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1. Introduction

Inverse scattering problems constitute a central topic in applied mathematics and physics, with
wide-ranging applications including radar and sonar target identification, medical ultrasound computed
tomography (CT), geophysical exploration, and nondestructive evaluation [1–3]. The fundamental
objective of these problems is the quantitative reconstruction of the physical properties or geometric
features of an unknown scatterer from measured scattered field data. However, such problems
are intrinsically nonlinear and ill-posed, posing significant challenges for theoretical analysis and
numerical computation.

To address the intrinsic nonlinearity and ill-posedness, regularization theory coupled with lineariza-
tion strategies has been extensively investigated. A widely adopted approach involves linearizing the
nonlinear forward map via strategies such as the Born, Rytov, or Kirchhoff approximations [1, 4],
as well as Newton-type iterative schemes [5, 6]. Following linearization, regularization techniques
become essential to handle the severe ill-conditioning of the resulting system. The most fundamental
strategy is Tikhonov regularization, systematically detailed in [7], which stabilizes the inversion by
minimizing a functional balancing data fidelity with a penalty term. This method provides a robust
framework with well-established theories on existence, stability, and convergence rates [8, 9]. Beyond
the classical Tikhonov framework, alternative strategies include iterative regularization methods
[10, 11], iteratively regularized Gauss-Newton schemes [5], and sparsity-promoting techniques [12].

As an intrinsically nonlinear and ill-posed problem, the inverse medium scattering problem has been
extensively investigated. Methodologies range from iterative regularization for strong scattering [13],
to comprehensive analyses of Tikhonov-type schemes [2, 14], and even globally convex formulations
based on Carleman estimates [15, 16]. While these contributions have significantly advanced the field,
most focus on single-parameter models. However, characterizing realistic acoustic media requires the
simultaneous determination of both density and bulk modulus.

Simultaneous reconstruction of multiple parameters is a formidable challenge. The literature
shows that uniqueness for such co-inversion problems often requires strong prior assumptions or
supplementary data. For example, uniqueness was established for recovering a piecewise constant
medium with an embedded object [17]. Other studies prove uniqueness for an obstacle and its
sources by using additional data to decouple the problem [18, 19]. Even advanced algorithms
may need partial a priori information to handle these coupled systems effectively [20]. These
works collectively demonstrate that the coupling in multiparameter problems presents a fundamental
theoretical challenge. This difficulty in the full nonlinear setting motivates a rigorous analysis of the
linearized problem, which is often the basis for practical inversion algorithms.

This challenge is particularly evident in the dual-parameter acoustic inversion problem, which
has numerous applications in fields such as medical ultrasound tomography [21] and geophysical
full-waveform inversion [22, 23]. In these applications, the contributions of density and modulus
variations are intertwined in the scattering data, creating a composite source term that exacerbates
the problem’s ill-posedness. Standard decoupled strategies often fail to separate these coupled
contributions, leading to significant artifacts in the reconstructed images [24]. While multiparameter
regularization techniques have been explored to address this issue [14, 25], they typically rely on the
assumption that the forward operator is well-behaved. However, in scenarios where certain modes
of the contrast are unobservable, such as in limited-aperture or low-frequency measurements, the
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resulting normal operator exhibits structural singularities, specifically manifested as non-invertible
diagonal blocks. In such cases, classical block inversion methods based on the Schur complement
become inapplicable.

To address this challenge, this paper analyzes the structure and stability of the solution based on the
theory of the maximal Tseng generalized inverse. Instead of the spectral analysis for one-sided coupled
matrices [26–28], we establish here the explicit solution structure for general 2 × 2 operator matrices.
After linearizing the problem into a 2 × 2 block operator equation using the Born approximation, we
derive an explicit analytical representation for its generalized inverse. This representation decomposes
the solution operator in terms of its diagonal and off-diagonal blocks, explicitly showing how parameter
coupling affects the solution. Building on this analysis, we then investigate the Tikhonov-regularized
problem and establish a rigorous stability estimate. This estimate reveals that the strength of the
parameter coupling fundamentally dictates a critical lower bound for the regularization parameter,
and that the reconstruction error exhibits singular behavior as this bound is approached. Crucially,
our approach does not require the diagonal blocks to be invertible, making it applicable to structurally
singular systems where traditional methods based on the Schur complement fail.

This paper is organized as follows. Section 2 formulates the mathematical model for the two-
parameter acoustic inverse scattering problem, derives the Lippmann-Schwinger equation under the
Born approximation, and introduces the resulting block operator structure. Section 3 develops the
theory of the Tseng generalized inverse and presents our main theorem concerning the inverse of a
perturbed block operator. Section 4 applies this theorem to the Tikhonov-regularized system, providing
a detailed analysis of the solution’s structure and stability. In Section 5, we provide a summary of our
findings and discuss the outlook for future work.

2. The two-parameter acoustic inverse scattering problem

This section provides a detailed mathematical formulation for a canonical two-parameter acoustic
scattering problem. The resulting framework, culminating in a precise 2 × 2 block operator system,
serves as a concrete foundation for the theoretical analysis presented in the subsequent sections.

2.1. The direct scattering problem

Assume that the space R3 is filled with a homogeneous and non-dissipative medium, characterized
by a constant density ρ0 and a constant bulk modulus κ0. Under the time-harmonic assumption, the
linearized acoustic wave equation reduces to the homogeneous Helmholtz equation [1, Section 2.1].
The incident field uinc(x) satisfies

∆uinc(x) + k2
0uinc(x) = 0 in R3, (2.1)

where the wave number k0 > 0 is related to the angular frequency ω by

k2
0 =

ω2ρ0

κ0
. (2.2)

Let the scatterer be an inhomogeneous medium characterized by its density ρ(x) and bulk modulus
κ(x). The scatterer is assumed to have a compact support Ω, where Ω ⊂ R3 is a bounded, open domain
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with a C2 boundary. The physical parameters coincide with the background constants (ρ0, κ0) for all
x ∈ R3 \ Ω. The direct scattering problem is to find the total field u = uinc + us such that u ∈ H1

loc(R
3)

satisfies the Helmholtz equation governing acoustic propagation in an inhomogeneous medium. We
introduce the contrast functions mρ(x) and mκ(x), defined in terms of the density and bulk modulus as

mρ(x) := 1 −
ρ0

ρ(x)
and mκ(x) := 1 −

κ0

κ(x)
. (2.3)

