional of our problem, we consider the positive number
[t such that

(12(1 - 7]1) < /,_1 < ) — aolp (217)
m(l —d) 2
and set
u(t) = ab(z).
The continuous energy functional of systems (2.3)—(2.5) is given by
I 6 o
E() == f |67+ 2 + @2+ 2 + 2000 + 220+ 10,7 + =26 ux
2o F F (2.18)

Ll
+ (o (1) f f F(u(x,z,1))dzdx,

0 Jo

where F is the function defined in (2.11).
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Remark 2.2. Using Young’s and Poincaré’s inequalities, we have

f oydx > ——f gozdx— fwzdx

It follows from (2.18) that

1t S 0
E() > = f [gof Y+ (=) (@2 +2) + 20 +16) + ﬂeﬁ] dx
2 Jo B B
L pl
+ u(H)o (1) f f F(u(x,z,t)dzdx,
0o Jo
for any positive A satisfying (1 — Acp,) > 0.

3. Needed lemmas

(2.19)

(2.20)

In this section, we provide needed lemmas that are crucial in establishing the main stability result.

Lemma 3.1. Under the assumptions of Theorem 2.1, the energy functional (2.18) satisfies

dEw %9 dex b(1) (a1 — fims — s f Vo fiWdx
dt ,8
L
— b0 [(1 = o () — as(1 = m1)] fo u(x, 1,0, 1, 0)dx
<0, VvVet>0.

3.1

0
Proof. We begin by multiplying (2.3); by ¢;, (2.3), by ¥, and (2.3); by E(Q + 76,), Integrating the

resulting outcome over [0, L], using integration by parts and the boundary conditions (2.4), we arrive at

1d L s s L L
il dx+ A dx—0 0+ 16,) pdx = 0,
> dr [%+90x] X+ fowtx j;( +70,) @udx
L
Ld [¢f+¢/§+/l(go—u)2]dx+/lf oYdx
2 dt 0

L 1
+ anb(t) f U Fi () + asb(® f v falu(x, 1, D)dx = 0

1d T0
37 ; [ﬁ(9+ 9) +79

Adding (3.2)—(3.4), we obtain

1d (! 2 2 2 2 po 2 KTO
—— +y; + @ YL+ 2000 + —(0 + 10,)" + —0;|d
2dl, I:()Dt wt ()Dx wx QDW ﬁ( T t) ﬁ X:I X

L 1
== a1b(f)f Ui fi(y)dx — Cvzb(l)f Y fou(x, 1,0))dx — %‘Sf ¢dx.
0 0 0

Pe) L L
dx+ — f 62dx + 6 f (0 + 16,) pudx = 0.
ﬁ 0 0

(3.2)

(3.3)

(3.4)

(3.5)
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Next, multiplying equation (2.3), by u(?) f>(u(x, z,t)) and integrating the outcome over [0, L] X [0, 1],
we get

L 1
(o f f (5, 2 D)o, 2, 1) dzdx
0 0

Lo (3.6)
+ ,u(t)f f (1 =o' (O)u,(x,z,1) r(u(x, z,1))dzdx = 0.
0o Jo
It follows from (2.11) that
0
(9_2 [F(M(.x, <, t))] = uz(-x’ <, t)fZ(u(x’ <, t)) (37)
Thus, Eq (3.6) leads to
L
u(@)o (1) f f u(x, z, 1) fo(u(x, z, 1))dzdx
P Lo 5 (3.8)
= —pu() f f (1 =o' ()2) = [F(u(x, z,1)] dzdx
0 Jo 0z
from which we get
d L 1
— (,u(t)O'(t) f f F(u(x,z, t))dzdx)
dt 0 Jo
L rlog L
= - [ [ o 10 = o waFuz ) ded+ @) [ [ Ptz ndad
o Jo 02 0 Jo
L L
= u(r) f (F(u(x,0,1)) — F(u(x, 1, 1)) dx + u(t)o”' () f F(u(x,1,1)dx
0 0
L ol 3.9
+ U’ (t)o (1) f f F(u(x,z,t))dzdx
0o Jo
L 1
= ll(t)fo F((x, 0))dx — p(0)(1 - U'(t))fo F(u(x, 1,0)dx
L
+ u' (t)o (1) f f F(u(x,z,t))dzdx.
0o Jo
Recalling (2.18), and summing Eqgs (3.5) and (3.9), we arrive at
L 1 L
T == ab) [ wnwids- o) [ v ta- 3 [ G
! 0 0 B Jo
L 1
+ ,u(t)f F(x,1)dx — u(t)(1 — a’(t))f F(u(x, 1,t)dx (3.10)
0 0

