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Abstract: This paper investigates the large deviation of two-time-scale fractional stochastic systems
perturbed by fractional Brownian motion. The stochastic integrals with respect to fractional Brownian
motion are understood in the sense of the generalized Riemann–Stieltjes integral, and Itô integration
is employed for the standard Brownian motion component. The slow variable is governed by a
Caputo fractional derivative, whereas the fast variable is described by an integer-order derivative. By
combining the classical weak convergence approach with the averaging principle, a large deviation
principle is established for this class of systems. Finally, the theoretical findings are illustrated through
a numerical example.
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1. Introduction

As a theoretical tool for studying the behavior of dynamical systems, the large deviation principle
(LDP) originates from the practical demands of statistical inference. It accurately characterizes the
probability of tail events and rare events through an exponential decay rate, and it explains how small
perturbations can lead to significant deviations in stochastic trajectories. Low probability does not
imply low impact, which is one of the central issues of the theory. The pioneering work of Freidlin
and Wentzell [1] on the large deviation behavior of solution orbits of stochastic differential equations
(SDEs) under small noise perturbations laid the foundation for research in this field. Since then, the
LDP for SDEs has gradually entered the academic arena and attracted considerable attention. Of
particular importance, Budhiraja and Dupuis established a new approach based on a weak convergence
framework [2] in 2000. The core of this method lies in the use of variational representations of non-
negative measurable functionals of Brownian motion, and its theoretical foundation differs fundamentally
from the traditional proof method in [1]. Compared to other frameworks, this approach requires milder
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prerequisites and aligns more naturally with the structure of the problem. At the same time, it significantly
simplifies the argumentation process, eliminating the need for tedious discretization approximations and
delicate exponential probability estimates. The key steps of the proof are reduced to verifying moment
estimates and their convergence. This progress has effectively promoted the development of large
deviation theory and its wide application in the field of stochastic dynamical systems.

The continuous development of fractional calculus theory has made it increasingly important in the
modeling of dynamical systems. Compared with integer-order operators, the inherent nonlocal property
of fractional-order differential operators makes them particularly suitable for characterizing complex
dynamic features such as memory effects. They are widely applied in biological populations [3], fluid
dynamics [4], and other fields. The theory of fractional stochastic differential equations (FSDEs) has
also been widely studied. For example, the article [5] discussed the stochastic fractional nonlinear
Schrödinger equation. Recently, Huang and Luo [6] established a strong averaging principle for
generalized Caputo fractional stochastic neutral differential equations driven by multiplicative fractional
Brownian motion. The application of the LDP to FSDEs has been a cutting-edge topic of considerable
interest in recent years. In sharp contrast to the flourishing development of integer-order SDEs, relatively
little work has been done in the field of FSDEs. In 2017, Suvinthra et al. [7] established the LDP
for fractional stochastic integro-differential equations using the weak convergence method. In 2022,
Siva Ranjani et al. [8] proved the uniqueness of solutions for stochastic neutral fractional functional
differential equations via the Picard iteration method and studied the LDP for these equations. In 2023,
Alagesan Siva Ranjani et al. [9] demonstrated the LDP for a class of pantograph FSDEs. In 2025, Chen
et al. [10] obtained the explicit solution of a class of Hilfer fractional McKean-Vlasov SDEs through
Laplace transform, proved the LDP using the weak convergence method, and analyzed the behavior
characteristics of the system under small noise perturbations through practical examples. It is worth
noting that the objects studied in the above literature are limited to single-time-scale systems; scenarios
involving multiple time scales have not yet been addressed.

As the theoretical framework has been progressively refined and broadened, research on SDEs has
transitioned from focusing on single-time-scale problems to addressing multi-time-scale dynamics. In
fact, the evolution of natural systems is rarely governed by a single characteristic rate. Two-time-scale
dynamical systems exhibiting slow–fast coupling have found extensive applications across diverse
domains, including climate-weather modeling [11], financial asset pricing [12], laser oscillation [13],
ensemble extension problems [14], and neural activity [15]. A significant limitation of the existing
LDP theory for FSDEs is that the driving noise is restricted to Brownian motion; the situation driven
by fractional Brownian motion (FBM) remains almost entirely unexplored. The Hurst parameter H
of FBM characterizes the regularity of sample paths: The smaller the H, the higher the roughness
of the path. Ganguly et al. [16] studied the stochastic thermodynamics of active Brownian particles,
derived fluctuation theorems for energy exchange, entropy generation, and so forth, and revealed the
thermodynamic behavior of nonequilibrium driven active particle systems. Liang et al. [17] studied
the restricted fractional Brownian motion of hyperdiffusion, showing that mean square displacement
and ergodicity are broken (nonergodic), and revealing the influence of boundary constraints on the
statistical properties of hyperdiffusion. When H = 1/2, FBM degenerates into standard Brownian
motion [18]. Due to the long-range dependence and self-similarity of FBM, and its lack of Markovian
and semimartingale properties, directly applying the weak convergence method based on Brownian
motion faces fundamental obstacles. However, the work of Budhiraja and Song [19] effectively overcame
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this theoretical bottleneck by extending the method to FBM framework. Subsequently, in 2021, Bourguin
et al. [20] investigated the typical dynamics and fluctuations of two-time-scale SDEs driven by FBM.
In 2022, Gailus [21] established the LDP for two-time-scale SDEs with FBM using homogenization
theory and viable pairs. In 2023, Inahama et al. [22] studied the LDP for two-time-scale SDEs with
mixed FBM. It is worth noting that in [21], the diffusion term corresponding to the fast variable is
independent of the slow variable, whereas in [22], the fast variable depends completely on the slow
variable. In the context of averaging principles for slow–fast systems driven by FBM, Pei et al. [23]
recently established an averaging principle for such systems, which provides a necessary foundation
for the subsequent large-deviation analysis. In 2024, Shen et al. [24] extended the LDP to multiscale
distribution-dependent SDEs (DDSDEs) driven by FBM. Within the controlled rough path setting, Yang
and Xu [25] proved the LDP for two-time-scale rough differential equations (RDEs) in 2024.

Inspired by the foregoing literature, the present work is devoted to establishing the LDP for the
following two-time scale FSDEs with FBM:

CDβ
0+X

(ψ,ϕ)
τ = f (X(ψ,ϕ)

τ ,Y (ψ,ϕ)
τ ) dτ + ψβ−

1
2 σ(X(ψ,ϕ)

τ ) dWH
τ ,

ϕ dY (ψ,ϕ)
τ = b(X(ψ,ϕ)

τ ,Y (ψ,ϕ)
τ ) dτ +

√
ϕ g(X(ψ,ϕ)

τ ,Y (ψ,ϕ)
τ ) dWτ,

(1.1)

where (X(ψ,ϕ)
0 ,Y (ψ,ϕ)

0 ) = (X0,Y0) ∈ ℜm × ℜn. CDβ
0+ is a Caputo derivative and β ∈ (1/2, 1). Nonlinear

coefficients f , σ, b and g are subject to certain structural assumptions, to be specified in the next
chapter. WH

τ is k1-dimensional FBM and H ∈ (1/2, 1). Wτ is k2-dimensional BM, τ ∈ [0,T ] and
T > 0. To characterize the time-scale separation between X(ψ,ϕ) and Y (ψ,ϕ), the parameters ϕ, ψ satisfy
0 < ϕ ≪ ψ ≪ 1. Here, X(ψ,ϕ) ∈ Cα (

[0,T ],ℜm)
denotes the slow process, and Y (ψ,ϕ) ∈ C

(
[0,T ],ℜn)

denotes the fast process. C
(
[0,T ],ℜn) is the continuous function space. Cα (

[0,T ],ℜm)
is the α-Hölder

continuous function space and 1 − H < α < min{1/2, β/2}.
This work is mainly reflected in the first exploration of the LDP for two-time scale FSDEs and

optimized some of the results in existing literature. The novelty of this work lies in the first combination
of three features that have not been simultaneously addressed in the existing literature: Caputo fractional
derivative in the slow dynamics, two-time-scale slow–fast structure, and mixed FBM noise. The
following highlights the core contribution of this article.

• Our results consider FSDEs with slow–fast reaction mechanisms. The study of the LDP for FSDEs
has been extended to more complex systems.
• This article extends the research object of the LDP for FSDEs to FBM. This noise has a more

general structure and a more complex form. The driving noise extends from a single type to mixed
noise situations.
• This article constructs a specific example to verify the effectiveness of the theoretical framework, and

further elaborates on the core values of the theory from the perspectives of robustness and practicality.
• Previous studies on bias theory have generally deviated from the consideration of the form of

FSDEs, which in turn affects the accuracy of convergence rate estimation. This article draws on
the equation form derived in [26] and considers the impact of fractional order β.

The structure and layout of the remaining chapters of this paper are described as follows. In Section 2,
we present several function spaces pertinent to FBM, the method of weak convergence, and present the
assumptions. In Section 3, we establish the well-posedness of solution to Eq (1.1) and the associated
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deterministic skeleton equation. Section 4 completes the proof of the LDP. In Section 5, a concrete
example is provided to illustrate the validity of the theoretical result.

2. Preliminaries

2.1. Function space framework

In this part, we first recall some fundamental function spaces that will be used throughout (see [27]
for details of definitions and properties). Let d, l ∈ N, and let Wα,∞

0 := Wα,∞
0 ([0,T ],ℜd) denote the class

of all measurable functions, such that

∥u∥α,∞ := sup
τ∈[0,T ]

∥u∥α,[0,τ] < ∞, u : [0,T ]→ℜd,

where
∥u∥α,[0,τ] = |u(τ)| +

∫ τ

0

|u(τ) − u(s)|
(τ − s)α+1 ds.

Let Wα,1
0 := Wα,1

0 ([0,T ],ℜd) denote the measurable functions space such that

∥u∥α,1 :=
∫ T

0

|u(s1)|
sα1

ds1 +

∫ T

0

∫ s1

0

|u(s1) − u(s2)|
(s1 − s2)α+1 ds2ds1 < ∞, u : [0,T ]→ℜd.

For every η ∈ (0, 1], Cη := Cη([0,T ],ℜd) denotes the η-Hölder continuous functions space, satisfying

∥u∥η-Hölder := ∥u∥∞ + sup
0≤s<τ≤T

|u(τ) − u(s)|
(τ − s)η

< ∞, u : [0,T ]→ℜd,

where
∥u∥∞ = sup

τ∈[0,T ]
|u(τ)|.

Let W1−α,∞
T := W1−α,∞

T ([0,T ],ℜd) denote the measurable functions space with h : [0,T ]→ℜd, satisfying

∥h∥1−α,∞,T := sup
0≤s1<τ≤T

(
|h(τ) − h(s1)|
(τ − s1)1−α +

∫ τ

s1

|h(s2) − h(s1)|
(s2 − s1)2−α ds2

)
< ∞.

For every θ ∈ (0, α), Cα+θ ⊂ Wα,∞
0 ⊂ Cα−θ and C1−α+θ ⊂ W1−α,∞

T ⊂ C1−α−θ.

2.2. Cameron–Martin space

In this part, we recall some important definitions and conclusions about the Cameron-Martin (C-M)
space for the mixed FBM. We define

KHu(τ) =
∫ T

0
ZH(τ, r)u(r)dr, u ∈ L2([0,T ],ℜk1).

For all 0 ≤ r ≤ τ ≤ T , we set ZH(τ, r) = zH(τ, r)1[0,τ](r) with

zH(τ, r) :=
CH

Γ
(
H + 1

2

) (τ − r)H− 1
2 G

(
H −

1
2
,

1
2
− H,H +

1
2

; 1 −
τ

r

)
,
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where CH =
[

2HΓ(3/2−H)Γ(H+1/2)
Γ(2−2H)

]1/2
, Γ is the gamma function. G is the Gauss hypergeometric function.

The operator KH : L2([0,T ],ℜk1) → HH,k1
cm constitutes a unitary isometry (see [28] for details of

definitions and properties). The associated C-M space of FBM is given by

HH,k1
cm =

{
KH q̇ : q̇ ∈ L2

(
[0,T ],ℜk1

) }
.

For every H′ ∈ (0,H), the inclusion HH,k1
cm ⊂ CH′([0,T ],ℜk1) holds. The inner product of HH,k1

cm is
defined by

⟨q, h⟩
H

H,k1
cm
= ⟨KH q̇,KH ḣ⟩

H
H,k1
cm

:= ⟨q̇, ḣ⟩L2 .