Following the standard derivation in [1, Section 8.1], we rewrite the acoustic wave equation in terms
of the background wave number k0 and these contrast functions as

∆u(x) + k2
0u(x) = ∇ · (mρ(x)∇u(x)) + k2

0mκ(x)u(x) in R3, (2.4)

where the scattered field us satisfies the Sommerfeld radiation condition

lim
r→∞

r
(
∂us

∂r
− ik0us

)
= 0, where r = |x|. (2.5)

The well-posedness of this forward scattering problem is a classical result in scattering theory,
typically established by reformulating the problem as an integral equation [1, 29]. If the density is
constant, i.e., ρ(x) ≡ ρ0, then ∇ · (mρ∇u) vanishes, and Eq (2.4) reduces to the classical medium
scattering equation. The inverse problem is then to reconstruct the pair of functions, which we represent
by the vector m(x) = (mρ(x),mκ(x))> from scattering measurements.

2.2. The Lippmann-Schwinger equation and the Born approximation

The governing The governing partial differential equation (PDE) (2.4) coupled with the radiation
condition (2.5) is equivalently reformulated as the Lippmann-Schwinger integral equation for the total
field u:

u = uinc −

∫
Ω

Φ(x, y)
(
∇y · (mρ(y)∇yu(y)) + k2

0mκ(y)u(y)
)

dy, (2.6)

where Φ(x, y) is the Green’s function, given by

Φ(x, y) =
eik0 |x−y|

4π|x − y|
. (2.7)

The equation remains nonlinear due to the presence of the total field u = uinc + us within the source
term on the righthand side.

To obtain a linear equation, we apply the first-order Born approximation. Under the assumption
of weak scattering (i.e., |us| � |uinc|), we replace the total field u inside the integral with the known
incident field uinc. This linearization yields the linear integral equation:

us
Born(x) = −

∫
Ω

Φ(x, y)∇y · (mρ(y)∇yuinc(y))dy − k2
0

∫
Ω

Φ(x, y)mκ(y)uinc(y)dy, (2.8)

where us
Born denotes the Born-approximated scattered field. This defines the linearized problem under

the Born approximation with higher-order scattering effects contributing errors of order O(‖m‖2). By
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applying Green’s first identity and using the compact support of mρ in Ω to eliminate the boundary
integral, the first term in (2.8) is transformed into∫

Ω

Φ(x, y)∇y ·
(
mρ(y)∇yuinc(y)

)
dy = −

∫
Ω

∇yΦ(x, y) ·
(
mρ(y)∇yuinc(y)

)
dy. (2.9)

Substituting this identity back into (2.8), we arrive at the final form of the linearized integral equation

us
Born(x) =

∫
Ω

(
∇yΦ(x, y) · ∇yuinc(y)

)
mρ(y)dy − k2

0

∫
Ω

Φ(x, y)uinc(y)mκ(y)dy. (2.10)

This equation provides an explicit linear relationship between the contrast functions m =
(
mρ,mκ

)>
and the Born-approximated scattered field.

We define the two linear integral operators Jρ and Jκ by

(Jρmρ)(x) :=
∫

Ω

(
∇yΦ(x, y) · ∇yuinc(y)

)
mρ(y)dy, (2.11)

(Jκmκ)(x) := −k2
0

∫
Ω

Φ(x, y)uinc(y)mκ(y)dy, (2.12)

and the block operator J =
(
Jρ Jκ

)
. The linearized problem (2.10) can then be written as

us
Born(x) = (Jm)(x). (2.13)

The linear operator J : L2(Ω) × L2(Ω) → L2(Γ) maps the space of contrast functions to the space of
the Born-approximated scattered field on Γ.

2.3. The block operator structure

In the practical inverse problem, we aim to reconstruct the vector m from measurements of the
scattered field uobs. This observed data is inevitably corrupted by measurement noise and subject to
errors inherent in the Born approximation. The solution is therefore sought by minimizing the squared
norm of the residual, which is defined as

min
m
‖Jm− uobs‖

2. (2.14)

Solving this least-squares problem is equivalent to solving the equation

J∗Jm = J∗uobs, (2.15)

where J∗ : L2(Γ)→ L2(Ω) × L2(Ω) is the adjoint of J .
The operator J has a 1 × 2 block structure given by J =

(
Jρ Jκ

)
. Consequently, its adjoint J∗

has the corresponding 2 × 1 block structure

J∗ =

(
J∗ρ
J∗κ

)
. (2.16)
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By direct block operator multiplication, we have

M =

(
J∗ρ
J∗κ

) (
Jρ Jκ

)
=

(
J∗ρJρ J

∗
ρJκ

J∗κJρ J
∗
κJκ

)
=:

(
A B
C D

)
. (2.17)

Here, the diagonal operators A and D are associated with the inverse problem for each parameter
individually, while the off-diagonal operators B and C represent the coupling between the density and
bulk modulus contrasts. The stability of the joint inversion generally improves as the diagonal operators
become better-conditioned and the norms of the off-diagonal coupling operators decrease [22,30]. The
operatorM : L2(Ω) × L2(Ω)→ L2(Ω) × L2(Ω) is thus represented by the block matrix in (2.17).

In this paper, we provide a representation for the solution of the following ill-posed equation

Mm = J∗uobs (2.18)

by employing the maximal Tseng generalized inverse of the operator matrixM.

3. Theory of perturbed block operators and their generalized inverses

Let X and Y be Hilbert spaces. We denote by L(X,Y) the space of all linear operators from X to Y ,
and by B(X,Y) the space of all bounded linear operators. Furthermore, let C(X,Y) denote the set of all
densely defined, closed linear operators from X to Y . When Y = X, we adopt the shorthand notations
L(X), C(X), and B(X). The domain, kernel (or null space), and range of an operator T are denoted by
D(T ), N(T ), and R(T ), respectively.

