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Abstract: In this work, we presented an extended persistence for filtration of graded subgroups
by defining a relative homology in this setting. Our work provided a more comprehensive and
flexible approach to obtaining an algebraic invariant and overcoming the limitations of the standard
approach. As the application of mathematical tools in data analysis requires stability—meaning small
perturbations in the input data should induce only small changes in the output—our main contribution
was the development of a stability theorem for extended persistence modules of filtration of graded
subgroups. This theorem was established using an extension of the definition of interleaving, along
with the rectangle measure and functor extension. We demonstrated the theorem’s utility by applying it
to extended persistence modules obtained from the path homology of directed graphs and the homology
of hypergraphs, two important examples in topological data analysis.
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1. Introduction

1.1. Persistent homology and extended persistent homology

Persistent homology is a mathematical tool from topological data analysis. The cornerstone of
topological data analysis, persistent homology (PH), tracks the evolution of topological features—such
as connected components and cycles—across a filtration of spaces.

The modern theory of persistence is built on three pillars:

e The persistence diagram, and an algorithm for computing it, were introduced by Edelsbrunne et
al. [1], giving a compact representation of the size function and an effective way to compute it.

e Zomorodian and Carlsson [2] defined persistence modules in the abstract, indexed by the natural
numbers and viewed as graded modules over the polynomial ring k[¢]. This introduced tools from
commutative algebra.
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e Cohen-Steiner et al. [3] formulated and proved the stability theorem, which guarantees that the
persistence diagram is robust to changes in the input data. Robustness is measured in terms of a
“bottleneck distance” between persistence diagrams.

In recent years, the theory of persistent homology has been generalized in various directions. For
example variations in parameters [7]: Multi-parameter persistence studies filtrations indexed by R”
rather than R.

To capture more important topology features, Cohen-Steiner et al. [11] introduced extended
persistent homology (EPH) . The idea is to grow the space from the bottom up, through sublevelsets;
and then to relativise the space from the top down, with superlevelsets. Extended persistence is the
persistent homology of this sequence of spaces and pairs. It is usually assumed that (X, f : X — R)
has finitely many homological critical points (@;). One applies a homology functor to the
finite sequence

XU XU oo X5 X (X, X,,) o (X X)) = (X X))

where X% = {x € X| f(x) < a;} and X,,, = {x € X| f(x) > a;}.
There are three kinds of features:

e ordinary features (which are born and die before the central X);
e relative features (which are born and die after the central X);
e extended features (which are born before the X and die after it).

The example below shows the motivation of EPH.

Example 1. Let T? C R? be a point cloud sampled from a vertical torus. Define a function f : T*> — R
as the height (z-coordinate). In PH, the first connected component is born at the minimum height h,,;,
and persists indefinitely, denoted by [h,,in, ). In EPH, the connected component born at h,,;, dies at
the extended value hyq,. The interval [Rpin, hmay) represents the total height of the object.

This example shows us that in many cases PH yields infinite barcodes. In data analysis pipelines
(e.g., computing Wasserstein distances or persistence landscapes), infinite bars are often discarded or
arbitrarily truncated, leading to information loss. So extended persistence is powerful to transform
infinite barcodes into finite barcodes.

1.2. Stability

The application of a mathematical tool in data analysis typically demands its stability. That is, small
perturbations at input should result in small changes at output.

The stability of persistent (simplicial) homology (c.f. [10, p182]) has been documented since the
early days of the theory of PH. Stability is often formulated as an inequality stating that the bottleneck
distance is not greater than the interleaving distance. The stability for persistent path homology and the
stability for hypergraph homology, our principal examples, are documented in [5, 14], respectively. We
intend to present a stability theorem for extended persistence modules of filtration of graded groups.
In [12, Section 6.2], the stability for extended persistent simplicial homology is briefly discussed. The
authors of [12] said the “stability for diagram of Ord, Ext, Rel may be proved individually for each
diagram”. But they haven’t provided a proof of stability theorem of extended persistence modules of
filtration of complexes.
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1.3. Contributions

In this article we illustrate a kind of development of a stability theorem for extended persistence
modules of filtration of graded subgroups. Our specific contributions are the following:

Computing the extended persistent homology of filtration of graded groups

Proposition 7 guarantees that the supremum operation commutes with the cone construction. That
is to say, computing the extended persistent homology of filtration of graded subgroups, yields the
same result as computing extended persistent homology of filtration of their associated supremum
chain complexes.

Stability theorem for extended persistence modules of filtration of graded groups

We show that any two e-interleaved modules can be connected by a 1-parameter family of modules
(Theorem 17). We achieve this by solving a functor extension problem (Theorem 16). Combining
Lemma 14, we presented a stability theorem for extended persistence modules of filtration of graded
groups (Theorem 18).

Stability for extended persistent path homology and extended persistent homology of
hypergraphs

Applying Theorem 18, we get the stability theorem for extended persistent path homology and
extended persistent homology of hypergraphs.

2. Graded subgroups of a chain complex

The study of graded subgroups and their homology is motivated by at least two subjects in TDA:
path homology of directed graphs and homology of hypergraphs.