The C-M space associated with the BM is formulated as

H
1
2 ,k2

cm :=
{
φ ∈ C([0,T ],ℜk2) : φτ =

∫ τ

0
φ′sds, φ′ ∈ L2([0,T ],ℜk2)

}
.

The inner product ofHH,k2
cm is defined by

⟨φ1, φ2⟩
2

H
1
2 ,k2

cm

:=
∫ T

0
⟨φ′1,τ, φ

′
2,τ⟩

2
ℜk2

dτ < ∞.

We term the pair (WH
τ ,Wτ) the mixed FBM. Subsequently, the Cameron–Martin Hilbert subspace of the

mixed FBM is defined byHcm := HH,k1
cm ⊕H

1
2 ,k2

cm . We set

S N =
{
(ϖ, φ) ∈ Hcm :

1
2
∥(ϖ, φ)∥2

Hcm
:=

1
2

(∥ϖ∥2
H

H,k1
cm
+ ∥φ∥2

H
1
2 ,k2

cm

) ≤ N
}
,

where 0 < N < ∞. The space S N constitutes a compact Polish space when equipped with the weak
topology.

On the k-dimensional classical Wiener space (Ω,F ,P), we denote Fτ as the natural augmented
filtration, Fτ := σ{(WH

r ,Wr) : 0 ≤ r ≤ τ} ∨ N , where N stands for the collection of all P-negligible
events. Fτ fulfills the usual conditions. By the classical result, in the case where WH

τ is given by (2.2)
in [29], it is easy to see that Fτ = σ{(WH

r ,Wr) : 0 ≤ r ≤ τ} ∨ N for all τ.
For each N ∈ (0,∞), let AN

b designate the collection of ℜk-valued processes (ϖτ, φτ) that are
Fτ-progressively measurable on (Ω,F ,P) and fulfill the constraint∫ T

0
(|ϖτ|

2
ℜk1
+ |φτ|

2
ℜk2

)dτ ≤ 2N, P-a.s.

For arbitrary (ϖ, φ) ∈ Ab with Ab := ∪0<N<∞A
N
b , the distribution of (WH + KHϖ̇,W +

∫ ·
0
φsds) is

mutually absolutely continuous to the distribution of (WH,W) under P. This is a direct consequence of
Girsanov’s theorem and the Novikov condition.

Analogously, ĀN
b is defined as the class of ℜk-valued Fτ-progressively measurable processes

(ϖτ, φτ) on (Ω,F ,P) admitting the representation

(ϖ, φ) =
(
KHϖ̇,

∫ ·

0
φ′rdr

)
, P-a.s. (ϖ̇, φ′) ∈ AN

b .

Let Āb := ∪0<N<∞Ā
N
b . Then, every (ϖ, φ) ∈ ĀN

b constitutes an S N-valued random variable. In view
of the tightness of S N , the family of induced measures {P ◦ (ϖ, φ)−1 : (ϖ, φ) ∈ ĀN

b } is automatically
compact. Evidently, for every (ϖ, φ) ∈ Āb, the law of (WH+ϖ,W+φ) is mutually absolutely continuous
to that of (WH,W).
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2.3. Weak convergence method

This section reviews the method framework developed by the literature [2], which provides sufficient
criteria for the random variable X(ψ,ϕ) to satisfy Laplace principle (equivalent to the LDP).

Definition 2.1 (Rate function [30]). Let E = Cα (
[0,T ],ℜm)

, I: E → [0,∞] be called a rate function
if I is lower semicontinuous. I is called a good rate function if for each M < ∞, the level set
{Z ∈ E : I(Z) ≤ M} is compact in E .

Definition 2.2 (LDP [22]). Let I : E → [0,∞] be a rate function. The family of E -valued random
elements is said to satisfy the LDP with rate function I provided that the following two bounds hold
simultaneously:
(i) Upper bound. For each closed set F ⊂ E ,

lim
ψ→0

sup ψ log P(X(ψ,ϕ) ∈ F) ≤ − inf
x∈F

I(x).

(ii) Lower bound. For each open set G ⊂ E ,

lim
ψ→0

inf ψ log P(X(ψ,ϕ) ∈ G) ≥ − inf
x∈G

I(x).

Here, E = Cα([0,T ],ℜm).

Definition 2.3 (Laplace principle [30]). The family of random variables X(ψ,ϕ) is said to satisfy the
Laplace principle (LP) if the following is satisfied for arbitrary bounded continuous functions 𭟋 on E :
(i) LP upper bound.

lim
ψ→0

sup−ψ logE
{

exp
(−𭟋(X(ψ,ϕ))

ψ

)}
≤ inf

x∈E
{𭟋(x) + I(x)}.

(ii) LP lower bound.

lim
ψ→0

inf −ψ logE
{

exp
(−𭟋(X(ψ,ϕ))

ψ

)}
≥ inf

x∈E
{𭟋(x) + I(x)}.

The weak convergence framework relies fundamentally on the LDP being equivalent to LP. To
confirm the latter’s applicability, one must demonstrate as follows.

Proposition 2.1. Let 0 < ϕ < ψ with ϕ = o(ψ). Suppose there exists a measurable mapping G(ψ,ϕ) :
C0([0,T ],ℜk)→ E for which the subsequent conditions are satisfied:
(i) For j→ ∞, suppose (ϖ( j), φ( j)) and (ϖ, φ)∈ S N such that (ϖ( j), φ( j))→ (ϖ, φ) in the weak topology
ofH . Then, one obtains the convergence:

G0(ϖ( j), φ( j))→ G0(ϖ, φ)

in E as j→ ∞.
(ii) For ψ→ ∞, suppose (ϖ(ψ,ϕ), φ(ψ,ϕ)) ∈ ĀN

b , such that (ϖ(ψ,ϕ), φ(ψ,ϕ))→ (ϖ, φ). Then, one obtains the
convergence:

G(ψ,ϕ)(ψβ−
1
2 WH +ϖ(ψ,ϕ), ψβ−

1
2 W + φ(ψ,ϕ))

weakly
−−−−→ G0(ϖ, φ)

in E as ψ→ 0.
We say that the process X(ψ,ϕ) satisfies the LP on E , governed by the rate function I : E → [0,∞].
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2.4. Hypothesis

To establish the main results, the following hypotheses are imposed.

(S1). σ : ℜm →ℜm×k1 belong to C1. There is a positive C > 0 such that for all ℘1, ℘2 ∈ ℜ
m,

|∇σ (℘1)| ≤ C, |∇σ (℘1) − ∇σ (℘2)| ≤ C |℘1 − ℘2| ,

where ∇ refers to standard gradient onℜm.
(S2). f : ℜm ×ℜn →ℜm. There is a positive C > 0 such that for all (℘1, ς1), (℘2, ς2) ∈ ℜm ×ℜn,

| f (℘1, ς1) − f (℘2, ς2)| + |b (℘1, ς1) − b (℘2, ς2)|
+ |g (℘1, ς1) − g (℘2, ς2)| ≤ C (|℘1 − ℘2| + |ς1 − ς2|) ,

and
sup
ς1∈ℜn

(| f (℘1, ς1)| + |b (℘1, ς1)|) ≤ C (1 + |℘1|) .

(S3). b : ℜm ×ℜn →ℜn, g : ℜm ×ℜn →ℜn×k2 . There exist constants C > 0 and κi (i = 1, 2) > 0 such
that for all (℘, ς1), (℘, ς2) ∈ ℜm ×ℜn,

2 ⟨ς1 − ς2, b (℘, ς1) − b (℘, ς2)⟩ + |g (℘, ς1) − g (℘, ς2)|2 ≤ −κ1 |ς1 − ς2|
2 ,

2 ⟨ς1, b (℘, ς1)⟩ + |g (℘, ς1)|2 ≤ −κ2 |ς1|
2 + C|℘|2 + C.

Hypothesis (S2) implies that there exists a positive C′ such that for all (℘, ς) ∈ ℜm ×ℜn,

|b (℘, ς)| ≤ C′ (1 + |℘| + |ς|) .

3. Existence and uniqueness

Equation (1.1)’s well-posedness follows from the literature [31] and [32]. Then, we have the
following conclusion.

Lemma 3.1. Assume f , σ, b, and g satisfy (S1), (S2). For every τ ≥ 0, Equation (1.1) admits a unique
pathwise solution, denoted by (Xψ,ϕ,Yψ,ϕ); that is, X(ψ,ϕ)

τ = X0 +
1
Γ(β)

∫ τ

0
f (X(ψ,ϕ)

s ,Y (ψ,ϕ)
s )ds

(τ−s)1−β +
ψβ−

1
2

Γ(β)

∫ τ

0
σ(X(ψ,ϕ)

s )dWH
s

(τ−s)1−β ,

Y (ψ,ϕ)
τ = Y0 +

1
ϕ

∫ τ

0
b(X(ψ,ϕ)

s ,Y (ψ,ϕ)
s )ds + 1

√
ϕ

∫ τ

0
g(X(ψ,ϕ)

s ,Y (ψ,ϕ)
s )dWs.

Then, we introduce the frozen equation. When the slow variable ℘ ∈ ℜm is fixed, the corresponding
equation for the fast variable is given by

dỸτ = b(℘, Ỹτ)dτ + g(℘, Ỹτ)dWτ. (3.1)

According to [33, Theorem 6.3.2], Eq (3.1) possesses a unique invariant probability measure µ℘ for each
fixed ℘. Indeed, the first inequality of (S3) with κ1 > 0 yields the exponential contraction

E
∣∣∣Ỹς1
τ − Ỹς2

τ

∣∣∣2 ≤ e−κ1τ
∣∣∣ς1 − ς2

∣∣∣2,
Electronic Research Archive Volume 34, Issue 11, 8397–8427.
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which verifies Condition (6.1.2) in [33, Theorem 6.3.2] and guarantees uniqueness. The second
inequality with κ2 > 0 provides the Lyapunov bound

lim sup
τ→∞

E
∣∣∣Ỹς
τ

∣∣∣2 ≤ C(|℘|2 + 1
)

κ2
,

verifying Condition (6.1.3) and ensuring existence. We now proceed to introduce the deterministic
skeleton equation:

CDβ
0+ X̃τ = f̄ (X̃τ)dτ + σ(X̃τ)dϖτ, X̃0 = X0, (3.2)

where f̄ (℘) =
∫
ℜn f (x, y)µ℘(dy).

Lemma 3.2. For the deterministic skeleton equation, the coefficients f̄ and σ are subject to Lipschitz
continuity and linear growth assumptions. Given arbitrary ϖ ∈ S N , there exists a unique solution
X̃ ∈ Wα,∞

0 ([0,T ],ℜm) to the deterministic skeleton equation.

Proof. According to (S1), the Jensen inequality, and [27, Lemma 0.9], for any ℘ ∈ ℜm and any
ς1, ς2 ∈ ℜ

n, we can get

|E[ f (℘, Ỹς1
τ )] − f̄ (℘)|2 =

∣∣∣∣ ∫
Rm
E[ f (℘, Ỹς1

τ ) − f (℘, Ỹς2
τ )]ϖ℘(dς2)

∣∣∣∣2
≤ K

∫
Rm
E|Ỹς1

τ − Ỹς2
τ |

2ϖ℘(dς2)

≤ K

∫
Rm

e−κ1τ|ς1 − ς2|ϖ℘(dς2).

Using the formula (0.30) in [27, Appendix], we obtain

|E[ f (℘, Ỹς1
τ )] − f̄ (℘)|2 ≤ Ke−κ1τ

[
|ς1|

2 +

∫
Rd

|ς2|
2κ℘(dς2)

]
≤ Ke−κ1τ(1 + |℘|2 + |ς1|

2). (3.3)

For any ℘1, ℘2, ℘ ∈ ℜ
m and any initial value ς ∈ ℜn, according to (3.3), we have

| f̄ (℘1) − f̄ (℘2)|2 = | f̄ (℘1) − E[ f (℘1, Ỹ℘1,ς
s )] + E[ f (℘1, Ỹ℘1,ς

s )]
− f̄ (℘2) − E[ f (℘2, Ỹ℘2,ς

s )] + E[ f (℘2, Ỹ℘2,ς
s )]|2

≤ 3| f̄ (℘1) − E[ f (℘1, Ỹ℘1,ς
s )]|2 + 3| f̄ (℘2) − E[ f (℘2, Ỹ℘2,ς

s )]|2

+ 3|E[ f (℘1, Ỹ℘1,ς
s )] − E[ f (℘2, Ỹ℘2,ς

s )]|2

≤ Ke−κ1τ(1 + |℘1|
2 + |℘2|

2 + |ς|2)
+K|E[ f (℘1, Ỹ℘1,ς

s )] − E[ f (℘2, Ỹ℘2,ς
s )]|2.

