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Abstract: This paper investigates the large deviation of two-time-scale fractional stochastic systems
perturbed by fractional Brownian motion. The stochastic integrals with respect to fractional Brownian
motion are understood in the sense of the generalized Riemann—Stieltjes integral, and It6 integration
is employed for the standard Brownian motion component. The slow variable is governed by a
Caputo fractional derivative, whereas the fast variable is described by an integer-order derivative. By
combining the classical weak convergence approach with the averaging principle, a large deviation
principle is established for this class of systems. Finally, the theoretical findings are illustrated through
a numerical example.

Keywords: large deviation principle; two-time scale; fractional stochastic systems; fractional
Brownian motion; weak convergence

1. Introduction

As a theoretical tool for studying the behavior of dynamical systems, the large deviation principle
(LDP) originates from the practical demands of statistical inference. It accurately characterizes the
probability of tail events and rare events through an exponential decay rate, and it explains how small
perturbations can lead to significant deviations in stochastic trajectories. Low probability does not
imply low impact, which is one of the central issues of the theory. The pioneering work of Freidlin
and Wentzell [1] on the large deviation behavior of solution orbits of stochastic differential equations
(SDEs) under small noise perturbations laid the foundation for research in this field. Since then, the
LDP for SDEs has gradually entered the academic arena and attracted considerable attention. Of
particular importance, Budhiraja and Dupuis established a new approach based on a weak convergence
framework [2] in 2000. The core of this method lies in the use of variational representations of non-
negative measurable functionals of Brownian motion, and its theoretical foundation differs fundamentally
from the traditional proof method in [1]. Compared to other frameworks, this approach requires milder
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prerequisites and aligns more naturally with the structure of the problem. At the same time, it significantly
simplifies the argumentation process, eliminating the need for tedious discretization approximations and
delicate exponential probability estimates. The key steps of the proof are reduced to verifying moment
estimates and their convergence. This progress has effectively promoted the development of large
deviation theory and its wide application in the field of stochastic dynamical systems.

The continuous development of fractional calculus theory has made it increasingly important in the
modeling of dynamical systems. Compared with integer-order operators, the inherent nonlocal property
of fractional-order differential operators makes them particularly suitable for characterizing complex
dynamic features such as memory effects. They are widely applied in biological populations [3], fluid
dynamics [4], and other fields. The theory of fractional stochastic differential equations (FSDEs) has
also been widely studied. For example, the article [5] discussed the stochastic fractional nonlinear
Schrédinger equation. Recently, Huang and Luo [6] established a strong averaging principle for
generalized Caputo fractional stochastic neutral differential equations driven by multiplicative fractional
Brownian motion. The application of the LDP to FSDEs has been a cutting-edge topic of considerable
interest in recent years. In sharp contrast to the flourishing development of integer-order SDEs, relatively
little work has been done in the field of FSDEs. In 2017, Suvinthra et al. [7] established the LDP
for fractional stochastic integro-differential equations using the weak convergence method. In 2022,
Siva Ranjani et al. [8] proved the uniqueness of solutions for stochastic neutral fractional functional
differential equations via the Picard iteration method and studied the LDP for these equations. In 2023,
Alagesan Siva Ranjani et al. [9] demonstrated the LDP for a class of pantograph FSDEs. In 2025, Chen
et al. [10] obtained the explicit solution of a class of Hilfer fractional McKean-Vlasov SDEs through
Laplace transform, proved the LDP using the weak convergence method, and analyzed the behavior
characteristics of the system under small noise perturbations through practical examples. It is worth
noting that the objects studied in the above literature are limited to single-time-scale systems; scenarios
involving multiple time scales have not yet been addressed.

As the theoretical framework has been progressively refined and broadened, research on SDEs has
transitioned from focusing on single-time-scale problems to addressing multi-time-scale dynamics. In
fact, the evolution of natural systems is rarely governed by a single characteristic rate. Two-time-scale
dynamical systems exhibiting slow—fast coupling have found extensive applications across diverse
domains, including climate-weather modeling [11], financial asset pricing [12], laser oscillation [13],
ensemble extension problems [14], and neural activity [15]. A significant limitation of the existing
LDP theory for FSDEs is that the driving noise is restricted to Brownian motion; the situation driven
by fractional Brownian motion (FBM) remains almost entirely unexplored. The Hurst parameter H
of FBM characterizes the regularity of sample paths: The smaller the H, the higher the roughness
of the path. Ganguly et al. [16] studied the stochastic thermodynamics of active Brownian particles,
derived fluctuation theorems for energy exchange, entropy generation, and so forth, and revealed the
thermodynamic behavior of nonequilibrium driven active particle systems. Liang et al. [17] studied
the restricted fractional Brownian motion of hyperdiffusion, showing that mean square displacement
and ergodicity are broken (nonergodic), and revealing the influence of boundary constraints on the
statistical properties of hyperdiffusion. When H = 1/2, FBM degenerates into standard Brownian
motion [18]. Due to the long-range dependence and self-similarity of FBM, and its lack of Markovian
and semimartingale properties, directly applying the weak convergence method based on Brownian
motion faces fundamental obstacles. However, the work of Budhiraja and Song [19] effectively overcame
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this theoretical bottleneck by extending the method to FBM framework. Subsequently, in 2021, Bourguin
et al. [20] investigated the typical dynamics and fluctuations of two-time-scale SDEs driven by FBM.
In 2022, Gailus [21] established the LDP for two-time-scale SDEs with FBM using homogenization
theory and viable pairs. In 2023, Inahama et al. [22] studied the LDP for two-time-scale SDEs with
mixed FBM. It is worth noting that in [21], the diffusion term corresponding to the fast variable is
independent of the slow variable, whereas in [22], the fast variable depends completely on the slow
variable. In the context of averaging principles for slow—fast systems driven by FBM, Pei et al. [23]
recently established an averaging principle for such systems, which provides a necessary foundation
for the subsequent large-deviation analysis. In 2024, Shen et al. [24] extended the LDP to multiscale
distribution-dependent SDEs (DDSDEs) driven by FBM. Within the controlled rough path setting, Yang
and Xu [25] proved the LDP for two-time-scale rough differential equations (RDEs) in 2024.

Inspired by the foregoing literature, the present work is devoted to establishing the LDP for the
following two-time scale FSDEs with FBM:

DY XY = fXPD, YD) dr 4yt (X aw?,

ddY?? = (XY, YY) dr + N g(XY?, YY) aw,, (1.1)
where (Xg/”@, Y(()””"’)) = (Xp,Yy) € R™ x R™. CD§+ is a Caputo derivative and 8 € (1/2,1). Nonlinear
coefficients f, o, b and g are subject to certain structural assumptions, to be specified in the next
chapter. WTH is k;-dimensional FBM and H € (1/2,1). W, is k,-dimensional BM, 7 € [0, T] and
T > 0. To characterize the time-scale separation between X9 and Y, the parameters ¢, ¢ satisfy
0 < ¢ < < 1. Here, X¥9 € C?([0,T], R™) denotes the slow process, and Y¥9 € C ([0, T], R")
denotes the fast process. C ([0, T'], R") is the continuous function space. C* ([0, T'], R™) is the @-Holder
continuous function space and 1 — H < @ < min{1/2,5/2}.

This work is mainly reflected in the first exploration of the LDP for two-time scale FSDEs and
optimized some of the results in existing literature. The novelty of this work lies in the first combination
of three features that have not been simultaneously addressed in the existing literature: Caputo fractional
derivative in the slow dynamics, two-time-scale slow—fast structure, and mixed FBM noise. The
following highlights the core contribution of this article.

e Our results consider FSDEs with slow—fast reaction mechanisms. The study of the LDP for FSDEs
has been extended to more complex systems.

e This article extends the research object of the LDP for FSDEs to FBM. This noise has a more
general structure and a more complex form. The driving noise extends from a single type to mixed
noise situations.

e This article constructs a specific example to verify the effectiveness of the theoretical framework, and
further elaborates on the core values of the theory from the perspectives of robustness and practicality.

e Previous studies on bias theory have generally deviated from the consideration of the form of
FSDEs, which in turn affects the accuracy of convergence rate estimation. This article draws on
the equation form derived in [26] and considers the impact of fractional order .

