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Abstract: In natural ecosystems, population dynamics are influenced by white and colored noise,
which drive the population system to transition between multiple states. Therefore, it is essential to
investigate predator-prey models that incorporate the concurrent impacts of white and colored noise. In
this paper, we examined a three-dimensional stochastic predator-prey model involving dual prey species
and a single predator by incorporating the refuge effect and habitat selection behavior under Markovian
switching. By leveraging the theoretical framework of stochastic differential equations, its stochastic
persistence was analyzed. Additionally, by constructing suitable Lyapunov functions, the conditions
for an ergodic stationary distribution were deduced. Additionally, the extinction of populations and
the asymptotic properties of solutions were explored. The findings revealed that habitat selection
behavior has a significant and detrimental impact on the corresponding prey, while the refuge effect
positively influences the prey and the predator. Ultimately, numerical simulations were performed to
validate the theoretical outcomes. The results of these simulations strongly confirm the accuracy of
the theoretical deductions.
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1. Introduction

The predator-prey relationship is an important mechanism of interaction among species in natural
ecosystems. The functional response is a key element in understanding the predator-prey dynamics,
which delineates the relationship between the predation rate of predators and the population density of
prey. The Holling functional response, which effectively describes how the predation rate changes with
prey density, is widely utilized in ecological modeling [1]. However, an increasing body of evidence
indicates that predator interference, a phenomenon where predators engage in competition or impede one
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another during the hunting process, can exert a substantial impact on these dynamics [2,3]. To address
this, Arditi and Ginzburg put forward the ratio-dependent model [4], which incorporates the effects of
predator interference and is more consistent with reality. In recent decades, the ratio-dependent predator-
prey model has garnered significant attention from researchers worldwide. These studies have provided
valuable insights into the mechanisms driving population interactions and ecosystem stability [5-7]. In
ecological research, scholars commonly employ the Logistic growth model: % = x(r — kx), primarily
proposed by Verhulst [8], to depict the growth mechanisms of prey populations. Nevertheless, this
model supposes a linear relationship between population growth and density, which may not fully
capture the complexities of real-world ecosystems. To address this limitation, Gilpin and Ayala [9]
introduced an improved version of the Logistic model, formulated as: ‘3—’[‘ = x(r — kx?), where 6 is
a scaling factor that introduces nonlinearity into the model. This modification bolsters the model’s
capacity to mirror realistic population dynamics, thereby providing a more accurate representation of
real-world scenarios. While the inclusion of 6 increases the analytical complexity, it overcomes the
restrictive assumption of the traditional Logistic model, which presumes a constant reduction in growth
rate per unit increase in population. The Gilpin-Ayala model has since gained significant attention
and is being actively investigated by researchers for its improved accuracy in describing population
behavior [10, 11]. Therefore, we incorporate ratio-dependent response and Gilpin-Ayala type growth
into the model to enhance its realism.

The predator-prey relationship is a complex dynamical system with profound interacting ecological
effects and environmental factors, such as cooperative hunting [12, 13], the fear effect [14, 15], Allee
effect [16], additional food supplement [13], predator-taxis or prey-taxis [17], the refuge effect [18],
and anti-predation behavior [19]. Among these mechanisms, habitat selection [20,21] stands out as a
common anti-predation strategy, where many animals choose suitable habitats to minimize predation
risk. However, habitat selection imposes costs on prey reproductive success. For instance, Werner et
al. discovered that when bass are present, bluegills will select habitats not rich in resources but more.
Moreover, bluegills reared in the presence of bass attain only approximately 80% of the mass compared
to those raised without the bass present [22]. To better understand these dynamics, Ives et al. put
forward a model tailored for habitat selection [23], providing a theoretical framework to explore the
spatial distribution and interactions between predators and prey:

dx X e QY
— :x[/l(l ——)—V—e e B
dr 1+ax 1.1)

dy ce ®gxy
—_ = — —m
dr 1+ ax

It is evident that habitat selection behavior significantly influences the reproductive capacity of prey
populations, leading to decreased fecundity or increased mortality from non-predatory factors: vx,
while imposing costs on predators as they adapt to such behavioral strategies: e ®". To mitigate
predation risk, prey species actively seek out, create, or utilize specific areas as refuges, a phenomenon
widely recognized as the refuge effect. This ecological mechanism exerts a vital influence on forming
predator-prey dynamics and maintaining ecosystem balance. In ecological modeling, the refuge effect is
frequently incorporated to better capture the spatial and behavioral interactions between predators and
prey, providing a more realistic representation of their complex relationships. Numerous researchers
have examined predator-prey models that incorporate refuge effects [24-26]. Thus, we aim to investigate
populations that exhibit habitat selection behavior and refuge effects.
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Natural population systems are frequently subject to diverse random perturbations, which can exert
significant influences on their dynamics. As May pointed out [27], environmental noise impacts key
parameters such as growth rates, carrying capacity, and competition coefficients to varying degrees. To
more objectively characterize and predict population ecosystems, it is essential to investigate population
models incorporating stochastic disturbances. Environmental noise is commonly categorized into white
noise and colored noise. White noise represents minor, random fluctuations in the environment, and its
impact on population systems has been thoroughly examined by numerous scholars [28,29]. In contrast,
colored noise encompasses more structured and periodic disturbances, such as seasonal variations,
disease outbreaks, rainfall patterns, droughts, cold snaps, and other climatic fluctuations. For instance,
the growth rates of certain species can vary dramatically between dry and rainy seasons [30]. Colored
noise induces transitions between environmental states within the system [31]. Wang et al. carried out a
comprehensive and meticulous investigation into the persistence and extinction dynamics of a stochastic
predator-prey model that incorporates the Beddington-DeAngelis functional response within the context
of state switching [32]. Their research conclusively demonstrated the existence of a unique stationary
distribution. Moreover, the study of predator-prey models with state-switching remains a vibrant
research area. Numerous academics, from fields like ecology and mathematics, persistently explore
the intricate complexities these models entail. They combine theoretical formulation with numerical
analysis and seek to elucidate how state transitions affect predator-prey dynamics and ecological stability,
thereby contributing to the advancement of ecological theory and its applications [33].

This paper is structured in the following manner: In Section 2, a single-predator-dual-prey model
that accounts for white and colored noise is formulated. During the model-building process, several
crucial ecological factors are incorporated, namely the habitat-selection behavior of species, the prey-
refuge effect, Gilpin-Ayala type growth, and a ratio-dependent functional response. Moreover, concepts
from Markov chain theory are introduced to enhance the model’s comprehensiveness and accuracy
in representing real-world ecological dynamics. In Section 3, sufficient conditions for stochastic
persistence are deduced. These conditions expound on the scenarios in which populations are capable of
maintaining themselves within a stochastic environment as time progresses. In Section 4, the existence
of a solitary ergodic stationary distribution is ascertained. This discovery significantly contributes
to our comprehension of the model’s long-term behavior, shedding light on how the system evolves
and stabilizes over extended periods. In Section 5, the extinction and persistence conditions of the
populations are investigated. By conducting an in-depth analysis, several crucial asymptotic properties
are derived in Section 6. These properties play a pivotal role in forecasting the future trends of
the population, providing valuable insights into its long-term viability and potential trajectories. In
Section 7, numerical simulations are conducted to validate the principal conclusions derived from the
foregoing theoretical analysis. The numerical outcomes vividly illustrate the accuracy and efficacy of
our theoretical findings. In the concluding section, we systematically summarize the principal results
derived from the entire study and expound upon its practical significance.