By the Lipschitz continuity of f in both variables from (S2), we have

|E[ f (℘1, Ỹ℘1,ς
τ )] − E[ f (℘2, Ỹ℘2,ς

τ )]|2 ≤ E| f (℘1, Ỹ℘1,ς
τ ) − f (℘2, Ỹ℘2,ς

τ )|2

≤ KE[|℘1 − ℘2|
2 + |Ỹ℘1,ς

τ − Ỹ℘2,ς
τ |

2]
≤ K|℘1 − ℘2|

2 +KE[|Ỹ℘1,ς
τ − Ỹ℘2,ς

τ |
2].

(3.4)
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For the last expectation, by [27, lemma 0.11], we have

E|Ỹ℘1,ς
τ − Ỹ℘2,ς

τ |
2 ≤ e−κ1τ|ς − ς|2 +K|℘1 − ℘2|

2 = K|℘1 − ℘2|
2. (3.5)

Substituting (3.5) into (3.4), we obtain

|E[ f (℘1, Ỹ℘1,ς
τ )] − E[ f (℘2, Ỹ℘2,ς

τ )]|2 ≤ (K +K2)|℘1 − ℘2|
2. (3.6)

Substituting the above estimates into | f̄ (℘1) − f̄ (℘2)|2, we get

| f̄ (℘1) − f̄ (℘2)|2 ≤ Ke−κ1τ(1 + |℘1|
2 + |℘2|

2 + |ς|2) + (K +K2)|℘1 − ℘2|. (3.7)

Now, fix ς in (3.7), and let τ→ ∞. Because κ1 > 0, the exponential term vanishes, and we obtain

| f̄ (℘1) − f̄ (℘2)|2 ≤ (K +K2)|℘1 − ℘2|
2. (3.8)

Thus, f̄ is Lipschitz continuous as τ→ ∞:

| f̄ (℘)| ≤
∫

Rm
| f (℘, ς)|ϖ℘(dς) ≤

∫
Rm

(1 + |℘| + |ς|)ϖ℘(dς) ≤ K(1 + |℘|).

Therefore, f̄ satisfy the linear growth condition. Then, the uniqueness of the solution to the deterministic
equation (3.2) is ensured by [34, Theorem 4.1]. □

4. Main proof

We will show that X(ψ,ϕ) satisfies the LDP in this part. First of all, the derivation of controlled system
estimates essential to the main proof is presented below. We continue to let 0 < ϕ < ψ ≤ 1, H ∈ (1/2, 1),
and 1 − H < α < min{1/2, β/2}.

4.1. Preliminary lemmas

We consider the controlled version of (1.1) for a pair of control (X(ψ,ϕ),Y (ψ,ϕ)) as follows: CDβ
0+ X̃

(ψ,ϕ)
τ = f (X̃(ψ,ϕ)

τ , Ỹ (ψ,ϕ)
τ )dt + σ(X̃(ψ,ϕ)

τ )dϖ(ψ,ϕ)
τ + ψβ−

1
2σ(X̃(ψ,ϕ)

τ )dWH
τ ,

ϕdỸ (ψ,ϕ)
τ = b(X̃(ψ,ϕ)

τ , Ỹ (ψ,ϕ)
τ )dτ +

√
ϕ

ψβ−
1
2
g(X̃(ψ,ϕ)

τ , Ỹ (ψ,ϕ)
τ )dφ(ψ,ϕ)

τ +
√
ϕg(X̃(ψ,ϕ)

τ , Ỹ (ψ,ϕ)
τ )dWτ,

(4.1)

with initial value (X̃(ψ,ϕ)
0 , Ỹ (ψ,ϕ)

0 ) = (X0,Y0) ∈ ℜm ×ℜn. According to Girsanov’s theorem, it is easy to
verify that there exists a solution (X̃(ψ,ϕ), Ỹ (ψ,ϕ)) = G(ψ,ϕ)(ψβ−

1
2 WH +ϖ(ψ,ϕ), ψβ−

1
2 W + φ(ψ,ϕ)) of (4.1).

To establish the uniform regularity of the family of X̃(ψ,ϕ) in the Hölder path space, thereby providing
the basic moment control and norm framework for the subsequent weak convergence analysis, we first
derive the following uniform estimate for the ∥ · ∥α,∞-norm of X̃(ψ,ϕ).

Lemma 4.1. Suppose that (S1)–(S3) are fulfilled, and let p ≥ 1. Then, there exists a positive constant
K , depending only on p and N, such that for all (ϖ(ψ,ϕ), φ(ψ,ϕ)) ∈ ĀN

b , the following holds:

E
[
∥X̃(ψ,ϕ)∥pα,∞

]
≤ K .
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Proof. Throughout this proof process, K > 0 denotes a constant depending solely on p and N, possibly
differing across lines. To begin, we denote Λ := Λα

(
WH

)
∨ 1, letting

∥ f ∥λ,τ := sup
0≤s≤τ

e−λs| f (s)|, λ ≥ 1,

∥ f ∥1,λ,τ := sup
0≤s≤τ

e−λs
∫ s

0

| f (s) − f (r)|
(s − r)α+1 dr.

We now proceed to bound ∥X̃(ψ,ϕ)∥λ,τ :

∥X̃(ψ,ϕ)∥λ,τ = sup
0≤s≤τ

exp(−λs)
∣∣∣∣X0 +

1
Γ(β)

[ ∫ s

0

f (X̃(ψ,ϕ)
r , Ỹ (ψ,ϕ)

r )
(s − r)1−β dr

+

∫ s

0

σ(X̃(ψ,ϕ)
r )

(s − r)1−βdϖψ
r + ψ

β− 1
2

∫ s

0

σ(X̃(ψ,ϕ)
r )

(s − r)1−βdWH
r

]∣∣∣∣.
In light of [29, Proposition 2.1], it can be derived that∫ s

0

σ(X̃(ψ,ϕ)
r )

(s − r)1−βdWH
r ≤ Λα(WH)

∥∥∥∥ σ(X̃(ψ,ϕ)
r )

(s − r)1−β

∥∥∥∥
α,1
.

Then, under the assumptions of (S1)–(S2), we have∫ s

0

σ(X̃(ψ,ϕ)
r )

(s − r)1−βdWH
r ≤ Λα

(
WH

)
×

∫ s

0

1
rα

∣∣∣∣ σ(X̃(ψ,ϕ)
r )

(s − r)1−β

∣∣∣∣dr

+ Λα
(
WH

)
×

∫ s

0

∫ r

0

|(s − r)β−1σ(X̃(ψ,ϕ)
r ) − (s − z)β−1σ(X̃(ψ,ϕ)

z )|
(r − z)α+1 dzdr

≤ KΛ
[
1 +

∫ s

0

|X̃(ψ,ϕ)
r |

rα(s − r)1−βdr +
∫ s

0

∫ r

0

|X̃(ψ,ϕ)
r − X̃(ψ,ϕ)

z |

(s − r)1−β(r − z)α+1 dzdr
]

≤ KΛ
[
1 + eλr

∫ s

0

∥X̃(ψ,ϕ)∥λ,τ

rα(s − r)1−βdr + eλr
∫ s

0

∥X̃(ψ,ϕ)∥1,λ,τ

(s − r)1−β dr
]
.

Furthermore, in view of [2, Lemma 4.1], for any µ > 0, one obtains the chain of estimates ∥ϖψ∥1−α,∞ ≤

K∥ϖψ∥1−α+µ ≤ K∥ϖ
ψ∥H ≤ K∥ϖ

ψ∥
H

H,k1
cm

. Consequently,∫ s

0
(s − r)β−1σ(X̃(ψ,ϕ)

r )dϖψ
r ≤ K∥ϖ

ψ∥
H

H,k1
cm

[
1 + eλr

∫ s

0

r−α∥X̃(ψ,ϕ)∥λ,τ

(s − r)1−β dr
]

+K∥ϖψ∥1−α,∞eλr
∫ s

0

∥X̃(ψ,ϕ)∥1,λ,τ

(s − r)1−β dr

≤ K∥ϖψ∥1−α,∞

[
1 + eλr

∫ s

0

r−α∥X̃(ψ,ϕ)∥λ,τ

(s − r)1−β dr
]

+K∥ϖψ∥
H

H,k1
cm

eλr
∫ s

0

∥X̃(ψ,ϕ)∥1,λ,τ

(s − r)1−β dr.

Substituting γ = λ(s − r) yields∫ s

0

e−λ(s−r)

rα(s − r)1−βdr = λ−1
∫ λs

0

e−γλα

(λs − γ)α
(
γ

λ
)β−1dγ ≤ λα−β sup

z>0

∫ z

0

e−γγβ−1

(z − γ)α
dγ ≤ Kλα−β, (4.2)
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where q = λτ. Then, we derive that

∥X̃(ψ,ϕ)∥λ,τ ≤ KΛ
(
1 + sup

0≤s≤τ

∫ s

0
e−λ(s−r) × [

∥X̃ψ,ϕ∥λ,τ

rα(s − r)1−β +
∥X̃ψ,ϕ∥1,λ,τ

(s − r)1−β ]dr
)

+K∥ϖψ∥
H

H,k1
cm

(
1 + sup

0≤s≤τ

∫ s

0
e−λ(s−r) × [

∥X̃ψ,ϕ∥λ,τ

rα(s − r)1−β +
∥X̃ψ,ϕ∥1,λ,τ

(s − r)1−β ]dr
)

≤ K(Λ + ∥ϖψ∥
H

H,k1
cm

)(1 + λα−β∥X̃(ψ,ϕ)∥λ,τ + λ
−β∥X̃(ψ,ϕ)∥1,λ,τ).

We next derive an estimate for ∥X̃(ψ,ϕ)∥1,λ,τ,

∥X̃(ψ,ϕ)∥1,λ,τ = sup
0≤s≤τ

e−λs
∫ s

0

1
(s − r)1+α

∣∣∣∣X0 +
1
Γ(β)

[ ∫ s

0

f (X̃(ψ,ϕ)
z , Ỹ (ψ,ϕ)

z )
(s − z)1−β dz

−

∫ r

0

f (X̃(ψ,ϕ)
z , Ỹ (ψ,ϕ)

z )
(r − z)1−β dz

]
+

1
Γ(β)

[ ∫ s

0

ψβ−
1
2σ(X̃(ψ,ϕ)

z )
(s − z)1−β dWH

z

−

∫ r

0

ψβ−
1
2σ(X̃(ψ,ϕ)

z )
(r − z)1−β dWH

z

]
+

1
Γ(β)

[ ∫ s

0

σ(X̃(ψ,ϕ)
z )

(s − z)1−βdϖψ
z

−

∫ r

0

σ(X̃(ψ,ϕ)
z )

(r − z)1−βdϖψ
z

]∣∣∣∣dr.

Let

M1 := sup
0≤s≤τ

e−λs
∫ s

0

1
(s − r)1+α

∣∣∣∣ ∫ s

r

f (X̃ψ,ϕ
z , Ỹψ,ϕ

z )
(s − z)1−β dz

∣∣∣∣dr.

An application of Fubini’s theorem together with hypothesis (S2) yields

M1 ≤ K sup
0≤s≤τ

e−λs
∫ s

0

1
(s − r)1+α

∫ s

r

(1 + |X̃(ψ,ϕ)
z |)

(s − z)1−β dzdr

≤ K
(
1 + sup

0≤s≤τ
e−λs

∫ s

0

1
(s − r)1+α

∫ s

r

(z − r)α

(s − z)1−β

|X̃(ψ,ϕ)
z |

(z − r)α
dzdr

)
≤ K

(
1 + sup

0≤s≤τ
e−λs

∫ s

0

1
(s − r)1+α

∫ s

r

1
(s − z)1−β

|X̃(ψ,ϕ)
z |

(z − r)α
dzdr

)
= K

(
1 + sup

0≤s≤τ
e−λs

∫ s

0

∫ z

0

1
(s − r)1+α

1
(s − z)1−βdr|X̃(ψ,ϕ)

z |dz
)

≤ K
(
1 + sup

0≤s≤τ
e−λs

∫ s

0

1
(s − z)2α

|X̃(ψ,ϕ)
z |

(s − z)1−βdz
)

≤ K
(
1 + sup

0≤s≤τ

∫ s

0
e−λ(s−z) ∥X̃

(ψ,ϕ)
z ∥λ,τ

(s − z)1−β+2αdz
)
.

