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Abstract: In this paper, we prove that both the extended minimal backward errors and the true
minimal backward errors of the scaled total least squares (STLS) problem are identical to those of
its core problem. This conclusion also holds for the asymptotic estimates of the extended minimal
backward errors. Benefiting from its lower dimensionality, the core problem can effectively reduce
the computational cost of backward error evaluation. We further derive practical, low-cost computable
backward error estimates for a STLS problem using the Lanczos bidiagonalization process, and we
demonstrate that our results can be readily extended to standard least squares and data least squares
problems. To improve the efficiency of the Lanczos bidiagonalization-based TLS algorithm, we propose
practical stopping criteria for the iterative numerical solution of STLS problems. Numerical experiments
fully validate the computational advantages of our proposed approaches.

Keywords: scaled total least squares problem; core problem; Krylov subspace; Lanczos
bidiagonalization; backward error

1. Introduction

Consider estimating x from the real linear system

Ax ≈ b for A ∈ Rm×n, b ∈ Rm, and x ∈ Rn, (1.1)

where we exclude the trivial case for the sake of clarity via a natural assumption,

b 6⊥ R(A), that is, AT b , 0. (1.2)

For (1.1), an important example of an optimal approximation problem whose optima are invariant under
orthogonal transformations, followed by scaled total least squares (STLS), which can be expressed as
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follows: for a given γ > 0,

STLS distance ≡ σS ≡ min
E, f ,x
‖E, γ f ‖F s.t. (A + E)x = b + f . (1.3)

Here, the relative sizes of the corrections in A and b are determined by the real parameter γ > 0. As
γ → 0, the STLS solution approaches the least squares (LS) solution, when γ = 1 (5) coincides with the
total least squares (TLS) formulation, and as γ → ∞, it approaches data least squares (DLS), see [1–3]
and so on. The STLS framework unifies ordinary least squares (OLS), DLS, and TLS, moreover, the
parameter γ bears statistical interpretations, as discussed in [2, 4]. The STLS problem (1.3) admits a
unique solution if the following two conditions hold:

rank(A) = n, and b 6⊥ Umin,

where Umin denotes the left singular vector subspace of A associated with its smallest singular
value σmin(A).

Let (1.1) transform to Ãx̃ ≡ (PT AQ)(QT )x ≈ PT b ≡ b̃, where P−1 = PT ,Q−1 = QT , or equivalently,

PT
(

b A
) 1 0

0 Q


 1 0

0 QT


 −1

x

=
 b̃1 Ã11 0

0 0 Ã22



−1
x̃1

x̃2

≈0. (1.4)

We state that Ã11 x̃1 ≈ b̃1 constitutes the core problem associated with Ax ≈ b if the pair (b̃1, Ã11) is
minimally dimensioned (or equivalently, Ã22 is maximally dimensioned) subject to constraint (1.4).
Consequently, redundant information (including singular value multiplicities) and irrelevant data are
segregated into the submatrix Ã22; see [3, 5].

Equation (1.2) rules out the pathological case where Ã11 in (1.4) has zero columns. The approximation
problem (1.1) can then be recast in terms of solving the core subproblem Ã11 x̃1 ≈ b̃1 with x̃2 = 0.
Core problems possess favorable properties such as minimal dimensionality. When a scaled total least
squares problem is solved by first finding a core problem, the resulting theory is consistent with earlier
generalizations but is much simpler and clearer. The above framework may be leveraged for the solution
of ill-posed problems. Paige [5] demonstrated that a decomposition of the form (1.4) can be computed
directly by selecting orthogonal matrices P and Q to reduce the augmented matrix (b, A) to a real upper
bidiagonal matrix; see also [2], for instance. Partitioning P = (P1, P2) and Q = (Q1,Q2) is performed by
terminating the bidiagonalization process at the first zero entry, which yields relation (1.4), where Ã22

remains unprocessed by bidiagonalization. In other words, for any linear system Ax ≈ b, the orthogonal
upper bidiagonalization of (b, A) yields a corresponding core problem.

Backward perturbation analysis serves two main purposes. First, it verifies whether a computed
solution is backward stable: If the numerical stability of an algorithm is unknown, yet its relative
minimal backward error is of the order of unit round-off, then the solution is backward stable and
acceptable. Second, its outcomes facilitate the construction of effective stopping criteria for iterative
solutions to large sparse problems; see, e.g., [6–10]. For the latest achievements, please refer to [11, 12].
In this paper, we prove that the extended minimal backward errors and the true minimal backward errors
of the STLS problem (1.1) are equal to those associated with its core subproblem. Identical conclusions
hold for the asymptotic estimates of the extended minimal backward errors. Consequently, evaluating
the backward error of the core subproblem corresponding to the original STLS problem directly yields
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the backward error of the STLS problem itself. This approach is valuable, as the core subproblem
possesses far smaller dimensions relative to the original STLS formulation. These theoretical derivations
are presented in Section 2. In addition, evaluating the backward error of the approximate solution to
the STLS problem entails substantial computational overhead for large-scale sparse systems, making
direct computation infeasible. A further contribution of this work lies in deriving computationally
inexpensive estimates for this backward error, which can be evaluated at each iteration of Lanczos
bidiagonalization, as elaborated in Section 3. We further discuss practical backward error estimation
techniques in Section 4. The STLS framework unifies OLS, TLS, and DLS. The minimal backward
error estimates for STLS derived herein also unify the backward perturbation analysis frameworks for
OLS, TLS, and DLS. Accordingly, this paper generalizes and extends the results in [13], where low-cost,
readily computable backward error estimates for ordinary least squares were established. Within the
iterative Lanczos bidiagonalization procedure, the quantity ζk quantifies the accuracy of the rank-k
low-rank approximation of A and can be adopted as a stopping criterion: The iteration terminates once
ζk ≤ tol, where tol denotes a user-specified tolerance. Against this backdrop, an efficient low-cost
scheme for computing ζk (k = 1, 2, · · · ) is proposed in Section 5, which carries significant practical value.
We first prove that ζk is a monotonically decreasing function of k and admits recursive computation.
The proposed estimates for practical stopping criteria can be obtained with nearly negligible extra
computational cost within the Lanczos bidiagonalization TLS algorithm, albeit at the expense of d
supplementary iterations for evaluation. The computational advantages of all proposed results are fully
validated via numerical experiments.

Matrices are denoted by uppercase Roman letters such as A, B, · · · ; vectors by lowercase Roman
letters v,w, · · · ; and scalars by lowercase Greek letters α, β, · · · . We use ‖ · ‖ to denote the 2-norm of
any matrix or vector and ‖ · ‖F for the Frobenius norm of a matrix A. A† stands for the Moore–Penrose
pseudoinverse of A. The symbol e j represents the jth standard basis column of the identity matrix I.

2. Backward errors of the STLS problems and the corresponding core problems

2.1. Extended minimal backward error

In order to find the closest STLS problem whose solution is actually y, where y ∈ Rn is a nonzero
approximation to the solution vector x of (1.3), we need to solve the following backward error problem
of the form

min
∆A,∆b

‖(∆A,∆bθ)‖F s.t. y = arg min
x

‖b + ∆b − (A + ∆A)x‖2

γ−2 + ‖x‖2

with a scaling parameter θ > 0. From [7], y is the exact STLS solution for the data set (A + ∆A, b + ∆b)
if and only if (∆A,∆b) is in the following set:

SA,b(γ) ≡
{
(∆A,∆b) : (A + ∆A)T (b + ∆b − (A + ∆A)y)

= −
‖b + ∆b − (A + ∆A)x‖2

γ−2 + ‖x‖2
y,
‖b + ∆b − (A + ∆A)x‖2

γ−2 + ‖x‖2
< σ2

min(A + ∆A)
}
.