Ll
+ ' (Do (1) f f F(u(x,z,t)dzdx.
0o Jo
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Using assumptions (P;) and (2.10), it follows that

dE(t)
dt

L L
< = (a1 b(t) — p(Naz) ﬁ Y fi(Y)dx — (1) fo Ui folulx, 1,0)dx

L <5 (L
—u(®(1 - U'(t))f Fu(x,1,6))dx — — f 9)2Cdx.
0 B Jo
At this stage, we consider the convex conjugate of the function F defined by
F(1) = t(F) ™ (t) = F(F')' (), Y12 0
satisfying the generalized Young inequality, see [20]:
XY <F'X)+ F(Y), VX, Y > 0.
Using the definition of F and (2.10), we obtain
F () =tf;'(t) — F(f;'(®), Y t = 0.
Thus, on account of (2.10) and (3.14), we have
F(fa(u(x, 1,0)) = u(x, 1,0 fo(u(x, 1,0) = F(u(x, 1,1))
< (I =noulx, 1, 1) fr(ulx, 1, 1).
On account of (3.13) and (3.15), it follows from (3.11) that

dE(?)
dt

L L
< = (a1b(?) — u(Maz) f Ui fi)dx — asb(1) f i fo(u(x, 1,10)dx
0 0
L L
—u()(1 - o' (1) f F(u(x,1,0)dx — K0 f 6% dx
0 B 0
L L
< (@ab() — (o) fo Ui + asb(Dn, fo Vo (B)dx
L
+ arb(1)(1 — nl)f u(x, 1,0 fr(u(x, 1,1)dx
‘ L K6 L
—u®( - G'(t))f Fu(x,1,Hdx — — f Gidx
0 ﬁ 0
L
< — (@1b() — (02 — (D) f Wi ()dx
0

L
= (@)1 = '@ — ab(®)(1 = 11)) f u(x, 1,0) fo(u(x, 1, 7))dx
0

0
_X szx
0
Since u(t) = fib(t), the inequality in (3.16) becomes
dE (t) _ k6
dt ﬁ

L
= b(@®) [a(1 = ()1 = ax(1 — 1)) f u(x, 1,0) fo(u(x, 1, 1))dx.
0
On account of (2.14) and (2.17), we obtain (3.1). This completes the proof.

92dx b(@) [a) — fan, — asn, f i fi(W)dx

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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Lemma 3.2. Let W = (p,¥,0,u) be the solution of systems (2.3)—(2.5) in Theorem 2.1, then the
functional G, defined by

L X
Gi(n):=p fo @ j; Oy, 1) + 10,(y, 1) dydx,

satisfies, for any positive €, and €, the estimate

L
G(t)<——f dx+elf(pxdx+efw2dx+cf Hidx
0

1
(1+—+—)f(9+ﬂ9,)2dx, Yt > 0.
€] €&/ Jo

Proof. Differentiation of G; with respect to #, using (2.3);, (2.3);, integration by parts, and exploiting
the boundary conditions (2.4), we have

(3.18)

L X L X
G =p f Pu f Oy, 1) + 76,(y, 1)) dydx + p f @ f (0, 1) + 10,(y, 1)) dydx
0 0 0 0
L X
= pf [@rx — AW — 60, + 10,,)] f Oy, 1) + 10,(y, 1)) dydx
0 0
L X
+ f @ f (k6 (v, 1) = By (3. 1)) dydx (3.19)
’ L ’ L L
=-p gp,zdx + Kf w0,dx —p f @ (0 + 16,)dx
0 0 0

L X L
- pa f W f 0y, 1) + 16,(y, 1)) dydx + pd f (0 + 76,)%dx.
0 0 0

Applying Cauchy-Schwarz, Young and Poincaré inequalities, we obtain

L L K2 L
f‘p,@dx<§f dx+ﬁf Hidx,

L 2 L
—pf 0 (0 +10,)dx < € f goidx + £ f 6+ 16)*dx, Ve >0,
0 0 de Jo (3.20)

L X
o f " f Oy, 1) + 70,0y, 1)) dydx
0

(pA)*c: L
< ezf 1,//2dx +—27" f 0+ 70,)%dx, Ve > 0.
462 0
Substituting the estimates in (3.20) into (3.22) leads to (3.18). This completes the proof.

