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Abstract: We define the adjacency matrix A(G) and the degree diagonal matrix D(G) for a graph G.
The Q-spectrum is the multiset of eigenvalues of the Q-matrix Q(G) = A(G) + D(G), counted with
their algebraic multiplicities. A class of graphs is determined by their generalized Q-spectrum (DGQS
for short) if any two graphs in the class have the same Q-spectrum and so do their complements,
implying that they are isomorphic. Tian et al. introduced a new method to construct DGQS graphs by
considering the rooted product graphs G ◦ Pk. They proved that when k = 2, 3, G ◦ Pk is DGQS for a
special class of graphs G. In this paper, we extend this result and prove that, under the same conditions
for G, the conclusion holds true for any positive integer k. While Wang et al. reported comparable
results, our study arrives at these findings through an entirely different methodology. Our proof adopts
the elementary properties of the resultants, providing an innovative approach to establishing the DGQS
property for G ◦ Pk.

Keywords: graph spectrum; rooted product graphs; Q-matrix; resultants; determined by their
generalized Q-spectrum

1. Introduction

Throughout our paper, we consider simple and undirected graphs. Let G be a graph with the vertex
set V(G) = {1, 2, . . . , n}. We define the adjacency matrix A = (ai j)n×n, where ai j = 1 if there is an edge
between vertices i and j, and ai j = 0 otherwise. The spectrum of a graph G refers to all its eigenvalues
of A counted with their algebraic multiplicities. The question of whether a graph is uniquely determined
by its spectrum (DS for short) is a fundamental one in graph theory, originating from discussions
in [1]. In 2006, Wang and Xu extended this inquiry to the generalized spectrum, encompassing both the
spectrum of G and its complement (denoted by G) in [2,3]. A graph G is known as being determined by
its generalized spectrum (DGS for short) if any graph H has the same generalized spectrum as G, which
implies that H and G are isomorphic. Subsequently, in 2017, Wang proposed an effective algorithm for
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determining DGS in [4]: For a graph G, if its walk matrix W(G) = [e, A(G)e, . . . , A(G)n−1e] satisfies
the condition that 2−⌊

n
2 ⌋ det(W) is odd and square-free, then G is DGS.

Given a graph G, we have its degree diagonal matrix D(G). The Q-spectrum is the set of all
eigenvalues of the Q-matrix Q(G) = A(G) + D(G). We denote all the Q-spectra of G as SpecQ(G). A
graph G is said to be determined by its generalized Q-spectrum (DGQS for short) if, for any graph H
satisfying SpecQ(G) = SpecQ(H) and SpecQ(G) = SpecQ(H), it implies that H is isomorphic to G.
The study of the Q-spectrum originated with the work of Cvetković and Simić in [5–7]. Later, some
scholars identified certain special graphs as being DGQS in [8,9]. Finally, in [10], Qiu et al. presented
a general algorithm for testing whether a graph G is determined by its generalized Q-spectrum: If its
walk Q-matrix WQ(G) = [e,Q(G)e, . . . ,Q(G)n−1e] (e is the all-one vector) satisfies the condition that
2−⌊

n−3
2 ⌋ det(WQ) is odd and square-free, then G is DGQS.

Constructing rooted product graphs is a meaningful method to create a series of graphs with more
vertices and edges based on an original graph. Given the graphs G and Pk, with n and k vertices,
respectively, the rooted product graph Ĝk = G ◦ Pk is formed by associating each vertex of G with
a copy of Pk. Let V(G) = {1, 2, . . . , n} and V(Pk) = {p1, p2, . . . , pk} denote the vertex sets of G and
Pk, respectively, and let E(G) and E(Pk) denote their edge sets. Thus the vertex set of Ĝk is V(Ĝk) =
{(i, ps)|1 ≤ i ≤ n, 1 ≤ s ≤ k} and the edge set of Ĝk is {(i, p1) ∼ ( j, p1)|i j ∈ E(G)}∪{(i, ps) ∼ (i, ps+1)|1 ≤
i ≤ n, 1 ≤ s ≤ k − 1} (see Godsil and McKay [11]).