(2.1)
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Because (2.1) is difficult to derive a general expression for (∆A,∆b) ∈ SA,b(γ), there need to consider a
larger set

S+
A,b(γ) ≡

{
(∆A,∆b) : (A + ∆A)T (b + ∆b − (A + ∆A)y) = −

‖b + ∆b − (A + ∆A)x‖2

γ−2 + ‖x‖2
y
}

and give the extended minimal backward error problem

η(y, γ, θ) ≡ min
(∆A,∆b)∈S+

A,b(γ)
‖(∆A,∆bθ)‖F , (2.2)

which seeks to minimize the weighted Frobenius norm ‖[∆A,∆bθ]‖F over all perturbations (∆A,∆b)
belonging to the relaxed constraint set S+

A,b(γ) by discarding the strict-inequality condition required for
the exact STLS solution whose minimizer yields the extended minimal backward error η(y, γ, θ) and is
solved as shown the following result from Theorem 3.1 of [7].

Lemma 2.1. Suppose A ∈ Rm×n, b ∈ Rm, y ∈ Rn is a nonzero approximate solution of the STLS problem,
γ > 0, θ > 0, and suppose that (1.4) holds. Let r ≡ b − Ay, and

N ≡
(

A(I − yy†) ω(I − rr†) υ(Ay + γ2‖y‖2b)
)
,

M ≡ M(y, γ, θ) ≡ A(I − yy†)AT +
θ2

1 + θ2‖y‖2
rrT

+υ2(Ay + γ2‖y‖2b) × (Ay + γ2‖y‖2b)T = NNT − ω2I.

Then, M has at most one negative eigenvalue, and

η2(y, γ, θ) =

{
ω2, if λmin(M) ≥ 0;
ω2 + λmin(M) = σ2

min(N), if λmin(M) < 0.
(2.3)

Furthermore, η(y, γ, θ) is given by the backward perturbations in A and b:

∆A =


θ2

1+θ2‖y‖2 ryT , if λmin(M) ≥ 0;
θ2

1+θ2‖y‖2 ryT − w∗wT
∗

(
A/γ

2(θ2−γ2)2

θ
+ γ4‖y‖2byT

+
γ4+2γ4θ2‖y‖2+θ4

(1+θ2‖y‖2)(θ2+γ4‖y‖2)ryT
)
, if λmin(M) < 0.

(2.4)

∆b =


− 1

1+θ2‖y‖2 r, if λmin(M) ≥ 0;

− 1
1+θ2‖y‖2 r − w∗wT

∗

(
γ2(1+γ2‖y‖2)
θ2+γ4‖y‖2 b

−
(γ2+θ2)(1+γ2‖y‖2)

(1+θ2‖y‖2)(θ2+γ4‖y‖2)r
)
, if λmin(M) < 0,

(2.5)

where ω = θ‖r‖/
√

1 + θ2‖y‖2, υ = θ/
√
θ2‖y‖2 + γ4‖y‖4, and w∗ is the unit eigenvector of M

corresponding to λmin(M).

For the core subproblem Ã11 x̃1 ≈ b̃1, associated with Problem (1.1) (here we only present the case
when Ax ≈ b is s incompatible; see Theorem 2.2 in [7] for details), we can also derive its extended
minimal backward error under the same parameters θ and γ.
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Theorem 2.1. Suppose Ã11 ∈ R(p+1)×p, b̃1 ∈ Rp+1, ỹ1 ∈ Rp is a nonzero approximate solution of the STLS
problem, γ > 0, θ > 0, and suppose that (1.4) holds. Let r̃1 ≡ b̃1 − Ã11ỹ1, and

N1 ≡
(

Ã11(I − ỹ1ỹ†1) ω1(I − r̃1r̃†1) υ1(Ã11ỹ1 + γ2‖ỹ1‖
2b̃1)

)
,

M1 ≡ M1(ỹ, γ, θ) ≡ Ã11(I − ỹ1ỹ†1)ÃT
11 +

θ2

1 + θ2‖ỹ1‖
2 r̃1r̃T

1

+υ2
1(Ã11ỹ1 + γ2‖ỹ1‖

2b̃1) × (Ã11ỹ1 + γ2‖ỹ1‖
2b̃1)T = N1NT

1 − ω
2
1I.

Then, M1 has at most one negative eigenvalue, and

η2(ỹ1, γ, θ) =

{
ω2

1, if λmin(M1) ≥ 0;
ω2

1 + λmin(M1) = σ2
min(N1), if λmin(M1) < 0.

Furthermore, η(ỹ1, γ, θ) is given by the following backward perturbations in Ã11 and b̃1:

∆A11 =


θ2

1+θ2‖ỹ1‖2
r̃1ỹT

1 , if λmin(M1) ≥ 0;
θ2

1+θ2‖ỹ1‖2
r̃1ỹT

1 − w1∗w
T
1∗

(
Ã11/

γ2(θ2−γ2)2

θ
+ γ4‖ỹ1‖

2b̃1ỹT
1

+
γ4+2γ4θ2‖ỹ1‖

2+θ4

(1+θ2‖ỹ1‖2)(θ2+γ4‖ỹ1‖2) r̃1ỹT
1

)
, if λmin(M1) < 0.

(2.6)

∆b1 =


− 1

1+θ2‖ỹ1‖2
r̃1, if λmin(M1) ≥ 0;

− 1
1+θ2‖ỹ1‖2

r̃1 − w1∗w
T
1∗

(
γ2(1+γ2‖ỹ1‖

2)
θ2+γ4‖ỹ1‖2

b̃1

−
(γ2+θ2)(1+γ2‖ỹ1‖

2)
(1+θ2‖ỹ1‖2)(θ2+γ4‖ỹ1‖2) r̃1

)
, if λmin(M1) < 0,

(2.7)

where ω1 = θ‖r̃1‖/
√

1 + θ2‖ỹ1‖
2, υ1 = θ/

√
θ2‖ỹ1‖

2 + γ4‖ỹ1‖
4, and w1∗ is the unit eigenvector of M1

corresponding to λmin(M1).

The following theorem presents the relations between the extended minimal backward errors and
the corresponding perturbations of the problem (1.1) and those of its core problem.

Theorem 2.2. The extended minimal backward error of the problem (1.3) equals the one of its core
problem, and the corresponding perturbations have the following relations:

η(y, γ, θ) = η(ỹ1, γ, θ)

∆A11 = PT
1 ∆AQ1, ∆b1 = PT

1 ∆b,

where P =
(

P1 P2

)
, Q =

(
Q1 Q2

)
, P1 ∈ Rm×(p+1), Q1 ∈ Rn×p; see the details in (1.4).