Line five relies on ∫ z

0

(z − r)−α

(s − r)1+αdr = (s − z)−α
∫ z/(s−z)

0

γ−α

(1 + γ)1+αdr ≤ Cα(s − z)−2α,
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with s = r − (τ − r)γ and Cα = B(2α, 1 − α) =
∫ ∞

o
z−α

(1+z)1+α dz, where B denotes the Beta function. Let

M2 :=
∫ τ

0

1
(τ − s)1+α

∣∣∣∣ ∫ τ

s

f (r)
(τ − r)1−βdWH

r

∣∣∣∣ds.

An application of Fubini’s theorem together with [29, Proposition 2.1] yields

M2 ≤ Λα(WH
r )

[ ∫ τ

0

1
(τ − s)1+α

∫ τ

s

|(τ − r)β−1 f (r)|
(r − s)α

dr

+
1

(τ − s)1+α

∫ τ

s

∫ r

s

|(τ − r)β−1 f (r) − (τ − z)β−1 f (z)|
(r − z)1+α dzdrds

]
≤ Λα(WH

r )
[ ∫ τ

0

∫ r

0

(r − s)−α

(τ − s)2−β+αds| f (r)|dr

+

∫ τ

0

∫ r

0

∫ z

0

1
(τ − s)2−β+αds

| f (r) − f (z)|
(r − z)1+α dzdr

]
.

Letting s = r − (τ − r)z, we have∫ r

0

(r − s)−α

(τ − s)2−β+αds =
1

(τ − r)1−β+2α

∫ r/(τ−r)

0

z−α

(1 + z)2−β+αdz,

and ∫ z

0

1
(τ − s)2−β+αds ≤

(α − β + 1)−1

(τ − z)1−β+α .

It further follows that

M2 ≤ Λα(WH
r )

[
Cα,β

∫ τ

0

| f (r)|
(τ − r)1−β+αdr +

∫ τ

0

∫ r

0

(α + β + 1)−1

(τ − z)1−β+α

| f (r) − f (z)|
(r − z)1+α dzdr

]
,

where Cα,β = B(2α − 2β + 2, 1 − α) =
∫ ∞

0
(1 + z)β−α−2z−αdz. Let

M3 :=
∫ τ

0

1
(τ − s)1+α

∣∣∣∣ ∫ τ

s

f (r)
(τ − r)1−βdϖψ

r

∣∣∣∣ds.

An application of Fubini’s theorem together with [29, Proposition 2.1] yields

M3 ≤ Λα(ϖψ
r )

[ ∫ τ

0

∫ r

0

(r − s)−α

(τ − s)2−β+αds| f (r)|dr +
∫ τ

0

∫ r

0

∫ z

0

1
(τ − s)2−β+αds

| f (r) − f (z)|
(r − z)1+α dzdr

]
.

Due to ∥ϖψ∥1−α,∞ ≤ K∥ϖ
ψ∥1−α+µ ≤ ∥ϖ

ψ∥H ≤ K∥ϖ
ψ∥
H

H,k1
cm

, we have

M3 ≤ ∥ϖ
ψ∥
H

H,k1
cm

[
Cα,β

∫ τ

0

| f (r)|
(τ − r)1−β+αdr +

∫ τ

0

∫ r

0

(α + β + 1)−1

(τ − z)1−β+α

| f (r) − f (z)|
(r − z)1+α dzdr

]
.

Combining M1, M2, and M3, we have

∥X̃ψ,ϕ∥1,λ,τ ≤ K(Λ + ∥ϖψ∥
H

H,k1
cm

)
[
1 + sup

0≤s≤τ

∫ s

0

e−λ(s−r)∥X̃(ψ,ϕ)∥λ,τ

(s − r)1−β+2α +
e−λ(s−r)∥X̃(ψ,ϕ)∥1,λ,τ

(s − r)1−β+α dr
]
.
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Setting γ = λ(τ − r), yields∫ τ

0

e−λ(τ−r)

(τ − r)1−β+2αdγ =
1
λ

∫ λτ

0
e−γ × (

γ

λ
)β−2α−1dγ ≤ λ2α−β sup

s>0

∫ s

0
e−γ × γβ−2α−1dr ≤ Kλ2α−β, (4.3)

and ∫ τ

0

e−λ(τ−r)

(τ − r)1−β+αdγ ≤ Kλα−β. (4.4)

In summary, it can be concluded that

∥X̃(ψ,ϕ)∥1,λ,τ ≤ K(Λ + ∥ϖψ∥
H

H,k1
cm

)(1 + λ2α−β∥X̃(ψ,ϕ)∥λ,τ + λ
α−β∥X̃(ψ,ϕ)∥1,λ,τ).

Let λ = [4K(Λ + ∥ϖϵ∥
H

H,k1
cm

)]
1

β−α ,

∥X̃(ψ,ϕ)∥λ,τ ≤
4
3
K(Λ + ∥ϖψ∥

H
H,k1
cm

)(1 + λ−β∥X̃(ψ,ϕ)∥1,λ,τ). (4.5)

Proceeding as in the derivation of (4.2), one readily deduces that

∥X̃(ψ,ϕ)∥1,λ,τ ≤ 1.5K(Λ + ∥ϖψ∥
H

H,k1
cm

) + 2[K(Λ + ∥ϖψ∥
H

H,k1
cm

)]β/(β−α)

≤ K(Λ + ∥ϖψ∥
H

H,k1
cm

)β/(β−α). (4.6)

By substituting (4.6) into (4.5),

∥X̃(ψ,ϕ)∥λ,τ ≤ K(Λ + ∥ϖψ∥
H

H,k1
cm

)β/(β−α)

In summary, it follows that

∥X̃(ψ,ϕ)∥α,∞ ≤ eλT (∥X̃(ψ,ϕ)∥λ,T + ∥X̃(ψ,ϕ)∥1,λ,T ) ≤ Ke
K(Λ+∥ϖψ∥

H
H,k1
cm

)β/(β−α)

(Λ + ∥ϖψ∥
H

H,k1
cm

)β/(β−α)

The proof is now concluded by noting that 0 < α < 1/2 together with (ϖ(ψ,ϕ), φ(ψ,ϕ)) ∈ ĀN
b and the

Fernique theorem for fractional Brownian motion.
We note that all constants K appearing in the above estimates are independent of ψ and ϕ. Indeed,

the only potential sources of ψ- or ϕ-dependence are the coefficients of the controlled noise terms in (5);
however, the estimates above have absorbed these scalings into the definition of Λ and theHcm-norm of
the controls, both of which are controlled uniformly by the energy bound N and the Fernique theorem.
Therefore, the final estimate

E
[
∥X̃(ψ,ϕ)∥pα,∞

]
≤ K

holds with a constant K that is independent of ψ and ϕ. □

Remark 4.1 (Fernique theorem [35]). Let E be a separable Banach space and let µ be a symmetric
Gaussian measure on (E ,B(E )). Then, there exists a constant k1 > 0 such that∫

E

exp
(
k1∥x∥2

)
µ(dx) < ∞.

Equivalently, if X is a zero-mean Gaussian random variable with values in E , then there exists k2 > 0
such that

E
[
exp

(
k2∥X∥2

)]
< ∞.
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Having obtained the global moment boundedness of the slow variable, we further need to control its
temporal increment modulus. This estimate is not only a crucial condition for verifying the tightness
of this process family in Cα([0, T ],ℜm) but also constitutes the necessary analytical foundation for
implementing the time-discretization scheme and proving the weak convergence of the controlled
slow variable.

Lemma 4.2. Suppose that (S1)–(S3) are fulfilled. Then, there is a positive constant K such that for all
(ϖ(ψ,ϕ), φ(ψ,ϕ)) ∈ AN

b , the following holds:

E
[
|X̃(ψ,ϕ)

τ+h − X̃(ψ,ϕ)
τ |2

]
≤ Kh2β−2α.

Proof. Throughout this proof, K > 0 stands for a constant determined only by N, possibly differing
across lines.

X̃(ψ,ϕ)
τ+h − X̃(ψ,ϕ)

τ =
1
Γ(β)

[ ∫ τ+h

0

f (X̃(ψ,ϕ)
s , Ỹ (ψ,ϕ)

s )
(τ + h − s)1−β ds −

∫ τ

0

f (X̃(ψ,ϕ)
s , Ỹ (ψ,ϕ)

s )
(τ − s)1−β ds

]
+

1
Γ(β)

[ ∫ τ+h

0

σ(X̃(ψ,ϕ)
s )

(τ + h − s)1−βdϖψ
s −

∫ τ

0

σ(X̃(ψ,ϕ)
s )

(τ − s)1−βdϖψ
s

]
+
ψβ−

1
2

Γ(β)

[ ∫ τ+h

0

σ(X̃(ψ,ϕ)
s )

(τ + h − s)1−βdWH
s −

∫ τ

0

σ(X̃(ψ,ϕ)
s )

(τ − s)1−βdWH
s

]
.

According to (S1)–(S3),

E[|X̃(ψ,ϕ)
τ+h − X̃(ψ,ϕ)

τ |] ≤ KE
[∣∣∣∣ ∫ τ+h

τ

f (X̃(ψ,ϕ)
s , Ỹ (ψ,ϕ)

s )
(τ + h − s)1−β ds

∣∣∣∣2 + ∣∣∣∣ ∫ τ+h

τ

σ(X̃(ψ,ϕ)
s )

(τ + h − s)1−βdϖψ
s

∣∣∣∣2]
+KE

[
ψ2β−1

∣∣∣∣ ∫ τ+h

τ

σ(X̃(ψ,ϕ)
s )

(τ + h − s)1−βdWH
s

∣∣∣∣2]
:= Jh

1 + Jh
2 + Jh

3 . (4.7)

An application of Hölder’s inequality together with (S2) and Lemma 4.1 yields

Jh
1 ≤ KE

[ ∫ τ+h

τ

1
(τ + h − s)2−2βds

∫ τ+h

τ

| f (X̃(ψ,ϕ)
s , Ỹ (ψ,ϕ)

s )|2ds
]

≤ K
h2β−1

2β − 1
E
[
L
∫ τ+h

τ

(1 + |X̃(ψ,ϕ)
s |2 + |Ỹ (ψ,ϕ)

s |2)ds
]
≤ Kh2β, (4.8)

and ∣∣∣∣ ∫ τ

s

σ(X̃(ψ,ϕ)
r )

(τ − r)1−βdϖψ
r

∣∣∣∣ ≤ ∥ϖψ∥
H

H,k1
cm

[ ∫ τ

s

|(τ − r)β−1σ(X̃(ψ,ϕ)
r )|

(r − s)α
dr

+

∫ τ

s

∫ r

s

|(τ − r)β−1σ(X̃(ψ,ϕ)
r ) − (τ − z)β−1σ(X̃(ψ,ϕ)

z )|
(r − z)1+α dzdr

]
≤ K∥ϖψ∥

H
H,k1
cm

∫ τ

s
(τ − r)β−1

[
(r − s)−α|X̃(ψ,ϕ)

r | +

∫ r

s

|X̃(ψ,ϕ)
r − X̃(ψ,ϕ)

z |

(r − z)1+α dz
]
dr

≤ K∥ϖψ∥
H

H,k1
cm

(1 + ∥X̃(ψ,ϕ)∥α,∞) ×
∫ τ

s

(r − s)−α + (r − s)β−α + 1
(τ − r)1−β dr
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≤ K∥ϖψ∥
H

H,k1
cm

(1 + ∥X̃(ψ,ϕ)∥α,∞)(τ − s)β−α. (4.9)

Thus, we can get
Jh

2 ≤ KE[∥ϖψ∥
H

H,k1
cm

(1 + ∥X̃(ψ,ϕ)∥α,∞)2]h2β−2α ≤ Kh2β−2α. (4.10)

Analogously, we have∣∣∣∣ ∫ τ

s
(τ − r)β−1σ(X̃(ψ,ϕ)

r )dWH
r

∣∣∣∣ ≤ KΛ(WH)(1 + ∥X̃(ψ,ϕ)∥α,∞)(τ − s)β−α. (4.11)

Subsequently, for 0 ≤ τ ≤ τ + h ≤ T , we have

Jh
3 ≤ KE[Λ2(1 + ∥X̃(ψ,ϕ)∥α,∞)2]h2β−2α. (4.12)

In summary, combining (4.7)–(4.12) with Lemma 4.1 yields

E
[
|X̃(ψ,ϕ)

τ+h − X̃(ψ,ϕ)
τ |2

]
≤ Kh2β−2α.