Lemma 3.3. Let W = (¢,¥,0,u) be the solution of systems (2.3)—(2.5) in Theorem 2.1, then the
Jfunctional G,, defined by

L
Gy(1) := —Tpf 00+ 10, dx,
0

satisfies, for any positive €, the estimate

L L 1 L
G;(t)s—gf (9+T€t)2dx+e3f go,zdx+c(1+—)f 62dx, Vt>O0. (3.21)
0 0 0

€3
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Proof. Differentiating G, with respect to ¢, using (2.3); and integrating by parts, and exploiting the
boundary conditions (2.4), we have

L

L
G,(1) = — Tpf 0,0+ 10,)dx — Tpf 00, +16,)dx
0 0
L L
=—p f @+ 710, —0)(0+10,)dx + Tf 0 (kO + Lo dx (3.22)
0 0

L L L L
=—p f O+ 16,)* dx + Je, f 60 + 10,)dx + KTf Hidx - ﬁTf v0,dx.
0 0 0 0

Making use of Young and Poincaré inequalities, we get, for any € > 0,

o (* oc, [ L
Gy <—-= f O+ 76, dx + =% f 6%dx + KTf 0 dx
2 Jo 2 Jo 0
L 2.2 oL
+ & f (ptzdx + 'B—T f 9)%
0 de; Jo

o (* L 1 L
=— —f O+ 16,)* dx + €3f gotzdx + c(l + —)f Qidx.
2 Jo 0 €/ Jo

This completes the proof.

Lemma 34. Let W = (¢,¥,0,u) be the solution of systems (2.3)—(2.5) in Theorem 2.1, then the
functional G5, defined by

L
G3(1) := fo (pg: + Yy dx,

satisfies the estimate

L L
Gi(t) < — f (lcpi + lwi + 2&901#) dx + f (got2 + v,b,z) dx
0 \2 2 0
. ! . (3.23)
+ cf 0+ 76,)% dx + cf i) Pdx + cf lu(x, 1,0)dx, ¥1>0.
0 0 0

Proof. Differentiating G; with respect to ¢, using (2.3);, (2.3),, then integration by parts, and boundary
conditions (2.4), we have

Gy(1) = fo ) (7 +y7)dx + j; ) (@i + Yifrr) dx
= fOL (@7 +u7)dx + fOLso [Pre = AW = 5O, + T0,)] dx
+ fo ' Y [Yar — Ap — a1D(0) fr(Yr) — anb(t) fo(u(x, 1,1))] dx (3.24)
= - fOL(¢§ + 200 + y3) dx + fOL(gof +y7)dx + 5fOL¢x(9+ 0,)dx

L L
— a1b(1) f U fiWodx — asb(t) f U fa(uCx, 1,)dx.
0 0
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Now, using condition (P;), and Young’s and Poincaré’s inequalities, we obtain

L 1 L 62 L
6f 00+ 710)dx < = f o dx + — f (0 + 76,) dx,
0 2 Jo 2

L L 36%(0
— a1 b(7) f Y fi(ydx < % f prdx + ———— ( )CP 1 f fioPdx, (3.25)
0 0

3b2(0

L L
_ anb(t) f e, 1,0 < f Vdx + —“ f o, 1, ).
0 0

Substituting (3.25) into (3.24) leads to (3.23). This completes the proof.

Lemma 3.5. Let W = (o,¥,0,u) be the solution of systems (2.3)—(2.5) in Theorem 2.1, then
the functional

L 1
G(t) = fio () f f e 2O F (u(x, z, 1))dzdx,
0 0

satisfies the estimate

L
Gy(1) < - 2G4(t)+l% fo (w7 +1fiw)lP)dx, V120, (3.26)

Proof. Differentiating G4, we get

L 1
G,(t) = po'(f) f f e 2 (u(x, z, 1))dzdx
0 0
L 1
— 200 ()0 (f) f f ze" D F(u(x, z,1))dzdx (3.27)
0 0