Definition 1 (see [31]). Let T and S be linear operators with the same domain space. The operator S
is said to be T−bounded ifD(T ) ⊂ D(S ) and there exist nonnegative constants a, b such that

‖S u‖ ≤ a‖u‖ + b‖Tu‖, u ∈ D(T ). (3.1)

The greatest lower bound of all possible constants b is called the T−bound of S .

Definition 2 (see [32]). Let T ∈ L(X,Y). An operator S ∈ L(Y, X) is a Tseng generalized inverse of T ,
if R(T ) ⊂ D(S ), R(S ) ⊂ D(T ), and S T and TS are, respectively, the following restrictions:

S T = P
R(S )|D(T ), TS = P

R(T )|D(S ). (3.2)

Here P
R(S ) and P

R(T ) are orthogonal projections onto R(S ) and onto R(T ), respectively.

It is well known that an operator T has a Tseng generalized inverse if, and only if, the domain of T
admits the decomposition

D(T ) = N(T ) ⊕ (D(T ) ∩ N(T )⊥). (3.3)

When this condition holds, the range of any Tseng generalized inverse S of T is given by R(S ) =

D(T ) ∩ N(T )⊥, and the null space of S can be any subspace of R(T )⊥. This decomposition of the
domain is satisfied for any T ∈ C(X,Y) or T ∈ B(X,Y), since the kernel of T is closed.

Definition 3 (see [32]). The maximal Tseng generalized inverse T † of an operator T ∈ L(X,Y) is the
Tseng generalized inverse of T withD(T †) = R(T ) ⊕ R(T )⊥ and N(T †) = R(T )⊥.

Electronic Research Archive Volume 34, Issue 2, 844–865.



850

Lemma 1 (see [32]). Let T ∈ C(X,Y). Then, the following hold:

(i) (T †)† = T and N(T ) = R(T †)⊥.

(ii) R(T ) is closed if, and only if, T † ∈ B(Y, X).

We begin our theoretical analysis with a key proposition concerning the generalized inverse of
perturbed operators. This result will serve as the cornerstone for the proofs of our main theorems.

Proposition 1. Consider an operator T ∈ C(X,Y) with a closed range R(T ), and a T-bounded
perturbation δT ∈ L(X,Y). Let the perturbed operator be defined as T = T + δT. Assume that
(I + δTT †) is a bijective operator. Then, the perturbed operator T is a closed operator and its maximal
Tseng generalized inverse is given by the formula

T
†

= T †(I + δTT †)−1, (3.4)

if, and only if, the null space and range of the perturbation δT are related to those of T by the inclusions

N(T ) ⊂ N(δT ) and R(δT |D(T )) ⊂ R(T ). (3.5)

In this case, the range R(T ) is also closed.

Proof. On the one hand, for y ∈ R(T †), there exists x ∈ D(T †) = Y such that y = T †x. Since I + δTT †

is bijective, we have x ∈ R((I + δTT †)−1), then y = T †x ∈ R(T †(I + δTT †)−1). Hence,

R(T †) ⊂ R(T †(I + δTT †)−1). (3.6)

On the other hand, it is clear that

R(T †(I + δTT †)−1) ⊂ R(T †). (3.7)

So, we have
R(T †(I + δTT †)−1) = R(T †). (3.8)

For x ∈ N(T †), we have (I + δTT †)x = x, which yields x = (I + δTT †)−1x. Hence,

T †(I + δTT †)−1x = T †x = 0, (3.9)

that is, x ∈ N(T †(I + δTT †)−1). This implies that

N(T †) ⊂ N(T †(I + δTT †)−1). (3.10)

For x ∈ N(T †(I + δTT †)−1), we have T †(I + δTT †)−1x = 0. Let (I + δTT †)−1x = y, then y ∈ N(T †),
and, hence, x = (I + δTT †)y = y. This means

N(T †(I + δTT †)−1) ⊂ N(T †). (3.11)

Consequently,
N(T †(I + δTT †)−1) = N(T †). (3.12)
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For the sufficiency, we assume that

N(T ) ⊂ N(δT ) and R(δT |D(T )) ⊂ R(T ). (3.13)

The inclusionN(T ) ⊂ N(δT ) implies δT (I−T †T ) = 0, which means δT |D(T ) = δTT †T . The perturbed
operator T can then be expressed as

T = (I + δTT †)T. (3.14)

As δT is T -bounded and I + δTT † is bijective, we have

I + δTT † ∈ B(Y), (I + δTT †)−1 ∈ B(Y). (3.15)

The fact that T ∈ C(X,Y) with a closed range, combined with (3.14) and (3.15), implies that T ∈
C(X,Y) and R(T ) is closed. From the assumption R(δT |D(T )) ⊂ R(T ), we get R(T ) ⊂ R(T ) and
(I − TT †)δT |D(T ) = 0, which means δT |D(T ) = TT †δT |D(T ), and so

TT † = TT †(I + δTT †). (3.16)

Moreover, since I + δTT † is surjective and R(T ) = R(TT †), we deduce R(T ) = R(TT †) ⊂ R(T ). Thus,
we obtain

R(T ) = R(T ). (3.17)

Let S = T †(I + δTT †)−1. It is clear that

D(S ) = Y = R(T ) ⊕ R(T )⊥. (3.18)

The relations (3.14) and (3.8) imply S T = T †T and R(S ) = R(T †). Hence,

R(S ) ⊂ D(T ), S T = P
R(S )|D(T ). (3.19)

Similarly, the relations (3.16) and (3.12) give

TS = TT †, N(S ) = N(T †). (3.20)

The above equations together with (3.17) means

N(S ) = R(T )⊥, TS = PR(T )|D(S ). (3.21)

It follows from (3.19) and (3.21) that
S = T

†
. (3.22)

For the necessity, we suppose that T ∈ C(X,Y) and T
†

= T †(I + δTT †)−1. The relations (3.8)
and (3.12) meanR(T

†
) = R(T †) and N(T

†
) = N(T †). By Lemma 1(i), we have

N(T ) = N(T ), R(T ) = R(T ). (3.23)

The above equations imply N(T ) ⊂ N(δT ) and R(δT |D(T )) ⊂ R(T ). The above proof demonstrates the
equivalence of (3.4) and (3.5).