2. Model formulation and basic knowledge

2.1. Model formulation

Recognizing the classical Logistic model’s limitations, especially its unrealistic linear growth
assumptions, and factoring in the ecological importance of habitat selection and the refuge effect, we
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present the following refined model:

dx bl(l - f)xZ

_ —k 01y _ —_

TR I s B o

dy 4 e—vmbzyZ

— = y(r —kpy™? —v) = ———, :
a1 Y(r2 —kay™ —v) g 2.1
d 1 _ —vm

_Z =7 r3+ Cl( f)x +02e y_d_k3Z s

dr l+a(l-f)x y+pz

where x and y signify the population densities of the two prey species, and z represents the density of
the predator. The intrinsic growth rates are given by r; (i = 1,2, 3), and the coeflicients of intra-specific
competition are denoted by k; (i = 1,2, 3). The processing time of the predator is a. The scaling factors
for the prey species are 6;, and the maximum predation rates are b;, i = 1,2. The food conversion rates,
defined as ¢; = €b;, where € € (0, 1), reflect the efficiency of energy transfer from prey to predator. The
intensity of habitat selection behavior is represented by v, and f denotes the proportion of prey in refuge.
The half-saturation constant is p, while d signifies the natural mortality rate. Moreover, m determines the
efficiency of habitat selection behavior. l’jr‘;x and % represent the Holling type II functional response
and the ratio-dependent functional response, respectively. All the parameters present in the model are
constants with positive values.

Given the ubiquity of random environmental disturbances, we incorporate white noise into model
(2.1) to account for the impact of environmental fluctuations. White noise refers to ubiquitous minor
disturbances in the environment, such as temperature changes, humidity variations, and air flow.
Mathematically, it is often described by the formal derivative of Brownian motion. Furthermore,
stochastic noise can affect numerous parameters of an ecosystem; in the modeling process, we typically
assume that certain key parameters are subject to noise interference. For instance, Liu et al. assumed
that white noise mostly affects the growth rate of prey and the mortality rate of predators, expressed
as: 1 — r; + o1 B(t), —r; = —r, + 0,B,(¢) [34]. Similarly, Zhang et al. assumed that white noise
influences the growth rate of prey, the internal competition coefficient, and the mortality rate, given by:
r—or+oBi(t), —% > —L +01B(1), ~d = —d + (021 + 022y)By(1) [35]. Specifically, we postulate
that the parameters r; are subject to the impact of environmental noise. This assumption is made to
mirror the actual fluctuations inherent in natural conditions. In other words,

rp— i+ oBi, i=1,2,3,

where o; represent the intensity values of white noise, B;(#) denote the standard Brownian motions.
Therefore, a stochastic version of model (2.1) is developed to incorporate environmental variability,
enhancing its ability to simulate realistic predator-prey dynamics under random disturbances.

bi(1-f
dx = x(r1 = kux” = 28LE ) de + oy xd By (0),

dy=y (rz —kpy” —v - Lm) dr + 02ydBy(2), (2.2)

y+pz

Vi

_ c1(1-f)x cpe” My
dz=z (r3 t et T e - k3z) A+ o32dBs(0).

In reality, population systems are also affected by colored noise, which causes system parameters
to fluctuate as environmental states change. Specifically, a population dynamical system has multiple
states, and it switches between these states over time. These transitions are memoryless, with the
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duration of each state following an exponential distribution. In most cases, this process is modeled using
a continuous-time Markov chain with a finite number of discrete states [36]. For instance, scholars
such as Wang and Jiang have used continuous-time Markov chains taking values in a finite state space
to characterize the influence of colored noise [32,33]. To better simulate the impacts of real-world
environments, we have developed a stochastic model that incorporates white noise and colored noise.
The latter is represented by a Markov switching mechanism, enabling the model to account for random
shifts in environmental states and their effects on population dynamics:

dx = x (n (D) = ki (@)X 0O — LAGCTIDE ) 1 + o7y (y(1))xd B (1),

L+a(y())(1-f1 (78)()))); o0y,
=v(y (1)) m(y(t t

dy =y (r 2 (D) = k()Y = v(y(0)) - = e ))Z) dt + o (y(1))yd By (1),

ci(y@®))d = f(y(®))x (2.3)

y+p(y())z
dz =
¢ (“(7@) T a1 - fo)x

—(()my(1))
D) > dy (1) — ky <y<t>)z) dt + o3 (/(1)zdBy(1),

y+py(0))z
where y(f) represents a right-continuous Markov chain taking values within a finite state space S =
{1,2, ..., N}, and B;(¢) and v(¢) are independent of one another. Model (2.3) can switch between N states,
where each parameter in the model is affected and may take different values under different states. The
sub-model of model (2.3) corresponding to a specific state is formulated as follows

. . ; b1(H(1=F())z .
dx = x(r1(0) — ka ()x" O — POCLOE) dt + oy () xd By (1),

dy = y(r2(i) = ka(D)y™? — v(i) — %) d + o5(i)ydB, (1), (2.4)

_ . a®-f)x | o@eImVy o g ;
dz = z(r3(i) + SO0y 2Oy — (i) k3(i)z) dt + o3 (i)zd B (2).

Remark 1. White noise and colored noise are ubiquitous in ecosystems, exerting impacts on numerous
ecological dynamical systems. Through the study of this model, we aim to examine the influence of
the Markov switching mechanism on the survival status of populations in model (2.3), as well as its
connection with the scenario where only white noise interference is present in the sub-states.

2.2. Basic knowledge

Consider a complete probability space equipped with a filtration {F}}», that satisfies the standard
conditions: F contains all P-zero subsets and the filtration is right-continuous. The elements of the
resulting matrix Q = (g;;), satisfy

L C]UAl + O(At),] * l
Y 1+ qiiAt + O(At),J =i

where At > 0. g;; > 0(i # j) represents the transfer rate from state i to state j with 2?;1 q;; = 0. Itis
customarily assumed that g;; > 0(i # j) and Markov chains are irreducible, with irreducibility signifying
that Markov chains can move from any state to any other state, which implies that there is a transition
path with positive probability between any two states. It is ergodic and admits a unique stationary
distribution 7 = (m, 7, -+ ,my) € RPN, This stationary distribution satisfies 7Q = 0 along with

N
Sm=1,m;>0forallieS.
i=1
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Consider a random differential equation with a Markov chain for X, € R", ¢ > 0:
dX(n) = F(X(@®), 1, y(0))dr + G(X(0), 1, y(1))dB(0),

where F: R" xR, XS - R", G : R" xR, xS — R™™ The space C>'(R" x R, x S,R,) consists of
non-negative functions V(X(z), ¢, i) that are twice continuously differentiable with respect to X and once
continuously differentiable with respect to ¢. For a function V € C?!, the operator LV is defined as
follows:

1 N
LV = V. + VxF + Etrace[GTVXXG] + Z qijVa
=1
where

N
D4V = ) 4Vt ) = VX1, 0).
j=1

J#IES
3. Stochastic persistence

In this study, we adopt the following notations:

.
G(i) = min {rl(z‘) 0,20 ~ Kol = v, (D) — ()~ 2

5 _ e_v(i)m(i)bz(i)} ,

R(i) = max {o}(i), 03(0), 03D}, D(i) = max {ki (i), ka(i). ka(i)}, Bi = G(i) - %R(i),

N
B= ) mf X0l = @+ +2, f=minf(), f=maxfC).
i=1

Theorem 1. For any initial values (xo, yo, 20) € R3, model (2.3) admits a unique global positive solution
(x(t), y(t), z(1)) that stays in Ri almost surely.

Proof. We adopt the same method as in Theorem 3 of [37]. The functions on the right-hand side of
model (2.3) satisfy the local Lipschitz condition. Thus, for a given initial value (xo, yo, 20) € Ri, there is
a unique local solution on [0, 7,), where 7, denotes the explosion time. To prove that this solution is
global, we need only show 7, = co. Let n( be a sufficiently large positive constant such that x, yo, zo all
lie in [n‘—o, no]. For n > ny, define

7, = inf {t € [0, 7.) : min {x(2), y(1), 2(1)} < % or max {x(1), y(1), z(1)} > n}

Define inf @ = co. Thus, 7, is increasing as n — oo. Define 7., = lim 7, so 7., < 7.. If we can prove

n—oo

To = 0o, then for any ¢t > 0, we have 7, = co.
Suppose that 7, = co does not hold. Then, there are constants T, > 0 and &, € (0, 1), satisfying
Pt < T} > €w. Thus, there exists an integer n., > no, satisfying

Plt, <T.}>&w, n=>ne.
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Defining
Vt,y,2) = (x—1-Inx)+(y -1 =Iny) + (z - 1 - Ing).