L 1
+ fior(1) f f 27w, (x, 7, 0) fo(u(x, 7, ))dzdx.
0 0

From Eq (2.3),, the last term on the right hand-side of (3.26) can be express as follows:
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L pl
po(t) f f e 27wy (x, 2, D) folu(x, 7, 1))dzd x
0o Jo

L 1
1 f f e (o (N2 = 1) ux, 2,0) folu(x, 2, 1))dzdx
0 0

L 1
i f f ﬁ [e—ZO'(t)Z (O',(I)Z _ 1) F(M(X, Z, l’))] dzdx
o Jo 0z

L 1
+ 2010 (1) f f e 27D (o ()7 — 1) F(u(x, z, 1))dzdx
0 o (3.28)

L 1
— o’ (1) f f e 27 F (u(x, z, t))dzdx
o Jo

L L
=— (1 = o' (1)e >7® f F(u(x, 1,1)dx + f F(y,)dx
0

0
L 1
+ 20107 (1) f f e 2% (o' (H)z — 1) F(u(x, z, 1))dzdx
0 0
L 1
— 1o’ (1) f f e 2D F(u(x, z, t))dzdx.
0 0
The substitution of (3.28) into (3.27) leads to

L 1 L
G (t) = — 2f0(1) f f e 2 2F(u(x, z, 1))dzdx + i f F(y,)dx
0 V0 . 0 (3.29)
— (1 = o' (£))e>7? f F(u(x, 1,1))dx.

0

On account of assumptions (2.10), (2.14) and Young’s inequality, we obtain (3.26). This completes
the proof.

Lemma 3.6. Let W = (¢, ¢, 6, u) be the solution of system (2.3)—(2.5) in Theorem 2.1. Then, for some
positive numbers n, ny, n, to be specified, the Lyapunov functional Q, defined by

Q) :=nE() + n1G (1) + nyGa(2) + Ga(1) + Ga(1), (3.30)

satisfies

a E() < 0@ < arE(1), V>0 (3.31)
and

L L
0'(1) < —yE(®D) + ¢ f W2+ i P )dx + ¢ f S LiPdr, Vis0. (32
0 0

for some positive constants ay, a,, y.
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Proof. Thanks to Cauchy-Schwarz’s, Young’s and Poincaré’s inequalities, we obtain

L
10(t) = nE@)| < myp
0

X L
© f Oy, 1) + 10,(y, 1)) dy|dx + nszf |00+ 76,)| dx
0 0

L 1
+ f |(er + Y, e 27 °F (u(x, z, )dz| dx
0

L L
+ /lf wydx — /lf pydx
0 0

. (3.33)
< n1p2+ f 2dx + = f Wrdx + cpf Oidx + cpf Wldx
L + c
/lf wdx + Mf O+ 760, dx + &f Oidx
0 2 0 2 0
Ll
+ o (t) f f F(u(x,z,t))dzdx.
0o Jo
From (3.33), we get
Q@) — nE@®)| < noE(), (3.34)
for some positive consatant n,. Thus for n large enough such that
ar=n—-ny>0, aa=n+ng >0, (3.35)

we arrive at (4.15). Next on account of Lemmas 3.1-3.5, we have

- B L L
o' <- nl——nzeg—l]f gofdx—f Wrdx -
- 2 O 0
»1 L L
- E—nlez]f widx—2/lf wrdx
. 0

[ 1
—nzg—cn1(1+—+ )—cf(9+‘r9,) dx

€]

[ 1
_ %Sn—cn]—cnz(1+ )]f Hidx

_20_|
_ b(()) u(Ho (1) f f F(u(x, z,0)dzdx + 2+ /1_772 f Vs

1 L
E—nlel]fo (,oidx

+ C+@ f |f1(lﬁ:)l2dX+0f |falu(x, 1, )P dx.

Choosing
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we arrive at

B L 1 L
o) <- [nl— - 1 f 2dx — f Wldx — f ordx — — f Yldx
4 0 4 Jo
L 0 L
—2/lf wdx — nzi—cnl (1+8n1)—c]f (0 + 76,)* dx
0 0
L
- [K—én —cny —cny (1 + @)] f Gidx
B mpB/1Jo

2e-201 an
- b(o) (O (o) f f F(u(x, z,t))dde+ 2+—2 f yldx

+ c+@ f AW Pdx + ¢ f ux, 1, 0)Pdx.