Finally, by R(T ) = R(T ), we have that R(T ) is closed.
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We now apply Proposition 1 to derive the maximal Tseng generalized inverse of a 2 × 2 block
operator matrix. By viewing the off-diagonal entries of the matrix as a perturbation to the diagonal
entries, we obtain the following result.

Theorem 1. LetM =
( A B

C D
)
∈ L(X × Y) be a block operator. The diagonal operators A ∈ C(X) and

D ∈ C(Y) possess bounded maximal Tseng generalized inverses A† and D†, respectively. Assume that
the off-diagonal operator C is A-bounded and B is D-bounded. Consequently, there exist nonnegative
constants a1, b1, a2, b2 such that

‖Cx‖ ≤ a1‖x‖ + b1‖Ax‖ for all x ∈ D(A), (3.24)
‖By‖ ≤ a2‖y‖ + b2‖Dy‖ for all y ∈ D(D). (3.25)

These constants are required to satisfy

(a1‖A†‖ + b1)(a2‖D†‖ + b2) < 1. (3.26)

Then, the operatorM is closed and its maximal Tseng generalized inverse is given by

M† =

(
A†(I − BD†CA†)−1 −A†BD†(I −CA†BD†)−1

−D†CA†(I − BD†CA†)−1 D†(I −CA†BD†)−1

)
, (3.27)

if, and only if,

N(D) ⊂ N(B), N(A) ⊂ N(C), R(B|D(D)) ⊂ R(A), R(C|D(A)) ⊂ R(D). (3.28)

In this case, the range R(M) is also closed.

Proof. We denoteM = T + δT , where T =
( A 0

0 D
)

and δT =
( 0 B

C 0
)
. Since A† ∈ B(X) and D† ∈ B(Y),

we have T † =
(

A† 0
0 D†

)
∈ B(X × Y). The A-boundedness of C and the D-boundedness of B together

imply that δT is T -bounded. Therefore,

I + δTT † =

(
I BD†

CA† I

)
∈ B(X × Y). (3.29)

The definitions of relative boundedness for C and B yield

‖CA†x‖ ≤ a1‖A†x‖ + b1‖AA†x‖ for x ∈ X, (3.30)
‖BD†y‖ ≤ a2‖D†y‖ + b2‖DD†y‖ for y ∈ Y, (3.31)

which implies

‖CA†‖ ≤ a1‖A†‖ + b1, (3.32)
‖BD†‖ ≤ a2‖D†‖ + b2. (3.33)

It follows from (a1‖A†‖ + b1)(a2‖D†‖ + b2) < 1 that

‖CA†‖‖BD†‖ < 1. (3.34)
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So both I − CA†BD† ∈ B(Y) and I − BD†CA† ∈ B(X) are bijective, which implies that I + δTT † is
bijective and

(I + δTT †)−1 =

(
(I − BD†CA†)−1 −BD†(I −CA†BD†)−1

−CA†(I − BD†CA†)−1 (I −CA†BD†)−1

)
∈ B(X × Y). (3.35)

According to Proposition 1, we obtain thatM ∈ C(X × Y) andM† = T †(I + δTT †)−1 if, and only if,
N(T ) ⊂ N(δT ) and R(δT |D(T )) ⊂ R(T ). Here

T †(I + δTT †)−1 =

(
A† 0
0 D†

) (
(I − BD†CA†)−1 −BD†(I −CA†BD†)−1

−CA†(I − BD†CA†)−1 (I −CA†BD†)−1

)
=

(
A†(I − BD†CA†)−1 −A†BD†(I −CA†BD†)−1

−D†CA†(I − BD†CA†)−1 D†(I −CA†BD†)−1

)
.

(3.36)

Note that the null spaces and ranges are given by

N(T ) =

(
N(A)
N(D)

)
, N(δT ) =

(
N(C)
N(B)

)
, (3.37)

R(T ) =

(
R(A)
R(D)

)
, R(δT |D(T )) =

(
R(B|D(D))
R(C|D(A))

)
. (3.38)

By these expressions, it is clear that N(T ) ⊂ N(δT ) and R(δT |D(T )) ⊂ R(T ) if, and only if, (3.28)
holds. Consequently,M ∈ C(X × Y), and its inverse is given by (3.27) if, and only if, the conditions
in (3.28) hold.

Remark 1. In Theorem 1, we can replaceM† of the form (3.27) by

M† =

(
A† + A†BD†(I −CA†BD†)−1CA† −A†BD†(I −CA†BD†)−1

−D†(I −CA†BD†)−1CA† D†(I −CA†BD†)−1

)
(3.39)

or

M† =

(
A†(I − BD†CA†)−1 −A†(I − BD†CA†)−1BD†

−D†CA†(I − BD†CA†)−1 D† + D†CA†(I − BD†CA†)−1BD†

)
. (3.40)

Proof. It follows from (I −CA†BD†)CA† = CA†(I − BD†CA†) that

(I −CA†BD†)−1CA† = CA†(I − BD†CA†)−1. (3.41)

The above equation means

I + BD†(I −CA†BD†)−1CA† = I + BD†CA†(I − BD†CA†)−1

= I + [I − (I − BD†CA†)](I − BD†CA†)−1 (3.42)
= (I − BD†CA†)−1.

By (3.41) and (3.42), we obtain that (3.27) is equivalent to (3.39). Similarly, the equivalence of (3.27)
and (3.40) follows from

(I − BD†CA†)BD† = BD†(I −CA†BD†). (3.43)
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To further reveal the internal structure of the maximal Tseng generalized inverseM†, we present it
in the Banachiewicz-Schur form. This formulation is fundamental in block operator theory because it
breaks down the problem of inverting the entire operator into inversions of its diagonal blocks and the
corresponding generalized Schur complements.