Path homology is a novel algebraic invariant for directed graphs (digraphs) developed by
Grigor’yan et al. (c.f. [4]). It is capable of extracting higher dimensional features from a graph, while
taking direction into account. See [5, p1154, Section 2.4] for an example of two directed graphs
whose underlying undirected graphs are have identical distinct path homology groups. In addition,
path homology satisfies certain functorial properties one would expect from a natural homology
theory on digraphs. Namely, it is natural with respect to morphisms of digraphs and satisfies a
Kiinneth formula for a product of digraphs. There is even a homotopy theory on digraphs that is
compatible with path homology. This makes path homology an ideal feature for studying digraphs,
assuming that an efficient algorithm is available.

2.1. Definition of graded subgroups of a chain complex
The concept of graded subgroups was introduced in [6]. Let

an+1 67! 6”—1
..__)Cn __)Cn_l —_ ..

be a chain complex of k-vector spaces. A graded subgroup of {C., d.} is just a family of {D.} of k-
vector spaces such that D, ¢ C, for all p. If 0D, C D,_; then {D.} would be a subcomplex, but we do
not assume this, in general.

To define a proper notion of homology for graded subgroups, one has to construct a chain complex
from {D,}. It seems reasonable to either enlarge {D.} or excise it. Define the supremum chain complex
of {D.} in {C.,d.} to be the smallest subcomplex containing {D.}, and define the infimum chain
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complex of {D,} in {C., 0.} to be the largest subcomplex contained in {D.}. As it turns out, both
approaches produce the same homology groups. We now give a detailed treatment of these notions.

For each p, define S, = S ,(D.;C.) = D, + ,11D,y1 and I, = 1,(D,;C.) = D, N 6;1D,,_1. Then S,
(resp. 1,) is a subcomplex of C.,, and is called the supremum (resp. infimum) chain complex of {D.} in
{C.,0d.}.

Remark 2. It was shown ( [6, Proposition 2.1, 2.2] ) that the S .. is the minimal subcomplex containing
{D.}, while I, is the maximal subcomplex being contained in {D.}. In particular, replacing C, by
a larger chain complex (containing it) does not affect S. or I.. Similar ideas in considering path
homology can be found in [4, Section 3].

sup

Define the homology of S, (resp. 1,) by H.*(D,; C,) (resp. H™(D,;C,)). An important result is:

Proposition 3. ( [6, Proposition 2.4]) The inclusion of I. — S. is a chain map that induces
isomorphisms H™(D,; C,) — H,"(D,;C,).

Proof. With the help of the isomorphism theorem of groups, we have

H*(D.;C.)
= Ker(9,|p,+6,.1D,01)/ 10(0ns1lD, .1 +6,15D,.2)
= (Ons1Dns1 + Ker(0,lp,))/0nr1 D
= Ker(d,lp,)/ Ker(O,ulp,) N 01Dy
= Ker(0ulp,)/(Dy N 0y41Dps1)
= HM(D.;C.).

The assertion follows. |

The above isomorphism is natural in the following sense: Suppose that we are given two graded
subgroups {D.} and {D.} of {C.,d.}, and D, ¢ D}, for all p. Let S., L. (resp. S, I}) be the supremum

and infimum subcomplex of D, (resp. D.), then S ., /. are embedded in S, I, respectively, so that the
following diagram

Hinf(D*;C*) —> qup(D*,C*)
HM™(D,;C,) — H.™(D.;C.)

commutes, where all homomorphisms are induced by inclusions.
There are at least two settings where graded subgroups arise naturally. We present both of them in

the following.
2.2. Path homology

The concept of path homology was introduced in [5]. The first case concerns the notion of path
homology of directed graphs (digraphs). Formally, a (finite) digraph is a pair G = (X, E) where X is a
finite set and £ C X x X. We deal exclusively with digraphs without self-loops.
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Given a non-negative integer p and a field k, an elementary p-path on the set X is a sequence xj - - - X,,
of p + 1 elements of X. Denote by A, = A,(X) the k-vector space of all formal linear combinations of
elementary p-paths on X. An elementary path x - - - x, as an element of A, is denoted e,,..,,. Define

the boundary operator a: A, — Api by

)4
Aergry) = D (= Dexyson,

i=0

where £; denotes omission as usual. It can be shown ( [4, Lemma 2.1] ) that 52 = 0, thus {A,}is a
chain complex.

An elementary path xo - - - x,, is called regular if x,_; # x;,1 < k < p. Define R, = R,(X) (resp.
I, = I,(X)) as the subspace of A, consisting of the formal linear combinations of regular (resp.
irregular) elementary p-paths. It is not difficult to check that 7, is a subcomplex of A., so the quotient
chain complex (A/T), is well-defined. Since (A/1), and R, are canonically isomorphic, we obtain a
chain complex {R., d.} via this identification.

The digraph structure enters the scene in the following way: an elementary regular path xg - - - x), is
called allowed if each x;_; x; belongs to the edge set E. In other words, it is a head-to-tail concatenation
of arrows. The set of formal linear combinations of allowed elementary p-paths of G is denoted
A, = Ay,G). Noting that A, is a graded subgroup of R,,d.}, we define the p-dimensional path
homology of G as H,(G) := H,""(A,; R.) = H™(A,; R.).

Given G = (X, E) and G’ = (X, E") with E C E’, we have an embedding A,(G) C A,(G’) for each
p, and thus an induced homomorphism H.(G) — H.(G’).

2.3. Hypergraph homology

The second case concerns the homology of hypergraphs which have been studied by [6]. Let V be
a finite set. The power set P(V) of V is the collection of all non-empty subsets of V. A hypergraph H
on V is just a subset of P(V). The elements of H are called to be hyperedges. If T C oo € H implies
7 € H, then H would be an abstract simplicial complex, but we do not assume this in general.