Proof. We know A = PÃQT , b = Pb̃, y = Qỹ, r = b − Ay = Pb̃ − PÃQT Qỹ = P(b̃ − Ãỹ) = Pr̃; then,
by (1.4) we have
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M = PÃQT (I − Qỹỹ†QT )QÃT PT −
θ2

1 + θ2‖ỹ‖2
Pr̃r̃T PT

+
θ2

θ2‖ỹ‖2 + γ4‖ỹ‖4
(PÃQT Qỹ + γ2‖ỹ‖2Pb̃) × (PÃQT Qỹ + γ2‖ỹ‖2Pb̃)T

= P
(
Ã(I − ỹỹ†)ÃT −

θ2

1 + θ2‖ỹ‖2
r̃r̃T

+
θ2

θ2‖ỹ‖2 + γ4‖ỹ‖4
(Ãỹ + γ2‖ỹ‖2b̃) × (Ãỹ + γ2‖ỹ‖2b̃)

)
PT

= P
{ (

Ã11 0
0 Ã22

) [I − (
ỹ1

0

) (
ỹ†1 0

) ] ( ÃT
11 0
0 ÃT

22

)
−

θ2

1 + θ2‖ỹ1‖
2

(
r̃1

0

) (
r̃T

1 0
)

+
θ2

θ2‖ỹ1‖
2 + γ4‖ỹ1‖

4

[ ( Ã11 0
0 Ã22

) (
ỹ1

0

)
+ γ2‖ỹ1‖

2
(

b̃1

0

) ]
×
[ ( Ã11 0

0 Ã22

) (
ỹ1

0

)
+ γ2‖ỹ1‖

2
(

b̃1

0

) ]}PT

= P
{ (

Ã11(I − ỹ1ỹ†1)ÃT
11 0

0 Ã22ÃT
22

)
−

θ2

1 + θ2‖ỹ1‖
2

(
r̃1r̃T

1 0
0 0

)
+

θ2

θ2‖ỹ1‖
2 + γ4‖ỹ1‖

4

[ ( Ã11ỹ1

0

)
+ γ2‖ỹ1‖

2
(

b̃1

0

) ]
×
[ ( Ã11ỹ1

0

)
+ γ2‖ỹ1‖

2
(

b̃1

0

) ]}PT

= P
(

M1 0
0 Ã22ÃT

22

)
PT (∗).

If λmin(M) ≥ 0, then

η2(y, γ, θ) =
θ2‖r‖2

1 + θ2‖y‖2
=

θ2‖r̃‖2

1 + θ2‖ỹ‖2
=

θ2‖r̃1‖
2

1 + θ2‖ỹ1‖
2 = η2(ỹ1, γ, θ).

If λmin(M) < 0, we know from (*), λmin(Ã22ÃT
22) > 0, and ρ(M) = ρ(M1) ∪ ρ(Ã22ÃT

22), where ρ(M)
means the set of the eigenvalues of the matrix M. When w1∗ = PT

1 w∗, there comes λmin(M1) =

λmin(M) < 0, and

η2(y, γ, θ) =
θ2‖r‖2

1 + θ2‖y‖2
+ λmin(M) =

θ2‖r̃‖2

1 + θ2‖ỹ‖2
+ λmin(M)

=
θ2‖r̃1‖

2

1 + θ2‖ỹ1‖
2 + λmin(M1) = η2(ỹ1, γ, θ).

We know that Ã11 = PT
1 AQ1, b̃1 = PT

1 b, ỹ1 = QT
1 y, r̃1 = PT

1 r, and w1∗ = PT
1 w∗. By substituting

the five formulas above into Eqs (2.6) and (2.7) and combining them with Eqs (2.4) and (2.5), we
can obtain

∆A11 = PT
1 ∆AQ1, ∆b1 = PT

1 ∆b,
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where P =
(

P1 P2

)
, Q =

(
Q1 Q2

)
, P1 ∈ Rm×(p+1), Q1 ∈ Rn×p. �

Theorem 3.2 in [7] and Theorem 2.2 imply that the true minimal backward error of Problem (1.1)
equals that of its core problem for some ε > 0 and all y, ỹ1 satisfying ‖y − x∗‖ ≤ ε , ‖ỹ1 − x∗‖ ≤ ε.

Theorem 2.3. Let x∗ be the ture STLS solution of (1.1), and there exist ε > 0 such that for all y and ỹ1

satisfying ‖y − x∗‖ ≤ ε and ‖ỹ1 − x∗‖ ≤ ε, η(y, γ, θ) and η(ỹ1, γ, θ) are the true minimal backward errors
of the problem (1.1) and its core problem, respectively. At this time, there is also η(y, γ, θ) = η(ỹ1, γ, θ).

Proof. The proof is obvious, and we omit it here. �

2.2. Asymptotic estimate

Computing η(y, γ, θ) exactly is expensive, so Chang [7] gives an asymptotic estimate for it with an
explicit expression as follows:

ς(y, γ, θ) = ‖EE† f ‖ = ‖E(ET E)−1ET f ‖, (2.8)

where

E ≡


A + ξ−1

0 ξ1ryT

ξ−2
0 ‖r‖‖y‖(I − yy†)
θ−1ξ−2

0 ‖r‖I

 ,
f ≡


θ√

1+θ2‖y‖2
r

0
‖r‖(θ2−γ2)

(1+γ2‖y‖2)
√

1+θ2‖y‖2
y

 ,
ξ0 ≡

√
‖y‖2 + θ−2, ξ1 ≡

‖y‖2 − γ−2 + 2θ−2

αξ0
,

and
α ≡ ‖y‖2 + γ−2.

Naturally, we also expect the asymptotic estimate for η(y, γ, θ) of Problem (1.1) to be identical to that
for η(y1, γ, θ) of the corresponding core problem. The result is as follows:

Theorem 2.4. The asymptotic estimate for η(y, γ, θ) of the problem (1.3) equals the asymptotic estimate
for η(ỹ1, γ, θ) of the corresponding core problem, that is,

ς(y, γ, θ) = ς(ỹ1, γ, θ).

Proof. According to (1.4), we have

E ≡


A + ξ−1

0 ξ1ryT

ξ−2
0 ‖r‖‖y‖(I − yy†)
θ−1ξ−2

0 ‖r‖I

 =


PÃQT + ξ−1

0 ξ1Pr̃ỹT QT

ξ−2
0 ‖r̃‖‖ỹ‖(I − Qỹỹ†QT )

θ−1ξ−2
0 ‖r̃‖I



=


P

Q

Q




Ã11 + ξ−1
0 ξ1r̃1ỹT

1 0
0 Ã22

ξ−2
0 ‖r̃1‖‖ỹ1‖(I − ỹ1ỹ†1) 0

0 ξ−2
0 ‖r̃1‖‖ỹ1‖I

θ−1ξ−2
0 ‖r̃1‖I 0
0 θ−1ξ−2

0 ‖r̃1‖I


QT ,
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ET E = Q
(

ET
1 E1 0
0 ET

2 E2

)
QT ,

where

ET
1 E1 = (Ã11 + ξ−1

0 ξ1r̃1ỹT
1 )T (Ã11 + ξ−1

0 ξ1r̃1ỹT
1 ) + (ξ−2

0 ‖r̃1‖‖ỹ1‖)2(I − ỹ1ỹ†1) + (θ−1ξ−2
0 ‖r̃1‖)2I,

ET
2 E2 = ÃT

22Ã22 + (ξ−2
0 ‖r̃1‖‖ỹ1‖)2I + (θ−1ξ−2

0 ‖r̃1‖)2I,

ET f = Q
(

ET
1 f1

0

)
,

E1 ≡


Ã11 + ξ−1

0 ξ1r̃1ỹT
1

ξ−2
0 ‖r̃1‖‖ỹ1‖(I − ỹ1ỹ†1)