The structure and layout of the remaining chapters of this paper are described as follows. In Section 2,
we present several function spaces pertinent to FBM, the method of weak convergence, and present the
assumptions. In Section 3, we establish the well-posedness of solution to Eq (1.1) and the associated
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deterministic skeleton equation. Section 4 completes the proof of the LDP. In Section 5, a concrete
example is provided to illustrate the validity of the theoretical result.

2. Preliminaries

2.1. Function space framework

In this part, we first recall some fundamental function spaces that will be used throughout (see [27]
for details of definitions and properties). Let d,1 € N, and let W™ := W>*([0, T'], R4 denote the class
of all measurable functions, such that

. ) d
lllaco := sup llullajor1 < oo, u:[0,T]— R,
7€[0,T]

where

" lu(r) - ul ;o

llulla,j0.r1 = lu(D)] + . (- s)a”

Let W(‘)’ - W(‘)”l([O, T1, R4) denote the measurable functions space such that

|wm:f““m fijm_m%uw<& W10, T] - R

(s1 — sp)o*!

For every i € (0, 1], C" := C"([0, T], R¢) denotes the n-Holder continuous functions space, satisfying

|u(7) — u(s)]
”u”n-H'dlder = ulleo + Sup —————— <00, u: [0, T] — %d,

0<s<t<T (T - 5)77

where

llullo = sup |u(7)].
7€[0,T]

Let W}_“"” = W}_“"”([O, T1, R?) denote the measurable functions space with 4 : [0, T] — R, satisfying
(lh(T) — h(sy)| N  |h(sy) - h(Sl)ld

t—soe ), mospre )T

”h”l—a,oo,T = sup
0<s1<t<T

For every 6 € (0, @), C°** ¢ W™ c C* and C'=*% ¢ W™ c C'=o~*.

2.2. Cameron—Martin space

In this part, we recall some important definitions and conclusions about the Cameron-Martin (C-M)
space for the mixed FBM. We define

T
Kyu(7) = f Zy(t, u(r)dr, u e L*([0,T], R").
0
Forall 0 <r <t <T,weset Zy(t,r) = zu(t,1)1j0(r) With
11 1

c
(T, r) = —HI(T—r)H_G(H—— S_HH+-1-1],
F(H+§) 2°2 2 r
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2HT(3/2—H)T(H+1/2)
T(2—2H)

The operator Ky : L*([0,T], R¥) — 7—(5,’,"‘ constitutes a unitary isometry (see [28] for details of
definitions and properties). The associated C-M space of FBM is given by

HIM = (Kpg : g € L([0,T], R") ).

1/2 . . . . .
where Cy = [ ] , I' is the gamma function. G is the Gauss hypergeometric function.

For every H" € (0, H), the inclusion HER < CH'([0,T], R*) holds. The inner product of HIEk g
defined by

(g, )y = (Knq, K‘Hh>(]_{g’;kl = (g, by,
The C-M space associated with the BM is formulated as

1 T
Hon' = o € C(0, T, R) : g, = f ¢ids, ¢ € L*([0,T], R®)).
0
The inner product of H/%* is defined by

T
2 - ’ r \2
<(P1,<P2>(H%’k2 = f (@00 P21 i AT < 00.
cm O

We term the pair (W, W,) the mixed FBM. Subsequently, the Cameron—Martin Hilbert subspace of the
1
mixed FBM is defined by H,.,, := H™ & HZ2. We set

1 2 1 2 2
SN=%E@GTMN?W1@MM:EWWHM+WM$)SNL

me

where 0 < N < oo. The space S y constitutes a compact Polish space when equipped with the weak
topology.

On the k-dimensional classical Wiener space (€, .7, P), we denote .%; as the natural augmented
filtration, .7, := o{(W?,W,) : 0 < r < 7} V N, where N stands for the collection of all P-negligible
events. .%, fulfills the usual conditions. By the classical result, in the case where W¥ is given by (2.2)
in [29], it is easy to see that .7, = o{(WZ,W,) : 0 < r < 7} vV N for all 7.

For each N € (0, ), let &Z{g designate the collection of R¥-valued processes (w-, ¢;) that are
Z--progressively measurable on (Q,.%, P) and fulfill the constraint

T
fﬁm@+w@w§m, P-as.
0

For arbitrary (@, ¢) € A, with A, 1= Upcy<wA), the distribution of (W + Ky, W + fo. @,ds) is
mutually absolutely continuous to the distribution of (W#, W) under P. This is a direct consequence of
Girsanov’s theorem and the Novikov condition.

Analogously, f(ﬁj’ is defined as the class of Rf-valued .Z,-progressively measurable processes
(w, ¢;) on (Q, .7, P) admitting the representation

(w,p) = (KHz'v, f <p;dr), P-as. (w,¢) € ﬂg’.
0

Let A, := U0<N<wﬁ2’ . Then, every (w, ¢) € ﬁg constitutes an S y-valued random variable. In view
of the tightness of S y, the family of induced measures {P o (@, p)"! : (@, ¢) € .?_(Ibv } is automatically
compact. Evidently, for every (@, ¢) € A, the law of (W + @, W +¢) is mutually absolutely continuous
to that of (W4, W).
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2.3. Weak convergence method

This section reviews the method framework developed by the literature [2], which provides sufficient
criteria for the random variable X9 to satisfy Laplace principle (equivalent to the LDP).

Definition 2.1 (Rate function [30]). Let & = C* ([0, T], R™), I: & — [0, o] be called a rate function
if I is lower semicontinuous. [ is called a good rate function if for each M < oo, the level set
{Ze & :1(Z) < M}iscompactin &.

Definition 2.2 (LDP [22]). Let I : & — [0, o] be a rate function. The family of &-valued random
elements is said to satisfy the LDP with rate function / provided that the following two bounds hold
simultaneously:

(i) Upper bound. For each closed set F C &,

(lpin(l) sup ¥ logP(X¥? € F) < — inﬂf; I(x).

(i1) Lower bound. For each open set G C &,

liminf ¢ log P(X¥? € G) > —inf I(x).
v—0 xeG

Here, & = C%([0, T], R™).

Definition 2.3 (Laplace principle [30]). The family of random variables X% is said to satisfy the
Laplace principle (LP) if the following is satisfied for arbitrary bounded continuous functions F on &
(i) LP upper bound.

—F(XY9)

i’iir(l) sup —¢ log E {exp ( )} < )icrelog{F(x) + I(x)}.

(i1) LP lower bound.
- SFXYO)
leli% inf -y logE {exp (T) > }Clelg{F(x) + I(x)}.

The weak convergence framework relies fundamentally on the LDP being equivalent to LP. To
confirm the latter’s applicability, one must demonstrate as follows.

Proposition 2.1. Let 0 < ¢ < ¢ with ¢ = o(). Suppose there exists a measurable mapping G¥- :
Co([0,T], R¥) — & for which the subsequent conditions are satisfied:

(i) For j — oo, suppose (@', ') and (@, p)€ S y such that (@', o) — (@, @) in the weak topology
of H. Then, one obtains the convergence:

G @V, o) - G%(@, ¢)

in& as j — oo,
(ii) For ¢ — oo, suppose (@, o?) € AY, such that (@?, p?) — (@, ¢). Then, one obtains the

convergence:
N 1 weakly 0
GYOWP W + oY YW + oY) — G(w, )

in& asy — 0.
We say that the process X%*? satisfies the LP on &, governed by the rate function I : & — [0, oo].
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2.4. Hypothesis

To establish the main results, the following hypotheses are imposed.