Then, we complete the proof. □

Because Ỹ (ψ,ϕ) is nontrivially coupled to the slow variable through the drift f , we establish uniform
moment bounds and L2-integrability over [0,T ]; these estimates prevent uncontrollable blow-up and
provide the requisite regularity for the Khasminskii-type averaging principle. Demonstration follows
analogous steps to Lemmas 4.3 and 4.4 in [22]; the detailed proof is omitted for brevity.

Lemma 4.3. Suppose that (S1)–(S3) are fulfilled; for all (ϖ(ψ,ϕ), φ(ψ,ϕ)) ∈ ĀN
b , sup0≤s≤τ |Ỹ

(ψ,ϕ)
s | has

moments of all orders.

Lemma 4.4. Suppose that (S1)–(S3) are fulfilled, and we additionally assume ϕ/ψ ≤ (κ2/2)2. Then
there is a positive constant K , depending only on N, such that for all (ϖ(ψ,ϕ), φ(ψ,ϕ)) ∈ ĀN

b ,∫ T

0
E
[
|Ỹ (ψ,ϕ)
τ |2

]
dτ ≤ K .

4.2. Proof of the large deviation principle

Proof. Indeed, from (4.1), the control perturbation in the fast equation carries the coefficient
√
ϕ

ψβ−
1
2

=

(
ϕ

ψ

)1/2

ψ1−β → 0,

as β > 1/2, and ϕ/ψ → 0. Thus the fast control vanishes in the limit, and the drift term b/ϕ forces
the fast variable to its invariant measure µX̃ on the time scale of the slow dynamics. This averaging
mechanism yields the skeleton equation (3.2), independent of the fast control ϕ.

Step 1. Let (ϖ( j), φ( j)) ∈ Hcm. Owing to the continuous embeddingHH,k1
cm ⊂ C1−α([0,T ],ℜk1), one

has {ϖ( j)} j≥1 belongs to C1−α([0,T ],ℜd1) for all j ≥ 0. The family {X̃ j
t } j≥1 then solves the deterministic

skeleton equation:

CDβ
0+ X̃

j
τ = f̄ (X̃ j)dτ + σ(X̃ j

τ)dϖ
j
τ, X̃ j

0 = X0. (4.13)
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By [34, Theorem 4.1], (4.13) possesses a unique solution {X̃ j}, which is uniformly bounded in
C1−α([0,T ],ℜm). There is a positive constant K such that

∥X̃ j∥1−α ≤ K .

Noting that α < 1/2, one infers the compact embedding C1−α([0,T ];ℜm) ↪→ Cα([0,T ];ℜm).
Therefore, {X̃ j} j≥1 is relatively compact in Cα([0,T ];ℜm). Every accumulation point X̃ possesses a
weakly convergent subsequence in this α-Hölder space, which we continue to denote by the same
symbol. It remains to verify that the limit point X̃ fulfills

CDβ
0+ X̃τ = f̄ (X̃τ)dτ + σ(X̃τ)dϖτ, X̃0 = X0. (4.14)

Owing to the uniqueness of solutions to (4.14), the accumulation point X̃ is uniquely determined.
Every ϖ = KHϖ̇ ∈ H

H,k1
cm is differentiable, with the derivative given by

ϖ′(τ) = CHτ
H− 1

2

(
IH− 1

2
0+ (υ−1ϖ̇)

)
(τ) =

CHτ
H− 1

2

Γ
(
H − 1

2

) ∫ τ

0
(τ − s)H− 3

2 s
1
2−Hϖ̇(s)ds, (4.15)

where υ(ϖ) = ϖH− 1
2 .

Direct calculation yields

|X̃ j
τ − X̃τ| ≤

∣∣∣∣ 1
Γ(β)

∫ τ

0

f̄ (X̃ j
s) − f̄ (X̃s)

(τ − s)1−β ds
∣∣∣∣ + ∣∣∣∣ 1
Γ(β)

∫ τ

0

σ(X̃ j
s) − σ(X̃s)

(τ − s)1−β dϖ( j)
s

∣∣∣∣
+

∣∣∣∣ 1
Γ(β)

∫ τ

0

σ(X̃s)(dϖ
( j)
s − dϖs)

(τ − s)1−β

∣∣∣∣
:= L1 + L2 + L3.

Regarding L1, α-Hölder norm together with assumption (S2) yields

L1 ≤
K

Γ(β)

∫ τ

0

|X̃ j
s − X̃s|

(τ − s)1−βds ≤
K

Γ(β)

∫ τ

0

1
(τ − s)1−βds sup

τ∈[0,T ]
|X̃ j

t − X̃τ| ≤
K · T β

Γ(β + 1)
sup
τ∈[0,T ]

|X̃ j
τ − X̃τ|.

Subsequent analysis focuses on quantifying L2. According to the differential formula (4.15), Assumption
(S1), and Fubini theorem, we have

L2 ≤

∣∣∣∣ K
Γ(β)

∫ τ

0

[σ(X̃ j
s) − σ(X̃s)]s1/2−H

(τ − s)11−β

( ∫ s

0
(s − r)H−3/2rH−1/2ϖ̇( j)

r dr
)
ds

∣∣∣∣
≤
K

Γ(β)

∫ τ

0

( ∫ τ

r
(τ − s)β−1s1/2−H(s − r)H−3/2ds

)
rH−1/2|ϖ̇( j)

r | × |X̃
j
r − X̃r|dr

≤
K

Γ(β)(H − 1/2)

∫ τ

0
r1/2−H(τ − r)β+H−3/2|ϖ̇( j)

r | × |X̃
j
r − X̃r|dr

≤
K

Γ(β)(H − 1/2)
sup
τ∈[0,T ]

|X̃ j
τ − X̃τ| ×

∫ t

0
r1/2−H(τ − r)β+H−3/2|ϖ̇( j)

r |dr

≤
K

Γ(β)(H − 1/2)
sup
τ∈[0,T ]

|X̃ j
τ − X̃τ| × ∥ϖ

( j)∥
H

H,k1
cm

∫ τ

0
(τ − r)β+H−3/2dr

≤
K ·
√

2N
Γ(β)(H − 1/2)

sup
τ∈[0,T ]

|X̃ j
τ − X̃τ|,
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with the sixth inequality arising from the constraint ∥ϖ( j)∥HH,k1 ≤
√

2N. Because {X̃ j} j≥1 → X̃ in the
uniform norm, The sum L1 + L2 converges to zero as j→ ∞. Turning to L3, an application of Fubini’s
theorem yields

L3 =
K

Γ(β)

∣∣∣∣ ∫ τ

0

σ(X̃s)sH−1/2

(τ − s)1−β

[ ∫ s

0
(s − r)H−3/2r1/2−H(ϖ̇( j)

r − ϖ̇r)dr
]
ds

∣∣∣∣
=
K

Γ(β)

∣∣∣∣ ∫ τ

0
r1/2−H(ϖ̇( j)

r − ϖ̇r)
[ ∫ t

r

σ(X̃s)sH−1/2

(τ − s)1−β (s − r)H−3/2ds
]
dr

∣∣∣∣
=
K

Γ(β)

∣∣∣∣ ∫ T

0
1[0,t](r)r

1
2−H(ϖ̇( j)

r − ϖ̇r)
[ ∫ τ

r

σ(X̃s)sH−1/2

(τ − s)1−β (s − r)H−3/2ds
]
dr

∣∣∣∣.
The weak convergence (ϖ̇( j), φ̇( j))→ (ϖ̇, φ̇) in L2 entails that L3 → 0 as j→ ∞.

Therefore, X̃ satisfies (3.2). Then, {X̃ j} j≥1
weakly
−−−−→ X̃ in Cα([0,T ],ℜm).

Step 2. Assume 0 < ϕ < ψ, ϕ = o(ψ) and we will let ψ → 0. We now turn to the verification of
Condition (ii) in Proposition 2.1. Let τ(△) :=

⌊
τ
△

⌋
△ designate the last breakpoint prior to τ. For this

purpose, we begin by introducing an auxiliary process:CDβ
0+ X̂

(ψ,ϕ)
τ = f (X̃(ψ,ϕ)

τ(△) , Ŷ
(ψ,ϕ)
τ )dτ + σ(X̂(ψ,ϕ)

τ )dϖ(ψ,ϕ)
τ ,

ϕdŶ (ψ,ϕ)
τ = b(X̃(ψ,ϕ)

τ(△) , Ŷ
(ψ,ϕ)
τ )dτ +

√
ϕg(X̃(ψ,ϕ)

τ(△) , Ŷ
(ψ,ϕ)
τ )dWτ,

with (X̃(ψ,ϕ)
0 , Ỹ (ψ,ϕ)

0 ) = (X0,Y0) ∈ ℜm ×ℜn. Note that in X̂(ψ,ϕ)
τ is substituted in σ.

By taking same manner in Lemmas 4.1 and 4.2, we deduce that

E
[
∥X̂(ψ,ϕ)∥pα,∞

]
≤ K , (4.16)

and ∫ T

0
E
[
|Ŷ (ψ,ϕ)
τ |2

]
dτ ≤ K , (4.17)

where K is independent of ψ, ϕ,△.
Let R > 0 be taken large enough. The stopping time is then defined as tR :=

inf
{
τ ∈ [0,T ] : ∥WH∥1−α,∞,τ ≥ R

}
∧ T . Consequently,

E
[

sup
τ∈[0,T ]

∥∥∥X̃(ψ,ϕ) − X̂(ψ,ϕ)
∥∥∥2

α,[0,τ]

]
≤ E

[
sup
τ∈[0,T ]

∥∥∥X̃(ψ,ϕ) − X̂(ψ,ϕ)
∥∥∥2

α,[0,τ]
I{tR≤T }

]
+ E

[
sup
τ∈[0,T ]

∥∥∥X̃(ψ,ϕ) − X̂(ψ,ϕ)
∥∥∥2

α,[0,τ]
I{tR>T }

]
. (4.18)

Invoking Lemma 4.1 and using Hölder’s inequality and (4.16), it follows that

E
[

sup
τ∈[0,T ]

∥∥∥X̃(ψ,ϕ) − X̂(ψ,ϕ)
∥∥∥2

α,[0,τ]
I{tR≤T }

]
≤ E

[
sup
τ∈[0,T ]

∥∥∥X̃(ψ,ϕ) − X̂(ψ,ϕ)
∥∥∥4

α,[0,τ]

]1/2
P(tR ≤ T )1/2

≤ E
[

sup
τ∈[0,T ]

∥∥∥X̃(ψ,ϕ) − X̂(ψ,ϕ)
∥∥∥4

α,[0,τ]

]1/2
× R−1

√
E

[
∥WH∥

2
1−α,∞,T

]
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≤ KR−1
√
E

[
∥WH∥

2
1−α,∞,T

]
. (4.19)

From now, we give the estimate of

E
[

sup
τ∈[0,T ]

∥∥∥X̃(ψ,ϕ) − X̂(ψ,ϕ)
∥∥∥2

α,[0,τ]
I{tR>T }

]
.

Let the set D be defined by {∥WH∥1−α,∞,T ≤ R}. For positive textbfmeters λ, we establish estimate for

A := E
[

sup
τ∈[0,T ]

e−λτ
∥∥∥∥X̃(ψ,ϕ) − X̂(ψ,ϕ)

∥∥∥∥2

α,[0,τ]
1D

]
.

It is immediate that

A ≤ KE
[

sup
0≤τ≤T

e−λτ
∥∥∥∥ ∫ ·

0

f (X̃(ψ,ϕ)
s , Ỹ (ψ,ϕ)

s ) − f (X̃(ψ,ϕ)
s(ϕ) , Ŷ

(ψ,ϕ)
s )

(τ − s)1−β ds
∥∥∥∥2

α,[0,τ]
1D

]
+KE

[
sup

0≤τ≤T
e−λτ

∥∥∥∥ ∫ ·

0

σ(X̃(ψ,ϕ)
s ) − σ(X̃s)
(τ − s)1−β dϖ(ψ,ϕ)

s

∥∥∥∥2

α,[0,τ]
1D

]
+KE

[
ψ2β−1 sup

0≤τ≤T
e−λτ

∥∥∥∥ ∫ ·

0

σ(X̃(ψ,ϕ)
s )

(τ − s)1−βdWH
s

∥∥∥∥2

α,[0,τ]
1D

]
=: A1 + A2 + A3.