θ−1ξ−2
0 ‖r̃1‖I

 ,

f1 ≡


θ√

1+θ2‖ỹ1‖
2
r̃

0
‖r̃1‖(θ2−γ2)

(1+γ2‖ỹ1‖
2)
√

1+θ2‖ỹ1‖
2
ỹ1

 .
It follows that

E(ET E)−1ET f =


P

Q

Q




(Ã11 + ξ−1
0 ξ1r̃1ỹT

1 )
0

ξ−2
0 ‖r̃1‖‖ỹ1‖(I − ỹ1ỹ†1)

0
θ−1ξ−2

0 ‖r̃1‖I

0


(ET

1 E1)−1ET
1 f1.

In addition, we know

E1(ET
1 E1)−1ET

1 f1 =


(Ã11 + ξ−1

0 ξ1r̃1ỹT
1 )

ξ−2
0 ‖r̃1‖‖ỹ1‖(I − ỹ1ỹ†1)

θ−1ξ−2
0 ‖r̃1‖I

 (ET
1 E1)−1ET

1 f1.

Then, we find
ς(y, γ, θ) = ‖E(ET E)−1ET c‖ = ‖E1(ET

1 E1)−1ET
1 f1‖ = ς(ỹ1, γ, θ).

�

3. Lanczos bidiagonalization

Given the matrix A and the starting vector b, the Lanczos bidiagonalization algorithm [14] generates
the sequences of vectors ui, vi and scalars αi, βi satisfying the recurrences

β1u1 = b, α1v1 = AT u1,

βk+1uk+1 = Avk − αkuk

αk+1vk+1 = AT uk+1 − βk+1vk

}
, k = 1, 2, · · ·
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The scalars αi ≥ 0 and βi ≥ 0 are chosen so that ‖ui‖2 = ‖vi‖2 = 1. With the definitions

Uk =
(

u1, u2, · · · , uk

)
, Vk =

(
v1, v2, · · · , vk

)
,

Bk ≡



α1

β2 α2

β3
. . .

. . . αk

βk+1


, B̄k ≡

(
Bk, αk+1ek+1

)
, (3.1)

the recurrence relations (3.1) may be rewritten as

Uk+1β1e1 = b,

AVk = Uk+1Bk,

AT Uk+1 = VkBT
k + αk+1vk+1eT

k+1 = Vk+1B̄T
k . (3.2)

If exact arithmetic were used, we would also have UT
k+1Uk+1 = I, VT

k Vk = I; in any event, the preceding
equations hold to within machine precision. Thus, after k Lanczos iterations, we can project the STLS
problem onto the subspaces spanned by Uk and Vk in the hope that, for sufficiently large k, we have
captured all the large singular values of A needed to compute a useful regularized solution. The projected
STLS problem is equivalent to

min ‖UT
k+1

(
(b, A) − (b̂k, Âk)

) ( 1 0
0 Vk

)
‖F s.t. UT

k+1ÂkVky = UT
k+1b̂k,

or

min ‖(β1e1, Bk) − (êk, B̂k)‖F s.t. B̂ky = êk, (3.3)

where e1 = (1, 0, · · · , 0)T , and B̂k and êk are generally full [15]. In each Lanczos step, we can now
compute an approximate STLS solution xk by applying the Algorithm TLS to the small-size problem
in (3.3). This can be done in O(k2) operations by means of the partial singular value decomposition
(PSVD) algorithm [16] or by methods posed in [17–19], and the approximate TLS solution xk is given
by xk = Vkyk, where yk is the STLS solution to (3.3).

According to Paige [5], Bk and β1e1 always satisfy (1.4), so the scaled TLS solution to any core
problem Bkyk ≈ β1e1 exists and is unique. The bidiagonalization removes all redundancies and irrelevant
components of the problem associated with all singular values implicitly, prior to any singular value
computation. Minimizing the dimensions of (β1e1, Bk) serves to maximize computational efficiency.

4. Estimating η(xk, γ, θ)

In this section, we present new bounds on and estimates of η(xk, γ, θ) and its asymptotic estimate
that can be estimated efficiently at every iteration of Lanczos bidiagonalization.
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4.1. Practical bounds on η(xk, γ, θ)

We can approximate the value of η(xk, γ, θ) by computing the backward error defined in Lemma 2.1
for the vector y associated with the projected TLS problem (3.3). In what follows, we show that
for any integer d ≥ 0, the choices U = Uk+d+1 and V = Vk+d yield a lower bound on η(xk, γ, θ),
whereas U = Uk+d+1 and V = Vk+d+1 yield an upper bound. In the bases Vk+d and Vk+d+1, the vector xk

has coordinates

xk = Vk+d

(
yk

0d

)
= Vk+dŷk, xk = Vk+d+1

(
yk

0d+1

)
= Vk+dȳk

with rk = b − Axk. We define

η
d
(xk, γ, θ) ≡ min

∆B,∆c∈S+
Bk+d ,β1e1

(γ)
‖(∆B,∆cθ)‖F , (4.1a)

η̄d(xk, γ, θ) ≡ min
∆B,∆c∈S+

B̄k+d ,β1e1
(γ)
‖(∆B,∆cθ)‖F (4.1b)

with

S+
Bk+d ,β1e1

(γ) ≡
{
(∆B,∆c) : (Bk+d + ∆B)T (β1e1 + ∆c − (Bk+d + ∆B)ŷk)

= −
‖β1e1 + ∆c − (Bk+d + ∆B)ŷk‖

2

γ−2 + ‖ŷk‖
2 ŷk

}
,

S+

B̄k+d ,β1e1
(γ) ≡

{
(∆B,∆c) : (B̄k+d + ∆B)T (β1e1 + ∆c − (B̄k+d + ∆B)ȳk)

= −
‖β1e1 + ∆c − (B̄k+d + ∆B)ȳk‖

2

γ−2 + ‖ȳk‖
2 ȳk

}
,

respectively. Letting

t̂k = β1e1 − Bk+dŷk = β1e1 − B̄k+dȳk, (4.2)

we obtain

η
d
(xk, γ, θ) =

{
ω2

k , if λmin(Mk,d) ≥ 0;
ω2

k + λmin(Mk,d) = σ2
min(Nk,d), if λmin(Mk,d) < 0. (4.3a)

η̄d(xk, γ, θ) =

{
ω2

k , if λmin(M̄k,d) ≥ 0;
ω2

k + λmin(M̄k,d) = σ2
min(N̄k,d), if λmin(M̄k,d) < 0, (4.3b)

where

Nk,d ≡
(

Bk+d(I − ŷkŷ
†

k) ωk(I − t̂k t̂
†

k) υk(Bk+dŷk + γ2‖ŷk‖
2β1e1)

)
, (4.4)

Mk,d ≡ M(y, γ, θ) ≡ Bk+d(I − ŷkŷ
†

k)BT
k+d +

θ2

1 + θ2‖ŷk‖
2 t̂k t̂T

k )

+υ2
k(Bk+dŷk + γ2‖ŷk‖

2β1e1) × (Bk+dŷk + γ2‖ŷk‖
2β1e1)T = Nk,dNT

k,d − ω
2
k I,

N̄k,d ≡
(

B̄k+d(I − ȳkȳ
†

k) ωk(I − t̂k t̂
†

k) υk(B̄k+dȳk + γ2‖ȳk‖
2β1e1)

)
, (4.5)
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M̄k,d ≡ M(y, γ, θ) ≡ B̄k+d(I − ȳkȳ
†

k)B̄T
k+d +

θ2

1 + θ2‖ȳk‖
2 t̂k t̂T

k )

+υ2
k(B̄k+dȳk + γ2‖ȳk‖

2β1e1) × (B̄k+dȳk + γ2‖ȳk‖
2β1e1)T = N̄k,dN̄T

k,d − ω
2
k I,

where ωk = θ‖rk‖/
√

1 + θ2‖yk‖
2, υk = θ/

√
θ2‖yk‖

2 + γ4‖yk‖
4.