(S1). o : R™ — R™k belong to C'. There is a positive C > 0 such that for all p;, p, € R™,

Vo (p1)] < C, Vo (p1) — Vo (p)l < Clp1 — 92l

where V refers to standard gradient on R™.
(S2). f: R"x R" — R™. There is a positive C > 0 such that for all (91, g1), (92, 52) € R™ x R",

If (01,61) = f (92, )| + 16 (91,61) — b (92,62
+1g8 (91,61) — & (92,6 < C(lp1 — 92l + 151 — 62D,

and
sup (If (91, DI + 1D (91,60 < C A + [p1]).

g eR

(S3). b: R" x R" — R", g : R"™ x R" — R™k_There exist constants C > 0 and «; (i = 1,2) > 0 such
that for all (p, ¢1), (9, s») € R™ x R",

2(51 = 62,b(9,61) = b(9,62)) +1g(9,61) — g (9, ) < —«k1ls1 — 2,
2¢s1,b(p,61)) +1g (9. s < —k2ls1* + Clpl* + C.

Hypothesis (S2) implies that there exists a positive C’ such that for all (p, ) € R™ x R",
b (9,9l <C" (1 +1pl+sl).
3. Existence and uniqueness

Equation (1.1)’s well-posedness follows from the literature [31] and [32]. Then, we have the
following conclusion.

Lemma 3.1. Assume f, o, b, and g satisty (S1), (S2). For every 7 > 0, Equation (1.1) admits a unique
pathwise solution, denoted by (X%, Y¥*%); that is,

I'p) Jo (r—s5)1P @) Jo ~ -9 F °

YOO _ oy L [T LSOO T T e aw
T - 0 T 2 R P Y 18
W) LT o wd) ) 10T T wd) )
Y?P = Yo+ g o s + 55 [ (XY, v haw.

Then, we introduce the frozen equation. When the slow variable ¢ € R™ is fixed, the corresponding
equation for the fast variable is given by

d¥, = b(p, V)dt + g(p, Y2)dW-.. G.D

According to [33, Theorem 6.3.2], Eq (3.1) possesses a unique invariant probability measure p,, for each
fixed ¢. Indeed, the first inequality of (S3) with k; > 0 yields the exponential contraction
E

_ T R 2
Yo -7 <o -6l
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which verifies Condition (6.1.2) in [33, Theorem 6.3.2] and guarantees uniqueness. The second
inequality with k, > O provides the Lyapunov bound

2
i < Cllpl* + 1),

T—00 K>

verifying Condition (6.1.3) and ensuring existence. We now proceed to introduce the deterministic
skeleton equation:
‘DY X, = f(Xo)dt + o(X)dw-, Ko = Xo, (32)

where f(9) = [, /(6 Vo).

Lemma 3.2. For the deterministic skeleton equation, the coefficients f and o are subject to Lipschitz
continuity and linear growth assumptions. Given arbitrary @ € Sy, there exists a unique solution
Xe Wy ([0, T1, R™) to the deterministic skeleton equation.

Proof. According to (S1), the Jensen inequality, and [27, Lemma 0.9], for any ¢ € R™ and any

S1,62 € R", we can get

~ - 2
ELf 0. 901~ Fo)f = | [ BLf.79) = 0. B9l e

<K | BIYS - V2 Pw,(dsy)
Rm

<K f e g1 — oolw,(dsn).
Rm

Using the formula (0.30) in [27, Appendix], we obtain

ELf(p, VO] - F(p)F < Ke™ g1 + f 2Pk (ds)|
Ry
< Ke™ (1 + ol + Is1). (3.3)
For any g1, 92, 9 € R™ and any initial value ¢ € R”, according to (3.3), we have

1f(91) = F(@)IF = f(p1) — ELf (91, Y2')] + E[f (91, 7))
— f(92) = ELf (92, Y] + ELf (92, Y]
< 31f(p1) — ELf (91, T2 + 31 F(92) — ELf (92, Y9
+ 3[E[f(p1, Y7 — E[f (92, Y7
< Ke™ (1 +lpil* + ol + IsI”)
+ KIELf (91, Y] = BLf (92, TP

By the Lipschitz continuity of f in both variables from (S2), we have

[ELf (91, Y1)] = BLf (92, Y < Elf (91, ¥915) = (92, V)P
< KE[lp1 — gl + V95 = Y95 (3.4)
< Klpr — ool + KE[IFPS — TP,
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For the last expectation, by [27, lemma 0.11], we have
BI'S - P95 < el = 6 + Kl - pal’ = Klp1 = 2l (3.5)
Substituting (3.5) into (3.4), we obtain

[ELf (91, 721)] = E[f(92, TP < (K + KDlp1 = 9ol (3.6)

Substituting the above estimates into |f(9;) — f(p2)*, we get

1F (1) = Flp)P < Ke™ (1 + |pil* + 192l + I + (K + K)lp1 — pal. (3.7)

Now, fix ¢ in (3.7), and let T — oo. Because «; > 0, the exponential term vanishes, and we obtain

1f(91) — Flo)PF < (K + KDlp1 — 9l (3.8)

Thus, f is Lipschitz continuous as 7 — oo:

|f(80)|3f If(p. Olmpde) < | (1 +]pl +Ishmp(ds) < K(1 +[p)).
R

Rm

Therefore, f satisfy the linear growth condition. Then, the uniqueness of the solution to the deterministic
equation (3.2) is ensured by [34, Theorem 4.1]. O

4. Main proof

We will show that X satisfies the LDP in this part. First of all, the derivation of controlled system
estimates essential to the main proof is presented below. We continue tolet0 < ¢ <y <1, H € (1/2,1),
and 1 — H < @ < min{1/2,8/2}.

4.1. Preliminary lemmas

We consider the controlled version of (1.1) for a pair of control (X9, Y¥9)) as follows:

{ CD‘S+)~(§_¢’¢) — f(X‘El%lf’)’ ?‘glﬁ»@)dt + O_(Xglﬁ,@)dwg%@ + wﬂ—%o_(x_(rl%@)dwfl,
“4.1)

GV = bXIY, T+ X, V! D+ G VAW,

with initial value (f((()‘”’@, 77 = (Xo, Yo) € R™ x R". According to Girsanov’s theorem, it is easy to
verify that there exists a solution (X%, YW9) = GUO(yb-2WH + @Wd yb-1W + gW9) of (4.1).

To establish the uniform regularity of the family of X:# in the Holder path space, thereby providing
the basic moment control and norm framework for the subsequent weak convergence analysis, we first
derive the following uniform estimate for the || - ||.co-norm of X%%).

Lemma 4.1. Suppose that (S1)—(S3) are fulfilled, and let p > 1. Then, there exists a positive constant
%, depending only on p and N, such that for all (w®?, ¢¥¥) € AY, the following holds:

E[IX“ 5 ] < K.
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Proof. Throughout this proof process, K > 0 denotes a constant depending solely on p and N, possibly
differing across lines. To begin, we denote A := A, (WH ) V 1, letting

Ifllaz := sup e “If(s), A1,

0<s<t
Ul o= sup ets [ UY@=IO,
b 0<s<t o (s-— ’”)aJrl

We now proceed to bound || X¥)||, .