Next, we select n; large such that
[nl'g - 1] > 0,
follow by choosing n, very large such that

[nzg —cn (1 +8n) — c] > 0.

Finally, we choose n even larger such that (3.31) remains true and

0 4
%n—cnl—cn2(1+£)] > 0.

np

Thus, recalling (2.18), it follows from (3.36) that

L L
Q') < —yE® + Cf W7 + i) Pdx + Cf |flulx, 1,0)Pdx, Vi >0,
0 0

for some constant y > 0. This completes the proof.
4. Stability result

Now, we are ready to establish the main stability result of this paper.

(3.36)

(3.37)

Theorem 4.1. Let W = (¢, Y, 8, u) be the solution of systems (2.3)—(2.5) in Theorem 2.1 and suppose

conditions (Py)—(P4) hold. Then, the energy functional (2.18) satisfies

t
E@) <yl (72f b(s)ds + 73), 120,
0

for some positive constants 1,7, Y3, and {y, with

1
1
L) = f Lo(s)ds and Ly(t) = tL'({oh).

4.1)
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Proof. The proof is divide into two parts:
Part I: L is linear. On account of condition (P,), we have

clsl < 1) < calsl, VseR.

It follows that
fi(s) < crsfi(s), VYseR. (4.2)
Thus, by multiplying (3.32) with b(f) and recalling (3.1) and (4.2), we obtain
L L
b®Q' (1) < = yb(HE(®) + cb(t) f Y fidx + cb(t) f u(x, 1,0 fo(u(x, 1, 1))dx
0 0
< —yb(t)E(t) — cE'(t), Vt=>0.

By exploiting condition (P;) again and the equivalent relation (3.31), it follows that

Qo() := b Q1) + cE(r) ~ E(n), (4.3)

and Q, satisfies
Q1) < =61b(1)Qo(1), Yt =0, 4.4)

for some positive constant d;. By integrating the estimate (4.4) over (0, 7), using (4.3), we get

E(t) <y exp (—yzf b(s)ds) = ylLl_l (yzf b(s)ds) , Yt > 0. 4.5)
0 0

Part II: L is nonlinear on [0, £]. Using similar ideas as in [21], we choose 0 < | < ¢ such that

sfi(s) <min{Z, L0}, Yisl < {h. (4.6)

Thus using assumption (P;) and the continuity of f; such that [f;(s)| > O, for s # 0, we obtain

{s2 + f2(s) < L™N(sfils), Vsl <, wn

cilsl < [fi(s)l < s, Vis| = £
Next, we define the following partitions:

Ji={xel0,L]: Wil <&}, Jo={xel0,L]: Wl >4},

Ji={x€l[0,L]: |u(x,1,0) <}, Jo={x€][0,L] : |u(x,1,0)| >}

and the function g, defined by
¢~ [ v
Ji

On account that L™! is concave (as L is convex) and using Jensen’s inequality for nonlinear functions,
it follows that

L e > ¢ f L™ Wofi (W) do. 438)
Ji
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Now, multiplying the inequality (3.32) by b(z), we get

L L
B(Q' (1) < ~ybOE(D) + cb() f W2 + LW + cb() f e 1L o)Pdx, V=0, (49)
0 0

Using (4.7) and (4.8), we have
L
b [ Wi+ h@Pix = b0) [ (07 + ) ds+ ) [ (02 + frwn) ds

<b(@) | L7 Wifi@) dx + cb(z) f Yifi(W)dx
J] J2
< ch()L™'(g(t)) — cE'(1), (4.10)

and

L
cb(t) f | fu(x, 1, 0)Pdx
0

b(®) | Ifz(u(x,l,t))lde+b(t)f |fau(x, 1,0))Pdx
Ji J2

(4.11)
< ¢b(t) f u(x, 1,0 fo(u(x, 1,1)dx + cb(t)f u(x, 1,0) fr(u(x, 1,1))dx
Ji V3
< —cE'(d).
On account of (4.9)-(4.11), it follows that
b(H)Q'(t) + cE'(t) < —yb(H)E(t) + cb(t)L™ " (g(1)). (4.12)
Let Q,(t) = b(t)L(t) + cE(t), using assumption (P), it follows that
Q' (t) < —yb(DE(t) + cb(t) L™ (g(1)), (4.13)
and
Q: ~ E by virtue of (3.31). 4.14)
Also, let {y < r and y, > 0 be constants to be chosen later and set
00 = I/ (40 E(((?)) 01() + %oE(0).