Theorem 4.1. Let xk = Vkyk be the approximate solution to the scaled total least squares problem (1.3),
computed by bidiagonalization at iteration step k, and let η(xk, γ, θ) be the extended backward error
associated with xk for given γ > 0, θ > 0. Let η

d
(xk, γ, θ) and η̄d(xk, γ, θ) be defined by (4.3a) and (4.3b)

for a given d ≥ 0. Then,

η
d
(xk, γ, θ) ≤ η(xk, γ, θ) ≤ η̄d(xk, γ, θ). (4.6)

In addition, the left and right equations are established for some iteration step s ≤ n − k.

Proof. If λmin(M) ≥ 0, then η
d
(xk, γ, θ) ≤ η(xk, γ, θ) holds.

On the other hand assume, that λmin(M) < 0; that is, η(xk, γ, θ) = σmin(N). There are matrices Ũ
and Ṽ such that U = (Uk+d+1, Ũ) and V = (Vk+d, Ṽ) are orthogonal matrices. Then, from (3.2) and (4.2),

UT N
(

V
U

I

)
=

(
UT

k+d+1

ŨT

) (
A(I − yy†) ωk(I − rr†) υk(Ay + γ2‖y‖2b)

)
×


Vk+d Ṽ 0 0 0

0 0 Uk+d+1 Ũ 0
0 0 0 0 I


=

(
Bk+d(I − ŷkŷ

†

k) C ωk(I − t̂k t̂
†

k) 0 υk(Bk+dŷk + γ2‖ŷk‖
2β1e1)

0 D 0 ωkI 0

)
,

, (4.7)

where we use the following results:

ŨT A(I − yy†)Vk+d = 0,

ŨTωk(I − rr†)Uk+d+1 = 0,

υkŨT (Ay + γ2‖y‖2b) = 0,

C = UT
k+d+1A(I − yy†)Ṽ = UT

k+d+1AṼ ,

D = ŨT A(I − yy†)Ṽ = ŨT AṼ .

Owing to the interlacing property of singular values (see, e.g., [9]) the smallest singular value of N is
not less than the smallest singular value of the matrix(

Bk+d(I − ŷkŷ
†

k) ωk(I − t̂k t̂
†

k) υk(Bk+dŷk + γ2‖ŷk‖
2β1e1) 0

0 0 0 ωkI

)
=

(
Nk,d 0

0 ωkI

)
obtained from (4.7) after deleting the columns corresponding to the matrices C and D and making
column permutation. Hence,

η(xk, γ, θ) = σmin(N) ≥ σmin(Nk+d) = η
d
(xk, γ, θ)
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due to the assumption σmin(N) ≤ ωk. The lower bound of η(xk, γ, θ) also comes from the interleaving
property. Because yk is the exact solution of the total least squares problem (3.3) , η

0
(xk, γ, θ) = 0 is

obtained, and the existence of s makes η
s
(xk, γ, θ) = η(xk, γ, θ) determined by the finite termination

property of bidiagonalization.
For the upper bound in (4.6), we have

σmin(N) = min
q;‖q‖2=1

∥∥∥∥∥


(I − yy†)AT

ωk(I − rr†)
υk(Ay + γ2‖y‖2b)T

 q
∥∥∥∥∥2

≤ min
q̃;‖q̃‖2=1

∥∥∥∥∥


(I − yy†)AT

ωk(I − rr†)
υk(Ay + γ2‖y‖2b)T

 Uk+d+1q̃
∥∥∥∥∥2

= min
q̃;‖q̃‖2=1

∥∥∥∥∥


Vk+d+1(I − ȳkȳ†k)B̄T
k+d

Uk+d+1ωk(I − t̂k t̂†k )
υk(B̄k+d ȳk + γ2‖ȳk‖

2β1e1)T

 q̃
∥∥∥∥∥2

= min
q̃;‖q̃‖2=1

∥∥∥∥∥


(I − ȳkȳ†k)B̄T
k+d

ωk(I − t̂k t̂†k )
υk(B̄k+d ȳk + γ2‖ȳk‖

2β1e1)T

 q̃
∥∥∥∥∥2

= σmin(N̄k,d).

Hence, it follows that η(xk, γ, θ) ≤ η̄d(xk, γ, θ). The upper bound (4.6) comes from the fact that as d
grows, we are expanding the subspace R(Uk+d+1), which we are minimizing to obtain the upper bound.
Because N̄k,s and Nk,s differ in only one zero column, we get the equivalent η(xk, γ, θ) = η̄s(xk, γ, θ). �

To evaluate the estimates η
d
(xk, γ, θ) and η̄d(xk, γ, θ) in (4.3a) and (4.3b), we should compute the

smallest singular value of the matrices Nk,d and N̄k,d in (4.4) and (4.5). If we let Q̄k = diag(Qk, Id), Qk

is the matrix of k reflections from (4.10). Then, from (4.2), we know the matrix Nk,d is orthogonally
similar to the matrix

Lk,d ≡ Q̄kNk,d


Ik,d

Q̄T
k

1

 =
(

Q̄kBk+d ω(I − ek+1eT
k+1) Q̄kυ(Bk+d ŷk + γ2‖ŷk‖

2β1e1)
)
.

The matrix Q̄kBk+d is the transformed matrix Bk+d partially. In the same way, the computation of
η̄d(xk, γ, θ) can be treated. N̄k,d is orthogonally similar to the matrix

L̄k,d ≡ Q̄kN̄k,d


Ik+d+1

Q̄T
k

1

 =
(

Q̄k B̄k+d ω(I − ek+1eT
k+1) Q̄kυ(Bk+d ŷk + γ2‖ŷk‖

2β1e1)
)

=
(

Q̄kBk+d αk+d+1ek+d+1 ω(I − ek+1eT
k+1) Q̄kυ(Bk+dŷk + γ2‖ŷk‖

2β1e1)
)
,

which is different from Lk,d by just one column, αk+d+1ek+d+1.
Because of the special structure of Lk,d and L̄k,d, the smallest singular values of Lk,d and L̄k,d can be

computed very efficiently. The implementation details can be found in the Appendix.
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4.2. An asymptotic estimate of η(xk, γ, θ)

We know that Chang [7] give an asymptotic estimate ς(xk, γ, θ) for η(xk, γ, θ) just as (2.8). ς(xk, γ, θ)
and η(xk, γ, θ) are asymptotically equivalent:

lim
xk−→x

ς(xk, γ, θ)
η(xk, γ, θ)