In several problems of graph theory, constructing a DGQS graph is often more challenging than
determining whether a graph is DGQS. Tian et al. constructed numerous DGQS graphs using this
method and proved the following theorem in [12].

Theorem 1.1. Let G be a graph with det(WQ(G)) = ±2
3n−2

2 (n is even) and the constant term a0 where
the characteristic polynomial of G is equal to ±2. Then every graph G ◦ Pt

k (k = 2, 3; t ≥ 1) is DGQS.

In this paper, we will prove that this conclusion about G ◦ Pt
k is true for any positive integer k. The

paper is organized as follows. In Section 2, we will introduce some basic notations and lemmas. In
Section 3, we will establish our main results and the proofs. Comparable results have previously been
reported by Yan et al. [13]; however, our study provides a novel contribution by using a completely
different methodology to achieve them.

2. Preliminaries

In this section, we present some notations and lemmas that will be used in the following sections.
First, we give three sequences ak(t), bk(t), and ck(t), which satisfy the recursive relations of the
following polynomials:

a0(t) = 1, a1(t) = t − 1, and ak(t) = (t − 2)ak−1(t) − ak−2(t) for k ≥ 2,

b0(t) = 1, b1(t) = t − 1, and bk(t) = (t − 1)ak−1(t) − ak−2(t) for k ≥ 2,

c0(t) = 1, c1(t) = t − 2, and ck(t) = (t − 1)ck−1(t) − ck−2(t) for k ≥ 2.

Moreover, we assume fk(t) = a0(t) + a1(t) + . . . + ak−1(t).
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Definition 2.1. Let f (t) =
∏

1≤i≤n(t − αi), g(t) =
∏

1≤ j≤m(t − β j). The definition of the resultant of f (t)
and g(t), denoted Res( f (t), g(t)), is as follows:∏

1≤ j≤m

∏
1≤i≤n

(αi − β j).

Our paper uses the following property of the resultant frequently.

Lemma 2.2 ( [13]). Suppose f (t) =
∏

1≤i≤n(t − αi), g(t) =
∏

1≤ j≤m(t − β j), then

Res( f (t), g(t)) =
∏

1≤i≤n

g(αi) = (−1)mn
∏

1≤ j≤m

f (β j).

In particular, if n = m + 1, then

Res( f (t), g(t)) =
∏

1≤i≤n

g(αi) =
∏

1≤ j≤m

f (β j).

Let

C =



1 2 − t( j)
i 1 0 . . . 0 0

0 1 2 − t( j)
i 1 . . . 0 0

0 0 1 2 − t( j)
i . . . 0 0

...
...

...
. . .

. . .
. . .

...

0 0 0 0 . . . 2 − t( j)
i 1

0 0 0 0 . . . 1 1 − t( j)
i


,

D =



1 0 0 0 . . . 0 0 ak−1(t( j)
i )

0 1 0 0 . . . 0 0 ak−2(t( j)
i )

0 0 1 0 . . . 0 0 ak−3(t( j)
i )

...
...
...
. . .
. . .
. . .
...

...

0 0 0 0 . . . 0 0 a3(t( j)
i )

0 0 0 0 . . . 1 0 a2(t( j)
i )

0 0 0 0 . . . 0 1 a1(t( j)
i )


,

be two (s − 1) × s matrices with respect to t( j)
i .

Lemma 2.3 ( [14]). If x is a column vector in Rs, then Cx = 0 if and only if Dx = 0.

According to the natural partition of the vertex set of the rooted product graph Ĝk into k layers, each
of size n, the adjacency matrix A(Ĝk) can be written as a block matrix of order kn × kn, where each
block is an n × n matrix. With respect to this partition, the adjacency matrix of Ĝk has the form

A(Ĝk) =



A(G) In 0 0 . . . 0 0 0
In 0 In 0 . . . 0 0 0
0 In 0 In . . . 0 0 0
...

...
...
. . .
. . .
. . .

...
...