I (GO

XY, = —1s)|X d
Il = sup exp(-A9Xo + o] | S —dr
v (W.9) s v (V.9)
P o(X) (rp_'_wig_% o (X, )dWH]
0 (5= P 0 (5= F
In light of [29, Proposition 2.1], it can be derived that
s O_(f(ﬁ'%‘ﬁ)) Y " O.(X’(’l%ll’))
———dW' < A, (W)||————=
o (s=nt=# 7 (
Then, under the assumptions of (S1)—(S2), we have
O_(X}(f/’@)) Y y s 1 O_(X}(’l//,(ﬁ))
———dW < A, (W") X —|—=|d
G < B (W) j(:”a G-l
. stfr |(S r)ﬁ' O_(X(lﬁl/’)) (S Z)/j’ O.(x('//¢))|
(r_ )a+1
s (lﬁ ¢) (X)) (.9
X, - X
< KAl ———dr dzd
<7l +f ,a(s_r)lﬁ +ff(s—r>l-ﬁ(r— e ]
CIXY| fIIXW)IIu
<KAll +e
[ fr"(s—r)lﬁ (s—r)'4B ]

Furthermore, in view of [2, Lemma 4.1], for any u > 0, one obtains the chain of estimates ||@’||;_q.0 <
Kllw” |l a4y < Kllw? ||y < Wllw‘”llwg;kl. Consequently,

’ R X2,
f (S - r)ﬂ 10'(X£w,¢))dw'f < (](llwwllﬁgnkl [1 + eﬁ f (s—r)l_,BT ]
0 0 -

XD,
+ Kl —gwe” | ——dr
o (s=n1+

"R,
< W Ar T
< Kl 10| 1 + € fo T dr|
S || X Ws8)
W Ar ”X ||1,/l,1'
+ K| IIWg’;kle | GonF r
Substituting y = A(s — r) yields

f‘v e—/l(s—r) ., . | As e Y Y 7)5 ld A 4 e -1 d KL B (4 2)
— dr=A" . o y < A" su f Ve o |
o r*(s—nr)-# o (ds— 7)“ Z>(I)) @=»*
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where g = At. Then, we derive that

. X790 X520 00
XY .. < KA1 + su f Als=r) 5 — + —|dr
Il Ilar ( O<S<PT , [ra(s_r)l—,B (s_r)l—ﬁ] )

s b )i
+ Kl s (1 + sup [ e x| XM | ”1’“]dr)
0<s<t JO ra(s - r)l_ﬂ (S - r)l_'B

< KA + 1@l )1+ 2 PUX N+ 2PIX N1 0,0).

We next derive an estimate for ||[XY?||, , -,

. B s 1 1 s f(X(ll/,(ﬁ) Y(W’@)
X9 L= /ISf Xo + z 1z d
IR lhar = sup e | oot mgl ), Tz

f f(X(lﬁ@ Y(¢¢)) 1 [fv wﬁ—%o_()zgﬁa@)dWH
(r -2)F Iﬂ(/J’) (s=2)'# )
B-1 X(Wﬁﬁ) 1 s X(I/Mﬁ)
o (r=2'F I'®tdo (s-2'# =
r O_(Xgﬁa@) ’
_ i —(r_z)l_ﬁdwz]dr.
Let b .
G YT)
= ——————dz|dr.
M= e e f (s—r)w -o A7

An application of Fubini’s theorem together with hypothesis (S2) yields

B s 1 s (1 + |Xv(¢s¢)|)
M, <K “f < dzd
R A G-nre ), (-

r)a |X(W’¢)|
< 1
K +os<‘§£’f f (s—r)“af (s—z)lﬁ(z—r)ddZdr)

X(l//¢’)|
<K dzd
= (+os<‘§<pf f(s—r)“af(s—z)lﬁ(z—r)w «“r
_ v (.P)
= (1 s e ff(s—r)”“(s X i)

|X(¢¢)|
<K(1
= “ai‘iff f(s—zw(s—z)lﬂ
X(l//) .
7((1+ supf A= ”udz).

(s — 7)1 B+2a

0<s<t

Line five relies on

Z - 2/ (5—2 -
(Z _ l") a ~ /(s=2) Y o 5
d —_ _ (04 d < C(l _ (Y’
j(: (s =)+ r=s-2) 0 (1 + y)l+e rsCols=2)
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withs=r—(r—r)yyand C, = BQa,1 —a) = fo ~ a +z)1+" —£—-—dz, where B denotes the Beta function. Let

L ’ 1 T f() H
M, ‘_‘[0' T—sl ) (T—r)l—BdW’ ds.

An application of Fubini’s theorem together with [29, Proposition 2.1] yields

; (7 = PP
My < Aa(W) f (r—swfx s

_ _ -1
. f f e = V0 = =P
T_s)l+a

(}" _ Z)l+a

< A (W) f f = )sz) —ds|f()dr

lf(r) - f)
+‘f0 L fo (T_S)z_/;+ads T dzdr].

Letting s = r — (7 — r)z, we have

To(r—s) 1 f i e J
§ = -5 .. aq,
0 (T _ S)Z—ﬁ+a/ (T _ r)l—/i’+20z 0 (1 + Z)Z—,B+a

f la-B+ D!
(T _ S)z ,8+a (T _ Z)l—ﬁm :

G ff(01+ﬁ+1)‘1|f(r)—f(z)l

( _ r)]—ﬁ+a (T _ Z)l—ﬁ+a (7’ _ Z)l+a/

and

It further follows that

My < Au(W|Cags dzdr],

where Cop = BQa =28 +2,1 —a) = [ (1 + 2P 27dz. Let

0ol
f(r—swf(r—r)lﬁ

An application of Fubini’s theorem together with [29, Proposition 2.1] yields

M3<Aa(w‘”) f f (( _)2)ﬁ+ads|f(r)|dr+f f f (T—S)2 5 lf((rr)_ ){fi)l zdr].

Due 10 |7 [l1-a.00 < Kll@” ll1-asu < 1@”lly < K@l p1s1, we have

T T T -1
s <o [Co [ AL g [ [ B DI SEN,

dr|.
0 (T _ r)]—ﬁ+a (T _ Z)l—ﬁ+a/ (7" _ Z)l+a Z I’]

Combining M, M,, and M3, we have

IX7 N0 < K(A + 1’| m.)[l + sup

0<s<t

PRI, e ORI .
0 (S _ r)l—ﬁ+2a (S _ r)l—ﬂm '
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Setting y = A(t — r), yields

—/l(‘r r) 1 AT % S
I e’ X% 20— ld < /12(1/ -B f % —2a—ld < 7(/12a—,6’ 4.3
f(r—r)lﬁﬂa afo Qv = e | ey dr < @
T —A(t-r) »
fo md'}’ < KA. (44)

In summary, it can be concluded that

XN 0 < KA + 1@y )L+ 2PIXCD N+ PN 0.

Let 4 = [4K (A + @], )77,

IR < 7<(A+ s )1+ APIXED ). (4.5)

Proceeding as in the derivation of (4.2), one readily deduces that

XN 0r < LSKA + [l + 20K A + Nl [l ) PO

< KA + ll@” || s 1O (4.6)
By substituting (4.6) into (4.5),
XY < KA + @ || s 1O

In summary, it follows that

KA+ s, P/ED
IR0 < €T URYD N 1r + 1IXYDN07) < Ke

(A + 1"y P/

The proof is now concluded by noting that 0 < & < 1/2 together with (@, ") € AY and the
Fernique theorem for fractional Brownian motion.

We note that all constants K appearing in the above estimates are independent of ¢ and ¢. Indeed,
the only potential sources of - or ¢-dependence are the coefficients of the controlled noise terms in (5);
however, the estimates above have absorbed these scalings into the definition of A and the H,,,,-norm of
the controls, both of which are controlled uniformly by the energy bound N and the Fernique theorem.

Therefore, the final estimate
E[IXY9I1 ] < K

holds with a constant K that is independent of ¢ and ¢. |

Remark 4.1 (Fernique theorem [35]). Let & be a separable Banach space and let u be a symmetric
Gaussian measure on (&, 8(&)). Then, there exists a constant k; > 0 such that

L extlki[n{P) u(dx) < oo,

Equivalently, if X is a zero-mean Gaussian random variable with values in &, then there exists k, > 0
such that
Elexp(kal1X|)] < co.
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Having obtained the global moment boundedness of the slow variable, we further need to control its
temporal increment modulus. This estimate is not only a crucial condition for verifying the tightness
of this process family in C*([0, T'], R™) but also constitutes the necessary analytical foundation for
implementing the time-discretization scheme and proving the weak convergence of the controlled
slow variable.

Lemma 4.2. Suppose that (S1)—(S3) are fulfilled. Then, there is a positive constant K such that for all
(@9, o) e AY, the following holds:

[|X(W ,0) X(W7¢)|2] < %hZﬂ—Za.