Any hypergraph H can be embedded in a simplicial complex K. The most economical choice being
Ky = {7|t C o for some o € H}. Actually, K4, is the minimal one among all such kinds of K’s.

For a simplicial complex L, let A.(L) denote the (oriented) simplicial chain complex of L. Given a
hypergraph H, define A.(H) as the graded subgroup of A.(K¢) spanned by the hyperedges of H, and
define the embedded homology of H as H.(H) = H;P(A.(H), A.(Ky)) = H™(A,(H), A.(Kz)). When
H is embedded in a simplicial complex K, there are canonical embeddings of A.(Ky) and A.(H) into
A.(K). By Remark 2, we could replace K4, with any such K in the definition of H.(H). This enables us
to formulate naturality for hypergraph homology. Given hypergraphs H’ C H, choose an embedding
of H in a simplicial complex K. There is an induced homomorphism

H.(H') = H.(A(H"), A(K)) = H(A(H), A(K)) = H(H).

Note that this homomorphism is independent of the choice of K.

2.4. Persistent homology

Here is a brief review of the standard persistent homology from an algebraic perspective.
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2.4.1. Persistence module and interval decomposition

For our purpose, a persistence module V- = ({V'},{¢'})icz is a sequence of k-vector spaces and k-

linear maps
ﬂ, Viii) | AR

A morphism of persistence module from ({V'}, {¢'))iez to ({(W'}, {¥'})iez is a sequence of linear maps
' : Vi — Wisuch that ¥/ o ' = 5'*! o ¢'. If each 1’ is an isomorphism, we call it an isomorphism
of persistence modules. Given a family {V,} of persistence modules, define their direct sum ®,V, by
@1V}, ®,:0).

We are mainly interested in decomposing a persistence module into simple building blocks up to
isomorphism. The simplest non-trivial modules are the interval modules.

For an interval I, the interval module k; is defined by

” k, mel,
ki = .
0, otherwise,

with the identity map joining nonzero vector spaces (the other maps are automatically zero). Most
persistence modules we encounter in practice are decomposable into interval modules:

Proposition 4. ( [9, Theorem 1.2] ) If a persistence module V is of pointwise finite-dimensional, i.e.,
dim V! < oo for all i, then V is isomorphic to a direct sum of interval modules. Moreover, such a
decomposition is unique.

The collection of intervals in the decomposition of V is called the persistent barcode of V. The
definition of persistent diagrams involves multisets. For our purposes, a multiset is a pair A = (S, m)
where S is a set and

m:S —{1,2,..} U{oo},

is a function called the multiplicity function, which counts the occurrence of an element in A. The
cardinality card(A) is defined to be the sum } ¢ m(s) if this sum is well-defined and finite, and
oo otherwise.

If L is a multiset and V = @ k;, we define Dgm(V) := L and define dgm(V) = {int(I),I] € L — A}
where int(I) is the interior of 1.

2.4.2. Persistent homology

In topological data analysis, persistence modules usually arise as homology groups of filtrations of
subcomplexes. Given a chain complex {C., d.} and a filtration

e Cles Ol s oo (2.1)
of subcomplexes. The inclusions induce a persistence module on homology
o Hy(C) = Hy(Cl) = -
for each dimension p, which is said to be the persistent homology (PH) of (2.1).
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In practice, filtration (2.1) usually comes from a filtration
;)Ki;)[(”l (SN

of subcomplexes of an ambient simplicial complex K, as the (oriented) simplicial chain complexes.
The most common scenario is: we are given a real valued function f : K — R defined on the vertex
set of a simplicial complex K. Let —c0o = ayp < a; < ay < --- < a, be the values of f. The sublevel
subcomplexes K' = {0 € K| f(v) < a; for all v € o} constitutes a filtration. The persistent homology
of their simplicial chain complexes is called the persistent homology of K with respect to f.

3. PH for filtration of graded subgroups

3.1. Background

Suppose that we are given a filtration

of graded subgroups of a chain complex {C., d.}. Define the persistent (p-dimensional) homology of
this filtration to be the persistence module:

= HYP(DY) — HYP (D) — -

By the discussion in Proposition 3 at Section 2, this is equivalent (up to isomorphism) to
RN pr“f(Di) N H;nf(DiH) ...

3.2. An algebraic reformulation

In this subsection, we give an algebraic reformulation of extended persistence for filtration
graded subgroups.
Let {C., 0.} be a chain complex. Let

be two filtrations of subcomplexes in C, such that S = TV (in general, S’ and T are not required
to contain one another). Define the extended persistent homology of ({S%}<icpr, AT} }1< j<n) as the
persistence modules

H,SH— - - H,SY) - H,S"/T) — -« > HSY/TN) = 0. (3.1

where S¥/ T,{ ,j=12,.. N is the quotient of two Abelian groups. That is, the extended persistent
homology of ({S!}i<i<ar, {T2}1< j<n) 1s the persistent homology for

Sles s Sl § ey §M = TN L TN/l TNITV =

The definition of the extended PH can be found in [12, p112], In order to compute the decomposition
of (3.1), we need the notion of mapping cones of chain complexes. Let {C,,d.}, {C.,d.} be chain
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complexes and ¢ : C; — C, be a chain map. The mapping cone of ¢ is the chain complex Cone(yp) =
{C.,0.} where C), = C;_l ®C, and

9,(c’,¢) = (=0,,_,(c), @(c") + 0,(c)) € C,_, ® C,p_ for ¢’ € C,

-1.C € C,

As is the case with topological cones, there is an embedding C, < C, taking c € C,t0(0,c) € 6,,.
We are interested in the case where ¢ is the inclusion of a subcomplex. When there is no ambiguity on
C., we will denote Cone(p) by Cone(C,). The following is an algebraic analogy of the contractibility
of cones, which can be proved by a standard argument in homology algebra.