V(x,y, z) is nonnegative and

by ()1 - f(i)z 1,
T+ a()(l - f(i))x) 2010
e mOp(z\ 1,

Y +p(i)z ) NERER
L ooamd = fayx ey . 1, .
+(iz-1) (r3(z) + T+ at)d = fi)x + e —d() - k3(l)Z) + 50'3(1)
< (@x = k(D0 + ki (D2 + ra(D)y = vy = k(DY + kai)y™0

+ r3()z — d(i)z + k3(D)z + bi()(1 = f(i)z — ks(D)Z*
e—v(i)m(i)bz(i)

—r1(0) = r(0) = r3(0) + v(Q) + 0 +d@) + %af(i) + %o%(i) + %o%(i)

LV(x,y,z,0) =(x— 1) (rl(i) — k()X -

+(-1) (rz(i) —v(i) = ky(i)y™" -

<K,
where K is a positive constant. Thus, we can deduce that
dV < Kdt + (x — D)o ()dB, () + (y — Do ()dBy(t) + (z — 1)o3(i)dBs(2).
Moreover, integrating over the interval (0, 7, A T,) and taking expectations, we have
EV (x(ty A Too), Y70 A To), 2(Tw A Two)) < V(X0, Y0, 20 i) + KE(Ty A Too) < V(X0, Y0, 205 i0) + KT .
LetQ, ={we Q| 71, = 1,(w) < T}, then P(£,) > .. Thus, for each w € Q,, at least one of x(t1,,, w),

¥(Tu, ), 01 2(T,, w) equals n or 1, s0

- 1 1
V(x0, Y0, 20, i0) + KTo > swmin{n —1-Inn, ——1-1In —}.
n n

Let n — oo, then
0o > V(XO,)’O, 205 lO) + KTm = 00,

which is a contradiction. Therefore, the assumption is false, and 7, = co. m|

Definition 1. (Boundedness and stochastic persistence [38]) The solution of model (2.3) is said to
exhibit stochastic ultimate boundedness, if Ve € (0, 1) and At = «(g) > 0, such that

lim sup P{|X(?)| > ¢} < e.

t—+00

The model is said to be stochastic persistent if 16 = 6(&) > 0 such that
liminf P{|{X(#)| <¢} > 1 —¢, liminf P{|X()| >} > 1 —&.
t—+0co0 [—>+00

Suppose Z"™" = {A = (a;)),., : aij < 0,1 # j}. If the sum of every row element of A = (g;;) € Z™" is

positive, thatis  a;; > 0 forall 1 <i < n, then det(A) > 0.
j=1
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Lemma 1. [39] For A = (a;;) € Z™", the following statements are mutually equivalent: i) A is a
non-singular M-matrix; ii) all sequential principal subexpressions of A are positive; and iii) A is
semi-positive, meaning Ap > 0 for some vector p > 0 in R".

Lemma 2. For any (xo, Yo, 20, o) € Ri XS, b >0, there is a constant {(b) > 0, such that for any solution
of model (2.3), lim sup E(x” + y* + 2°) < €(b) holds.

t—+0o

Proof. Define V(x,y,z,i) = X’ + )" + 2. Employing the Itd formula, it has
: 1
LV(y.2.0) + Vi y,2.0) <2’ (1 +b(n(@) ~ k") + b0 - 1)0%(:'))

+y (1 + b (ra() = kalipy™? = v(i)) + %b(b - 1)a§(i))

+7 (1 + b(r3(i) + Cl—(’) + e OmOc, (1) — d(i) - k3(i)z) + lb(b -~ 1)a§(i))
a(i) 2
<t(b),

then we have
L(E'V) =LV + €'V < etDh).

By integrating over interval [0, ] and subsequently finding the expectation, we deduce the following
result:

limsup E(V(x, y, z,1)) < £€(b).

1—+00
]
Theorem 2. The solutions of model (2.3) possess the property of stochastic ultimate boundedness.
Proof. Tt is known that |X(1)]” < 32 max{x’, ", 2"} < 33V(x,, 2, i), S0
lim sup E(X(®)P) < 32 lim sup E(V(x, , 2, i) < 32€(b) = «(b).
t—>+00 100
For any € > 0, we set ¢ = (%b))% Utilizing Chebyshev’s inequality [39], there is
PUX()] > 1) < E')ff”'b,
and then
lim sup P{|X(?)| > ¢} < e.
100
m]

Although population sizes fluctuate under the influence of stochastic factors, these populations will
not grow indefinitely in the long run, reflecting the self-regulating capacity of natural ecosystems.
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Lemma 3. There exists a constant 8 > 0 such that the matrix

A(6) = diag(¢,(0), &2(0), -+ ,Ex(0) — Q

is a non-singular M-matrix when B > 0, where
1
&i(0) = 6B; - E921'e(z‘), i€s.

The proof of this lemma follows a methodology analogous to that employed in Lemma 3.4 of [38],
utilizing similar techniques and reasoning. Furthermore, A(6) is a non-singular M-matrix when ; > 0,
forallieS.

Theorem 3. The model (2.3) is stochastic persistent when B> 0and 0 < 0;(i) <1,j=1,2.

Proof. By Lemmas 1 and 3, there is 77 = (171,75, - - - y)" > 0 satisfying A(6)7 > 0. Thus,

N
&On; — Z qgim; >0, i€S,

J=1

which means that there is a sufficiently small / > 0, satisfying
N
&Omi = > qimj—In; > 0, i €S,
=1

Letw=x+y+zandu= % Then we have
L [e”n,-(l + u)"] = ¢! [lni(l +w)! + Lop(1 + u)")]
with
Lo +w’) (1 +w)"? {7710 [—(u2 + 1) ((rl(i) — ki (D)x = ki (D)X + (r2(0) = ko) = v(i))y

bt _

— ka(i)y* + (rs(i) —d() - — 5

e—v(i)m(i) bz(l)) z

N
+ 1+ + 2u)qu-jnj}

=

k()2 + (u Lot 1u2)R(i)

<(1+ w2 [~ +10) (G (x +y + 2) = DG) (¥ +3* + %))

N
+ (1 + 112 + ZH)ZQUUJ}

=

( 0 +
+ lu+

! uz) R(i)

<1+ w02 |~ + v)GG) + D)L + 1)

N
+ (1 + 112 + 211) ZQUT]J}
=1

N
=1 +u)? {— [nifi(O) - Z (]ijﬂj) w

=

( 0 +
+ lu+

! uz) R(i)

N N
* [me (D) - G(i) + R() +2 ) qijnj) w+ni6DG) + Y q,jnj} :

J=1 J=1
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Thus,

L1+’ <e(1 + )" {—

N
ni&i(0) — Z qijn; — lﬂi] w?

=1

N N
J=1 j=1
SM@lt,

where

M =max {sup {(1 +u)?2

N
- [Uifi(e) - Z qijn;j — 1771') u?
=

N N
+ [mH(D(i) ~G(i) + R +2 ) qit; + 2lm] w+ DG + ) qim; + ln,}} , 1} .

j=1 j=1

‘We can obtain

B (e"mi(1 + ") = mi(1 + (X0, Y0, 20, 70))" + E fo | (e"m(1 +w)’)ds,

and
M
(3 ni(1 +u) ) < mi(1 + u(x0, Yo, 20, 7o) + 7(6” - D),
thus v
lim supE(ni(l + u)e) < R
t—+00
SO
M
limsup E < 3% limsup E’) < 37 limsup E ((1 + 1)) < g—A:H.
B (|X(z)|") ey o B (( ) ) li

For any € > 0, set ¢ = (%)5, there is

I L P
PUX(1)| < 6) = P(|X(f)| > 5) <6 E(lx(mg) <e,

limsupP{|X(?)| < 0} < e = 11m1an{|X(t)| >0)>1—-e¢.

t—+00

and

Given that the model is stochastically ultimately bounded, it follows that
liminf P{IX(®)| < ¢} > 1 -€.
t—+00
O

So far, we derive a sufficient condition for the stochastic persistence of model (2.3), which reflects the
resilience of the ecosystem under stochastic perturbations. Even in the presence of random disturbances,
the system can avoid the risk of extinction and sustain the possibility of long-term survival by regulating
parameters such as its own reproductive capacity and interspecific interactions to satisfy this condition.
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Corollary 1. Model (2.3) is stochastic persistent when 5; > 0 foralli € S and 0 < 60;(i) <1,j=1,2.