T+h
Proof. Throughout this proof, K > 0 stands for a constant determined only by N, possibly differing

across lines.

T+h W.9) .9 WP HW.e)
FUD _ 5w _ 1[ T IEST YD) ff(X Y

T+h T F(,B) (t+h- s)1 ﬂ (t—s)1 8
T+h O_(Xw ¢)) ’ T O'(Xgl// ¢)) ’
F(,B) f Grh—9 ™ Ty T
wﬂ_7 T+h O_(XEI// ¢)) - T O_(X'(W,@) -
F(ﬁ)[f (T+h—s)1‘5dWS B o (T—9)! ﬂdW ]

According to (S1)—(S3),

T+h f(X(l/, .0) Y(‘// ¢)) O_(Xw/ ¢))
. (T+h—s)1ﬁ 'f G+h—s)P

(&)
+ KE[y l'f o)yl
= Jr+ )+ Jh 4.7)

~ 2
E[IXY - X)) < KE| dll

T+h

(T+h—29)F

An application of Holder’s inequality together with (S2) and Lemma 4.1 yields

T+h T+h
1 . -
U WE[[ (t+h— s> dsf FRPD, VP O)Pds|
T T =9 T

hZﬁ—l T+h

XK E[L | 1+ +7@9P)ds| < Kn?, (4.8)

<
261

‘fT O-(X(w@)dw ”w_lp” » f (= r)’- O'(X(Wb))|

(T =)' (r=s)
. f f (=P lo @) - r - e X
s s (r_Z)H—Q

T . 7 W _ X(Wﬁ)l
< Wllww”ﬂﬁf‘ f (r — r)ﬁ—l[(r_ 5) XY + ;dz]dr
N

s (I" - Z)l+a

" ) T(r=—s)"+r—-sPr+1
< KU g (14 1K) x| oo
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< K@ | s (1 + [1XCPg 0) (T = 57 (4.9)

Thus, we can get

Ty < KE[l@” i (1 + (XY .00) THF 2T < KRP20 (4.10)
Analogously, we have
f (7 = o XYW | < KAWL + |IXYD |, 0)( = 577 (4.11)

Subsequently, for O <7 <7+ h < T, we have
JU < KEIAP( + (|XYD| 4 00) 1R, (4.12)
In summary, combining (4.7)—(4.12) with Lemma 4.1 yields

E“X(%[’v‘ﬁ) _ X(¢’¢)|2] < (]<h2ﬂ—2(l.

T+h
Then, we complete the proof. m|

Because Y% is nontrivially coupled to the slow variable through the drift £, we establish uniform
moment bounds and L?-integrability over [0, T]; these estimates prevent uncontrollable blow-up and
provide the requisite regularity for the Khasminskii-type averaging principle. Demonstration follows
analogous steps to Lemmas 4.3 and 4.4 in [22]; the detailed proof is omitted for brevity.

Lemma 4.3. Suppose that (S1)~(S3) are fulfilled; for all (@¥%?,o¥?) € AY, sup,_,.. 17| has
moments of all orders.

Lemma 4.4. Suppose that (S1)—(S3) are fulfilled, and we additionally assume ¢/ < (k»/2)*. Then
there is a positive constant %, depending only on N, such that for all (@, o) € AY,

T
f E[|[Y¥9)dr < K.
0

4.2. Proof of the large deviation principle

Proof. Indeed, from (4.1), the control perturbation in the fast equation carries the coefficient

1/2
£¢l — (f) wl—ﬁ -0,
et
as B > 1/2, and ¢/ — 0. Thus the fast control vanishes in the limit, and the drift term b/¢ forces
the fast variable to its invariant measure uz on the time scale of the slow dynamics. This averaging
mechanism yields the skeleton equation (3.2), independent of the fast control ¢.

Step 1. Let (@, o) € H,,,. Owing to the continuous embedding HZ" ¢ C'~([0, T, R*1), one
has {@} ;1 belongs to C'~*([0, T'], R*") for all j > 0. The family (X7} j=1 then solves the deterministic
skeleton equation:

°pl.XI = f(X)ydr + o(X)dw!, X = Xo. (4.13)

Electronic Research Archive Volume 34, Issue 11, 8397-8427.



8412

By [34, Theorem 4.1], (4.13) possesses a unique solution {X’}, which is uniformly bounded in
C'=%([0, T, R™). There is a positive constant K such that

1XNi-a < K.

Noting that @ < 1/2, one infers the compact embedding C'™%([0,T]; R™) — C*([0,T]; R™).
Therefore, {X/} j»1 is relatively compact in C*([0, T]; R™). Every accumulation point X possesses a
weakly convergent subsequence in this @-Holder space, which we continue to denote by the same
symbol. It remains to verify that the limit point X fulfills

°DLX, = fX)dr + o(X)dw., Xy = Xo. (4.14)

Owing to the uniqueness of solutions to (4.14), the accumulation point X is uniquely determined.
Every @ = Ky € HLM is differentiable, with the derivative given by

, HoL (G H-L CHTH_% ’ H_} 1l g .
@' (1) =Cyt"2 (IO+ (v w)) (1) = mf(; (t—9)""2s2"w(s)ds, (4.15)
2

1
where v(w) = @ 2.

Direct calculation yields

dw')

X - X <
X7 - X-| (t — 5)1 B s

‘ TﬂXb—ﬂK%M+‘1 j“a@b—ada
TP Jo (1- 9P IN7)

+| 1 ocX)(dz" - dw‘)|
F(B)fo (1—5)#

=L+ L, + Ls.

Regarding L,, a-Holder norm together with assumption (S2) yields
K |X] S| f K- TP
ds sup |X/ - sup X/ - X,|.
B t-0 " T @—wﬁgfm% rw +1) reory

Subsequent analysis focuses on quantifying L,. According to the differential formula (4.15), Assumption
(S1), and Fubini theorem, we have

[(X)) — o(X)]s'/>H, (° ] o
L < |F(ﬁ)f (r — s)l1-8 f (s — )32 l/zwﬁf)dr)ds‘

f(T P15 2 (s = 1) ) x (R - R ldr

F(,3)

rl/z_H(T _ r)ﬂ+H—3/2|z'D.£j)| X |X£ — Xr|d]"

s |
I'B(H -1/2) Jo

!
T N e
*T@H-1/2) o, ;

———— sup |X! - X | x|la||,, m f (r — P32y
= T@H—-1/2) b, o' ),

7('— VZN sup X/ - X,
F(ﬁ)(H = 1/2) ef0.11
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with the sixth inequality arising from the constraint [|@?||;ny < V2N. Because {X/};»; — X in the
uniform norm, The sum L, + L, converges to zero as j — oo. Turning to L3, an application of Fubini’s
theorem yields

T (X ) gH1/2 s .
b= %’) f %[I (s = 2 A (D — a7)drds|
0 - 0
Ve T t Xc H-1/2 )
=t J, e ol [ -
K d L, . (i ] T o(X,)sH12 .
:F_(ﬁ)fo Loar @~ @) | %(s—r)*’ ds|dr.

The weak convergence (&', 9) — (77, ¢) in L? entails that Ly — 0 as j — oo.

Therefore, X satisfies (3.2). Then, {X/} IS LZLIdy> X in C*([0, T], R™).

Step 2. Assume 0 < ¢ < ¥, ¢ = o(¥) and we will let y — 0. We now turn to the verification of
Condition (ii) in Proposition 2.1. Let 7(2) := EJ A designate the last breakpoint prior to 7. For this
purpose, we begin by introducing an auxiliary process:

(V9

¢pdP"? = XY YN dr + \JpgXVD, ¥ENaw,,

7(a) ?

{CDB X(Wﬁ) — f(Xw 9 Pw. ¢))dT + U(j((w,@)dw(w,@

((N s

with (X/?, Y¥) = (Xo, Yo) € R™ x R". Note that in X" is substituted in o
By taking same manner in Lemmas 4.1 and 4.2, we deduce that

E[IX“I18 ] < K, (4.16)
and
T A
f E[[P“OR]dr < K, (4.17)
0
where K is independent of ¢, ¢, A.