Lemma 5. Let C’. be a subcomplex of C,. Denote Cone(C”) by {C,, d.). Then the map

h:H)C./C)) = H,C,),
[x] = [(=0x, )],

is an isomorphism for all p, where X € C,/C), is represented by x € C, and [-] means taking the
homology class.

From the construction in the above proof, we can see that the isomorphism / is natural with respect
. —1 . —2
to C’: if C! c C? are two subcomplexes of C,, then C, = Cone(C!) is a subcomplex of C, = Cone(C?)
and the diagram

H.(C./C") — H,(C))
H.(C./C?) — H.(C),

commutes, where the left vertical map is induced by natural projection while the right vertical map is
induced by inclusion. This implies:

Corollary 6. Suppose {S'}1<i<u» (T} 1< <y are two filtrations of subcomplexes of C, such that S™ = TV,
—_T . _1 —_—
Denote by T' the mapping cone of T\ < S™. Then S! c ---c SM c T, c --- ¢ TV is a filtration on

Tiv, and the persistence module (3.1) is isomorphic to
Hy(S)) = - = Hy(SY) — HyT)) — - = Hy(T.) = 0. (3.2)
O
Again, we postpone the detail here to the next subsection, where we study extended PH of filtrations

of graded groups.

3.3. Extended PH for graded subgroups

We are interested in extended PH of filtrations of graded subgroups. The first step is to define
relative homology in this setting.
Let E. C D, be graded subgroups of a chain complex C,. Define the relative supremum homology
group as
uj u; A
H,”(D.,E,) = H,"(D.,E.;C.) = H)(S.,T.) = H)(S./T.),
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where S, T, denote the supremum complexes of D,, E, in C, respectively. The relative infimum
homology group H;,“f(D*, E.;C.,) is defined analogously. An easy argument by the five lemma shows
that H,”(D., E.) is naturally isomorphic to Hy"(D., E.). By Remark 2, the relative homology groups
are not affected by replacing C, with a larger chain complex. Naturality with respect to inclusion is
also available: if D', E! i = 1,2 are graded subgroups of C, and D! c D?>,E! c E*>,E. c D\,i = 1,2,
then there is a canonical homomorphism H,*(D', E') — H,*(D?, E?) induced by inclusion.

To compute relative homology, we need the notion of cones for graded subgroups. Denote the
mapping cone Cone(id : C, — C,) by C,. Define the mapping cone of E, < D, as the graded
subgroup Cone(E, — D,) = E, of C,, where E, =E,1®D, C 6,, for each p. The following
proposition shows that the cone construction commutes with taking supremum subcomplex.

PrOBOSition 7. In the above setting, let S . (resp. T.) be the supremum s@compl_ex o_f D. (resp. E.) and
set T, = Cone(T, — S.). Then with respect to the natural embedding T. — C., T, is the supremum
subcomplex of E. = Cone(E, — D,) in C..

Proof. For E.,=(E..;®D,)and T, = (T._; ®S.) there exists an embedding from E.toT, _induced by
the embedding from E._; to 7., and the embedding from D, to §..We need to check that 7', coincide
with E,, + 0E,,;. By definition,

T,=Ty1®S,=(E, | +0E,)® (D, +0D,,),

while

Ep + (9Ep+1 = Ep—l &) Dp + 6(Ep @ Dp+1),
It is obvious that Ep + 8Ep+1 - Tp. Conversely, take (x + dy,z + 0w) € Tp, wherex € E, |, y€ E, z €
D,,w e D,.,. We compute

(x,y +2) +0(=y,w) = (x,y + 2) + (Oy, =y + w)
= (x+dy,z+ dw),
Since E, C D, we have (x,y +z) + d(=y,w) € Ep + 6Ep+1. O

Proposition 7 guarantees that the supremum operation commutes with the cone construction. That is
to say, computing the extended persistent homology of filtration of graded subgroups—yields the same
result as computing extended persistent homology of filtration of their associated supremum chain
complexes. Suppose that we are given a chain complex C. and two filtrations of graded subgroups

with D = EN. As is expected, p-dimensional extended persistent homology of ({D}<i<y» {El}1<j<n)
is defined as the persistence module

H)*(D)) — -+ —» H)®(DY) —» HY*(DY E}) — --- - H)*(DY,EN) = 0.5 (3.3)

where all maps are induced by inclusion. The extended PH of filtrations of graded groups
{D}<i<m» {El}1<j<n 1s the extended PH of filtrations of supremum complexes of the graded groups.
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In other words, if S? and T/ (1 < i < M,1 < j < N) denote the supremum complexes of D! and
E! respectively, then (3.3) is just the extended PH of ({S%},<i<, {TZ }i<jen). If the filtrations of graded
groups {D'}1<i<y» {E;f }i1<j<n are filtrations of complexes, then the extended PH as filtrations of graded
groups is isomorphic extended PH of filtrations of complex. Note that if H™ is used in (3.3) instead
of H*"P, we would get a persistence module isomorphic to (3.3). '