For any measurable f : [0,T ]→ℜk, the quantity Q1 =: ∥
∫ ·

0
f

(τ−s)1−β ds∥α,[0,τ] satisfies

Q1 ≤

∣∣∣∣ ∫ τ

0

f (s)
(τ − s)1−βds

∣∣∣∣ + ∫ t

0

1
(τ − s)2−β+α

∫ t

s
| f (r)|drds

≤ τα
∫ τ

0

| f (r)|
(τ − r)1−β+αdr +K

∫ τ

0

| f (r)|
(τ − r)1−β+αdr

≤ K

∫ τ

0

| f (r)|
(τ − r)1−β+αdr. (4.20)

Reorganizing A1 and appealing to (S2), (4.20), and Lemma 4.1, one obtains

A1 ≤ KE
[

sup
τ∈[0,T ]

∥∥∥∥ 1
Γ(β)

∫ ·

0

f (X̃(ψ,ϕ)
s , Ỹ (ψ,ϕ)

s ) − f (X̃(ψ,ϕ)
s(△) , Ỹ

(ψ,ϕ)
s )

(τ − s)1−β ds
∥∥∥∥2

α,[0,τ]
1D

]
+KE

[
sup
τ∈[0,T ]

∥∥∥∥ 1
Γ(β)

∫ ·

0

f (X̃(ψ,ϕ)
s(△) , X̃

(ψ,ϕ)
s ) − f (X̃(ψ,ϕ)

s(△) , Ŷ
(ψ,ϕ)
s )

(τ − s)1−β ds
∥∥∥∥2

α,[0,τ]
1D

]
≤ K

[
sup
τ∈[0,T ]

∫ τ

0

1
(τ − s)2−2β+2αds

]
×

∫ T

0
E

[∣∣∣ f (X̃(ψ,ϕ)
s , Ỹ (ψ,ϕ)

s ) − f (X̃(ψ,ϕ)
s(△) , Ỹ

(ψ,ϕ)
s )

∣∣∣21D

]
ds

+K
[

sup
τ∈[0,T ]

∫ τ

0

1
(τ − s)2−2β+2αds

]
×

∫ T

0
E

[∣∣∣ f (X̃(ψ,ϕ)
s(△) , Ỹ

(ψ,ϕ)
s ) − f (X̃(ψ,ϕ)

s(△) , Ŷ
(ψ,ϕ)
s )

∣∣∣2] ds

≤ K

∫ T

0
E
[∣∣∣ 1

(T − s)2−2β+2α f (X̃(ψ,ϕ)
s , Ỹ (ψ,ϕ)

s ) − f (X̃(ψ,ϕ)
s(△) , Ỹ

(ψ,ϕ)
s )

∣∣∣21D

]
ds

Electronic Research Archive Volume 34, Issue 11, 8397–8427.



8415

+K

∫ T

0
E
[∣∣∣ 1

(T − s)2−2β+2α f (X̃(ψ,ϕ)
s(△) , Ỹ

(ψ,ϕ)
s ) − f (X̃(ψ,ϕ)

s(△) , Ŷ
(ψ,ϕ)
s )

∣∣∣21D

]
ds

≤ K

∫ T

0
E
[ 1
(T − s)2−2β+2α

∣∣∣X̃(ψ,ϕ)
s − X̃(ψ,ϕ)

s(△)

∣∣∣2 + ∣∣∣Ỹ (ψ,ϕ)
s − Ŷ (ψ,ϕ)

s

∣∣∣21D

]
ds

≤ K△, (4.21)

whereK > 0 denotes a constant depending solely on ψ, ϕ, and △, possibly differing across lines. Remark
that 2α < 1. The final inequality’s deduction stems from Lemma 4.2 combined with the fact that∫ T

0
E
[
|Ỹ (ψ,ϕ)
τ − Ŷ (ψ,ϕ)

τ |2
]
dt ≤ K△,

which is a slight extension of [36, Lemma 4.4].
To estimate A2, we establish the preliminary estimate:

Q2 :=
∥∥∥∥ ∫ ·

0
(· − r)β−1 f (r)dϖ(ψ,ϕ)

r

∥∥∥∥
α,[0,τ]

,

where f denotes a measurable function. Mimicking the demonstration technique in Lemma 4.1, we derive

Q2 ≤ K∥ϖ
(ψ,ϕ)∥1−α,∞,T ×

∫ τ

0

[ 1
(τ − r)1−β+2α +

1
r1−β+α

][
| f (r)| +

∫ r

0

| f (r) − f (z)|
(r − z)1+α dz

]
dr

≤ K∥ϖ(ψ,ϕ)∥
H

H,k1
cm
×

∫ τ

0

[ 1
(τ − r)1−β+2α +

1
r1−β+α

][
| f (r)| +

∫ r

0

| f (r) − f (z)|
(r − z)1+α dz

]
dr

≤ K

∫ τ

0

[ 1
(τ − r)1−β+2α +

1
r1−β+α

]
∥ f ∥α,[0,r]dr.

Here, ∥ϖ(ψ,ϕ)∥
H

H,k1
cm
≤
√

2N. Then, according to [37, Lemma 7.1], we know that

| σ (℘1) − σ (℘2) − σ (℘3) + σ (℘4) | ≤ K |℘1 − ℘2 − ℘3 + ℘4|

+K |℘1 − ℘3| (|℘1 − ℘2| + |℘3 − ℘4|) .

Now, we estimate A2 as follows:

A2 ≤ KE
[

sup
τ∈[0,T ]

∣∣∣∣ ∫ τ

0
e−λτ

( 1
(τ − r)2α−β +

1
r1−β+α

)
×

∥∥∥σ(X̃(ψ,ϕ)
r ) − σ(X̂(ψ,ϕ)

r )
∥∥∥
α,[0,r]

1Ddr
∣∣∣∣2]

≤ E
[

sup
τ∈[0,T ]

∣∣∣∣ ∫ τ

0
e−λτ

( 1
(τ − r)1−β+2α +

1
r1−β+α

)
×

(
1 + △(X̃(ψ,ϕ)

r ) + △(X̂(ψ,ϕ)
r )

)∥∥∥X̃(ψ,ϕ) − X̂(ψ,ϕ)
∥∥∥
α,[0,r]

1Ddr
∣∣∣∣2]. (4.22)

Here, △(X̃(ψ,ϕ)
r ) =

∫ r

0
|X̃(ψ,ϕ)

r −X̃(ψ,ϕ)
z |

(r−z)1+α dz and △(X̂(ψ,ϕ)
r ) =

∫ r

0
|X̂(ψ,ϕ)

r −X̂(ψ,ϕ)
z |

(r−z)1+α dz. These above two parts can be
dominated by ∥X̃(ψ,ϕ)∥α,∞ and ∥X̂(ψ,ϕ)∥α,∞. Noting that ∥ϖ(ψ,ϕ)∥

H
H,k1
cm
≤
√

2N, we have

△(X̃(ψ,ϕ)
r ) + △(X̂(ψ,ϕ)

r ) ≤ K∥ϖ(ψ,ϕ)∥
H

H,k1
cm

(1 + ∥X̃(ψ,ϕ)∥α,∞ + ∥X̂(ψ,ϕ)∥α,∞),
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with K = K(R,N) > 0 depending neither on ψ, ϕ,△. Then, by (4.2) and (4.3), we can see that

A2 ≤ Kλ
2α−βE

[
sup
τ∈[0,T ]

e−λτ∥X̃(ψ,ϕ) − X̂(ψ,ϕ)∥2α,[0,τ]1D
]
. (4.23)

According to Lemma 4.1, we estimate A3 as follows

A3 ≤ ψ
2β−1KE

[
sup
τ∈[0,T ]

e−λτ
∥∥∥∥ ∫ ·

0
(· − s)β−1σ(X̃(ψ,ϕ)

s )dWH
s

∥∥∥∥2

α,[0,τ]
1D

]
≤ ψ2β−1K , (4.24)

with K = K(R,N) > 0 depending neither on ψ, ϕ,△.
According to (4.21), (4.23), and (4.24), it follows that

E
[

sup
τ∈[0,T ]

e−λτ∥X̃(ψ,ϕ) − X̂(ψ,ϕ)∥2α,[0,τ]1D

]
≤ K△,

from which one deduces that

E
[

sup
τ∈[0,T ]

∥X̃(ψ,ϕ)
τ − X̂(ψ,ϕ)

τ ∥2α,[0,τ]1D

]
≤ K△.

With aid of (4.19), we can get

E
[

sup
τ∈[0,T ]

∥X̃(ψ,ϕ) − X̂(ψ,ϕ)∥2α,[0,τ]

]
≤ K△ +K ′R−1,

with K = K(R,N) > 0 depending neither on ψ, ϕ,△. K ′ is independent of ψ, ϕ,△ and R.
For (ϖ(ψ,ϕ), φ(ψ,ϕ)) ∈ ĀN

b , we construct the following equation:

CDβ
0+X̃ψ

τ = f̄ (X̃ψ
τ )dτ + σ(X̃ψ

τ )dϖ(ψ,ϕ)
τ ,

with X̃ψ
0 = X0. In other words, X̃ψ = G0(ϖ(ψ,ϕ), φ(ψ,ϕ)). We will show that

E
[

sup
τ∈[0,T ]

∥X̂(ψ,ϕ) − X̃ψ∥2α,[0,τ]
]
≤ K△,

K > 0 being constant irrespective of ψ, ϕ, and △. Hence, it follows that

E
[

sup
τ∈[0,T ]

e−λτ∥X̂(ψ,ϕ) − X̃ψ∥2α,[0,τ]
]

≤ KE
[

sup
τ∈[0,T ]

e−λτ
∥∥∥∥ ∫ τ

0

f (X̃(ψ,ϕ)
s(△) , Ŷ

(ψ,ϕ)
s ) − f̄ (X̃(ψ,ϕ)

s(△) )

(τ − s)1−β ds
∥∥∥∥2

α,[0,τ]

]
+KE

[
sup
τ∈[0,T ]

e−λτ
∥∥∥∥ ∫ τ

0

f̄ (X̃(ψ,ϕ)
s(△) ) − f̄ (X̃ψ

s )

(τ − s)1−β ds
∥∥∥∥2

α,[0,τ]

]
+KE

[
sup
τ∈[0,T ]

e−λτ
∥∥∥∥ ∫ τ

0

σ(X̂(ψ,ϕ)
s ) − σ(X̃ψ

s )
(τ − s)1−β dϖψ

s

∥∥∥∥2

α,[0,τ]

]
=: H1 + H2 + H3.
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The estimation of H1 is

H1 ≤ KE
[

sup
τ∈[0,T ]

∣∣∣∣∣ ⌊
τ
△⌋−1∑
t=0

∫ (t+1)△

t△

f (X̃(ψ,ϕ)
t△ , Ŷ (ψ,ϕ)

s ) − f̄ (X̃(ψ,ϕ)
t△ )

[(t + 1)△]1−β ds
∣∣∣∣∣2]

+K E
[

sup
τ∈[0,T ]

∣∣∣∣∣ ∫ τ

⌊ τ△⌋ϕ

f (X̃(ψ,ϕ)
s(△) , Ŷ

(ψ,ϕ)
s ) − f̄ (X̃(ψ,ϕ)

s(△) )

(τ − s)1−β ds
∣∣∣∣∣2]

+KE
[

sup
τ∈[0,T ]

( ∫ τ

0

∣∣∣∫ τ

s

(
f (X̃(ψ,ϕ)

r(△) , Ŷ
(ψ,ϕ)
r ) − f̄ (X̃(ψ,ϕ)

r(△)
)
)dr

∣∣∣
(τ − s)1−β(τ − s)1+α ds

)2]
≤ K△2β−1E

[
sup
τ∈[0,T ]

∣∣∣∣∣ ⌊
τ
△⌋−1∑
t=0

∫ (t+1)△

t△

(
f (X̃(ψ,ϕ)

t△ , Ŷ (ψ,ϕ)
s ) − f̄ (X̃(ψ,ϕ)

t△ )
)
ds

∣∣∣∣∣2]
+K△2β−1E

[
sup
τ∈[0,T ]

∣∣∣∣∣ ∫ τ

⌊ τ△⌋△

(
f (X̃(ψ,ϕ)

s(△) , Ŷ
(ψ,ϕ)
s ) − f̄ (X̃(ψ,ϕ)

s(△) )
)
ds

∣∣∣∣∣2]
+KE

[
sup
τ∈[0,T ]

( ∫ τ

0

∣∣∣∫ τ

s

(
f (X̃(ψ,ϕ)

r(△) , Ŷ
(ψ,ϕ)
r ) − f̄ (X̃(ψ,ϕ)

r(△)
)
)dr

∣∣∣
(τ − s)1+α ds

)2]
=:

3∑
i=1

Hi
1.