Let R > 0 be taken large enough. The stopping time is then defined as tz :=
inf {T €[0,T]: IWH|l1_goor = R} A T. Consequently,

E[ SE(JE]”XW) 20 ’ [OT]] <E[ S[L(I)I;]”X(ww K| o I{tR<T}]
e8] sup K60 5O ten]- @)

Invoking Lemma 4.1 and using Holder’s inequality and (4.16), it follows that

E[ Tz[l(l)pT] ||X(w @ X(w I a,[0,7] I{’R<T}] < E[ S[l(l)I; ||X(w ? X(w I, a,[0, T]] /ZP(IR < T)1/2
< B[ sup [|x9 - X(M)”amﬂ ]1/2 xR \/E [IWAIR_ 1]

7€[0,T]
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< KR B [IWHIE, o1 ] (4.19)
From now, we give the estimate of

E[ SE)I;JHXW@ XW@”Q[OT] ZR>T}]'

Let the set D be defined by {||W#||,_4.co.r < R}. For positive textbfmeters A, we establish estimate for

~ N 2
W0 _ gWwe) 1D]_
a,[0,7]

A= E[ sup e "
re[0.7]

It is immediate that

SEINTI) - fRG T e
ds
0 (t—s)1# @,[0,7]

f o) - X
o (T-9F '

o T—9F

A< 7(E[ sup e

0<7<T

+ V(E[ sup e

0<7<T

’ 1
a,[0,7] D]

+7(E[w2ﬁ‘l sup e " ID]

0<7<T

=A +A, +A3.

a,[0,7]

For any measurable f : [0, T] — R, the quantity Q; =: || fo. ﬁdslla,[o,ﬂ satisfies

_J) ' 1 '
O < 'f (T—S)l ﬁ +f m[ |f(r)\drds
lf ()l lf ()l
j‘ﬁ—wﬁm «j‘ﬁ—ﬁﬂm
cx [ L0, o)
(t

_ ,,-) (—_ N-Bra —ﬁ+af

Reorganizing A; and appealing to (S2), (4.20), and Lemma 4.1, one obtains

a =] sup | L[ SET) - SR e
! b It) (7 —s5) B rf0.]

TG[O T]

1

1 f SEE X — SR ) e
r)

+ 7(E su ” S
b (t— s)IF [0.7]

TG[O T]

Y9 YUy _ W9 (.9
Tem] f (T_S)z i ds| % f [If(Xs T - FXGS 1O 1D]ds

We) ) (wm wZONK
f sl [ sl s oot

TE[O T]

& Z20R%(Z &(.0) NG
< Wf o 2ﬁ+2af(X£w 28 ng 9y — f(Xs e Yfl// ¢))| ID]ds

1]
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(.8 S(,d)
* Wf )2 2ﬁ+2af(Xs(A) ’Y(w ¢)) J&X s(a) ’Y§w¢))| 1D]ds
1 ~ N s A 5
— |RWe _ xWe W) _ p.e)
= (Kfo E[(T — §)2"2p+2 X Xio) | + |Ys Yy | 1D]ds

<Ka, (4.21)

where K > 0 denotes a constant depending solely on i, ¢, and A, possibly differing across lines. Remark
that 2 < 1. The final inequality’s deduction stems from Lemma 4.2 combined with the fact that

T
f E[[YY9 — YYD |dt < KA,
0

which is a slight extension of [36, Lemma 4.4].
To estimate A,, we establish the preliminary estimate:

Q) := H fo'(. - r)ﬁ_lf(r)dwﬁ”’@H

b
a,[0,7]

where f denotes a measurable function. Mimicking the demonstration technique in Lemma 4.1, we derive

T 1
0: < KoYl —qoor ><f [(T_ Y St B+a |f( )| + f w z]dr
T 1
et [ g+ lons [ 0=
0

(r= P ) -
T 1 1
<K fo [ + 7 W lsondr

Here, [|[@¥||, n < V2N. Then, according to [37, Lemma 7.1], we know that

|o(91) =0 (p2) =0 (93) +0(9s) | < Klp1 — 92 — 93 + 94l
+Klpr — 931 (91 — 92| + 193 — 9al) .

Now, we estimate A, as follows:

1
—/l‘r
A, < WE sup |f T—r)z"‘ﬁ 1 ,B+a)

7€[0,T]

X[l XD — (RO o ]lDdr‘ ]

1 1
—/lT
723)1;] ‘ f (T _ ,,.)1 —B+2a rl—ﬂ+a)

5 . . . 2
% (1 4+ AXD) + aXPD)||R9 - X(‘”’¢’)||a’[o’r]lpdr‘ | 4.22)

- WP W) N Wb W)
Here, A(X¥?) = Or %dz and A(XY?) = Or %dz These above two parts can be

dominated by || X%?||, . and [|X¥#)|, .. Noting that ||z ||, < V2N, we have

L m

A + aXPD) < Klla Ol (141Xl + 1Ko ),
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with K = K(R, N) > 0 depending neither on i, ¢, A. Then, by (4.2) and (4.3), we can see that

Ay < KA*PE[ sup e XYY - XUOI2 1] (4.23)
7€[0,T]

According to Lemma 4.1, we estimate A3 as follows

A; < wm_l?ﬂE[ sup e — s O'(X(M))a’WH

1D]
7€[0,T]

<y K, (4.24)

«,[0,7]

with K = K(R, N) > 0 depending neither on i, ¢, A.
According to (4.21), (4.23), and (4.24), it follows that

A7) (W,
E[ sup e Tllx(lﬂaﬁ) X(W‘P)”a 0.1] ]<7(A,
7€[0,T]

from which one deduces that

< KA.

E[ sup ||X§w,¢) X(d/qﬁ)”a o] ]
7€[0,T]

With aid of (4.19), we can get

E| sup IXVO - RUO12 | < Ka+ KR,
7€[0,T

with K = K(R, N) > 0 depending neither on ¥, ¢, A. K" is independent of i, ¢, A and R.
For (@9, ¢¥9) € AY, we construct the following equation:

°pf XV =f(X"dt + o(XV)dw?,

0+°7

with f(o‘” = X,. In other words, X = G%(@™?, o). We will show that

(Y, Y12
E[ sup [IXY —XI2 0] < Ka,
7€[0,T]

K > 0 being constant irrespective of ¥, ¢, and A. Hence, it follows that

IR U2 U2
E[ sup e IXY — X3 o]

7€[0,T]
T f(f((?l%@’ Y(lﬁ ¢)) f(X(Ylﬂ ) )
< 7(15[ sup e f ) 1 (A) ds ]
7€[0,T] 0 (T - S) -B ,[0,7]
(&I - FXD e
+ ‘KE[ sup e " f 1 s ]
7€[0,T] 0 (t—9s)I# @,[0,7]
T o(W.9) 742
(X, — (X 2
+ V(E[ sup e~V f ( ) ; ( )dw‘f ]
7€[0,T] 0 (T — )1+ a,[0,7]
=: H1 + H2 + H3.
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The estimation of H; is

L£]-1

(1+1)A f(X(W@ Y@w,¢)) _ f_(X(Ws@) 2
H S?(JE[ su f - L —ds ]
1 0T Z;‘ “ [+ DA]
. D) TW.h) )
+ K E| sup f P 0 ) sz]
€0, 711 J|  |o (T—9)F
v (.8 $(.e) v (.9)
+7(E[ sup ( ey & )_f(Xr(A) ))dr|ds)2]
7€[0.7] (7= )A(r - 5)l+e
LiJ_l (t+1)A 5 . - 2
<Ha 5 sup | 30 [ (200 - FEEas]|
7€[0, =0 Yo

+ ’KAzﬁ_lE[ sup
7€[0,7]