Corollary 2. For some state i, the sub-model (2.4) is stochastic persistent when 3; > 0 and 0 < 6;(i) < 1,
j=1,2.

Sub-model (2.4) is stochastic persistent for some state 7, 8; > 0,0 < 6;(i) < 1, j = 1,2, and model
(2.3) 1s stochastic persistent when every state is stochastic persistent. However, Theorem 3 reveals an
interesting fact: When individual states in model (2.3) are extinct, the overall behavior of the model
may exhibit stochastic persistence due to Markov switching. The persistence displayed by model (2.3)
results from the combined superposition of multiple sub-states. For certain sub-states within the state
space, the model may show a tendency toward extinction; however, as long as the condition in Theorem
3 is satisfied, the extinction of these sub-states will not affect the eventual persistence of model (2.3).

4. Stationary distribution

Lemma 4. [39] The solution of model (2.3) exhibits normality and ergodicity. Moreover, a unique
ergodic stationary distribution exists, provided that the following conditions are satisfied:

(i) qij > 0,0 # J;
(ii) (E(X, k) = G(X, k)GT (X, k) is a symmetric matrix for any k € S and

Asl? < "G(X, ks < A7, 1€(0,1], ¢eR", X eR".

(iii) There is a nonempty open set D containing closed packets, with a nonnegative function V(-, k) :
D¢ — R fork € S such that V(- k) € C?, and a > 0 such that

LV(X, k) < —a, (X,k)e D xS.

Define u = )] mp;, where
ieS
e_v(i)m(i)bz(i)
p()

1, . k(D) + r3(0) + bi(D)(1 = £()) — d(i))*
— o) - 02()__ 2(i) (k3(i) + r3(i) i](;)((i) f@) (z))_

@i =r1(0) + r2(0) + r3(0) — ki (i) — ko (i) — v(i) — d(i) —

2

Theorem 4. For Y(xy, yo, 20, 7o) € R3 X S, mo_del (2.3) admits a unique stationary distribution, which is

ergodic when u > 0, ) m; (rz(i) —v(@) — % - %O'g(i)) > 0and ), n; (r3(i) —d(i) - —0'3(1)) > 0.
ieS ieS

Proof. Define a bounded compact sutzg,et U =g 1/e] x[g,1/e] X [g,1/g], where € > 0 is sufficiently

small. We know the diffusion matrix G(x, y, z, i) is positive definite,

. 0'%(1'))c2 0 0
G(x,y,z,)=| O a3 (0)y? 0
0 0 o)
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Therefore, . _
ﬁmax(G) = /lmin(G) > Oa (41)
amax(fi) and /lmin(ﬁ) are the largest and smallest eigenvalues of the matrix E, respectively. Thus,
Ain(G)lsT” < 67 (G)s < (Gl Vs € R (4.2)

Thus, /lmax((}) and Amm(é) are continuous functions, and formula (4.1) can be derived as

o>

= min A(G)>0, 1= max Au(G) > 0.
(x,y,2,0)eUXS (x,y,2,))eUXS

It can be obtained from formula (4.2) that
A <" (G)s < A7'sP,

where 1 = min {fl, D7, 1}, condition (ii) in the Lemma 4 is proved, and condition (i) is clear. Now, we
prove condition (iii).
Let
h(x,y,2,0) =(1 —vg)y™ + (1 —wp)z" + x+y+z
~M(nx—x+Iny—y+Inz-2),

where v is a small enough normal number, v < min {1/¢;, 1/y;, 6,(i), 6:(i), 1}, M is a sufficiently large
number, and —Mu + N < =2, N = sup{—dsy™" + dyy” O™ + dsy — dey™ O+ — dyz7V + dsz" ™ + doz — dyo22).

Since h(x,y, z,i) is continuous, denote h(X,y,Z,i) in Ri X § as the minimum point, and define the
Lyapunov function W : R? x § — R, by

W(x,y,z,0) = h(x,y,2,0) — h(%, 3,2, i) + M(w| + w),

and Vi (x,,2,1) = (1-vg)y "V +(1—wvp)z7Y, Va(x, y,2) = x+y+z, Va(x, y,2) = —M(In x—x+In y—y+In z—
2), Va(x,y,2) = M(Iw| + wy), wlhere w=Wi,wa, o WN), @ = (1,42, o), ¥ = W, 0, L YN)
and [w| = (W + w3 + - -+ + w%)?, which will be given in subsequent proofs.

Utilizing the 1t6 formula, it has

—imli) g (i
LVi(xy. 2 D<ol - vy [— (l”z(i) iy - O 105@)
p() 2
1 i
- kz; qi(Pr — @) + Evaﬁ(i) 1 id;(pi kZ; qit(Pr — ¢i)]
+u(l -z [— (7’3(i) —d(i) — %0%(1'))
1 i
- kz; Qi — i) + Evai(i) 1 f 0, kZ;t; (Wi — lﬁi)]

+ (1 = vgka (DY + vl = vka(D)z'
Define & = (91, th, ) { = ({1.a <+ 4w)' > where 9 = = (ra(i) = (i) - S22 — 102(3)),
L= - (r3(i) —d@i) - %o%(i)). Since the generating matrix Q is irreducible, vectors ¢ and ¢ are the
solutions of the following Poisson systems for ¢ and ¢:

Q¢ -0 = _(ﬂﬂ)e’ Qlﬁ - § = —(7'[5)6,
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where e = (1, 1,---, 1)?. Thus,

—v(i)m(i)b - 1
_ (rz(i) () - eT)"‘(Z) - 503(1‘)) - ; gy — 6

—v(i)m(i)b . 1
=- ;m (rz(i) — (i) - eT)Z(’) - Eaé(a),

1 1
- (rz(i) - d(i) - Eaé(z’)) - D W=y == ) (ra(i) - d(i) - §a§<i)) .

k#i i€S
Therefore,
—v()m(i) -
LVi(x,y,2,1) <u(l —vey)y™ [— ; 7T (rz(i) - (i) - eTi)bZ(l) - %Ug(i))
1 i
+§v0'§(l') 1 gf}gbi kZ; G — ¢i)]
+u(l - vz [— Do (ra(i) —d(i) - %cr%(i))
ieS
1 . i
+§v0'§(l) 1 ilf}w,- kZ; g — lﬁi)]

+ u(1 = vk ()Y + u(1 — vy)ka(i)z' .
By the 1t6 formula, it has

LVa(x,9,2,0) < 1i(@)x — ki (x4 rma(@)y — ka@Dy* O —v(i)y + r3()z — d(i)z - k()27

LVs(x,y,2,0) <M (—rl(i) + k() + biG)(1 = f(i)z + %ag(i) + r()x
—v(i)m(i) .
— () + k(D) + v(i) + e—m + 10‘%(1) + rp(D)y — v(i)y
o) 2
—r3(0) + d() + k3(Dz + %(f%(i) +r3()z — d(i)z — k3(i)z2)
_ i} —vm(ip, (i
<M (r1(D)x + ra2(D)y — v(@)y) — M(rl(i) + (i) + r3(7) — eTi)Z(l)
1
= k(i) = ko) = V(i) = di) = 5 (071(0) + 3(0) + 73(0)
(3@ + 30 + bi(D( - f() - d(i))z)
A5 (i)
=M(ri()x + r(D)y — v(D)y) — M,

and

LVi() = MZ qit(wr — wy).