Our goal is to compute the interval decomposition of (3.3). Define Ei = Cone(E! — DMy c C, =
Cone(id : C, — C,) and identify D’ with 0@ D’ c C,. Then

D'c...cD'"cE c...cE, (3.4)

is a filtration of graded subgroups of C,. By Proposition 7, taking supremum complexes in (3.4) gives

—1
Slco.cSM"cT,c---cT,,

*

By definition, the persistence module (3.3) is the same as (3.1), which is in turn isomorphic
(Corollary 6) to (3.2). The above discussion shows that (3.2) is the persistent homology of the
filtration (3.4).

4. Stability theorem of extended persistent modules of filtration of graded groups

We will present a stability theorem for extended persistence modules (defined later) of filtration of
graded groups in this section and apply this theorem to the extended persistence of path homology and
hypergraph homology.

In Section 4.1, we present the basic notions necessary for formulating the stability results. In
Section 4.2, we discuss the bottleneck distance and interleaving distance in the extended setting,
which are measurements for small changes and prove the stability theorem (Theorem 18). In
Section 4.2 we show that any two e-interleaved modules can be connected by a 1-parameter family of
modules (Theorem 17). We achieve this by solving a functor extension problem (Theorem 16).
Combining Lemma 14, we presented a stability theorem for extended persistence modules of filtration
of graded groups (Theorem 18). In the remaining two subsections, we state and prove stability
theorems for path homology and hypergraph homology, respectively.

4.1. Continuous extended persistence modules

We define two posets R and E as follows.

Definition 8. The poset R is defined to be the set R with reversed order. For b € R, denote the
corresponding element of R’ as b. Hence, a < b € R’ if and only if b < a € R. The order of the poset
E =R U{co}UR’is given by s < 0o <t forall s,t € R.

A (continuous) extended persistence module V is a functor from poset E (regarded as a category)
to category Vect, of finite-dimensional vector spaces over k. In other words, each x € E is assigned a
vector space V., and each pair x <y is assigned a linear map V., : V, — V| such that

1) Vix=1d,
(11) Vx,z = Vx,y © Vy,zy
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The definitions of morphism, direct sum, and interval module are analogous to the discrete case.
Note that intervals here are those with respect to the poset E (e.g., (3, 2], (o0, 1)).

Here is how extended persistence modules arise from discrete ones defined earlier in this paper.

For our purpose, it suffices to deal with a smaller class of persistence modules. An extended
persistence module V is called decomposable if it is isomorphic to a direct sum of finitely many
interval modules over E, none of which has oo as an endpoint. Such a decomposition is always unique
(see [12, Theorem 2.7], note that E is isomorphic to R as a poset). The decomposability can be
reformulated in the following way:

Proposition 9. An extended persistence module V is decomposable if and only if the following
statement hold:

(i) V, is finite-dimensional for all t € E,

(ii) there exist a,b € R, such that V, is an isomorphism for all a < s <t < b (i.e., V is locally
constant near o).

Proof. For the “if” part, condition (i) implies the existence of interval decomposition
(c.f. [12, Theorem 2.8] ). Locally constant near co guarantees that none of the intervals has co as
endpoint. The “only if” part is trivial. O

We now move to define the extended persistence diagrams of a decomposable module V. For
simplicity, we denote an interval in E of the form (a,b),(a,bl,|a,b),la,b] as
(a*,b7),(a*,b*),(a",b"),(a",b") respectively. By Section 6.2 of [12] there are then three types of
intervals in the decomposition :

(i) ordinary: (a*,a’®),
(i) relative: (b*, "),
(iii) extended: (a*, b*).

The ordinary persistence diagram of V is obtained by placing a point (a,a’) on the plane R X R
for each ordinary interval (a*,a’*), counting multiplicity. The relative (resp. extended) persistence
diagram is defined similarly, except that it lies in the plane R X R’ (resp. R? X R?). The three types
of persistence diagrams are denoted by Ord(V), Rel(V) and Ext(V) respectively. Note that they are
multisets on the respective planes.

4.2. Bottleneck distance and interleaving

There are two notions of distance between persistence modules: bottleneck distance and
interleaving distance [12]. Roughly speaking, the bottleneck distance measures how close the
persistence modules are by comparing their persistence diagrams, while the interleaving distance
measures how far away they are from being isomorphic and typically can be related to the input data.
In the unextended case, the two distances are equated by the Isometry Theorem
(see [12, Theorem 5.14]) if certain finiteness assumptions are satisfied.

We now formulate these notions in the extended setting, starting with Bottleneck distance.
Throughout this discussion, we will be using the [* distance on the plane:

d((x,y), (z,w)) = max(|x — z|, [y — w)).
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Given two multisets A, B, a partial matching is a bijection ¢ : A’ «— B’ between subsets A" C
A,B Cc B. If A” = A, B’ = B, we call ¢ a perfect matching. We call a and ¢(a) matched pairs where
ac€ A’ anda ¢ A’ or b ¢ B’ are unmatched points. Let V, W be decomposable persistence modules and
0 > 0. A ¢6-matching between V and W is a triple ® = {¢¢, dr, ¢} Where ¢o (resp. ¢r) is a partial
matching between Ord(V) and Ord(W) (resp. Rel(V) and Rel(W)) while ¢ is a perfect matching
between Ext(V) and Ext(W) such that all matched pairs are d-close and unmatched points are d-close
to the diagonal means the distance in the plane. The bottleneck distance between V, W is defined by

dp(V, W) = inf{ 6| there is a -matching between V and W }.