The term H1
1 is estimated as follows:

H1
1 ≤ K△

2β−1E
[

sup
τ∈[0,T ]

⌊
τ

△

⌋ ∣∣∣ ⌊ τ△⌋−1∑
t=0

∫ (t+1)△

t△

(
f (X̃(ψ,ϕ)

t△ , Ŷ (ψ,ϕ)
s ) − f̄ (X̃(ψ,ϕ)

t△ )
)
ds

∣∣∣2]
≤ K△2β−1 T 2

△2 max
0≤t≤⌊ T

△⌋−1
E
[∣∣∣∣ ∫ (t+1)△

t△

(
f (X̃(ψ,ϕ)

t△ ) − f̄ (X̃(ψ,ϕ)
t△ )

)
ds

∣∣∣∣2]
≤ K△2β−3ϕ2 max

0≤t≤⌊ T
△⌋−1

∫ △
ϕ

0

∫ △
ϕ

ξ

Jτ(s, ξ)dsdξ

≤ K△2β−3ϕ2 max
0≤t≤⌊ T

△⌋−1

∫ △
ϕ

0

∫ △
ϕ

ξ

e−
κ1
2 (s−ξ)dsdξ. (4.25)

The estimates in the third and fourth lines follow from [27, Appendix B] , with κ1 as in (S3), 0 ≤ξ ≤ s ≤
△/ϕ, and

Jτ(s, ξ) = E
[〈

f (X̃(ψ,ϕ)
t△ , Ŷ (ψ,ϕ)

sψ+t△) − f̄ (X̃(ψ,ϕ)
t△ ), f (X̃(ψ,ϕ)

t△ , Ŷ (ψ,ϕ)
ξψ+t△) − f̄ (X̃(ψ,ϕ)

t△ )
〉]
. (4.26)

We also compute H2
1 as follows:

H2
1 ≤ K△

2β−1E
[∣∣∣∣ ∫ T

⌊ T
△⌋△

(
f (X̃(ψ,ϕ)

s(△) , Ŷ
(ψ,ϕ)
s ) − f̄ (X̃(ψ,ϕ)

s(△) )
)
ds

∣∣∣∣2]
≤ K△2β−1

∫ T

⌊ T
△⌋△
E
[∣∣∣ f (X̃(ψ,ϕ)

s(△) , Ŷ
(ψ,ϕ)
s )

∣∣∣2 − | f̄ (X̃(ψ,ϕ)
s(△) )

∣∣∣2]ds
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≤ K△2β−1
∫ T

⌊ T
△⌋△
E
[∣∣∣1 + X̃(ψ,ϕ)

s(△)

∣∣∣2 + ∣∣∣Ŷ (ψ,ϕ)
s

∣∣∣2]ds

≤ K△2β (4.27)

Regarding H3
1 , by Hölder’s inequality, one obtains

H3
1 ≤ KE

[
sup
τ∈[0,T ]

∫ τ

0

ds

(τ − s)
1
2+α

∫ τ

0

∣∣∣ ∫ τ

s

(
f (X̃(ψ,ϕ)

r(△) , Ŷ
(ψ,ϕ)
r ) − f̄ (X̃(ψ,ϕ)

r(△)
)
)dr

∣∣∣2
(τ − s)

3
2+α

ds
]

≤ KE
[

sup
τ∈[0,T ]

∫ τ

0

∣∣∣ ∫ τ

s

(
f (X̃(ψ,ϕ)

r(△) , Ŷ
(ψ,ϕ)
r ) − f̄ (X̃(ψ,ϕ)

r(△)
)
)dr

∣∣∣2
(τ − s)

3
2+α

1ιcds
]

+KE
[

sup
τ∈[0,T ]

∫ τ

0

∣∣∣ ∫ τ

s

(
f (X̃(ψ,ϕ)

r(△) , Ŷ
(ψ,ϕ)
r ) − f̄ (X̃(ψ,ϕ)

r(△)
)
)dr

∣∣∣2
(τ − s)

3
2+α

1ιds
]

=: H31
1 + H32

1 , (4.28)

where ι := {τ <
(⌊

s
△

⌋
+ 2

)
△}, ιc := {τ ≥

(⌊
s
△

⌋
+ 2

)
△}. Turning to H31

1 , Assumption (S3) yields

H31
1 ≤ KE

[
sup
τ∈[0,T ]

∫ τ

0

∣∣∣∣ ∫ ⌊ s
△⌋△+1

s

(
f (X̃(ψ,ϕ)

r(△) , Ŷ
(ψ,ϕ)
r ) − f̄ (X̃(ψ,ϕ)

r(△) )
)
dr

∣∣∣∣2
(τ − s)

3
2+α

1ιcds
]

+KE
[

sup
τ∈[0,T ]

∫ τ

0

∣∣∣∣ ∫ t

⌊ τ△⌋△

(
f (X̃(ψ,ϕ)

r(△) , Ŷ
(ψ,ϕ)
r ) − f̄ (X̃(ψ,ϕ)

r(△) )
)
dr

∣∣∣∣2
(τ − s)

3
2+α

1ιcds
]

+KE
[

sup
τ∈[0,T ]

∫ τ

0

(⌊
τ
△

⌋
−

⌊
s
△

⌋
− 1

)
(τ − s)

3
2+α

×

⌊ t
△⌋−1∑

t=⌊ s
△⌋+1

∣∣∣∣∣ ∫ (t+1)△

t△

(
f (X̃(ψ,ϕ)

t△ , Ŷ (ψ,ϕ)
r ) − f̄ (X̃(ψ,ϕ)

t△ )
)
dr

∣∣∣∣∣21ιcds
]

≤ K sup
τ∈[0,T ]

[ ∫ τ

0

1

(τ − s)
3
2+α

((
⌊ s
△

⌋
+ 1)△ − s)1ιcds

]
+K sup

τ∈[0,T ]

[ ∫ τ

0

1

(τ − s)
3
2+α

(τ −
⌊ t
△

⌋
△)1ιcds

]

+K△−1E
[

sup
τ∈[0,T ]

∫ τ

0

1

(τ − s)
3
2+α
×

⌊ τ△⌋−1∑
t=⌊ s

△⌋+1

∣∣∣ ∫ (t+1)△

t△

(
f (X̃(ψ,ϕ)

t△ , Ŷ (ψ,ϕ)
r ) − f̄ (X̃(ψ,ϕ)

t△ )
)
dr

∣∣∣21ιcds
]

≤ K△ +K
ϕ2

△2 max
0≤t≤⌊ T

△⌋−1

∫ △
ϕ

0

∫ △
ϕ

ξ

Jt(s, ξ)dsdξ

≤ K△ +K
ϕ2

△2 max
0≤t≤⌊ T

△⌋−1

∫ △
ϕ

0

∫ △
ϕ

ξ

e
κ1
2 (s−ξ)dsdξ. (4.29)

Turning to H32
1 , an application of (S2), Lemma 4.1 and the condition τ − s ≤ 2△ yield

H32
1 ≤ KE

[
sup
τ∈[△,T ]

∫ τ(△)−△

0

∣∣∣ ∫ τ

s

(
f (X̃(ψ,ϕ)

r(△) , Ŷ
(ψ,ϕ)
r ) − f̄ (X̃(ψ,ϕ)

r(△) )
)
dr

∣∣∣2
(τ − s)

3
2+α

1ιds
]

+KE
[

sup
τ∈[△,T ]

∫ τ

τ(△)−△

∣∣∣ ∫ τ

s

(
f (X̃(ψ,ϕ)

r(△) , Ŷ
(ψ,ϕ)
r ) − f̄ (X̃(ψ,ϕ)

r(△) )
)
dr

∣∣∣2
(τ − s)

3
2+α

1ιds
]
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+KE
[

sup
τ∈[0,△]

∫ τ

0

∣∣∣∫ τ

s

(
f (X̃(ψ,ϕ)

r(△) , Ŷ
(ψ,ϕ)
r ) − f̄ (X̃(ψ,ϕ)

r(△) )
)
dr

∣∣∣2
(τ − s)

3
2+α

1ιds
]

≤ K△ sup
τ∈[△,T ]

( ∫ τ(△)−△

0
(τ − s)−

3
2−αds

)
+K△ sup

τ∈[△,T ]

( ∫ τ

τ(△)−△
(τ − s)

3
2−α1ιds

)
+K△ sup

τ∈[0,△]

( ∫ τ

0
(τ − s)

3
2−α1ιds

)
≤ K△. (4.30)

Combining (4.25)–(4.30), we get

H1 ≤ K△ +K
ϕ2

△2 max
0≤t≤⌊ T

△⌋−1

∫ △
ϕ

0

∫ △
ϕ

ξ

Jt(s, ξ)dsdξ

≤ K
ϕ2

△2 max
0≤t≤⌊ T

△⌋−1

∫ △
ϕ

0

∫ △
ϕ

ξ

e−
κ1
2 (s−ξ)dsdξ +Kϕ

≤ K
ϕ2

△2

(
κ1
△

ϕ
− κ2

1 + κ
2
1e−

κ1
2
△
ϕ

)
+K△

≤ K
(
ϕ△−1 + △

)
. (4.31)

Next, we estimate H2:

H2 ≤ KE
[

sup
τ∈[0,T ]

e−λτ
∥∥∥∥ ∫ τ

0

f̄ (X̃(ψ,ϕ)
s(ϕ) ) − f̄ (X̃(ψ,ϕ)

s )

(τ − s)1−β ds
∥∥∥∥2

α,[0,τ]

]
+KE

[
sup
τ∈[0,T ]

e−λτ
∥∥∥∥ ∫ τ

0

f̄ (X̃(ψ,ϕ)
s ) − f̄ (X̂(ψ,ϕ)

s )
(τ − s)1−β ds

∥∥∥∥2

α,[0,τ]

]
+KE

[
sup
τ∈[0,T ]

e−λτ
∥∥∥∥ ∫ τ

0

f̄ (X̂(ψ,ϕ)
s ) − f̄ (X̃(ψ)

s )
(τ − s)1−β ds

∥∥∥∥2

α,[0,τ]

]
=: H1

2 + H2
2 + H3

2 . (4.32)

Taking same manner to (4.21), with Assumption (S2), Lemma 4.1, (4.25), and (4.27), we have
2∑

i=1

Hi
2 ≤ K

∫ T

0

1
(T − s)2−2β+2αE

[∣∣∣ f̄ (X̃(ψ,ϕ)
s ) − f̄ (X̃(ψ,ϕ)

s(△) )
∣∣∣2] ds

+K

∫ T

0

1
(T − s)2−2β+2αE

[∣∣∣ f̄ (X̃(ψ,ϕ)
s(△) ) − f̄ (X̂(ψ,ϕ)

s )
∣∣∣2] ds

≤ K

∫ T

0

1
(T − s)2−2β+2αE

[∣∣∣X̃(ψ,ϕ)
s − X̃(ψ,ϕ)

s(△)

∣∣∣2 + ∣∣∣X̂(ψ,ϕ)
s − X̃(ψ,ϕ)

s

∣∣∣2] ds

≤ K△ +K ′R−1, (4.33)

with K = K(R,N) > 0 depending neither on ψ, ϕ,△. K ′ is independent of ψ, ϕ,△, and R. For the term
H3

2 , with Assumption (S2), we have

H3
2 ≤ KE

[
sup
τ∈[0,T ]

e−λτ
∫ τ

0

∣∣∣ f̄ (X̂(ψ,ϕ)
s ) − f̄ (X̃(ψ)

s )
∣∣∣2

(τ − s)1−β+α ds
]
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≤ KE
[

sup
τ∈[0,T ]

∫ τ

0

e−λ(τ−s)e−λs

(τ − s)1−β+α

∣∣∣X̂(ψ,ϕ)
s − X̃(ψ)

s

∣∣∣2ds
]

≤ KE
[

sup
τ∈[0,T ]

e−λτ
∥∥∥X̂(ψ,ϕ) − X̃(ψ)

∥∥∥2

α,[0,τ]

]
sup
τ∈[0,T ]

∫ τ

0

e−λ(τ−r)

(τ − r)1−β+αdr

≤ Kλα−βE
[

sup
τ∈[0,T ]

e−λτ
∥∥∥X̂(ψ,ϕ) − X̃(ψ)

∥∥∥2

α,[0,τ]

]
. (4.34)

Taking the manner in (4.23), we get

H3 ≤ KE
[

sup
τ∈[0,T ]

∣∣∣∣ ∫ τ

0

e−λτ

(τ − r)1−β+2α +
e−λτ

r1−β+α

∥∥∥σ(X̂(ψ,ϕ)
r ) − σ(X̃(ψ)

r )
∥∥∥
α,[0,r]

dr
∣∣∣∣2]

≤ KE
[

sup
τ∈[0,T ]

∣∣∣∣ ∫ τ

0

e−λτ
(
1 + △(X̂(ψ,ϕ)

r ) + △(X̃(ψ)
r )

) ∥∥∥X̂(ψ,ϕ) − X̃(ψ)
∥∥∥
α,[0,r]

(τ − r)1−β+2α

+
e−λτ

(
1 + △(X̂(ψ,ϕ)

r ) + △(X̃(ψ)
r )

) ∥∥∥X̂(ψ,ϕ) − X̃(ψ)
∥∥∥
α,[0,r]

r1−β+α dr
∣∣∣∣2].