ki
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Since Q is irreducible, there is a vector w = (wy, w,, - - - , wy), satisfying the Poisson system:

Qw — ¢ = —(np)e,

SO
—¢i t Z qik(W —wi) = — Z Tipi = —H
k#i ieS
Therefore,
LW(x,y,2,0) < = My + r1()x — k()x” O + Mr (i)x
Y . e mOpGy 1,
+u(l = ve)y [— R (Vz(l) i) - e —ff%@)
€S P
1
+5vr3() - 1 " kZ il — ¢ | + v(1 = vgka(D)y"™ O
+ ra(D)y = ka (@Y™ = v(@)y + M(r, (i) = v(@))y
. N
+u(l — w7 {— ; m; (r3(l) —d(@) - 50'5(1))
+§v0'3(z) 1 lﬁz kZ; qi(Wi — %)]
+ u(l — wpks()z' ™Y + r3(i)z — d(i)z — ks ()2
= — Mu + dyx — dyx” " — dyy™ + dyy? D7 + dsy — dgy™ !
—diz7V +ds7' TV + doz — dyoZ2,
where

di = (M + )ri(i), dy = ki (3),

e—v(i)m(i)bz(l')
,O(l) 1_ ¢l ki

dy = v(1 = vg)ks(i), ds = (M + 1)(ra(i) = v(0)), ds = ka(i),

1
dy = (1 - vg) [Z 7 (rz(i) — (i) - (z)) - Suoi(i) +

ieS

1
d7=v<1—vw,~>[2n,(r3(z) (i) - _03@)) SV + w — > g - w>]

€S k#i
ds = v(1 — ks (i), dy = r3(i) — d(i), dio = k3(i).

We choose v to be sufficiently small, so that

03
=S Pl 2 2 e

Z g = i) > 0.

l k#i

Z b d (rg(l) d@) — —0'3(1)) v0'3(z) +

ieS

Z qik (¢k ¢z)

—v(i)m(i)b - 1 1
Z ; (rz(i) —v(i) - e—.Z(l) (l)) — ~vo5(i) *1 ¢ Z qi(pr — &) > 0,

|
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Thus, LW — —co, (x,y,2,7) € (U \ Q) x S for small enough &, where
Q={(x,y,2) R0 < x < &l

When x — 0%,
LW(x,y,2,0) < — Mu — dsy™ + dgy® "™ + dsy — dey™ "' — dyz7V + dsz' ™V + doz — d1o7
<-Mu+N
<-2.
Therefore, LW < -1, (x,y,z,r) € U° X S. m]

It can be observed that regardless of the initial population sizes and initial state, after a sufficiently
long period of time, the overall distribution of population sizes will converge to the same stable
pattern. This phenomenon reflects the inherent tendency of the ecosystem to move toward stability in
a stochastic environment.

Corollary 3. For some state i and any (xy, Yo, 20, 7o) € IE%.)X S , sub-model (2.4) has a unique stationary
distribution and is ergodic when ; > 0, r»(i) — v(i) — % — 103(i) > 0 and r3(i) — d(i) — $%(i) > 0.

When sub-model (2.4) has an ergodic stationary distribution in every state, model (2.3) must also
possess such a distribution. Similarly, if sub-model (2.4) lacks an ergodic stationary distribution in
certain states but satisfies the sufficient conditions in Theorem 4, model (2.3) will nonetheless have an

ergodic stationary distribution.
5. Extinction and permanence

In this section, we aim to derive the sufficient conditions for the extinction or persistence of different
populations in model (2.3), thus providing a theoretical foundation for predicting the population growth
dynamics.

Definition 2. (Extinction and Persistence [40]) A species x is defined as extinct when lim x(t) = 0; as

t—+00

. . . . 1 . .
strongly persistent (in the mean) when lim inf % fo x?ds > 0; and as non-persistent (in the mean) when

t—+00
. !
lim sup 1 fo ¥ ds =0.

t—+00
Lemma 5. [41] Suppose x(t) € C[Q x [0, +00),R*] and lim X2 = .
t—+00
(1) If there exist Ay, T, A > 0 with

Inx(¢) < At — Ay f x(s)ds + L(¢t)
0

fort > T, then there is
lim sup % fot x(s)ds < %

—+00

(2) If there exist A, T, A > 0 with
!
In x(¢) > At — Ay f x(s)ds + L(t)
0

. . !
fort > T, then 11tr_r)1+1£f % fo x(s)ds > %
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N
Define J1(1) = r1(i) = 5073(0), /11 = 2 (1) = 57(D),
N N
Jo = i (n@) = 5oi) = k() + B2
Theorem S. For any (xy, Yo, 20, 'o) € Ri X § in model (2.3),

(1) population x becomes extinct in case of Ji; < 0.

. roa .
(2) lim sup % fo xMds < %Ju in case of Ji, > 0.
t—+oo 171

(3) lim sup % fot xds = 0 and x is non-persistent (in the mean) in case of Jy, = 0.

f—+00

Proof. (1) Applying the It6 formula gives

- _ aow i@ - fo@0)z 1,
dlnx _(rl(y(t)) O e Uy st o 20'1(y(t))) dr + o (Y(0)dB, (1),

By integrating both sides of the above equation over [0, ¢], we have

bi(y(s)(1 = f(y(s)))z
1 +a(y(s)(1 = fy(s)x

Inx(?) —Inxg = f (;»1 (v(5)) — k (y(s))xﬁl(y(S)) _
0
1
—5v%<y<s)>) ds + (@),

where M (¢) = fot o 1(y(s))dB(s) is a local martingale and

(M (1), My (1)) = f 2 (y(s))ds < 5.
0

By the strong law of numbers [39], we have lim Mo — 0, and then
—+00
In x(¢) — In x, 1 1 M (?)
——=<- f (n (v(s) - 50%(7(@)) ds + ——.
0

Taking upper limits on both sides and applying the ergodic property of Markov chains, we get

: x(®) . I 1,
lim sup < lim sup n ri(y(s)) — 50'1(7(5)) ds=J1 <0,
0

t—+00 t—+co
so lim x(¢r) = 0.
—+00

(2) Set x’ = x(t)é1 >0,0, = %lm) >land 1+ p;(x’ = 1) < x’*'. We can get

5, Pl b 1- 1
dlnx = (n o) = ki ey - < ;3(,(;33)()(1 z ;y((;()t)))f)x - 50%@0))) dr + oy (y(1)dB, (1)

1 ki 5 k(y()0
< [rl(v(t))— SR —kay () - S22y SO RO

)dt + o1 (y(1))dB,(2).

1 91
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For any € > 0, there exists 7 > 0, such that

f 1 L ;
fo (nw(s))—ga%<y<s)>—k1(y(s))+ 1(r()) l(y(s)))ds

1

N

< [Z m; (m () - %af(i) — k(D) + ki()0, (z)) )t
i=1 01

when t > T. We calculate

dins® < §, [w(r))— ST00) ~ k() - ;—9‘ RLGONTQ)

)df + 9101(3’0))(131(0,
1 0,

and t
In +” 591(J12+g)[—k/1§1fxé'ds+91M1(t)+9llnx0.
0

From Lemma 5 and the indeterminacy of &, we get

A

1, 6
limsup;fxgldsS:lJu.
0

t—+00 k191
o : L (7.8
(3) From case (2), it has lim sup ; fo ds < J12 =0, so limsup fo xds = 0. |
t—+00 t—+00

Define N
Da(@) = (@) =) = 530, o = X (1) = v(D) = 305D,

B Ao ey L 20 e ha@B) e OmDpyi)
Jn = E{ m; (rz(z) V(i) = 305(0) = k(D) + =5 o0 )’

N . . . . ko ()6 (i)
T = 2 (12(0) = V(D) = 503(0) = ko) + BGER).
Theorem 6. For model (2.3) with (xo, o, 20, o) € R} X S, it has