0 0 0 0 . . . 0 In 0
0 0 0 0 . . . In 0 In

0 0 0 0 . . . 0 In 0


,

Electronic Research Archive Volume 34, Issue 2, 821–829.



824

and the diagonal degree matrix is D(Ĝk) = diag (D(G) + In, 2In, . . . , In) , where the diagonal consists
of k blocks of size n × n. Therefore, the Q-matrix of Ĝk, defined by Q(Ĝk) = A(Ĝk) + D(Ĝk), is the
following block matrix:

Q(Ĝk) =



Q(G) + In In 0 0 . . . 0 0 0
In 2In In 0 . . . 0 0 0
0 In 2In 0 . . . 0 0 0
...

...
...
. . . . . .

. . .
...
...

0 0 0 0 . . . 2In In 0
0 0 0 0 . . . In 2In In

0 0 0 0 . . . 0 In In


.

Lemma 2.4. Let λi be the Q-spectrum of the graph G with respect to the normalized eigenvector
xi (i = 1, 2, . . . , n) and t( j)

i (i = 1, 2, . . . , n; j = 1, 2, . . . , k) be a group of real numbers. Then t( j)
i

is the Q-spectrum of the rooted product graph Ĝk if and only if t( j)
i satisfies the following equation:

φ(t( j)
i ) = bk(t

( j)
i ) − λiak−1(t( j)

i ).

Proof. The sufficient condition has been already proved in the proof of [14, Lemma 3.1]. It suffices
to show that the necessary condition holds. Suppose that t( j)

i satisfies bk(t
( j)
i ) − λiak−1(t( j)

i ) = 0 for the
eigenvalue λi of Q(G).
Claim 1: ak−1(t( j)

i ) , 0.
The proof of the claim is by contradiction. Otherwise, we have λiak−1(t( j)

i ) = 0 and, by φ(t( j)
i ) =

bk(t
( j)
i ) − λiak−1(t( j)

i ) = 0, we have bk(t
( j)
i ) = 0. It follows that ak−2(t( j)

i ) = (t( j)
i − 2)ak−1(t( j)

i ) − ak(t
( j)
i ) = 0.

Repeating the process, we finally get a2(t( j)
i ) = a1(t( j)

i ) = 0, and so a0(t( j)
i ) = 0. However, as a0(t) ≡ 1,

this leads to a contradiction. This proves Claim 1.

We then set x1 the corresponding eigenvector of λi. Let xi =
as−i(t

( j)
i )

as−1(t( j)
i )

x1, 2 ≤ i ≤ s and
∼
x =

(xT
1 , x

T
2 , . . . , x

T
s )T .

Claim 2:
∼
x is an eigenvector corresponding to t( j)

i of the rooted product graph Q(Ĝk).
We easily find that Q(Ĝk)

∼
x = t( j)

i
∼
x is equivalent to

Q(G)x1 + x2 = (t( j)
i − 1)x1,

and 

x1 + x3 = (t( j)
i − 2)x2

x2 + x4 = (t( j)
i − 2)x3

...

xs−3 + xs−1 = (t( j)
i − 2)xs−2

xs−2 + xs = (t( j)
i − 2)xs−1

xs−1 = (t( j)
i − 1)xs

. (2.1)

The equalities (2.1) are also equivalent to C
∼
x = 0. By Lemma 2.3, they are equivalent to D

∼
x = 0. This
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is obviously deduced by the formula of xi and

Q(G)x1 + x2 = λix1 + x2 =

(bs(t
( j)
i ) + as−2(t( j)

i )

as−1(t( j)
i )

)
x1 = (t( j)

i − 1)x1.

This proves Claim 2, and we have thus proved the lemma.

To prove the main result, we need to study some properties of ak(t), bk(t), and fk(t).