In particular, the requirement of perfect matching for the extended diagram means that dg(V, W) = +o0
unless dim V,, = dim W.
We now turn to interleaving.

Definition 10. Let V,W be extended persistence modules and € be a positive real number. A
e-interleaving between V and W is a quadruple of families of maps ({¢.}, {¢s}, (Wa), (Y3}) where

Pa - Va B— Wa+s ©p - VE B— WE’
Vo Wo — Ve Yt Wy — Vi,

foraeR,beR® satisfying the following conditions:
(i) Fora < a’ € R,b < b’ € R, we have the following naturality conditions:

Wa+s,a/+e O Wy =Py O Va,a’a
Weieh=z 0% =95° Vs
Wir=°% =%y ° Vip

In other words, the following diagrams commute:

Wa+£,a’ +e
Wa+s > a'+e
V' Pa’
Va,a’
Va > Va’
ateb—s
? \ AR
Wate 7 Wb_g
4
Vab N
Va 7 V;
W—
b—g,b’ —¢
Wb—s 7 Wb’—s
V ‘Pb/
V-—
b. /
a ; N -
Vb I4 b

(i’) The three equations in (i) remains true with V, W exchanged and ¢ replaced by .
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(ii) For a € R, b € R?, the following equations hold:

wa+8 © Qoa = Va,a+8
Ypzowp = Vipa:

These amounts to commutativity of diagrams:

a+s
LN

a a+2e

a+2e

Wi

V, -

b,b-2¢
_ > \ AR
Vb 4 b-2¢e

(ii’) The two equations in (ii) remains true with the roles of (V, ¢) and (W, ) reversed.

If there is a e-interleaving between V and W, we call that V and W are &- interleaved.
The interleaving distance between V, W is defined by:

d;(V, W) = inf{e | there is a e-interleaving between Vand W.}

We shall prove that the assumptions of decomposability are sufficient for stability, i.e., the
bottleneck distance of two extended persistence modules is bounded above by their
interleaving distance.

The proof of our stability theorem makes use of rectangle measures [12]. For our purpose, we define
an admissible rectangle as a planar rectangle of one of the following forms:

[a,b] X [c,d]| CRXR,a<b<c<deR,
[a,b] x[¢,d] CR°XR°,a>b>c>deR,
[a,b] X [C,d] SR XR’,a<b,c>deR.

We define three rectangle measures, one for each plane, that assign a nonnegative integer or +oo to
an admissible rectangle 7
ud(T) := card(Ord(V) |7),

uf;(T) := card(Rel(V) |7),
ub(T) := card(BExt(V) |r).
Given ¢ > 0, the o-thickening of a rectangle is defined by
([a,b] X [c,d))’ = [a - 6,b + 6] X [c — 6,d + 6],
([a,b] x [¢,d])’ = [a+6,b— 6] X [c + 6,d — 6],
([a,b] x [c,d])’ = [a—6,b+ 6] X [c + 6,d — 6].

The following lemmas are analogies of Lemma 5.26 and Theorem 5.29 in [12] in the
extended setting.
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Lemma 11. ( [12, Lemma 5.26]) Let U, V be a 6-interleaved pair of extended persistence modules. Let
T be an admissible rectangle in R X R whose 6-thickening is above the digonal. Then uj,(T) < u (T,
u (T) < uj(T°)

Lemma 12. Let U,V be a d-interleaved pair of extended persistence modules. Let T be an admissible
rectangle in R X R, R X R? or R? X R? whose 6-thickening T? is also admissible. Then u,(T) < u (T,
uy(T) < uj (T°).

The proof of the equality u},(T) < uﬂ{,(T‘S), uy(T) < u’;](Té) for T ¢ R X R has been written in the
proof of Lemma 5.26 of [12]. And the proof of the equality for T ¢ R X R? or for T € R? X R’ is
similar to the proof of Lemma 5.26 in [12]. Therefore we omit the proof here and refer the interest
reader to [12].

Theorem 13. ( [12, Theorem 5.29]) Suppose (u.|x € [0, €]) is a I1-parameter family of finite r-measures
on an open set D in R X R. Suppose for all x,y € [0, €] the equality holds

u(T) < u, (TP,

holds for all rectangles T whose |y — x|-thickening T"= belongs to Rect(D). Then there exists a &-
matching between the diagrams dgm(uy) and dgm(u,).

Lemma 14. For € > 0, if there exists a family {V'|t € [0, ]} of decomposable extended persistence
modules such that V*, V' are |s — t|-interleaved for all s,t € [0, &], then dg(V°, V?) < &.