Corollary 1. Let M =
( A B

C D
)
∈ L(X × Y), and A ∈ C(X) and D ∈ C(Y) with the maximal Tseng

generalized inverses A† ∈ B(X) and D† ∈ B(Y), respectively. Assume that C is A−bounded and B is
D−bounded, i.e.,

‖Cx‖ ≤ a1‖x‖ + b1‖Ax‖, x ∈ D(A), (3.44)
‖By‖ ≤ a2‖y‖ + b2‖Dy‖, y ∈ D(D), (3.45)

where a1, b1, a2, b2 ∈ R
+ satisfy (a1‖A†‖+b1)(a2‖D†‖+b2) < 1. If (3.28) holds, thenM ∈ C(X×Y) and

M† =

(
A† + A†B(D −CA†B)†CA† −A†B(D −CA†B)†

−(D −CA†B)†CA† (D −CA†B)†

)
=

(
(A − BD†C)† −(A − BD†C)†BD†

−D†C(A − BD†C)† D† + D†C(A − BD†C)†BD†

)
.

(3.46)

In this case, R(M) is closed.

Proof. It follows from Theorem 1 and Remark 1 thatM ∈ C(X × Y) andM† is an operator matrix of
the form (3.39) or (3.40). To complete the proof, it suffices to prove

(D −CA†B)† = D†(I −CA†BD†)−1, (3.47)
(A − BD†C)† = A†(I − BD†CA†)−1. (3.48)

The identity (3.47) is a direct consequence of Proposition 1 applied to the operator D − CA†B.
The operator CA†B is D−bounded and I − CA†BD† is bijective by the assumptions of the corollary.
Furthermore, the relations N(D) ⊂ N(B) and R(C|D(A)) ⊂ R(D) imply

N(D) ⊂ N(CA†B) and R(CA†B|D(D)) ⊂ R(D). (3.49)

Hence, Proposition 1 is applicable and yields

(D −CA†B)† = D†(I −CA†BD†)−1. (3.50)

We now turn to the identity (3.48) and apply Proposition 1 to the operator A−BD†C. The corollary’s
assumptions provide that the operator BD†C is A−bounded and I − BD†CA† is bijective. The relations
N(A) ⊂ N(C) and R(B|D(D)) ⊂ R(A) follow

N(A) ⊂ N(BD†C) and R(BD†C|D(A)) ⊂ R(A). (3.51)

Consequently, we obtain (3.48)

(A − BD†C)† = A†(I − BD†CA†)−1. (3.52)
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When the operator M is bounded and block upper-triangular (i.e., C = 0), Theorem 1 naturally
reduces to the following well-known result for the Moore-Penrose inverse, which can be found in [33].

Corollary 2. LetM =
( A B

0 D
)
∈ B(X × Y), R(A) and R(D) be closed. Then,M† =

(
A† −A†BD†
0 D†

)
if, and

only if, R(B) ⊂ R(A) and N(D) ⊂ N(B). In this case, R(M) is closed andM† is the Moore-Penrose
inverse ofM.

Classical block inversion methods, such as those based on the Schur complement, fundamentally
rely on the invertibility of the diagonal blocks. However, structural singularities can arise from specific
physical conditions of the scattering experiment rendering such methods inapplicable. We now present
an example to illustrate the necessity of our generalized inverse framework.

We consider a one-dimensional inverse problem discretized on a minimal grid of two points. The
structure of the operators Jρ and Jκ is derived from the Lippmann-Schwinger integral equation. As
discussed previously, the distinct mathematical forms of the density and bulk modulus terms lead
to different sensitivities to experimental parameters. In a scenario characteristic of a low-frequency
experiment, the measurement system is unable to resolve the individual contributions of the density
contrasts. This physical limit results in the integral operator being discretized as

Jρ =

(
1 1
1 1

)
and Jκ =

(
1 0
0 1

)
. (3.53)

The distinct mathematical forms of the density and bulk modulus terms lead to different sensitivities to
experimental parameters. To reveal the impact of the physical cross-coupling strength on the inversion
stability, we introduce a parameter 0 < γ < 1 to represent this strength. Consequently, the normal
operator M = J∗J has the block structure defined in (2.17), where the diagonal blocks A, D and the
off-diagonal coupling blocks B, C are given explicitly by

A = JT
ρ Jρ =

(
2 2
2 2

)
, B = γJT

ρ Jκ = γ

(
1 1
1 1

)
, (3.54)

C = γJT
κ Jρ = γ

(
1 1
1 1

)
, D = JT

κ Jκ =

(
1 0
0 1

)
. (3.55)

For clarity in this example, we explicitly include the scaling factor γ in the definitions of the off-
diagonal blocks B and C.

The diagonal block A is singular, as det(A) = 0. The nonexistence of A−1 therefore precludes
the application of any classical inversion method based on the Schur complement, irrespective of the
coupling strength γ. However, our method remains applicable. To confirm this, we sequentially verify
the conditions of Theorem 1.

i. Null Space and Range Conditions: The key inclusions N(A) ⊂ N(C) and R(B) ⊂ R(A) hold for any
0 < γ < 1, since the null and range spaces of B and C are identical to those of A. The conditions
involving the invertible operator D, namely, N(D) ⊂ N(B) and R(C) ⊂ R(D), are satisfied trivially.

ii. Boundedness Condition: For the finite-dimensional case, the relative boundedness condition of
Theorem 1 simplifies to ‖A†‖‖B‖‖C‖‖D†‖ < 1. A direct calculation yields ‖A†‖ = 1/4, ‖B‖ =

‖C‖ = 2γ, and ‖D†‖ = 1. For 0 < γ < 1, the product is

(1/4) · (2γ) · (2γ) · 1 = γ2 < 1. (3.56)
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Thus, the strict inequality is satisfied.

Since all prerequisites of Theorem 1 are met, the existence of a well-defined generalized inverseM†

is guaranteed, providing a rigorous pathway to a solution. This example illustrates that our generalized
inverse framework is not merely an abstract reformulation but an essential and powerful tool, capable
of providing analytical solutions to structurally singular inverse problems that are intractable for
classical approaches.