T 2
W.®) , W.9)
jI:TJA (f(Xs(A) ) Y‘Ew ¢)) - f(Xs(A) ))ds ]
XS&?’ Y(lﬁslf’)) _ f(X;(al(//Aq)ﬁ)))dr| 9
(= sy as) |

+7<E[ sup (

7€[0,T]

3
=: ZHi

i=1

The term H| is estimated as follows:

H, S‘KA%_IE[ sup rJ|
ref0,T] LA

(+1)a
) [ e geo - Fxgas]

(t+1)A
< A 1 max E ‘f (f(X(wtﬁ) XW@))dS‘ ]
A 0<z<|_ J 1

< Ka¥3F  max f $ f s dsde
0 3

o<i<| L]-1

< K% max f ' f " e F6 44, (4.25)
0 £

o<t<| L -1

The estimates in the third and fourth lines follow from [27, Appendix B], with k; as in (83),0 <¢ < s <
Al¢, and

Jo(5,6) = B(FELD, T80 ) = FERLD), FELD, 700 ) - FKL)). (4.26)

We also compute H7 as follows:
2 28-1 ! v W.e) § 7o W.0) 2
Hi < Kn*~ EH f (FXS YY) = FX0S ))ds' ]
s(a) 2 54

S(}(AZﬁ—lf E[|f (R0, oo | RV
LX]a
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T
S?(Aw_lf E[
LE]a

< Kna* (4.27)

S(A)

Regarding H>, by Holder’s inequality, one obtains

T W) $W9) 020 2
< 58] sup f ds f | [T &GP, 29Dy = FRED)dr| "
' 0,71 Jo (T — §)2*¢ (- s)%”
W) HW.0) & (0.0)
< 7(E[ sup Xr(A) - Xr(A) ))dr| Lds]
—_ TE[O’T] (T _ S)2+Lx L
FW.0) .9 &(0.0) 2
+ ‘KE[ sup er R f(Xr(A) ))dr| ds]
7€[0,7] (Tt - s)%“’
— H}' + H?, (4.28)

where ¢ := {1 < ([ﬂ + 2) INNARERE (HJ + 2) A}. Turning to H3!, Assumption (S3) yields

K 1 - 2
. (KE[ f s 3 |a+ ( f(X%A"f)a pudy _ f(X(‘(”j)))dr' 1 ]
< su wcds
: re[Og] 0 (T—S)5+Q
o] (FRYD. §99) — FROar| |
u 3 cas
Te[og] 0 (Tt —s)2%?
(lzl=]s]= L£]-1 (t+1)
+KE sup f ([AJ [AJ 1) |ft+ A(f(x(l//@ Y(',D@) f(X(W@))dr 1 dS]
oo opie T L f.
T T l t
<K sup f (({ J + 1A — s)llcds] + K sup [f — (- {—J A)Lfds]
refo,r1LJo (7 — s)z refo,r1LJo (7 — 5)2%¢ A
-1 i N rebe W.9) DW.9) 7o) 2
+ KA E[ sup — X | (FXL?, 799y — FXwD))dr] ltcds]
ref0,11Jo (T — s)2+“ ey

2 s (o
<‘KA+7(¢— max ffjt(s,f)dsd‘f

A2 0<z<|_ J 1

<7(A+7(— max f f 26O 5de. (4.29)

A2 0zi<| L -1

Turning to H>2, an application of (S2), Lemma 4.1 and the condition 7 — s < 2A yield

fT(A)—A | j: (f(Xil(//A,lf), ?(l/h(ﬁ)) Xil(//A‘)ﬁ)))dr| S]

H* < 7(E[ sup

re[a,T] (- s)z*’“
- T (f(Xiw ¢), Y(‘Mﬁ)) X}(fﬁ ¢)))dr
N 7<E[ sup f | fs ) ) | s]
re[AT] Jr(a)-a (- s)2+“
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W0 Y(w«»)) _ f(X(‘” ¢>)) dr|2

r(a) ? r(2)
+ KE| su s
I:TE[O,IZ] (r — 5)3+@ ]
T(A)—A T
3 3
< KA sup (f (- s)‘f"ds) + KA sup (f (- s)f”llds)
1€[a,T] Te€[aT]  Jr(a)-a
+ KA sup (f (t - s)%_"llds)
re[0,4]
< KA. (4.30)

Combining (4.25)—(4.30), we get

, P
Ho<Ka+ KL max f f (s, E)dsde

A2 0<t<|_ J 1

7(— max f f e 20" Ddsdé + Ko

A2 o<z<|_ J 1
2 K2
7(¢ ( 2 Kj +Kfe_2¢)+7(A
7((¢A +4). 4.31)

Next, we estimate Hj:

© FRYD) - FRYD)

2
H, < 7([5[ sup e &2 s ]
? TE[O,pT] 0 (t — s)1# @,[0,7]
T FRYDY _ RV
+ KE| sup e S ) fl( s ) ]
7€[0,T] (T —s)I# @.,[0,7]
T 7 )’Z(lﬁ»@ 7 X(lﬂ)
+7(E sup e—/lT f f( K ) {‘( K )dS ]
7€[0,T] (t—s)I# a,[0,7]
= H, + H; + H;. (4.32)

Taking same manner to (4.21), with Assumption (S2), Lemma 4.1, (4.25), and (4.27), we have
2 T 1 N N i
Zl Hy <% fo T —sp it [If(XEw’“”) - F&G ]d
T 1 o - ,
rK fo WE[IJ%X&”:’?) - f&EO[ | ds
< WfOT (T_S)%ME [ R0 _ % 3 ng,¢)|2] Js

<Ka+KR!, (4.33)

with K = K(R, N) > 0 depending neither on ¢, ¢, A. K’ is independent of ¢, ¢, A, and R. For the term
H;, with Assumption (S2), we have

X(W ¢)) f(X('ﬁ))|
(T _ S)l—,6+a ]

H; < WE[ sup e "
7€[0.7]

0
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T e—/l(T— s) e—/l

< KE| sup -
[TE[O,T] o (1— 5P

5 S |2
W _ ng)| d s]

N

/I(T r)
< WE[ sup e || XW — X f
7€[0,T] ”" [0, T] [0 T (- ”)l_ﬁ+“

< KAPE[ sup e ||[R@D — X0
e[0.7]

[0, T]] (4.34)

Taking the manner in (4.23), we get

-At
H, <7(E sup 'f (T—}")l —a —ﬁ+a||0'(X(M)) (X)) l[Or]dr‘ ]

7€[0,T]
e (1+ ARPD) + aX) XD - X9, o
= 7(E Sllp ' 1-B+2a
7€[0,T] (t=r)
- W.9) () v
e (1+ A(X,M )+ a(X”)) . S
+ 1 v
rl-B+a

Here, a(X\"”) = [ Somirdz, aX) = [ B
by [|IX¥?||4.co and [|X”||,.c, respectively, each of which is in turn controlled by a constant K > 0
independent of ¥, ¢, and A.

Then, we have

dz. The two quantities above are bounded

H; < - X[, (4.35)
7€[0,T]
Combining (4.31)—(4.35), we get
E[ sup [IX¥? - XY|2 ] < KA*PE[ — xw)|? ol F K (2™ + 2) + KR
€[0,T] €[0.T] @[0.7]

By choosing A sufficiently large so that K12*# < 1, it follows that

E[ sup X9 - X2 041 < K (¢a™" +2) + KR,

7€[0,T]

with K = K(R, N) > 0 depending neither on i, ¢, A. K’ is independent of i, ¢, A and R.
From the above estimates together with the continuous inclusions C**? ¢ Wy c C*7, it follows that

lim B[40~ 212 ] = 0.