Then, using (4.13), the fact that E is decreasing (E” < 0), and L’ > 0, L” > 0 on (0, {], the functional
0., satisfies
@1 0a(1) < E(t) < @0x(1) (4.15)

for some positive constants @y, @, and, we have

_ L E@ ) E(1) 0\ ,
05D =& E0) (gOE(O)) o +L (§0E(O)) Q1(D) + yoE (1)
(1) D)\, ,
< —ybEML (fom) ch(HL’ (ZOE(O))L (&(1) +YoE'(1). (4.16)
Gs
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Next, we estimate the term G5 in (4.16) above. For this, we define the convex conjugate of L denoted
by L* as follows:

L'(s) = s(L')"'(s) = LIL) ()] < (L)' (9),  if 5 € (0, L' (] (4.17)
and satisfies the generalized Young inequality
AB<L'(A)+LB), ifAe0,L'()], Be(,/]. (4.18)
We set A = L’ ((0%) and B = L' (g(¢)), and keeping in mind Lemma 3.1 and condition (4.6),
then (4.16)—(4.18) lead to
E E
(1) < — yb(E()L @% + b(r) [L* (L’ (@%)) + L(L™ ge)) | +70E (1)
E E
=—yb(OE@®)L é“o% +cb(t)L (L' (fo%)) +cb(1)g(t) + YoE' (1)
4.19)
(. E() E®)\. ., [. E@® , ,
< —yb(E()L 50% + ¢fob(1) (m) L (fo%) —cE(1) + YoE'(1)
E E
< = (YE(0) — ¢0)b(2) (%) L (fo%) +(yo — OE'(0).
Now, we choose ¢, = %EO) Yo = 2c, and using the fact that E’(¢) < 0, we obtain, for some y; > 0
, E®) [, E0\_ 20
05(1) < —y1b(1) E(O)L ((0 E(())) = —-y1b(t)L, (E(O))’ (4.20)

where Ly(¢) = tL'({yt). Base on the fact that L is strictly convex on ]0, /], we conclude that Ly(¢) >
0, Lj(r) > 0 on |0, 1]. It follows from (4.15) and (4.20) that the functional Q3, defined by

0:( = Tyl
satisfies
Os(1) ~ E(1) 4.21)
and
Q53(1) < —02b(1)Lo (O5(1)) (4.22)
for some y, > 0. Thus, we obtain
[L1 (Q:())] = y2b(2), (4.23)

where

1
1
L) = f Lo(s)ds’ t€(0,1].

By integrating (4.23) over ]0, 7], recalling the properties of L, and the fact that L, is strictly decreasing
on ]0, 1], we arrive at

0s(t) < L} (72 f a(s)ds + y3), Vi e RY, (4.24)
0

for some y; > 0. On account of (4.21) and (4.24), we obtain the result in (4.1). This completes
the proof.
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Examples

In this section, we give some examples to illustrate the result in (4.1).
Let

fo € C* ([0, +0))

be a strictly increasing function satisfying

folsh < 1Al < f5 s, Vsl < ¢,

425
c15* < sfi(s) < cps%, V5| 2 ¢, (425)

for some positive constants ¢y, ¢, and . Let

o (el

then L is a C*-strictly convex function on (0, /] and satisfies condition (P,). We give some examples
of fp such that f; satisfies (4.25) near O.

- )
1. Let fo(s) = ds, where 6 > 0 is a constant. Then L(s) = ds, with 6 = 3 satisfies (P;) near 0. Using
(4.1), we obtain

E(t) < yexp (—nf b(s)ds) , Vit>0.
0

ii. Let fo(s) = ¢5. Then L(s) = \/ge—\/? satisfies (P5) near 0. On account of (4.1), we obtain

-2

E@®) <v (ln (yzf a(s)ds + 73)) ,Yt>0. 4.27)
0

1
ii. Let fy(s) = —e_s%. Then L(s) = e~ satisfies (P5) near 0. It follows from (4.1) that
s

-1

E() <y (ln (nf b(s)ds + )/3)) ,Ytr>0. (4.28)
0
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