4. Structure and stability of the regularized solution

It is well known that the inverse problem is fundamentally ill-posed. The minimum-norm least-
squares solution m† = M†J∗uobs of (2.18) is notoriously sensitive to noise. The mathematical origin
of this instability lies in the spectral properties of the normal operatorM = J∗J . Since the forward
operator J is a compact integral operator,M is also compact. Consequently, its spectrum consists of
a sequence of nonnegative eigenvalues that accumulate at zero. This lack of a positive lower bound
on the spectrum makes its generalized inverse M† an unbounded operator, which leads to the severe
amplification of measurement noise.

To obtain a stable solution, we construct a well-posed approximation of the original problem.
The ill-posedness of operator M stems from the presence of zero or near-zero eigenvalues. A
straightforward regularization method is the spectral shift, which replacesM with a modified operator
whose spectrum is uniformly bounded away from zero. For a parameter α > 0, this is achieved by
constructing the operator

Mα :=M + αI. (4.1)

This operation is known as Tikhonov regularization. It is a classical result of Tikhonov regularization
theory that as α → 0+, the regularized solution mα converges to the minimum-norm least-squares
solution m† [1].

This section is devoted to a rigorous analysis of the Tikhonov-regularized solution mα. We begin
by showing that the regularized operatorMα satisfies the hypotheses of the block operator framework.
Subsequently, we derive the explicit form of the solution and decompose its structure to characterize the
relationship between parameter coupling and regularization. Finally, based on this structural analysis,
we derive an explicit stability bound that quantifies the sensitivity of the solution to data errors.

4.1. Regularization and applicability of Theorem 1

Following the motivation above, we consider the Tikhonov-regularized system

Mαmα = J∗uobs. (4.2)

To analyze the structure of the operator (Mα)−1, we first verify that the regularized operator Mα

satisfies the necessary conditions of Theorem 1.

Lemma 2. LetMα =

(
Aα B
C Dα

)
with Aα = A + αI and Dα = D + αI, where A, B,C,D are defined as

in (2.17). If the regularization parameter α >
√
‖B‖‖C‖, thenMα satisfies all conditions of Theorem 1.

Specifically,
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(i) The operators Aα and Dα are bounded, invertible operators, and their maximal Tseng generalized
inverses are their ordinary inverses, i.e.,

A†α = A−1
α and D†α = D−1

α . (4.3)

(ii) The operator C is Aα-bounded and B is Dα-bounded.

(iii) The inequality ‖C‖‖A−1
α ‖‖B‖‖D

−1
α ‖ < 1 holds.

(iv) The null space and range of Aα, Dα, B, and C satisfy

N(Aα) ⊂ N(C), N(Dα) ⊂ N(B), (4.4)

and
R(B) ⊂ R(Aα), R(C) ⊂ R(Dα). (4.5)

Proof. (i) The operators A = J∗ρJρ and D = J∗κJκ satisfy

〈Amρ,mρ〉 = ‖Jρmρ‖
2 ≥ 0 and 〈Dmκ,mκ〉 = ‖Jκmκ‖

2 ≥ 0 (4.6)

for any mρ,mκ ∈ L2(Ω), and are thus positive semi-definite. It follows that for α > 0 and any nonzero
mρ,mκ ∈ L2(Ω), we obtain

〈Aαmρ,mρ〉 = ‖Jρmρ‖
2 + α‖mρ‖

2 > 0, (4.7)

〈Dαmκ,mκ〉 = ‖Jκmκ‖
2 + α‖mκ‖

2 > 0. (4.8)

Hence, the regularized operators Aα = A + αI and Dα = D + αI are consequently strictly positive
definite. As bounded, self-adjoint, strictly positive definite operators on a Hilbert space, both Aα and
Dα are invertible with bounded inverses. For invertible operators, the maximal Tseng generalized
inverse coincides with the ordinary inverse.

(ii) Since the integral operators Jρ and Jκ are bounded, the operators A, B,C,D are bounded on
L2(Ω). Consequently, the relative boundedness conditions required by Theorem 1 are trivially satisfied.
We can choose the constants in the inequalities (3.24) and (3.25) as

a1 = ‖C‖, b1 = 0, and a2 = ‖B‖, b2 = 0. (4.9)

With these choices, the condition ‖Cx‖ ≤ ‖C‖‖x‖ trivially holds for C being Aα-bounded, and similarly
for B being Dα-bounded.

(iii) Since A is a positive semi-definite, self-adjoint operator, its spectrum satisfies σ(A) ⊂ [0,∞).
The spectral mapping theorem implies that σ(A+αI) = {λ+α | λ ∈ σ(A)}, and thus σ(A+αI) ⊂ [α,∞).
For an invertible self-adjoint operator T , the norm of its inverse is given by ‖T−1‖ = 1/ inf{|µ| | µ ∈
σ(T )}. Applying this to A + αI, we obtain

‖(A + αI)−1‖ =
1

inf{|µ| | µ ∈ σ(A + αI)}
=

1
inf σ(A) + α

≤
1
α
. (4.10)

A similar argument yields the bound ‖(D + αI)−1‖ ≤ 1/α. Therefore, if

α >
√
‖B‖‖C‖, (4.11)
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then ‖C‖‖A−1
α ‖‖B‖‖D

−1
α ‖ < 1. With the constants from (ii), (a1‖A−1

α ‖ + b1)(a2‖D−1
α ‖ + b2) < 1 holds.

(iv) The invertibility of Aα and Dα means

N(Aα) = N(Dα) = {0} and R(Aα) = R(Dα) = L2(Ω). (4.12)

It is clear that
N(Aα) ⊂ N(C), N(Dα) ⊂ N(B), (4.13)

and
R(B) ⊂ R(Aα), R(C) ⊂ R(Dα). (4.14)

This completes the proof.

The verification in Lemma 2 confirms the applicability of our operator-theoretic method to the
regularized problem. The main contribution of this method is its ability to deconstruct the operator
(Mα)−1. This deconstruction is rooted in the spectral properties of the block operators Aα, B,C, and
Dα. It allows for a quantitative analysis of parameter coupling by linking it directly to operator norm
and spectrum.

4.2. Explicit form and structure of the regularized solution

SinceMα satisfies the conditions of Theorem 1 and is invertible, we can apply Theorem 1 to obtain
the explicit form of its inverse (Mα)−1.