Specifically, our approach is as follows: We set A =, and for every fixed large R, we take lim,_,o sup.
Subsequently, we allow R to approach infinity. It should be noted that K’ is independent of R. If

(@YD, g0y € AV, (o), ooy 2, 2, (@, 0) as ¥ — 0, then (X¥) = (GY(@¥?, g¥9)} weakly
converges to X = G%w,¢) in C*([0,T],R™) as ¢y — 0. Subsequently, applying Portmanteau’s
theorem [38] to any continuous bounded function Q : C*([0, T]; R™) — ‘R, it follows that as ¢ — 0,

[E[Q(X¥)] - E[Q(X)]| < [E[Q(XY)] - E[Q(X")]| + [E[Q(X")] - E[Q(X)]|
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< LoE[IXY? = XVIP ue]® + EIQEXY)] - B[Q(X)]| - 0,

with QO bounded and Lipschitz continuous, and Ly denoting its Lipschitz constant. Then, we complet
the proof of Proposition 2.1.

Step 3. Following the argument in [22, Theorem 3.1] and using Proposition 2.1, one obtains the LP.
Setting & := C%([0, T]; R™), {X¥9} satisfies the LP:

. - —F(XY9) .
llgljélp —1,//2ﬁ ! logE {exp (W)} < ilelg [F(x) + I(x)] (4.36)
and
_ (UZ))
1131 1inf —y* ' ogE {exp (%)} > )icrelg [F(x) + I(x)] 4.37)

Due to the equivalence between LP (4.36) and (4.37) and the LDP, we have obtained the following
main result. o

Theorem 4.5. Let H and 8 belong to (1/2,1)and 1 — H < @ < min{1/2,3/2}. Assume that hypotheses
(S1)—(S3) are satisfied, and let ¢ = o(1)) as y — 0. Then, the random variable X9 of Eq (1.1) satisfies
the LDP on the & with the good rate function / : & — [0, o] :

1
1) inf{§||w||;y,kl  weHIY suchthat ¢ =G"(w,0)}

1
inf (@, @), : (@.9) € Hoy suchthat ¢=G@g)) (b,

The equivalence of these two expressions follows from the fact that the skeleton map G is inde-
pendent of ¢ (see Section 4.2). Hence, for any fixed @, the infimum over ¢ is attained at ¢ = 0, as
ol | .. = 0 with equality only at ¢ = 0.

Hip

5. Example

This section presents a numerical example to illustrate the main result. Without loss of generality,
we restrict attention to the one-dimensional setting and consider the following FSDEs:

{ cDYSXY? = (XY + sin Y M)dr + y*3 - L arctan XV W, 5.0)

gpdy?? = XV — Y Ndr + \[pdW,.

The coefficients in Eq (5.1) are easily seen to satisfy hypotheses (S1)—(S3). By freezing the slow
variable X, we obtain the frozen equation as follows:

dy. = (X - Y)dr + dW.. (5.2)

Clearly, this is the Ornstein—Uhlenbeck (OU) process, where the invariant measure uy follows a
Gaussian distribution with mean X and variance 1/2. Therefore, leveraging the properties of the
Gaussian distribution, we have

) = j; FXV)px(dY) = =X +Ey_yx 1) [sin Y],
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To evaluate the expectation, we use the characteristic function of the Gaussian distribution:
E[eiY] _ eiX—;% — eiX—%’
where i = V—1. Taking the imaginary part yields
E[sin Y] = Im (E[¢"]) = Im (e"X—%) = ¢ i sin X.

Consequently,
- 1
JX)=—-X+e *sinX.

Thus, the deterministic skeleton equation associated to (5.1) is
- ~ - 1 ~ ~
CDg+XT ==X+ ¢ sin X, + > arctan X, dw,, X, = Xp. (5.3)

According to Theorem 4.5, the solution of (5.1) satisfies the LDP on C*([0, T']). The corresponding rate
function is

1
10) = inf{illwlli{&kl D@ e HE suchthat ¢ = G(@)),

where G’(w) is the solution of (5.3).

0.1

[ et

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 08 1
time time

Figure 1. Comparison of XY and X under different noise intensity, where ¥/=0.1 in the left
figure, =0.01 in the right figure, and the Hurst index H = 0.7.

The LDP is to study the probability characteristics of extreme events, especially the paths of events
and the exponential decay of probabilities. By defining an action functional to describe the probability
of system trajectory deviations from deterministic paths, it transforms the calculation of this probability
into a variational problem. The action functional /(@) is defined on the system’s possible paths @,
measuring the degree of deviation of @ from the deterministic path. For any deviation @,

(o)
wQﬁ—l ’

P(XY? ~ @) ~ exp (—
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0.1

] pw
- A e M
¥ AR \'-.‘"‘\", g

Asag P it
jN 0 ~ s

P VA R A T § W / 0

0 B A Voo lvﬂw A \,‘\’ e \\A ;,s.‘_, A\ ;o V‘i“r!

-0.1

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
time time

Figure 2. Comparison of XE‘M’) and X under different Hurst index, where H = 0.8 in the left
figure, H = 0.6 in the right figure, and the noise intensity ¥ = 0.1.

where [ is a fixed rate function independent of . Thus, as ¥ — 0, the probability of any non-zero
deviation decays exponentially, and trajectories concentrate near the skeleton. The smaller ¢, the
stronger this concentration effect. Obviously, when /(@) = 0, the corresponding path is deterministic.
We now present a numerical illustration of the theoretical result. Specifically, we compare sample
paths of the slow process X for two different noise intensities, ¥ = 0.1 and ¢ = 0.01, with the
deterministic skeleton solution X, obtained from (5.3). As shown in Figure 1, when ¢ = 0.01 (right
panel), the stochastic trajectory is visibly closer to the deterministic skeleton than when ¢ = 0.1 (left
panel). This is consistent with the LDP prediction that, as ¢y — 0, the probability of large deviations
from the skeleton decays exponentially, and typical trajectories concentrate near the skeleton. When we
keep the value of ¢ = 0.1, we can observe from Figure 2 that as the Hurst parameter H decreases, the
degree of fitting between the original system and the skeleton system deteriorates. By taking a smaller
value of ¢ can a sufficiently good fitting effect be achieved. This indicates that the value of the Hurst
parameter affects the fitting effect of the LDP. Therefore, in complex stochastic systems driven by FBM,
good fitting results occur when the noise intensity is low, and the Hurst parameter is large.

The numerical simulation in Figures 1 and 2 is performed on [0, 7] with T = 1, using initial
conditions Xy = 0.5, ¥, = 0, and a uniform time step A7 = 1073. The Caputo derivative is discretized
using the L1 scheme [39]. The fractional Brownian motion with H is generated via the Cholesky
decomposition method based on the covariance function E[W?  WH] = (£2/ + $2H — |7 — s|*H)/2.

6. Conclusions

In this paper, we have made theoretical and modeling progress on the LDP for FSDEs. We now
return to the main questions raised in the Introduction and summarize how they have been addressed.
The main mathematical difficulties introduced by the fractional derivative and the slow—fast structure
are that the nonlocal Caputo derivative requires a fractional-kernel-compatible averaging argument
for the controlled fast process, and the mixed noise introduces coupled controls that must be handled
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simultaneously in the weak-convergence framework. These challenges are overcome through the
estimates in Lemmas 4.1-4.4 and the convergence proof in Section 4.2. First, unlike previous work, we
have fully incorporated the influence of fractional derivatives on the asymptotic behavior of deviations
and readjusted the formulation of FSDEs, thereby providing a more accurate analytical framework for
long-memory stochastic systems. Second, we have extended the research scope of the LDP for FSDEs
from BM to FBM. This extension fills a gap in the existing literature by systematically addressing the
singularity of noise types and the characterization of non-Markovian features, which were previously
not well-covered. Third, we have integrated the coupling dynamics of fast and slow variables into
our analytical framework. This makes the established mathematical model more closely connected
to complex physical phenomena, such as those observed in climate systems and multiscale material
processes. Despite these contributions, our current framework is limited to Gaussian noise settings.
Looking forward, two important directions for future work are the inclusion of non-Gaussian noise
scenarios and the development of distribution-dependent fractional systems, which would further
generalize the theory and broaden its applicability.
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