(1) population y becomes extinct when J,; < 0;

(2) hm 1nf fo ygds > k < J22 and y is strongly persistent in the mean when J, > 0;

(3) lim sup f yhds < b 123 when Jy; > 0;

t—+00

(4) lim sup % fot yézds = 0 and y is non-persistent (in the mean) when J; = 0.

t—+00

Proof. (1) Applying formula Ito to Iny, we can get

e OOMYDp ((1))7
y+p(y(0))z

diny = (”2(7(0) ~ ko ()™= = v(y(0)) ~
1
57 g(y(t))) dt + o2 (y(1)dBa(1).
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Integrating both sides over the interval [0, ], we have

eI P, (1(s5))z
v+ p(y(s))z

Iny(r) - Inyy = ﬁ t (rz(V(S)) — k(Y ()Y = v(x(s)) -
—%cr%(y(s))) ds + My(1),
where My (1) = [ o2(y(5))dBa(s) and
(Ms(1), My(0)) = fo ' 2y(s)ds < G
Since lim 22 = 0, then

f—+o0 !

w < ; f (r2<y<s>) —v((s)) - %aé(y(s») ds + 222
0

Taking the upper limit on both sides and using the ergodic property of Markov chains, we get

lim sup ny(® < lim sup % I} (rz(y(s)) —v(y(s)) — %O'%(y(s))) ds=J, <0,

[—+00 —+00

so lim y(¢) = 0.
t—+00

(2) We sety’ = y(t)éz,pz = %j’» <landy* <1+ p,(y —1). We can get

k(Y6 (y(®) _ kb y
éz éZ

1
diny > [rz(V(f)) ~k(y(0) = v(y(1) - 5o () +

—vyO)my0)p,
e p(y(t))z()’(t))) dt + o> (y(1))dBy(1).

For any € > 0, there exists 7 > 0, such that

t 1
fo (1”2()’(5)) = ka(y(5)) = v(y(s)) = Evi(y(s)) * b, p(y(s))

N : : —v(ym@i) g,
> (; ; (rz(i) — (i) - %o%(i) — k(i) + kZ(’ZQ(’) _¢ p(i)b 2(’)) - s]t

when t > T. Then

(yO)0(1) kb e
éz éZ

5 % 1
dlny” 6, (rz()’(f)) — ko (y(1) = v(y(1)) - 503(7’(0) +

_e—v(7<f>)m(7(’))b2(7(t ) ) dr + 6,02 (y(1))d B, (1)
p(y(1) o 2

and 1
lnyéz > Oy (Jay — &)t — kb f yézds + 6, M5 (1) + 6 In yp.
0

ka(y(s)62(y(s)) e‘v(y(s”m(y“))bz(y(S))) ds
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By Lemma 5 and the arbitrariness of &, we obtain

1 (", 0
lim inf ~ f Yids > —
oo f 0 k292
and y is strongly persistent in the mean.
(3) We set y” = y(©)” > 0, p3 92(7(’)) >1land 1+ p;(y”" — 1) <y’". We can get

1 k 6 k (7
dlny < (rz(V(l)) — ka(y() = v(y(®)) - 50'3(7(0) + Z(Y(t); 270 _ 2 2 92] dr + o2 (y(1))dB,(1).
p h
For any € > 0, there exists 7 > 0, such that
! 1 k (2
f (w(s)) ~ /() = V) = 303000 + 2D MS))) ds
0 p
N
< [Z‘ m (m(z) ) = 503D ~ ) + 2 ;22( )) ]r
when t > T. Then
L 1
dIny” <6, (rz(Y(t)) — ko (y(0)) = v(y(1)) — 50'5(7(0)
+k2()/(t)292(7(t)) kot 92] dt + 6,05 (y())dBa(?)
6, 92
and ,
lnyé'2 < 92(J23 + &)t — 1:252 f yézds + 92M2(I) +6,1n Yo-
0
Thus, X
lim sup ! f yézds < 2123.
t—+o0 L Jo 16,
(4) It is known from (3) that lim sup ; f yds < - J23 0, so lim sup 1 fo bds = 0. |

t—+00 t—+o00

DefineJ(i) = r3(z) + “(l) + e OmDey (i) — d(i) — 1073(0),

Jy = z s (rg(z) + 9 4 Oy (i) — d(i) - 103(0))-

Theorem 7. For model (2.3) with (xo, Yo, 20, Fo) € Ri X S, it has
(1) population 7 becomes extinct when J; < 0;

(2) hmsup fo zds < £ = 2 when J3 > 0;

t—+00

(3) lim sup % fot zds = 0 and z is non-persistent (in the mean) when Jz = 0.

t—+00
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Proof. (1) Applying the Itd formula to In z, we have

alyO)d - faO)x e " OmMODley (y(1))y
L+ aty®)(1 - f(y(0))x y+py(0))z

1
—d(y(1) - ks(y()z = o %(Y(I))) dr + o3 (y(1))dBs(0).

dInz = (r3(y(t)) +

Integrating both sides over the interval [0, ¢], we have

f AN = fFs)x e TOMIDe(y(5))y
Inz—1 =
ez fo (”3(7(“)) T a0 - fooNx v+ p(r(9))

1
—k3(y(5))z — Ecr%(y(s))) ds + M;(1),

—d(y(s))

where M;(1) = [ o5(y(5))dBs(s) and

(M (1), My(1)) = f (y(s)ds < 5.
0

@ = 0, then we have

R f ( rsy(s) + S | mtromron, )

ay(s) T
1 M
—d(y(s) - Eog(y(s») ds + j(’).

Since lim

t—+00

Taking the upper limit on both sides and using the ergodic property of Markov chains, we deduce

t—+0co t—+00 a(')’(S))

1
—d(y(s)) - EUg()’(S))) ds=J3 <0,

In z(¢ 1 ([
lim sup nz() <limsup 7 f (r3()/(s)) + M + ¢ OO e (4 5))
0

SO tlir+n z(t) = 0.
(2) Since
c1(y(@))

a(y(1))
1
—d(y(1) — ks(y(0)z — Edg(y(t))) dz + o3 (y(1)dBs (),

dlnz < (rs (y(0) + + e VOMODey (y(n))

then for any € > 0, there exists 7 > 0, such that

f (r3(7(8)) i eIy (y(5)) — d(y(5) — %(T %W(S))) ds
0

a(y(s))
N 1) - 1
< (; ; (l’g(i) + % + e—V(t)m(l)Cz(i) —d@) - 50’%(1')) + s]t
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when ¢t > T. The integral yields

!
Inz < (J3+ &) — IA<3 f zds + M;5(t) + In 2.
0

From Lemma 5 and the randomness of €, we deduce

1 [ J
limsup—fzdssé.
0

—+00 k3

(3) It is known from case (2) lim sup % fot zds < z—: =0, so litm+sup % fot zds = 0. O

t—+00

Based on Theorems 5-7, we directly present a corollary regarding the extinction of sub-model (2.4).

Corollary 4. For some state i and any (xy, Yo, 20, 10) € Ri X S, 1) population x becomes extinct when
J1(i) < 0; 2) population y becomes extinct when J,(i) < 0; and 3) population 7 becomes extinct when

J(@) < 0.

The impact of Markov transformation on model (2.3) is obvious. The populations corresponding to
the sub-model are extinct when J;(i) < 0, J»(i) < 0, and J(i) < O for certain states i € .S. Model (2.3)
must be extinct when each sub-model population is extinct. The general behavior may result in extinction
due to Markov switching, whereby certain states in model (2.3) persist while others go extinct. In other
words, the extinction of populations in model (2.3) results from the combined superposition of multiple
sub-states. In certain sub-states, populations may persist; however, as long as the sufficient conditions
for population extinction specified in Theorems 5-7 are satisfied, the persistence of populations in these
sub-states will not affect the nature of population extinction.