Theorem 2. Assume the regularization parameter α >
√
‖B‖‖C‖. Then, the inverse of the regularized

operatorMα is given by

(Mα)−1 =

(
A−1
α (I − S 1)−1 −A−1

α BD−1
α (I − S 2)−1

−D−1
α CA−1

α (I − S 1)−1 D−1
α (I − S 2)−1

)
, (4.15)

where the operators S 1 and S 2 are defined as

S 1 = BD−1
α CA−1

α and S 2 = CA−1
α BD−1

α . (4.16)

Proof. It follows from Lemma 2 and Theorem 1 that the representation (4.15) is valid provided that the
factors (I − S 1) and (I − S 2) are invertible. Using the bounds ‖A−1

α ‖ ≤ α
−1 and ‖D−1

α ‖ ≤ α
−1, we obtain

‖S 1‖ ≤ ‖B‖‖D−1
α ‖‖C‖‖A

−1
α ‖ ≤

‖B‖‖C‖
α2 . (4.17)

The condition α >
√
‖B‖‖C‖ implies ‖S 1‖ < 1. Analogous arguments yield ‖S 2‖ < 1. Consequently,

both I − S 1 and I − S 2 are invertible, which completes the proof.

With the explicit form of the solution operator (Mα)−1 established in (4.15), we now analyze the
detailed structure of the regularized solution mα = (Mα)−1J∗uobs. The following corollary presents the
individual components of the solution vector.

Corollary 3. Assume the regularization parameter α >
√
‖B‖‖C‖. Let mα =

(
mρ,α,mκ,α

)>
be the

solution to the regularized system (4.2). Then, the components mρ,α and mκ,α are given by

mρ,α = A−1
α (I − S 1)−1(J∗ρuobs) − A−1

α BD−1
α (I − S 2)−1(J∗κ uobs), (4.18)

mκ,α = D−1
α (I − S 2)−1(J∗κ uobs) − D−1

α CA−1
α (I − S 1)−1(J∗ρuobs). (4.19)
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The explicit forms in (4.18) and (4.19) decompose each solution component into two distinct terms.
We only consider mρ,α, since the case of mκ,α is similar. The first term A−1

α (I − BD−1
α CA−1

α )−1(J∗ρuobs)
is associated with the data term J∗ρuobs. We expand the inverse operator (I − BD−1

α CA−1
α )−1 using the

Neumann series

(I − BD−1
α CA−1

α )−1 =

∞∑
n=0

(BD−1
α CA−1

α )n, (4.20)

which converges since ‖BD−1
α CA−1

α ‖ < 1. The leading component of this expansion yields the term
A−1
α (J∗ρuobs). The remaining higher-order components all involve the off-diagonal operators B and

C. The second term explicitly contains the off-diagonal operator B as a multiplicative factor and is
driven by the data term J∗κ uobs. Consequently, every component resulting from the expansion of this
term involves at least one off-diagonal operator. Thus, the leading term of the complete solution for
mρ,α is A−1

α (J∗ρuobs). This is the only component of the solution that involves exclusively the diagonal
operators. All subsequent terms, which form an infinite series, necessarily involve the off-diagonal
coupling operators B or C.

The regularization parameter α governs the balance between the leading, diagonal-only term and
the subsequent series of terms involving off-diagonal operators. Its primary role is to control the
convergence of the Neumann series. As α → ∞, the norms of all terms containing the off-diagonal
operators B or C tend to zero. This is because every such term contains at least one factor of
A−1
α or D−1

α , whose norms are bounded by 1/α. Consequently, the infinite series of non-diagonal
terms vanishes, and the solution (mρ,α,mκ,α) converges to (A−1

α J
∗
ρuobs,D−1

α J
∗
κ uobs). Conversely, as α

decreases toward its lower bound
√
‖B‖‖C‖, the upper bound for the norm of the operator BD−1

α CA−1
α

approaches 1. According to the Neumann series expansion (4.20), this slower convergence rate results
in an amplification of the higher-order terms.

4.3. Stability analysis of the regularized solution

We now analyze the stability of the Tikhonov-regularized solution with respect to perturbations in
the data. The solution mα is obtained by minimizing the functional ‖Jm − uobs‖

2 + α2‖m‖2. In any
practical scenario, the observed data uobs will not perfectly match any model prediction Jm, due to a
combination of measurement noise and the inherent limitations of the linearized forward problem.

Let uexact and uobs be the exact and observed data, respectively. We denote the Tikhonov-regularized
solutions computed from the exact and observed data as mα,exact and mα,obs, respectively. Let data error
be denoted as δu = uobs−uexact. We derive an explicit bound for the error δm = mα,obs−mα,exact in terms
of δu.

Theorem 3. Under the conditions of Lemma 2, for any regularization parameter α >
√
‖B‖‖C‖, the

bound of δm is given by

‖δm‖ ≤
√

2α2 + ‖B‖2 + ‖C‖2

α2 − ‖B‖‖C‖
‖J‖‖δu‖. (4.21)

Proof. From the definition of the Tikhonov-regularized solution, we have

mα,obs = (Mα)−1J∗uobs, (4.22)
mα,exact = (Mα)−1J∗uexact. (4.23)
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Subtracting these two equations yields

δm = (Mα)−1J∗(uobs − uexact) = (Mα)−1J∗δu. (4.24)

where the form of (Mα)−1 is given by (4.15). Taking the norm of both sides of (4.24), we obtain

‖δm‖ ≤ ‖(Mα)−1‖‖J‖‖δu‖. (4.25)

The core of the proof is to derive an explicit upper bound for the operator norm ‖(Mα)−1‖. To
simplify the notation, we denote the four block components ofM−1

α by Ti j for i, j ∈ {1, 2}. A simple
calculation yields

‖(Mα)−1‖ ≤
√
‖T11‖

2 + ‖T12‖
2 + ‖T21‖

2 + ‖T22‖
2. (4.26)

Recalling the definitions of S 1 and S 2 from Theorem 2, it follows from α >
√
‖B‖‖C‖ that