Here, △(X̂(ψ,ϕ)
r ) =

∫ r

0
|X̂(ψ,ϕ)

r −X̂(ψ,ϕ)
z |

(r−z)1+α dz, △(X̃(ψ)
r ) =

∫ r

0
|X̃(ψ)

r −X̃(ψ)
z |

(r−z)1+α dz. The two quantities above are bounded
by ∥X̂(ψ,ϕ)∥α,∞ and ∥X̃ψ∥α,∞, respectively, each of which is in turn controlled by a constant K > 0
independent of ψ, ϕ, and △.

Then, we have

H3 ≤ Kλ
2α−βE

[
sup
τ∈[0,T ]

∥∥∥X̂(ψ,ϕ)
s − X̃(ψ)

s

∥∥∥2

α

]
. (4.35)

Combining (4.31)–(4.35), we get

E
[

sup
τ∈[0,T ]

∥X̂(ψ,ϕ) − X̃ψ∥2α,[0,τ]
]
≤ Kλ2α−βE

[
sup
τ∈[0,T ]

∥∥∥X̂(ψ,ϕ) − X̃(ψ)
∥∥∥2

α,[0,τ]

]
+K

(
ϕ△−1 + △

)
+K ′R−1.

By choosing λ sufficiently large so that Kλ2α−β < 1, it follows that

E
[

sup
τ∈[0,T ]

∥X̂(ψ,ϕ) − X̃ψ∥2α,[0,t]
]
≤ K

(
ϕ△−1 + △

)
+K ′R−1,

with K = K(R,N) > 0 depending neither on ψ, ϕ,△. K ′ is independent of ψ, ϕ,△ and R.
From the above estimates together with the continuous inclusions Cα+θ ⊂ Wα,∞

0 ⊂ Cα−θ, it follows that

lim
ψ→0
E
[
∥X̃(ψ,ϕ) − X̃ψ∥2α-Hölder

]
= 0.

Specifically, our approach is as follows: We set △ = ψ, and for every fixed large R, we take limψ→0 sup.
Subsequently, we allow R to approach infinity. It should be noted that K ′ is independent of R. If

(ϖ(ψ,ϕ), φ(ψ,ϕ)) ∈ ĀN
b , (ϖ(ψ,ϕ), φ(ψ,ϕ))

weakly
−−−−→ (ϖ, φ) as ψ → 0, then {X̃(ψ)} = {G0(ϖ(ψ,ϕ), φ(ψ,ϕ))} weakly

converges to X̃ = G0(ϖ, φ) in Cα([0,T ],ℜm) as ψ → 0. Subsequently, applying Portmanteau’s
theorem [38] to any continuous bounded function Q : Cα([0,T ];ℜm)→ℜ, it follows that as ψ→ 0,

|E[Q(X̃(ψ,ϕ))] − E[Q(X̃)]| ≤ |E[Q(X̃(ψ,ϕ))] − E[Q(X̃(ψ))]| + |E[Q(X̃(ψ))] − E[Q(X̃)]|
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≤ LQE[∥X̃(ψ,ϕ) − X̃(ψ)∥2α-Hölder]
1
2 + |E[Q(X̃(ψ))] − E[Q(X̃)]| → 0,

with Q bounded and Lipschitz continuous, and LQ denoting its Lipschitz constant. Then, we complet
the proof of Proposition 2.1.

Step 3. Following the argument in [22, Theorem 3.1] and using Proposition 2.1, one obtains the LP.
Setting E := Cα([0,T ];ℜm), {X(ψ,ϕ)} satisfies the LP:

lim sup
ψ→0

−ψ2β−1 logE
{

exp
(−𭟋(X(ψ,ϕ))

ψ2β−1

)}
≤ inf

x∈E
[F(x) + I(x)] (4.36)

and

lim inf
ψ→0

−ψ2β−1 logE
{

exp
(−𭟋(X(ψ,ϕ))

ψ2β−1

)}
≥ inf

x∈E
[F(x) + I(x)] (4.37)

Due to the equivalence between LP (4.36) and (4.37) and the LDP, we have obtained the following
main result. □

Theorem 4.5. Let H and β belong to (1/2, 1) and 1 − H < α < min{1/2, β/2}. Assume that hypotheses
(S1)–(S3) are satisfied, and let ϕ = o(ψ) as ψ→ 0. Then, the random variable X(ψ,ϕ) of Eq (1.1) satisfies
the LDP on the E with the good rate function I : E → [0,∞] :

I(ζ) = inf
{1
2
∥ϖ∥2

H
H,k1
cm

: ϖ ∈ HH,k1
cm such that ζ = G0(ϖ, 0)

}
= inf

{1
2
∥(ϖ, φ)∥2

Hcm
: (ϖ, φ) ∈ Hcm such that ζ = G0(ϖ, φ)

}
, ζ ∈ E .

The equivalence of these two expressions follows from the fact that the skeleton map G0 is inde-
pendent of ϕ (see Section 4.2). Hence, for any fixed ϖ, the infimum over ϕ is attained at ϕ = 0, as
∥ϕ∥2

H
1
2 ,k2

cm

≥ 0 with equality only at ϕ = 0.

5. Example

This section presents a numerical example to illustrate the main result. Without loss of generality,
we restrict attention to the one-dimensional setting and consider the following FSDEs:{

CD0.8
0+ X(ψ,ϕ)

τ = (−X(ψ,ϕ)
τ + sin Y (ψ,ϕ)

τ )dτ + ψ0.3 · 1
2 arctan X(ψ,ϕ)

τ dWH
τ ,

ϕdY (ψ,ϕ)
τ = (X(ψ,ϕ)

τ − Y (ψ,ϕ)
τ )dτ +

√
ϕdWτ.

(5.1)

The coefficients in Eq (5.1) are easily seen to satisfy hypotheses (S1)–(S3). By freezing the slow
variable Xτ, we obtain the frozen equation as follows:

dỸτ = (X − Ỹτ)dτ + dWτ. (5.2)

Clearly, this is the Ornstein–Uhlenbeck (OU) process, where the invariant measure µX follows a
Gaussian distribution with mean X and variance 1/2. Therefore, leveraging the properties of the
Gaussian distribution, we have

f̄ (X) =
∫
ℜ

f (X,Y)µX(dY) = −X + EY∼N(X, 1
2 )[sin Y].
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To evaluate the expectation, we use the characteristic function of the Gaussian distribution:

E[eiY] = eiX− 1
2 ·

1
2 = eiX− 1

4 ,

where i =
√
−1. Taking the imaginary part yields

E[sin Y] = Im
(
E[eiY]

)
= Im

(
eiX− 1

4
)
= e−

1
4 sin X.

Consequently,
f̄ (X) = −X + e−

1
4 sin X.

Thus, the deterministic skeleton equation associated to (5.1) is

CDβ
0+ X̃τ = −X̃τ + e−

1
4 sin X̃τ +

1
2

arctan X̃τdϖτ, X̃0 = X0. (5.3)

According to Theorem 4.5, the solution of (5.1) satisfies the LDP on Cα([0,T ]). The corresponding rate
function is

I(ζ) = inf
{1
2
∥ϖ∥2

H
H,k1
cm

: ϖ ∈ HH,k1
cm such that ζ = G0(ϖ)

}
,

where G0(ϖ) is the solution of (5.3).
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Figure 1. Comparison of X(ψ,ϕ)
τ and X̃ under different noise intensity, where ψ=0.1 in the left

figure, ψ=0.01 in the right figure, and the Hurst index H = 0.7.

The LDP is to study the probability characteristics of extreme events, especially the paths of events
and the exponential decay of probabilities. By defining an action functional to describe the probability
of system trajectory deviations from deterministic paths, it transforms the calculation of this probability
into a variational problem. The action functional I(ϖ) is defined on the system’s possible paths ϖ,
measuring the degree of deviation of ϖ from the deterministic path. For any deviation ϖ,

P(X(ψ,ϕ) ≈ ϖ) ∼ exp
(
−

I(ϖ)
ψ2β−1

)
,
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Figure 2. Comparison of X(ψ,ϕ)
τ and X̃ under different Hurst index, where H = 0.8 in the left

figure, H = 0.6 in the right figure, and the noise intensity ψ = 0.1.

where I is a fixed rate function independent of ψ. Thus, as ψ → 0, the probability of any non-zero
deviation decays exponentially, and trajectories concentrate near the skeleton. The smaller ψ, the
stronger this concentration effect. Obviously, when I(ϖ) = 0, the corresponding path is deterministic.
We now present a numerical illustration of the theoretical result. Specifically, we compare sample
paths of the slow process X(ψ,ϕ)

τ for two different noise intensities, ψ = 0.1 and ψ = 0.01, with the
deterministic skeleton solution X̃t obtained from (5.3). As shown in Figure 1, when ψ = 0.01 (right
panel), the stochastic trajectory is visibly closer to the deterministic skeleton than when ψ = 0.1 (left
panel). This is consistent with the LDP prediction that, as ψ → 0, the probability of large deviations
from the skeleton decays exponentially, and typical trajectories concentrate near the skeleton. When we
keep the value of ψ = 0.1, we can observe from Figure 2 that as the Hurst parameter H decreases, the
degree of fitting between the original system and the skeleton system deteriorates. By taking a smaller
value of ψ can a sufficiently good fitting effect be achieved. This indicates that the value of the Hurst
parameter affects the fitting effect of the LDP. Therefore, in complex stochastic systems driven by FBM,
good fitting results occur when the noise intensity is low, and the Hurst parameter is large.

The numerical simulation in Figures 1 and 2 is performed on [0,T ] with T = 1, using initial
conditions X0 = 0.5, Y0 = 0, and a uniform time step ∆τ = 10−3. The Caputo derivative is discretized
using the L1 scheme [39]. The fractional Brownian motion with H is generated via the Cholesky
decomposition method based on the covariance function E[WH

τ WH
s ] = (τ2H + s2H − |τ − s|2H)/2.

6. Conclusions

In this paper, we have made theoretical and modeling progress on the LDP for FSDEs. We now
return to the main questions raised in the Introduction and summarize how they have been addressed.
The main mathematical difficulties introduced by the fractional derivative and the slow–fast structure
are that the nonlocal Caputo derivative requires a fractional-kernel-compatible averaging argument
for the controlled fast process, and the mixed noise introduces coupled controls that must be handled
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simultaneously in the weak-convergence framework. These challenges are overcome through the
estimates in Lemmas 4.1–4.4 and the convergence proof in Section 4.2. First, unlike previous work, we
have fully incorporated the influence of fractional derivatives on the asymptotic behavior of deviations
and readjusted the formulation of FSDEs, thereby providing a more accurate analytical framework for
long-memory stochastic systems. Second, we have extended the research scope of the LDP for FSDEs
from BM to FBM. This extension fills a gap in the existing literature by systematically addressing the
singularity of noise types and the characterization of non-Markovian features, which were previously
not well-covered. Third, we have integrated the coupling dynamics of fast and slow variables into
our analytical framework. This makes the established mathematical model more closely connected
to complex physical phenomena, such as those observed in climate systems and multiscale material
processes. Despite these contributions, our current framework is limited to Gaussian noise settings.
Looking forward, two important directions for future work are the inclusion of non-Gaussian noise
scenarios and the development of distribution-dependent fractional systems, which would further
generalize the theory and broaden its applicability.
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