= 1,

where x is the true solution of the STLS problem (1.3). Just as posed in [13], we consider the asymptotic
estimates associated with the backward errors η

d
(xk, γ, θ) and η̄d(xk, γ, θ) in (4.3a) and (4.3b), namely

ς
d
(xk, γ, θ) = ‖F1F†1g1‖, (4.8)

ς̄d(xk, γ, θ) = ‖F2F†2g2‖, (4.9)

where

F1 ≡


Bk+d + ξ−1

0 ξ1t̂kŷT
k

ξ−2
0 ‖t̂k‖‖ŷk‖(I − ŷkŷ

†

k)
θ−1ξ−2

0 ‖t̂k‖I

 , g1 ≡


θ√

1+θ2‖ŷk‖2
t̂k

0
‖t̂k‖(θ2−γ2)

(1+γ2‖ŷk‖2)
√

1+θ2‖ŷk‖2
ŷk

 ,

F2 ≡


B̄k+d + ξ−1

0 ξ1t̂kȳT
k

ξ−2
0 ‖t̂k‖‖ȳk‖(I − ȳkȳ

†

k)
θ−1ξ−2

0 ‖t̂k‖I

 , g2 ≡


θ√

1+θ2‖ȳk‖2
t̂k

0
‖t̂k‖(θ2−γ2)

(1+γ2‖ȳk‖2)
√

1+θ2‖ȳk‖2
ȳk

 .

Transform Bk to upper bidiagonal form using a product of reflections Qk, leading to

Qk

(
Bk β1e1

)
=

(
Rk fk

0 φ̄k+1

)
, (4.10)

Rk ≡


ρ1 θ2

ρ2
. . .
. . . θk

ρk

 , fk ≡


φ1

φ2
...

φk

 .

Using the QR decomposition of Bk+d from (4.10) and its QR decomposition combined with rank-1
correction, we obtain
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
G1Qk+d

G2

I




Bk+d + ξ−1
0 ξ1 t̂kŷT

k

ξ−2
0 ‖t̂k‖‖ŷk‖(I − ŷkŷ†k)

θ−1ξ−2
0 ‖t̂k‖I

 =



∗ ∗ · · · ∗

∗ · · · ∗

. . .
...

∗

0 0 · · · 0
∗ ∗ · · · ∗

∗ · · · ∗

. . .
...

∗

∗

∗

. . .

∗



≡


C1

k+d

C2
k+d

C3
k+d

 ≡ Ck+d.

We can eliminate the θ−1ξ−2
0 ‖t̂k‖I block in Ck+d using a product, denoted by Gk+d, of 2(k + d) − 1

Givens rotations. Here is a schematic illustration of the first two such Givens rotations in the case of
k + d = 4:

For submatrix C2
k+d in Ck+d, we can eliminate it column by column using a product of (k + d)(k +

d + 1)/2 Givens rotations as follows, which we denote Ḡk+d.
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After the entire C2
k+d and C3

k+d block of Ck+d has been zeroed in this way, we have

Gk+dCk+d = Gk+d


G1Qk+d

G2

I




Bk+d + ξ−1
0 ξ1 t̂kŷT

k

ξ−2
0 ‖t̂k‖‖ŷk‖(I − ŷkŷ†k)

θ−1ξ−2
0 ‖t̂k‖I

 =


R̃k+d

0
0

 ,
where R̃k+d is upper trianglar, from which it follows that


Bk+d + ξ−1

0 ξ1t̂kŷT
k

ξ−2
0 ‖t̂k‖‖ŷk‖(I − ŷkŷ

†

k)
θ−1ξ−2

0 ‖t̂k‖I


†

=
(

R̃−1
k+d 0 0

)
Gk+d


G1Qk+d

G2

I

 ,
and, we obtain

F1F†1g1 =


(G1Qk+d)T

GT
2

I

GT
k+d


Ik+d

0
0

Gk+d


G1Qk+d

G2

I




θ√
1+θ2‖ŷk‖2

t̂k

0
‖t̂k‖(θ2−γ2)

(1+γ2‖ŷk‖2)
√

1+θ2‖ŷk‖2
ŷk

 .
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Taking the 2-norm, we obtain

ς
d
(xk, γ, θ) = ‖F1F†1g1‖ =

∥∥∥∥∥


Ik+d

0
0

Gk+d


G1

G2

I




sk

0
ζŷk


∥∥∥∥∥,

where sk = Qk+d t̂k =
(

0 · · · 0 φk+1 · · · φk+d φ̄k+d+1

)T
; see [13, Equation (4.6)] and ζ = ‖t̂k‖(θ2−

γ2)/[(1 +γ2‖ŷk‖
2)

√
1 + θ2‖ŷk‖

2]. By applying 26(k + d)2 Givens rotations to the vector sk and [(k + d)(k +

d + 5) − 1]/2 Givens rotations to the vector (sk, 0, ζŷk)T , the estimate η
k+d

(xk, γ, θ) can be computed,
along with computing the 2-norm of the vector formed by its first k + d elements.

The estimate ς̄d(xk, γ, θ) can be computed in a similar way. Instead of (4.11), we have


G3Qk+d

G4

I




B̄k+d + ξ−1
0 ξ1 t̂kȳT

k

ξ−2
0 ‖t̂k‖‖ȳk‖(I − ȳkȳ†k)

θ−1ξ−2
0 ‖t̂k‖I

 =



∗ ∗ · · · ∗ ∗

∗ · · · ∗ ∗

. . .
...

...

∗ ∗

0 0 · · · 0 ∗

∗ ∗ · · · ∗ ∗

∗ · · · ∗ ∗

. . .
...

...

∗ ∗

∗

∗

∗

. . .

∗

∗



,

which differs from Ck+d by only one extra column. Thus, by using k + d + 3 extra Givens rotations,
ς̄d(xk, γ, θ) can be computed in much the same way as ς

d
(xk, γ, θ).

Note: STLS unifies OLS, TLS, and DLS. The minimal backward error estimates for STLS derived
in this paper also unify the backward perturbation analyses of OLS, TLS, and DLS. Thus, this work
unifies and generalizes the results in [13], in which practical and inexpensive computable estimates of
the backward error for the least squares problem are presented.

5. Estimating stopping criterion ζk efficiently

Let the SVD of (b, A) be W diag(σi)ZT , and define P⊥Uk
≡ (I − UkUT

k ) as the orthogonal projector
onto the subspace span{Uk}

⊥, the orthogonal complement of span {Uk}. For convenience, define
the matrices Ū (k) ∈ Rm×(k+1), V̄ (k) ∈ Rn×(k+1), and V̄k ∈ R(n+1)×(k+2) such that Ū (k) = Uk+1W, V̄ (k) =

V̄kZ and V̄k =

(
1 0
0 Vk

)
.

Now, if one is only interested in finding a low-rank approximation of (b, A), it is desirable
that a more direct approach be used without computing the singular value decomposition (SVD) of
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(β1e1, Bk). From the convergence theory of the Lanczos process, we know that Uk and Vk contain
good approximations of the dominant singular vectors of (b, A). It is therefore natural to use Jk ≡

Uk(β1e1, B̄k−1)V̄T
k as an approximation of (b, A). In the next section, we consider an a priori estimate of

ζk ≡ ‖(b, A) − Jk‖F and begin with a lemma.