‖S 1‖ ≤ ‖B‖‖D−1
α ‖‖C‖‖A

−1
α ‖ ≤

‖B‖‖C‖
α2 < 1, (4.27)

‖S 2‖ ≤ ‖C‖‖A−1
α ‖‖B‖‖D

−1
α ‖ ≤

‖B‖‖C‖
α2 < 1. (4.28)

Denote γ2 := ‖B‖‖C‖. The Neumann series estimate for the inverse operator implies

‖(I − S 1)−1‖ ≤
1

1 − ‖S 1‖
≤

1
1 − γ2/α2 =

α2

α2 − γ2 , (4.29)

and an identical bound holds for ‖(I − S 2)−1‖. The norms of the block components Ti j are bounded as

‖T11‖ = ‖A−1
α (I − S 1)−1‖ ≤ ‖A−1

α ‖‖(I − S 1)−1‖ ≤
1
α

α2

α2 − γ2 =
α

α2 − γ2 , (4.30)

‖T12‖ ≤ ‖A−1
α ‖‖B‖‖(I − S 2)−1‖‖D−1

α ‖ ≤
1
α
‖B‖

α2

α2 − γ2

1
α

=
‖B‖

α2 − γ2 , (4.31)

‖T21‖ ≤ ‖D−1
α ‖‖C‖‖(I − S 1)−1‖‖A−1

α ‖ ≤
‖C‖

α2 − γ2 , (4.32)

‖T22‖ ≤ ‖D−1
α ‖‖(I − S 2)−1‖ ≤

α

α2 − γ2 . (4.33)

Substituting (4.30)–(4.33) into (4.26) and noting the common denominator (α2 − γ2)2, we obtain

‖(Mα)−1‖2 ≤
α2 + ‖B‖2 + ‖C‖2 + α2

(α2 − γ2)2 =
2α2 + ‖B‖2 + ‖C‖2

(α2 − γ2)2 . (4.34)

Taking the square root and recalling that γ2 = ‖B‖‖C‖, we have

‖(Mα)−1‖ ≤

√
2α2 + ‖B‖2 + ‖C‖2

α2 − γ2 . (4.35)

Combining this with (4.25) yields the final stability estimate (4.21).
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Remark 2. While a small regularization parameter α is generally desired for the solution to converge
to the generalized solution m†, our stability analysis reveals a critical constraint imposed by parameter
coupling. If B = C = 0, the error bound from Theorem 3 is governed by the factor

√
2/α. However, in

the case where B and C are nonzero, the bound is determined by

√
2α2 + ‖B‖2 + ‖C‖2

α2 − ‖B‖‖C‖
. (4.36)

This factor is evidently larger than the decoupled bound. As α approaches the threshold
√
‖B‖‖C‖

from above, the error bound grows without bound. This singular behavior demonstrates that the
coupling strength imposes a fundamental limit on how close the regularized solution can approach
the generalized solution in a stable way.

The practical implications of the stability bound in Theorem 3 warrant a brief discussion. While
estimating the norms of continuous operators is challenging, any numerical solution relies on a
discretized model where the operators become matrices. For such systems, the norms ‖B‖ and
‖C‖ can be computed or estimated, allowing αcrit to serve as a tangible guideline for selecting
a stable regularization parameter. To conclude our analysis, we present a numerical experiment
that corroborates the theoretical findings, particularly focusing on the role of the coupling-induced
stability bound.

Example 1. Consider a discretized system built from two identical 5 × 5 ill-posed Toeplitz matrices,
Jρ and Jκ, with entries (Jρ)i j = exp(−2|i − j|). Based on the stability condition in Theorem 1, we set
the coupling strength to be γ = 0.05. This parameterization results in a theoretical lower bound for
regularization, αcrit ≈ 0.0791, which serves as the benchmark for our stability test. The reconstruction
performance is evaluated using the relative total error E, defined as

E :=
‖mα − mtrue‖

‖mtrue‖
, (4.37)

where mα is the regularized solution for a given α, and mtrue is the ground-truth vector.

Figure 1 numerically validates our stability analysis, highlighting the relationship between the
empirical optimal parameter αopt and the theoretical threshold αcrit. Our stability estimate (Theorem 3)
is a worst-case upper bound derived from norm inequalities, which explains why αopt may reside
slightly in the theoretically unstable region (α < αcrit) at low noise levels, as the actual noise is unlikely
to trigger the worst-case amplification.

However, as noise increases, the error amplification dominates, forcing αopt into the conservatively
stable region (α > αcrit). This confirms that αcrit serves as a critical stability landmark. For any
nontrivial noise, choosing a parameter safely above this threshold is essential for a robust inversion,
effectively guarding against the worst-case instabilities predicted by our theory.

Electronic Research Archive Volume 34, Issue 2, 844–865.



862

(a) Noise Level = 0% (b) Noise Level = 1% (c) Noise Level = 3%

(d) Noise Level = 5% (e) Noise Level = 8% (f) Noise Level = 10%

Figure 1. The stability estimate under varying noise levels.

5. Conclusions

In this paper, we employed the maximal Tseng generalized inverse to investigate the two-parameter
acoustic inverse scattering problem. This approach provides an explicit analytical solution even for
systems with singular diagonal blocks where traditional methods fail. Our analysis of the Tikhonov-
regularized problem revealed a fundamental stability threshold αcrit, determined by the parameter
coupling strength. Our key contribution is the identification and quantification of a fundamental limit in
the Tikhonov regularization of linearized multiparameter problems. We derived an explicit bound for
the regularization parameter αcrit, demonstrating that it is dictated by parameter cross-talk and serves as
a hard threshold for stable inversion. The numerical results validate αcrit as a critical stability landmark.
While precisely computing this bound in practice can be challenging, its existence reveals a hard limit
on reconstruction fidelity imposed by the system’s physics. This insight is of significant consequence
for applications in medical imaging and geophysics, as the inherent limitation cannot be circumvented
merely by enhancing data quality.

In the future, we plan to extend our analysis beyond the Born approximation to full nonlinear
problems. Additionally, we hope to investigate the applicability of our operator-theoretic approach
to similar multiparameter challenges in electromagnetics and elastodynamics.
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