Lemma 2.5. Let λi, t( j)
i be as in Lemma 2.4. Then for any 1 ≤ i ≤ n, we have∏

1≤k2≤k

ak−1(t(k2)
i ) = (−1)

k(k−1)
2 . (2.2)

Proof. According to Lemma 2.4, t( j)
i indicates all roots of the equation φ(t) = bk(t) − λiak−1(t). Let

φ(t) =
∏

1≤k2≤k(t − t(k2)
i ) and α1, . . . , αk−1 be all roots of ak−1(t); by Lemma 2.2, we then have∏

1≤k2≤k

ak−1(t(k2)
i ) =

∏
1≤ j≤k−1

φ(α j).

We then have φ(α j) = bk(α j) − λiak−1(α j) = ak(α j) = −ak−2(α j). It suffices to show that∏
1≤ j≤k−1 ak−2(α j) = (−1)

(i−2)(i−1)
2 .

Claim: For any i, if α(i)
1 , . . . , α

(i)
i are the roots of ai(t), then∏

1≤ j≤i

ai−1(α(i)
j ) = (−1)

i(i−1)
2 .

The claim is proved by induction on i. It is clear if i = 1, 2, and we suppose that when i = n− 1, the
claim holds, i.e., ∏

1≤ j≤i−1

ai−2(α(i−1)
j ) = (−1)

(i−2)(i−1)
2 .

If i = n, we have∏
1≤ j≤i

a(i−1)(α
(i)
j ) =

∏
1≤ j≤i−1

ai(α
(i−1)
j ) = (−1)i−1

∏
1≤ j≤i−1

ai−2(α(i−1)
j ) = (−1)

i(i−1)
2 .

This proves the claim and we can get the desired result.

Lemma 2.6 ( [14]). Let s be an integer ≥ 1. Then

fs(t) =

tck−1(t) i f s = 2k, k ≥ 1
a2

k(t) i f s = 2k + 1, k ≥ 0.

Lemma 2.7 ( [14]). For s ≥ 2, we have

tcs−1(t) = (t − 1)as−1(t) − as−2(t) = bs(t).
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Lemma 2.8. If all roots of fi are β(i)
1 , . . . , β

(i)
i , then for any 1 ≤ j ≤ i, bi(β

(i)
j ) = 0.

Proof. First, we prove the following claim.
Claim: ak+i(t) + ak−i(t) = (ai(t) − ai−1(t))ak(t), (0 < i < k + 1)
By induction, when i = 1, we have

ak+1(t) + ak−1(t) = (t − 2)ak(t) = (a1(t) − a0(t))ak(t).

Assuming that it is true for i = n − 1 and considering the case i = n, we obtain

ak+n(t) + ak−n(t) = (t − 2)(ak+n−1(t) + ak−n+1(t)) − (ak+n−2(t) + ak−n+2(t))
= (t − 2)(an−1(t) − an−2(t))ak(t) − (an−2(t) − an−3(t))ak(t)
= (an(t) − an−1(t))ak(t).

Thus we prove the claim.
We now turn to the proof of Lemma 2.8. We define a−1 = −1 and easily get a1(t) = (t − 2)a0(t) −

a−1(t). The sequence {a−1(t), a0(t), . . . , ak(t), . . .} also satisfies the iterative relationship ak(t) = (t −
2)ak−1(t) − ak−2(t).

When i = 2k + 1, it follows that

b2k+1(t) = a2k+1(t) + a2k(t)
= (a2k+1(t) + a−1(t)) + (a2k(t) + a0(t))
= (ak+1(t) − ak−1(t))ak(t).

Thus we can get ak(t)|b2k+1(t). Combining with Lemma 2.6, when i = 2k + 1, the conclusion is
established.

When i = 2k, we easily observe that fk and tck−1(t) have the same roots. Then, by Lemma 2.7,
bk(t) = tck(t). Therefore, we get the desired result by combining the discussion above.

Lemma 2.9 ( [12]). For any k ≥ 1, let β(k)
j , (1 ≤ j ≤ k) be all the roots of fk(t). Then

∏
1≤ j≤k ak−1(β(k)

j ) =
(−1)k.

Proof. We shall prove the result by induction on i. It is trivial if i = 1, 2, and we may assume that it
holds for i = k − 1, i.e., ∏

1≤ j≤k−1

ak−2(β(k−1)
j ) = (−1)k−1.