Lemma 5.1. [20] Let C ∈ Rn×n be symmetric and f an arbitrary vector. Define
Kk ≡ span{ f ,C f , · · · ,Ck−1 f }, and let C = Xdiag(λi)XT be the eigendecomposition of C with
λ1 ≥ · · · ≥ λn its eigenvalues. Write X = [x1, · · · , xn], and define Xi = span{x1, · · · , xi}. Then,

tanθ(xi,Kk) ≤
sinθ( f ,Xi)Ki

cosθ( f , xi)Tk−i(1 + 2γi)
,

where Tk is the Chebyshev polynomial, and the following hold:
K1 = 1,

Ki =
i−1∏
j=1

σ2
j−σ

2
n

σ2
j−σ

2
i
, if i , 1, and γi =

σ2
i − σ

2
i+1

σ2
i+1 − σ

2
n
.

Theorem 5.1. Let Wi ≡ span{w1,w2, · · · ,wi}. Assume that the Lanczos bidiagonalization process starts
with b. Then, for any j with 1 < j < n and k > j,

ζ2
k ≤

n∑
i= j+1

σ2
i +

j∑
i=1

σ2
i

( sinθ(b,Wi)Ki

cosθ(b,wi)Tk−i(1 + 2γi)

)2

. (5.1)

Proof. From (3.2), we have UT
k A = B̄k−1VT

k . Hence,

ζ2
k = ‖(b, A) − Uk(β1e1, B̄k−1)V̄T

k ‖
2
F = ‖(I − UkUT

k )(b, A)‖2F .

Using the SVD of (b, A) = W diag(σi)ZT , one can verify that

ζ2
k = ‖σ1P⊥Uk

w1, σ2P⊥Uk
w2, · · · , σn+1P⊥Uk

wn+1‖
2
F

≤

n+1∑
i= j+1

σ2
i +

j∑
i=1

σ2
i ‖P

⊥
Uk

wi‖
2.

It is readily verified that span{Uk} = span{b, AAT b, · · · , (AAT )k−1b} ≡ Kk. Therefore,

‖P⊥Uk
wi‖ = | sin ∠(wi,Kk)| ≤ | tan ∠(wi,Kk)|.

Applying Lemma 5.1 completes the proof. �

Notice that the square root of the first term on the right-hand side of (5.1),
( n+1∑

i= j+1
σ2

i
)1/2, is the

error of the best rank- j approximation of (b, A) in the Frobenius norm. For k > j, we usually have
rank(Jk) > j. The a priori estimate in the above theorem shows that ζ2

k approaches ‖(b, A) − (b, A) j‖
2
F

as k becomes large, where (b, A) j denotes the best rank- j approximation of (b, A). In many examples,
even when k is only slightly larger than j, ζ2

k is already very close to ‖(b, A) − (b, A) j‖
2
F . The accuracy

of using Jk = Uk(β1e1, B̄k−1)V̄T
k as a low-rank approximation of (b, A) is measured by ζ2

k , which can
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be used as a stopping criterion in the iterative Lanczos bidiagonalization process; that is, the iteration
terminates when

ζ2
k ≤ tol, (5.2)

where tol is a user-supplied tolerance. One can find an inexpensive way to compute ζ2
k for k = 1, 2, · · ·

as follows:

Theorem 5.2. Let ζk = ‖(b, A) − Uk(β1e1, B̄k−1)V̄T
k ‖F . Then,

ζ2
k = ζ2

k+d +

k+d−1∑
j=k

(α2
j + β2

j+1), (5.3)

where α j and β j+1 are from (3.1).

Proof. We know that

ζ2
k+d = ‖(b, A) − Uk+d(β1e1, B̄k+d−1)V̄T

k+d‖
2
F = ‖(I − Uk+dUT

k+d)(b, A)‖2F;

we therefore write I − UkUT
k = I − Uk+dUT

k+d +
k+d∑

j=k+1
u juT

j . Then, we obtain

ζ2
k = ‖(I − Uk+dUT

k+d)(b, A)‖2F +

k+d∑
j=k+1

‖u juT
j (b, A)‖2F = ζ2

k+d +

k+d∑
j=k+1

‖(b, A)T u j‖
2.

The proof is completed by noticing that ‖(b, A)T u j‖
2 = α2

j−1 + β2
j for j = k + 1, · · · , k + d. �

By Theorem 5.2, we can estimate ζk as follows. Ignoring the ζk+d term in (5.3) gives

ζ2
k ≥

k+d−1∑
j=k

(α2
j + β2

j+1) ≡ φ2
d(α, β). (5.4)

The hope is that

ζ2
k � ζ2

k+d (5.5)

in (5.3), and thus, that the bound in (5.4) is tight. This is certainly reasonable for sufficiently large d, as
in the Lanczos bidiagonalization TLS algorithm, ζk is strictly monotonically decreasing theoretically
with k and converges to 0. Notice that the estimate φd(α, β) can be computed at essentially no extra
cost in the Lanczos bidiagonalization TLS algorithm, but d additional iterations have to be performed
to estimate ζk. A larger value of d results in a longer such delay; however, it also produces a larger
difference in (5.5) and thus, a tighter bound in (5.4).

The estimate φd(α, β) of ζk allows us to use (5.2) as a practical stopping criterion in the Lanczos
bidiagonalization TLS method.
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6. Numerical examples

We present several numerical examples to illustrate our results. Recall from Section 2 that
the extended minimal backward error η(y, γ, θ) defined in (2.2) is a lower bound for the true minimal
backward error. Furthermore, it follows from Theorem 2.3 that if y is sufficiently close to the true solution
x, then η(y, γ, θ) is in fact the true minimal backward error. We set γ = θ = 1 in all subsequent examples.

All numerical experiments are performed using MATLAB R2015a on a 3.20 GHz Intel Core(TM) 2
Duo CPU P8700 processor running Windows 7. The MATLAB built-in functions randn and rand are
used below; they generate matrices whose entries follow the standard normal distribution and the
standard uniform distribution, respectively. Our test problems are constructed as follows:

Example 6.1. Let A = Ã/‖Ã‖F , Ã = randn(120, 80). b = Ax, where x = (1, · · · , 1)T . and let A =

A + (1/(
√

120 × 80))δA · rand(120, 80) and b = b + (1/(
√

120))δb · rand(120, 1) with δA = δb =

10−15, 10−10, 10−6, 10−2.

The lower bounds η
d
(xk, γ, θ) in Figure 1 and the upper bounds η̄d(xk, γ, θ) in Figure 2 for the

backward error η(xk, γ, θ) are compared with the true values η(xk, γ, θ) for different values of the
parameter d. As predicted by Theorem 4.1, the quality of the estimates improves as d increases. In this
example, we observe that both the upper and lower bounds of the backward error become increasingly
accurate as d grows. Values of d as small as (d = 7) yield excellent results for well-conditioned problems,
as illustrated by Test Problem 1 in Figures 1 and 2. It is also shown that the upper and lower bounds of
the backward error provide better estimates for small noise problems.

Figure 1. Estimating η(xk, γ, θ) by using η
d
(xk, γ, θ) with different d for a well-

conditioned problem.
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Figure 2. Estimating η(xk, γ, θ) by using η̄d(xk, γ, θ) with different d for a well-
conditioned problem.