Proof. For any s,t € [0, €] and any rectangle T such that T~ is admissible, we have
wyo(T) < ul(TH),  ul(T) < (TR,

by Lemma 12. It suffices to find an e-matching ® = {¢o, ¢r, ¢z} between V? and V®. The partial
matching ¢, can be obtained by applying [12, Theorem 5.29] to (u‘?_vls € [0, g]) with D being the open
half plane above the diagonal (not including the infinity). The matching ¢y is obtained analogously,
using the natural symmetry between R X R and R” x R for R? as the poset R with reversed order. To
get ¢, we utilize the symmetry between R X R and R X R? and apply the above-mentioned theorem to
(uesls € [0, €]) with D being the entire plane (not including infinity). The resulted ¢, has to be perfect
by our choice of D. O

By Lemma 14, given two e-interleaved extended persistence modules, it suffices to join them by a
family of mutually interleaved modules (as in Lemma 14). Next we will construct a family of mutually
interleaved modules. This family can be constructed using functorextension.

Definition 15. Given € > 0, we define a translation Q, on the subset R U R® of E as follows

x+e x€R,
Qa(x):
x—¢&, x€R

The order of the poset E X {0, g} is given by setting (x, a) < (y, b) if one of the following holds:
(1) x<y,a=b,
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(2) Qu(x) <y, a#+b, x # oo,

(3) x=00,yeR? a+b.

The order of the poset E X [0, ] is given by setting (x,a) < (v, b) if one of the following holds:
(1) x <y, a=b,

(2) Qup(x) <y, a# b, x # oo,

(3) x=00,yeR? a+b.

Theorem 16. Two extended persistence module V, W are e-interleaved if and only if there exists a
functor L such that the following diagram commutes:

Vect

AN
14 L: w
i : i

E 3% Ex{0,e) +—<— E

see Definition 8 and Definition 15 for the definition of two posets E and E X {0, €} .

Proof. The functor ij is an embedding from E to E X {0} such that iy(x) = (x,0), x € E and functor i,
is an embedding from E to E X {€} such that i.(x) = (x, &), x € E . We denote the extension functor L
and denote the morphism from L((x, a)) to L((y, b)) as Ly a) . for any (x,a), (y,b) € E x{0,&}. If V,
W is decomposable, then L is finite dimensional, and has locally constant near co which means there
exista € R b € R, such that V;, W, is an isomorphism foralla < s < 7 < b.

For the if”” part, the existence of the solution can make us take a quadruple of families of maps

({L(a,O),(a+s,.9)}, {L(B,O)’(T—g,g)}’ {L(a,s),(a+£,0)}9 {L(L’g),(ﬁ,o)}) s

as a quadruple of families of maps ({¢.}, {¢3}, (¥}, {¥5}) in the Definition 10.The functoriality of L
implies the commutativity of diagrams in Definition 10.

For the “only if” part, extended persistence module V, W are e-interleaved then there exist a
quadruple of families of maps ({¢.}, {¢z}, (Y.}, {¥5}) in the Definition 10 that can be taken as (
{La.0)(a+e.0))> {L(B’O)’(bfg’g)} s ALe)(are0))s {L(B,g),(ﬁ,())} ). The commutativity of diagrams in the
Definition 10 implies the functoriality of L and the commutativity of diagram in the Theorem 16. O

Theorem 17. If two decomposable extended persistence modules V, W are &- interleaved, then there
exists a family {V'|t € [0, €]} of decomposable extended persistence modules such that V*, V' are |s — t|-
interleaved for all s,t € [0,&], V° =V, V¥ = W.

Proof. By Theorem 16 there exists a family {V|t € [0,&]} of decomposable extended persistence
modules such that V¥, V' are |s — f|-interleaved for all s, ¢ € [0, €] if and only if there exists a functor H
such that the following diagram commutes

Vect
L AN
H:

Ex{0,8) —— Ex[0.¢]
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For any (e, b) € E X [0, ], define H by:

L((e, b)), (e,b) € Ex {0, ¢},

:= coli =
H(e,b) colim L((x,1)) {L((Qzl(e)’o)@L(Q;_lb(e)’g))/G’ otherwise,

i(x,t)—(e,b)
where G is a subgroup generated by the following element :
{(Lo;19;' 9.0.@' .0 () =L @ @@, 0.0 CDIX € Lo 01,005

{(Lo; @00, .00 =Lz !, @n.0r@z, .0 DY € Loz @, )0
We denote the morphism from H((x, a)) to H((y, b)) as H(, 4. for any (x,a), (y,b) € E X [0, &].
So V'(e) := H((e, 1)) has finite dimension, and has locally constant near co which means there exist
a € Rb € R, suchthat V], := Hn, is an isomorphism for alla </ < h < b for the image of L has
finite dimension, and is locally constant near co. Then by Proposition 9 {V'|t € [0, €]} is a family of
decomposable extended persistence modules. O

Theorem 18. If two decomposable extended persistence modules V and W are e-interleaved then
dg(V,W) < e.

Proof. Theorem 18 is a corollary of Lemma 14 and Theorem 17. O

4.3. Stability for extended persistent path homology

We shall need the following definition of relative path homology of digraphs. Let G = (X, E), G’ =
(X, E’) be two graphs on the same vertex set X such that £’ c E, then we have A.(G") € A.(G) C
R.(X). Define the relative path homology group of (G,G") as H,(G,G’) = Hf,up(ﬂ*(G), A(G); R.(X)).

For digraphs, a (continuous) persistent module usually arises from a weight function. We define
a weighted digraph as a triple D = (X, E, A) where X is a finite set with a weight function A : E —
R,EC XXX —{(x,x)|x € X}. Let A, A" be two weight functions on E, we define the distance between
them as

dp(A,A”) = max |A(x,y) — A'(x,y)l,
(x.y)EE

Given a weighted digraph D = (X, E, A) and a € R, define digraphs G, = (X, E,), Gz = (X, Ez) by
E,:={(x,y) € E: A(x,y) < a},

Ez :={(x,y) € E : A(x,y) > a}.