When i = k, it follows that∏
1≤ j≤k

ak−1(β(k)
j ) = (−1)k

∏
1≤ j≤k

fk−1(β(k)
j ) = (−1)k

∏
1≤ j≤k−1

fk(βk−1
j ) = (−1)k

∏
1≤ j≤k−1

ak−1(β(k−1)
j ).

On the other hand, by Lemma 2.8, we have

0 = bk−1(β(k−1)
j ) = ak−1(βk−1

j ) + ak−2(βk−1
j ).

So
−ak−1(β(k−1)

j ) = ak−2(β(k−1)
j ).

Then ∏
1≤ j≤k

ak−1(β(k)
j ) = (−1)2k−1

∏
1≤ j≤k−1

ak−2(β(k−1)
j ) = (−1)k.
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3. Main result

In this section, let G be a graph and a0 be the constant term with respect to the characteristic
polynomial of the matrix Q(G).

3.1. The determinant of WQ(Ĝk)

Lemma 3.1 ( [12]). Let λi be the Q-eigenvalues of the graph G with respect to the normalized
eigenvectors xi (i = 1, 2, . . . , n). Let t( j)

i be the Q-eigenvalues of the rooted product graph G ◦ Pk with
respect to the eigenvectors ζ j

i (i = 1, 2, . . . , n; j = 1, 2, . . . , k). In this case,

det(WQ(G ◦ Pk)) = ±(det(WQ(G))k
∏

1≤i≤n

∏
1≤k2≤k

ak−1(t(k2)
i ) fk(t

(k2)
i ). (3.1)

Theorem 3.2. For any k ≥ 1, det(WQ(G ◦ Pk)) = (−1)
nk(k+1)

2 ak−1
0 (det(WQ(G)))k.

Remark 3.3. During the writing of this article, the author found that Theorem 3.2 was proved by Yan
et al. in [13] using a different method.

Proof of Theorem 3.2. By Lemma 3.1

det(WQ(G ◦ Pk)) = ±(det(WQ(G))k
∏

1≤i≤n

∏
1≤k2≤k

ak−1(t(k2)
i ) fk(t

(k2)
i ).

Let β(k)
j (1 ≤ j ≤ k) be all roots of fk(t). Then, by Lemmas 2.2, 2.5, and 2.9, we have∏

1≤i≤n

∏
1≤k2≤k

ak−1(t(k2)
i ) fk(t

(k2)
i )

= (−1)
nk(k−1)

2

∏
1≤i≤n

∏
1≤k2≤k−1

φk(β
(k)
j )

= (−1)
nk(k−1)

2

∏
1≤i≤n

(−λi)k−1(−1)k

= (−1)
nk(k+1)

2 ak−1
0 ,

which completes the proof of Theorem 3.2.

3.2. Constructing an infinite family of DGQS graphs

Lemma 3.4 ( [10]). If 2−⌊
3n−2

2 ⌋ det(WQ(G)) is odd and square-free, then G is DGQS.

Lemma 3.5 ( [12]). Let a(t)
0 be the constant term with respect to the characteristic polynomial of the

matrix Q(G ◦ Pt
k). If a0 = ±2, then a(t)

0 = ±2.

Theorem 3.6. Let n be an even positive integer and G be a graph with n vertices. If det(WQ(G)) =
±2

3n−2
2 and a0 = ±2, then all graphs in the infinite sequence G ◦ Pt

k (k ≥ 2; t ≥ 1) are DGQS.

Proof of Theorem 3.6. By Theorem 3.2, Lemma 3.5, we have

det(WQ(G ◦ Pt
k)) = ±2k−1(det(WQ(G ◦ Pt−1

k ))k) = . . . = ±2
3ktn

2 −1.
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Meanwhile, the number of the vertices in G ◦ Pt
k is ktn. Thus we have

det(WQ(G ◦ Pt
k))

2
3ktn

2 −1
= ±1.

Therefore, G ◦ Pt
k are DGQS from Lemma 3.4.
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