Example 6.2. Let A = Ã/‖Ã‖F , Ã = UΣVT , where U and V are the Q-factors of the QR factorization of
random matrices rand(120,120) and rand(80,80), respectively, and Σ = diag(σi) with logarithmically
equally spaced singular values σi between 1 and 10−4. Here, κ2(A) = 10−4. b = Ax, where x =

(1, · · · , 1)T , and let A = A+ (1/(
√

120 × 80))δA · rand(120, 80), and b = b+ (1/(
√

120))δb · rand(120, 1),
with δA = δb = 10−15, 10−10, 10−6, 10−2.

The lower bounds η
d
(xk, γ, θ) in Figure 3 and the upper bounds η̄d(xk, γ, θ) in Figure 4 for the

backward errorη(xk, γ, θ) are compared with the true values η(xk, γ, θ) for various values of the parameter
d. Similarly, we observe that as d increases, both the upper and lower bounds of the backward error
provide increasingly accurate estimates. However, larger values of d are required compared to those
for the well-conditioned problem. It is also shown that the upper and lower bounds of the backward
error yield better estimates for problems with small noise. Values of d as small as d = 9 yield excellent
results for ill-conditioned problems, as illustrated by Test Problem 2 in Figures 3 and 4. During the
estimation process, the lower bound exhibits some volatility, whereas the upper bound is more stable.
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Figure 3. Estimating η(xk, γ, θ) by using η
d
(xk, γ, θ) with different d for an ill-

conditioned problem.

Figure 4. Estimating η(xk, γ, θ) by using η̄d(xk, γ, θ) with different d for an ill-
conditioned problem.
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Example 6.3. The problems are taken from Hansen’s regularizaton tools [21]. For example, the case
Foxgood is generated by the command [Ā, b̄, xtrue] = S haw(m). Then, noises are added to Ā and b̄.
Suppose that σ is the relative noise level. We define

b = b̄ + σ‖b̄‖
ξ

‖ξ‖
, A = Ā + σ‖Ā‖F

Z
‖Z‖F

,

where ξ is a random vector, and Z is a random matrix. Further suppsose that

‖b − b̄‖
‖b̄‖

=
‖A − Ā‖F
‖Ā‖F

= σ.

Then, we seek the total least squares solution of Ax ≈ b.

Figure 5. Estimating ζk by using φd(α, β) in (5.4) with different values of d with σ = 10−8 for
Foxgood (left) and Gravity (right).

Example 6.4. In order to test the effect of our results, the experimental data in [22] are cited, and the
coordinate observations are listed in Table 1.

Table 1. Coordinate observations of control points and their corresponding accuracy (unit: m).

Original coordinates Target coordinates

Xs Ys Zs Xt Yt Zt
1 -2802191.3482 5009064.7657 2772381.1768 -2802088.4182 5009123.1569 2772386.5699
2 -2810175.6515 5016086.1120 2751955.0531 -2810072.7309 5016144.5721 2751960.5007
3 -2820567.2272 5009905.3444 2752470.3858 -2820464.3942 5009963.9917 2752475.9211
4 -2817162.6538 5002454.3520 2769299.1106 -2817059.8351 5002512.9993 2769304.6288
5 -2825775.8182 4995785.4955 2772390.1695 -2825673.0906 4995844.3013 2772395.7629
6 -2821096.7634 4981344.2112 2802 869.4944 -2820994.0605 4981403.0486 2802875.0773
7 -2824710.6654 4984669.2846 2793431.9999 -2824607.9846 4984728.1458 2793437.5997
8 -2827287.5380 4983602.6974 2792671.0817 -2827184.8759 4983661.6016 2792676.7042
9 -2759256.9584 5019419.0725 2796705.2762 -2759153.7202 5019476.8036 2796710.3167
10 -2800063.3339 5001135.2900 2788830.1959 -2799960.4176 5001193.7094 2788835.5802
11 -2841162.8707 4981982.5041 2781464.4489 -2841060.2902 4982041.6183 2781470.1805

Coordinate transformation is the process of transforming spatial data from one coordinate system
to another. In essence, it is the process of solving coordinate transformation parameters according to
common known points in two coordinate systems. The transformation parameters of the two coordinate
systems include three translation parameters, one scale parameter and 3 rotation parameters. When
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the rotation angle is small, or the initial value is known, the rotation matrix composed of three rotation
angles can be simplified, and the space rectangular coordinates can be transformed into a linear Bursa
model [22]. In this example, The condition number of the coefficient matrix corresponding to this
problem reaches 109, indicating that the problem is severely ill-conditioned. It is also shown that the
upper and lower bounds of the backward error yield better estimates for the problem.

Figure 6. Estimating η(xk, γ, θ) by using η̄d(xk, γ, θ) with different values of d.

7. Conlusions

In this paper, we show that the backward errors of the STLS problem are equal to those of its
core problem. This approach effectively reduces the computational cost of evaluating the backward
error, owing to the smaller dimension of the core problem. We have proposed efficient methods to
estimate the quantity η(y, γ, θ) defined in (2.3), whose direct computation is prohibitively expensive for
practical large-scale sparse problems. The backward error η(y, γ, θ) can be estimated using the bounds
η

d
(xk, γ, θ) and η̄d(xk, γ, θ) given in (4.1a) and (4.1b). One may also consider the asymptotic estimates

ς
d
(xk, γ, θ) and ς̄d(xk, γ, θ) given in (4.8) and (4.9). This strategy is particularly practical for large-scale

sparse STLS problems. Finally, we propose practical stopping criteria for the iterative solution of sparse
STLS problems. In the Lanczos bidiagonalization TLS algorithm, the estimate for the practical stopping
criterion can be computed at virtually no extra cost, albeit at the expense of d additional iterations.
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Appendix

Schematically, the matrix Lk,d in (4.8) has the structure

∗ ∗ · · · ∗ ∗ ∗

∗ ∗ · · · ∗ ∗ ∗

...
...

...
...

. . . ∗

∗ ∗ · · · ∗ ∗ ∗ ∗

∗ 0 ∗

∗ ∗ ∗ ∗

∗
. . . ∗ ∗

. . . ∗
. . . ∗

∗ ∗ ∗



← k + 1.

Because of the special structure of Lk,d, its smallest singular value can be computed using only O(k + d)
flops and storing only O(k + d) extra numbers. First, we make QR decomposition of rank one correction
matrix for the submatrix of the left upper partition of the matrix above. Then, we apply Givens rotations
from the right to eliminate the elements of the block ω(I − ek+1eT

k+1) one by one. The first k elements
are zeroed with the corresponding diagonal of Lk,d, proceeding upwards from the kth element to the
first. To avoid padding, each new nonzero element is immediately zeroed with its neighbor. Below,
we illustrate schematically the first two such Givens rotations for the case k = 3, d = 2. We use ∗′s to
represent nonzero elements and •’s for the elements that are modified at the step shown.
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The first k elements of the ω(I − ek+1eT
k+1) block have been once zeroed; a similar process is applied

to the last d elements, proceeding down elements k + 2 through k + d + 1. We illustrate the first two
such Givens rotations below:

Then, we apply Givens rotations from the right to eliminate the elements of the last column one by
one, proceeding downwards from the first element to the (k+d)-th,

and we use the last element to turn the last second elements in the last row to zero.

With the corresponding zero diagonal element, the bottom right element is merely permuted.
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After the entire ω(I − ek+1eT
k+1) block and the last column have been eliminated, Givens rotations

can be applied from the left to bring the matrix to bidiagonal form:
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