For any a’ > a € R, we have natural inclusions E, — E,, E; < Eg The nested families of sub-
digraphs {G,}, {Gz} of G = (X, E) induces nested families of subgroups A.(G,), A.(Gz) of R.(X) (see
Section 2.2.2). Denote the supremum complexes of A.(G.) as S.(G.). Then we have nested families
of subcomplexs S.(G,), S.(Gz) of R.(X) .Thus for each p, we get an extended persistence module VPD
by defining
V2 (a) := Hy(S.(G,) = Hy"(A(G); R.(X)) = Hy(G),
V2(00) 1= Hy(S.(G)) = H,"(A.G): R(X)) = Hy(G),

V(@) := Hy(S.(G)/S.(Ga)) = Hy"(ALG), A(Ga); R.(X)) = H\(G, Ga),
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for a € R and a € R?, and joining them by homomorphisms induced by inclusions.
Finiteness of X implies that R,(X) and S,(G) are finite-dimensional for all p € N. Thus, Vl? is finite
dimensional everywhere. For sufficiently l_alrge a € R, b € R, we have G, = G, G = (X,2). Thus,

(VI?)SJ is an isomorphism for a < s < t < b. By Proposition 9, Vf is decomposable for any weighted
graph D and any p € N.

We are now able to formulate and prove the stability of extended persistent path homology.
Theorem 19. Let D = (X, E, A%, D’ = (X, E, A%) be two weighted digraphs with dp(A°, A%) = 6.
We have
dp(dgm(V}), dgm(V))")) < dp(A°, A?),
forany p € Z,.

Proof. For any h € {0, 6}, a € R, define E", Eg by

E!':={(x,y) € E: A"(x,y) < a},
El:={(x,y) € E: A'x,y) > a},
and define G = (X, E}), G2 = (X, ED).
Since dg(A°, A%) = 5, we have the following natural inclusions of digraphs.

G —G°

a+o’

0 5
G; — Ga—a’

G, = Go,5Go = G (%)

a+o?

Consider now the following commutative diagrams of chain complexes, where all arrows are
induced by inclusion or natural projection (the slant arrows are justified by (x)):
(i) Forany a < a’,b < b’ € R, we have diagrams:

5.G)/S.(G2) > S.(G)/S.(GY)

\S*(G) /S.(GL—) \S*(G)/S*(G;&)
8.(G)/S.(G2) > S.AG)/SAGY

\S*(G) /S.Go— >\S*(G)/S*(Gj,6)
8.(G)/S.(G2) > S.AG)/SAGY

\S*(G) /S(G \S*(G)/S*(G,f&)
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(1’) Same diagrams as (i) but with s,  reversed.
(i1) For any a, b € R, we have diagrams:

S.(Gy) > Su(Gy, o)

\ )/

.G,

S.(G)/S(G) > S.(G)/S.(GL)

S.(G)/S. (G

(i1”) Same diagrams as (ii) but with 0, ¢ reversed.

Passing to homology, the above diagrams constitute a J-interleaving between Vl? and Vf'. Since
all of these modules are decomposable, we have dB(dgmp(Vl?),dgmp(V[?') < 0 = dg(AA') by
Theorem 18. O

4.4. Stability for extended persistent homology of hypergraphs

We shall need the following definition of relative embedded homology for hypergraph pairs. Let V
be a finite set and H’ C H be hypergraphs on V. Then we have A.(H") C A.(H) C A.(Kyg). Define the
relative embedded homology group of (H, H’) as H,(H, H') = H,"(A(H), A(H"); A(Ky)). Note
that we could replace K4y by any larger simplicial complex. In particular, an inclusion of hypergraph
pairs induces a well-defined homomorphism between their homology groups.

Now suppose H is a hypergraph defined on a finite set V, let f be a real valued function on H. For
eacha € R, let

H] = [ (=00, a)),

H! = ' ([a, +o0)).

For each p € N, we define an extended persistence module VZ: by defining
V/(a) := Hy(H]) = H,"(A(H]): A(Kp)),
VI(c0) := Hy,(H) = Hy"(A(H); Au(Ky)),
V(@) := Hy(H, H.) = Hy"(AJ(H), AHD) Ad(K2)).

for any a € R and a € R°, and joining them by homomorphisms induced by inclusions. Suppose f, g
are two real valued functions on H. Define the L* distance between f and g by

Ilf = gllw = sup [f(0) — g(o)|
ogeH

We are now able to formulate and prove the stability of extended persistent embedded homology of the
hypergraph.
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Theorem 20. Let f, g be two real valued functions on H. We have
dp(dgm(V?), dgm(V%)) < || ~ glle-
Proof. The proof of this theorem is similar to the proof of Theorem 19. Let 6 = ||f —g||. Then we have

HI — HE,,, HE — H

a a+6’ ” "a a+o°
f g g f
Hy > H - HE - H - (%)

A ¢-interleaving between vy, V3 is obtained by (**) in the same way that the interleaving is obtained
by (*) in Theorem 19. Since these modules are decomposable by Proposition 9, we have

dp(dgm(V/), dgm(V®) < 6 = [|f - gl
by Theorem 18. m|
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