6. Asymptotic boundedness of solutions

Theorem 8. For any (xy, yo, 20, 7o) € R2 XS, the solution of model (2.3) satisfies the following properties
when 0, > 1, 6, > 1:

In x(t) : In y(z)

lim sup <1, limsup <1, limsup
t—+00 nt t—+00 Int f—+00 n

In z(?) <1

Proof. Applying the It6 formula to ¢’ In x, ¢’ Iny and ¢’ In z, we get

by (y()) - f(y(®))z
L+a(y@)(1 = fy(®))x

d(e'Inx) = [e’ Inx+eé' (”1 V(D) — ky (y (1)) x" VO —

|
_50'%()’(1))) dr + e'o (y(1))dB, (1),

e OOMYD P ((1))7
y+p(y(®)z

d(e'Iny) = [et Iny+ ¢ (i’z(y(t)) ~ ko ()™= = v(y(®) ~

dr + e'o(y(1))dBs(2),

1
—;r%(y(r)))
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alyO)d - f@O)x e OMOOey (y(1))y
L+aly@)(1 = fy(®))x y+p(y(0))z

1
—d(y(1) = ks(y(1)z - 50 %(7(1)))

d(e'Inz) = [e’ Inz+¢' (r3()’(f)) +

dt + €'o3(y(1))dB5(2).

Integrate both sides over the interval [0, 7], we have

bi(y())(1 — f(y(5))z
I+ a(y()(A = f(y(s))x

“lnxino = f ¢ [1“ X(5) + () = by (Y()K O
0

1 6.1)
—501(()|ds + Ni(0),
’ 1
e'Iny(r) —Iny, = f e’ [ln ¥(8) + r2(y(8)) = ko (y()y* " — v(y(s)) — 57 ()
Oe—V(Y(S))m(y(S)) by(¥(s))z (6.2)
EEoves e L
; f’ J e = for(s)))x e OMYE) ) ((5))y
elnz—-Inzy= | € +
o [I+alty(s)Nd = fly(s))x y+p(y(s))z 63)

1
+1n2z(s) + r3(y(8)) — d(y(s)) — ka(y(s))z - §0§(V(S)) ds + N3(1),

where N;(¢) = fot e’oi(y(s))dB;(s) are local martingales with the following quadratic variation

!
(N, N;) = f eal(y(s)ds, i=1,2,3.
0

eHhi

Take i > 0,& > 1,and 0 < & < 1. For n; € N, denote @ = se ™, B = %lnn,-, T = fin;. Then,
according to Exponential Martingale Inequality [39], it has

—fin;

1

, 1=1,2,3.

1

& ol
P{ sup [Nl-(t) _ (Ni,Nl-)] > ge In nl} <
O<r<fin; 2 2 n

By Borel-Cantelli lemma [39], it has y € F with P(€)y) = 1 and random integer ny(w) such that for any
w € Q) and n; > ny(w), there is

—fin; & Hfn;
sup [N,-(t) _E <N,~,N,-)] <, i=1.2.3
0<t<ing 2 &€
and ) o
—in; fan;
Nty < NN + S s, 0 <t < i, (6.4)

2
Substituting (6.4) into (6.1)—(6.3), respectively, we can get

~eﬂnl

!
1 )
e'lnx—1Inxy < fo e [111 x(8) + r1(y(8)) = ky (y(5)xm ) — 5a%(«y(s))a —ge" )| ds + Inny,
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e'Iny() —Inyy < f e [ln Y(8) + ra(y(5)) = v(¥(5)) = ka(y(s))y™ " — %(T%(y(s))(l — g’ ™) | ds
0

g’ eﬁn2

+ In n,,
&
e'lnz—Ingz < f ¢’ [m 2(s) + r3(y(s)) + %((5)))) + e OO e, (y(5)) — d(y(s))
0
sk = 3N~ )| ds + £ I

For any s with 0 < s < fin;, there exists C;(i = 1, 2, 3) independent of n, and for (n; — 1)ii <t < n;fi and
n; > ng, we have

In x(7) < e_tln Xo 11 —e! g:iulni
Int = Int Int g Int’
In y(¢) < e_tlnyo N C21 —e! @h‘ﬁ
Int = Int Int g Int’
In z(7) < e_,hlZo N Czl — et giu]ni
Int — Int " Int e Int

We know that t — +o0 as n; — +o0, S0

In x(7) - e Iny(r) - e Inz(r) &
Int = &’ Int ~ ¢ Int g’

Letji - 0,& — 1, & — 1, so that

In x(t Iny(z In z(z
lim sup nlx(t) <1, limsup Iiy(t) <1, limsup nz()

f—+00 n t—+00 n f—+00

7. Simulation verifications

For stochastic differential equations, the Milstein’s method offers higher accuracy than the EM
method [42], with its numerical solutions closer to the true values. We adopt Milstein’s method to
numerically simulate each state of the model. Taking the i-th state as an example, the discretization
method is as follows:

bi()(1 = f(i))za At
1 +a()( - f()x,
+ o1 (i)x, VAt , + %a%(i)xn(gin ~ DA,
€_v(i)m(i)b2(i)zn)
S ACSANN
Yn + P02,
b 20, Ve, + 503 0le, — DAY,
()1 = f(D))x, N e OmDey i)y,
L +a@)(1 - f()x, Yn + 0Dz

1
+ 03(i)z, Vs, + E(r%(i)zn(s%,n ~ DA,

. “ 0
Xp+1 =X + Xy (7’1 (l) - kl (l)xnl(l) -

Yas1 =Yn + Vn (rz(i) — ka(i)y?? — (i) -

Zntl =Zn T Zn (r?a(l) + - d(l) - kg(i)Zn) At
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where &, ,, €2, and &3, are compliant Gauss random variables that follow N(0, 1). Consider § = {1, 2, 3}
and the initial value (xo, yo, z0) = (1, 1,2). States i = 1,2, 3 correspond to Cases 1-3, respectively. Model
(2.3) is Markov switched in three sub-models. Let the generation matrix of Markov chain be

2 1 1
Q=|1 -3 2.
1 1 =2

The only stationary distribution determined by computation is 7 = (7, 715, 13) = (%, }P %) . We select
the following parameters:

ri =(0.6,0.7,0.5), r, =(0.7,0.5,0.6), r3 =(0.6,0.6,0.65), k; =(0.15,0.1,0.15),
k, =(0.2,0.1,0.05), ks = (0.15,0.25,0.2), 6, =(0.5,0.6,0.5), 6, = (0.6,0.7,0.6),
a=4,3,5), v=(04,0.2,0.25), m=(3,4,2), by =(0.6,0.5,0.4),

b, =(0.5,0.6,0.45), c1 =(0.45,04,0.3), ¢, =(04,0.5,04), d =(0.1,0.05,0.15),
p=(,4,3), f=1(0.65,05,0.6), o,=1(0.02,0.01,0.1), o0, =1(0.03,0.01,0.2),

03 =(0.01,0.01,0.15).

Then we have

B1 = 0.09955, B, = 0.113686, 55 = 0.127, B = 0.1145 > 0,

¢ = —0.213486, ¢2€7‘;(i)2i;;7(1?95(])6525, w3 =0.09827, u = 0.0147? >20,

E‘S ;i (7‘2(1) —-v(@) — T)Z - 50'2(1)) > 0, % ; (r3(l) —d@) - 50'3(1)) > 0.
The conditions of Theorems 3 and 4 are met, and we can conclude that the Markov switching model (2.3)
is stochastic persistent and has a unique ergodic stationary distribution. The Markov switching diagram
is shown in Figure 1, which illustrates that the model can switch between three states. The sample
orbits and stationary distribution of model (2.3) are shown in Figure 2. For small noise parameters and
population parameters satisfying the sufficient conditions, system (2.3) will neither go extinct nor grow
indefinitely. Instead, it will fluctuate within a certain range and converge to a stable state. This reflects
populations’ adaptability to stochastic environments, the supporting role of interspecific interactions
in sustaining the system, and the resilience of the population system in maintaining stability amid
randomness. The conditions of Corollary 2 are also met, and sub-model (2.4) is stochastic persistent in
three cases. The sample orbits of sub-models (2.4) are shown in Figure 3.

Under this set of parameters, we obtain Jj; = 0.586, Jy; = 0.235, J,;3 = 0.3165, and J3 = 0.801,
where

v

1, 0 1, 0
lim sup —f ds < =2 J,, = 4.88, liminf — f Yeds > ——Jp = 1.37,
0 klgl to+e0  f 0 292

—+00

, 1 (", 6, , 1 [ J3
limsup— | y?ds < ——J3 =6.33, limsup— | zds < —= =5.34.
t—+o0 0 kzgz t—+o0 0 k3
The conditions for the second conclusion of Theorem 5, the second and third conclusions of
Theorem 6, and the second conclusion of Theorem 7 are satisfied, and y is strongly persistent in the
mean. The simulations are presented in Figure 4.

Some parameters in Cases 1 and 2 are modified as follows: ri(1) = 0.4, ri(2) = 0.6, o1(1) = 1,
and 01(2) = 2. We calculate J;(1) = 0.1, J1(2) = —-1.4, J;(3) = 0.495, and J;; = —0.177 < 0. The
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Figure 1. Markov chain with 7 = (%, i, 15—2).
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Figure 2. The densities ((a), (c) , (e)) and distribution ((b), (d), (f)) of x, y, and z, respectively.

condition for the first conclusion of Theorem 5 is satisfied. In model (2.3), the population x is extinct,
as depicted in Figure 5. Specifically, x is extinct in Cases 1 and 2, while it is not in Case 3, as illustrated
in Figure 6. However, this does not impact the extinction of population x within the Markov system. In
Cases 1 and 2, with relatively large noise interference and small intrinsic growth rate of x, x tends to go
extinct. In Case 3, as the noise disturbance is very minor, x avoids extinction. At this time, the parameters
of model (2.3) meet the condition for the extinction of x. Population x has an inherent propensity for
extinction and will not perpetually stay in the state of Case 3; ultimately, x will become extinct.

Some parameters in Cases 1 and 2 are modified as follows: o»(1) = 1 and 07;(2) = 2. We calculate
Jr(1) =-0.2, J,(2) = -1.7, J,(3) = 0.33, and J; = —0.354 < 0. Additionally, condition for the first
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Figure 3. The probability densities of the variables x, y, and z within sub-model (2.4) for its
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Figure 4. Sample paths for populations and corresponding mean value functions to model (2.3).

conclusion of Theorem 6 is satisfied. In model (2.3), population y becomes extinct, as demonstrated
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Figure 5. The survival status of species x, y, and z in model (2.3), and x is extinct.
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Figure 6. The survival status of species x, y, and z in sub-model (2.4) for three cases with
ri(1)=0.4,r(2)=0.6,0(1) =1, and 07y (2) = 2.
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in Figure 7. Specifically, y is extinct in Cases 1 and 2, but not in Case 3, as evidenced in Figure 8.
Nevertheless, this does not alter the fact that population y goes extinct in the Markov system. In Cases 1
and 2, given larger noise interference, y tends to go extinct. In Case 3, with very small noise disturbance,
y will not go extinct. At this time, the parameters of model (2.3) satisfy the condition for the extinction
of y. y has an inherent propensity to go extinct, and y will become extinct.

0 50 100 150 200 ZEt')O 300 350 400 450 500
2 | -
$1 E
O | | | | | | | | |
0 50 100 150 200 2."{)0 300 350 400 450 500
a4l
3
2r | | | | | | | | |
0 50 100 150 200 250 300 350 400 450 500

Figure 7. The population densities of x, y, and z in model (2.3), and y is extinct.
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Figure 8. The population densities of x, y, and z in sub-model (2.4) for three cases with
o>(1) =1and 01(2) = 2.

Some parameters are modified as follows: o3(1) = 1.6, 03(2) = 1.5, and 03(3) = 1. We calculate
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J(1) = -0.547, J(2) = -0.217, J(3) = 0.3026, and J3 = —0.1105 < 0. Thus, condition for the first
conclusion of Theorem 7 is satisfied. In model (2.3), population z becomes extinct, as exhibited in
Figure 9. Specifically, z is extinct for Cases 1 and 2, but not for Case 3, as demonstrated in Figure 10.
Nonetheless, this discrepancy does not impede the extinction of population z within the Markov system.
In Cases 1 and 2, when the noise interference is relatively large, z will tend to go extinct. In Case 3,
although the noise disturbance has increased, it does not meet the condition for extinction, so z will not
go extinct. At this time, the parameters of model (2.3) satisty the condition for the extinction of z. z has
an inherent tendency to go extinct, and z will become extinct.

0 50 100 150 200 250 300 350 400 450 500
t

Figure 9. The survival of species x, y and z in model (2.3) and z is extinct.

In Case 1, we consider the impact of habitat selection behavior and select v = 0.4, 0.6, and 0.8. As
shown in Figure 11, the value of v significantly influences the population of y, whereas it has negligible
effects on the populations of x and z. That is to say, as the level of y’s habitat selection behavior
increases, its own growth will decrease. When such behavior becomes excessively strong, y will tend
to go extinct, meaning that the cost of habitat selection behavior to y’s own growth far outweighs the
benefits derived from weakening predation capacity. Habitat selection behavior has almost no impact on
other populations.

In Case 2, we consider the influence of the refuge effect and select r;(2) = 0.4, f = 0.2,0.3, and
0.7. The value of f significantly influences the populations of x and z, while having negligible effects
on the population of y, as illustrated in Figure 12. When the value of f is small, the population of x
becomes extinct, and the value of z is correspondingly low. As f increases, the populations of x and z
also increase. The refuge effect plays a positive role in the prey x and the predator z.

8. Conclusions
In this study, we construct a stochastic two-prey-one-predator model (2.3). This model incorporates
white noise and colored noise as disturbance factors while considering habitat selection behavior

and the refuge effect. Our analysis reveals that the species in model (2.3) exhibit stochastic ultimate
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Figure 10. The survival of species x, y, and z in sub-model (2.4) for three cases with
o3(1) = 1.6, 03(2) = 1.5, and 03(3) = 1.

boundedness and stochastic persistence when B > 0 and 0 < 6;(i) < 1 (j = 1,2). By constructing
appropriate Lyapunov functions, we derive the conditions for the existence of an ergodic stationary
distribution of the model. Additionally, we discuss the scenarios of population extinction and the
asymptotic behavior of solutions. It can be shown that population x goes extinct when J;; < 0,
population y goes extinct when J,; < 0, and population z goes extinct when J3 < 0.

The study revealed that the survival status of individual sub-models does not influence the overall
survival status of the model. Specifically, populations may be extinct within certain sub-models,
yet they may persist within the overarching model. Conversely, a population may survive within a
particular sub-state but be extinct in the context of the model. Moreover, it is evident that the value of v
significantly influences the population of y, whereas it has negligible effects on the populations of x and
z. Additionally, it is evident that the value of f significantly influences the populations of x and z, while
having negligible effects on the population of y. In natural systems, the survival status of populations
can be influenced through artificial intervention in the magnitude of environmental random noise. By
increasing or decreasing such noise, we can maintain or suppress the populations’ growth.

By incorporating habitat selection behavior, the refuge effect, white-noise interference, and colored-
noise interference into the model, we can more realistically reflect the survival strategies of prey in
natural environments and make more accurate predictions of predator-prey interactions, thereby fostering
a deeper understanding of the complexities inherent in population dynamics. Via theoretical research
to derive the properties of the model’s solutions and analysis of population survival status, we can
optimize conservation strategies to reduce the risk of species extinction. Practical applications involve
the artificial construction of suitable habitats for endangered prey under intense predation pressure,
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which can act as natural refuges and effectively mitigate predation pressure. Thus, exploring the intricate
dynamical behaviors associated with these ecological regulation processes represents a valuable and
promising direction for future research.
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